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Abstract. We generalize a result of Freedman and He [4, Theorem 2.5], concerning the duality
of moduli and capacities in solid tori, to sufficiently regular metric spaces. This is a continuation
of the work of the author and Rajala [12] on the corresponding duality in condensers.

1. Introduction

Given a metric measure space (T, d, i), with g Borel-regular, and a collection I"
of paths in 7', the p-modulus of I' is the number

mod, [ := inf/ PP du,
pJr

where the infimum is taken over non-negative Borel-functions p that satisfy

(1) /pds>1

for all locally rectifiable v € I'. The path modulus is a widely used tool in geometric
function theory, especially in connection to quasiconformal mappings |7, 14, 15].

In the 1960s, Gehring [6] and Ziemer [16] proved that the moduli of paths con-
necting two compact and connected sets in R" are dual to the moduli of surfaces
that separate the two sets. The moduli of surface families are defined as above, but
instead of condition (1) we require

/pd?—["‘1 > 1,
s

where H"~! denotes the (n — 1)-Hausdorff measure. To describe these duality results
in more detail, we need to introduce some notation. Given a connected bounded
open subset GG of any metric space, and disjoint connected compact sets E, F' C G,
denote by I'(E, F'; G) the family of paths in G that intersect both £ and F', and
by I'*(E, F'; G) the family of compact subsets of G that separate E and F. We say
that a set S separates E and I’ in G if E and F belong to different components of
G — S. Triples (E, F, Q) are called condensers. Let p* = 1% be the dual exponent
of 1 < p < co. By Gehring and Ziemer we then have

(2) (mod,I(E, F;G))# (mod,-T*(E, F; G))» = 1
in R"® with n > 2.
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It was shown by the author and Rajala that a version of (2) holds in Ahlfors ¢-
regular metric spaces that support a 1-Poincaré inequality. In more detail, a special
case of what is shown in [12] is

*|"‘

(3) é < (mod,T'(E, F; G))4 (mod,-T* (E, F; G))# < C
for some constant C' that depends only on the data of the space, i.e. the constants
that appear in the definitions (see Section 2) of Ahlfors regularity and the Poincaré
inequalities. Here F, F' and G are as in (2), and the sets in ['* are equipped with the
(¢ — 1)-dimensional Hausdorff measure.

It should be noted that the inequalities (2) and (3) are very similar to the recip-
rocality condition found in [13] and [8]. One could also equip the surfaces with the
so-called perimeter measures instead of the Hausdorff measure. In this direction a
result similar to (3) has recently been proved by Jones and Lahti [9).

In this paper we aim to prove a different kind of duality result. Instead of
condensers we consider spaces 7 homeomorphic to the solid torus S' x D. It is
natural to ask if the duality results above remain valid for the family of paths that
go around the 'hole” and the family of surfaces which are bounded by meridians on
the boundary torus. It turns out that this is not the case. Freedman and He [4]
studied conformal moduli on riemannian tori in connection with their research on
divergence-free vector fields. They showed that the path-modulus can be arbitrarily
small compared to the corresponding surface modulus, even in the smooth setting.
However, they managed to prove a duality result by replacing the path modulus with
a certain capacity.

Suppose now that 7' is equipped with a metric d and a Borel-regular measure g,
so that (7, d, ) is Ahlfors g-regular. That is, there are constants a, A > 0 such that

ar? < p(B) < Ar?

for all balls B with radius r < diam(7").
Following Freedman and He [4] we consider the degree 1 capacity instead of the
path modulus. It is defined by

cap, 1’ = inf/ Lip(¢)? dp,
¢ Jr
where the infimum is taken over pointwise Lipschitz constants

Lip(¢)(x) := limsup sup [¢(z) = o)l

r—=0  yeB(z,r) r

of Lipschitz maps ¢: T — S! of degree 1. Loosely speaking, a map is said to have
degree 1 if it takes (oriented) loops which generate the corresponding fundamental
group to (oriented) generating loops in S'. We assume S! is equipped with a metric
that makes it isometric to a euclidean circle of length 1 equipped with its geodesic
metric.

The surface modulus mod,T" is defined to be the p-modulus of all level sets of
continuous functions of degree 1, see Section 2, equipped with the (¢ —1)-dimensional
Hausdorff measure. The main results of this paper imply the following.

Theorem 1.1. Let (T,d, 1) be a compact Ahlfors g-regular metric measure space
that supports a weak 1-Poincaré inequality. Suppose T is homeomorphic to the solid
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torus S' x D. Let 1 < p < oo. If cap,T" is nonzero, then

L
3

(mod,-T)» < C

Q=

1
& < (can,T)
where C' is a constant that depends only on the data of T'. Moreover cap,T" = 0 if
and only if mod,+T" = oo.

A similar result, with C' = 1, was proved by Freedman and He [4, Theorem 2.5|
for smooth solid tori equipped with riemannian metrics.

Theorem 1.1 is obtained from slightly more general statements. These are Theo-
rems 2.2 and 2.3, and they correspond to the lower and upper bounds of the inequality
in Theorem 1.1, respectively. The proof of the lower bound is essentially the same as
the proof of the lower bound of (3) found in [12]. The main difficulty of the proof of
Theorem 1.1 is then the upper bound.

In [12] the proof of the upper bound boils down to showing that given any path
7 that connects the two continua E and F, and a neighborhood N., of |v|, there is a
function admissible for the modulus of surfaces separating £ and F' that is supported
in N,. This approach cannot be adopted in our current situation, since the paths
have been replaced with Lipschitz maps. Instead, given any level set S of a map of
degree 1 and a neighborhood Ng of S, we construct a Lipschitz map of degree 1 that
is constant outside Ng. Note that this implies that the pointwise Lipschitz constant
of this map can be assumed to be supported in Ng. This approach seems to be new.
It can be seen as a dual to the one in [12|, and as such it can in fact be used to
reprove (3).

Section 2 contains some definitions and the main results. Theorems 2.2 and 2.3
are proved in Sections 3 and 4, respectively.

Acknowledgement. The author expresses his thanks to the anonymous referee,
whose comments led to several improvements.

2. Main results and definitions

For the rest of this text we fix a compact metric measure space (T,d, i) that
supports a weak 1-Poincaré inequality. We also assume that p is doubling. In order
to apply the theory of covering spaces later on, we also have to assume that 7' is
semilocally simply connected (local and global path connectedness follow from the
1-Poincaré inequality |7, 8.3.2]).

We call a measure i doubling if it is Borel-regular and there exists a constant
C,, > 1, such that for every ball B = B(z,r) with radius » < diam(7")

0 < u(2B) < Cuu(B) < .

Here 2B = B(z,2r).
Let . be a set of Borel-regular measures on 7" and let 1 < p < co. We define
the p-modulus of .4 to be

mod, . # = inf/ PP du,
T

where the infimum is taken over all Borel measurable functions p: T' — [0, co] with

(4) /Tpdu>1
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for all v € .#. Such functions are called admissible functions of .# . If there are no
admissible functions we define the modulus to be infinite. If p is an admissible func-
tion for .4 — A where 4 has zero p-modulus, we say that p is p-weakly admissible
for .#. As a direct consequence of the definitions we see that the p-modulus does
not change if the infimum is taken over only p-weakly admissible functions. If some
property holds for all v € .# — A4 we say that it holds for p-almost every v in A .

Given a family I' of paths in T, the path p-modulus of T" is denoted and defined
like the modulus of a family of measures, but instead of (4) it is required that

/pds>1
v

for every locally rectifiable path v € T'.
A Borel function p: T — [0, 00] is an upper gradient of a function u: T" — Y,
where (Y, dy) is a metric space, if

) dy(u((a)), w1 (8) < [ pds
v

for all rectifiable paths ~: [a,b] — T. The target Y = [—00, 0] is also allowed,

but with an additional requirement that the right-hand side of (5) has to equal oo

whenever either |u(y(a))| = 0o or |u(v(b))| = oco. If the family of paths for which (5)

fails has zero p-modulus, we say that p is a p-weak upper gradient. The inequality

(5) is called the upper gradient inequality for the pair (u, p) on ~.

A p-integrable p-weak upper gradient p of w is minimal if for any other p-
integrable p-weak upper gradient p’ of u we have p < p' p-almost everywhere. By |7,
Theorem 6.3.20] minimal p-weak upper gradients exist whenever p-integrable upper
gradients do.

The space T is said to support a weak p-Poincaré inequality with constants Cp
and Ap if all balls in 7" have positive and finite measure, and

][ |u — up|dp < Cpdiam (B) <][ ppd,u)
B ApB

for all locally integrable functions v and all upper gradients p of u. Here

1
ug = ud:—/ud.
? ]{9 By

In this paper we consider toroidal spaces, meaning that we assume the fundamen-
tal group of T' to be isomorphic to Z with respect to any basepoint. Fix a generator
[y, ] € m (T, xp). We say that a loop v with basepoint = € T'is a degree 1 loop if it is
loop-homotopic to o, = Yau, * Qg * ;m . for some path ~,,, that starts at = and ends
at xo. It can be shown that the equivalence class [a,] € 71 (T, z) does not depend on
the choice of v,y .

For every continuous map f: 1" — R/Z there is a unique integer deg f, called the
degree of f, so that for every x € T and every degree 1 loop 7 based at x the push-
forward f.y = f o~ is loop-homotopic to [f(z)] +deg f - B, where 5: [0,1] = R/Z is
the path S(t) = [t].

Now let 1 < p < co. We define the degree 1 p-capacity of T' to be the number

cap, T := inf/p?d,u,
T

p
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where the infimum is taken over all Lipschitz maps f: T"— R/Z with deg f = 1, and
py denotes the minimal p-weak upper gradient of f. Note that for Lipschitz maps
the minimal upper gradient agrees almost everywhere with the pointwise Lipschitz
constant Lip(f), see [3] and [7, 13.5.1]. We assume here and hereafter that R/Z is
equipped with the metric

] = o)l = inf |2+ — g,

where the equivalence classes of R/Z are denoted by brackets. Observe that with
this metric R/Z is isometric to a 1-dimensional euclidean sphere of total length 1
equipped with its intrinsic length metric.

Denote by I'* the family of all level sets ¢ [0] with finite codimension 1 spherical
Hausdorff measure, where ¢: T" — R/Z is a continuous map of degree 1. The
codimension 1 spherical Hausdorff measure is defined by

H(A) = sup H(S(A)v
>0

where

p(By)

T

Hs(A) = inf )

and the infimum is taken over countable covers {B;} of A by balls with radii r; < .
By the Carathéodory construction H is a Borel-regular measure. A simple application
of a coarea estimate, see Proposition 3.1, shows that almost all level sets of Lipschitz
maps have finite H-measure. On the other hand, the relative isoperimetric inequality
(Lemma 4.6) shows that level sets of Lipschitz maps of degree 1 must have nonzero
‘H-measure.

As a dual counterpart to cap,T” we consider the surface modulus of I'". We
abbreviate

(6) mod,«7T" = mod,«{HL S | S € I'"}.

The definitions of cap,T" and mod,-T" are rather trivial if Lipschitz maps of degree
1 do not exist. Although path-connected topological spaces with fundamental groups
isomorphic to Z can fail to admit maps of nonzero degree, it seems to be unknown
whether the existence of such a map is implied by the additional structure of (7', d, p).
To make life easier we simply assume that there exists at least one Lipschitz map
f: T — R/Z of degree 1.

Let us gather all of the assumptions into one place for clarity and future reference.

Assumptions 2.1. The metric measure space (7', d, i) is doubling and supports
a weak 1-Poincaré inequality. The space T is compact and semilocally simply con-
nected. The fundamental group of T" with respect to any basepoint is isomorphic to
Z and there exists at least one Lipschitz map ¢: T — R/Z of degree 1.

With these assumptions our main results are the following

Theorem 2.2. Let 1 <p < oo. If cap,T > 0, then

(modp*T)Pi*,

B =

% < (cap,T)

where the constant C' depends only on the data of T'. If cap,T' = 0, then mod,T" = oo.
Theorem 2.3. Let 1 < p < oo. If mod,«I"* < oo, then

(cappT)% (mod,-T) " < C,
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where the constant C' depends only on the data of T. If mod,-T = oo, then
cap, T = 0.

We say that a constant C' > 0 depends only on the data of 7', denoted C' = C(T),
if it depends only on the constants C),,Cp and Ap appearing in the definitions of
doubling measures and Poincaré inequalities. The same symbol C' will be used for
various different constants.

If we let the metric measure space (7, d, ) be as in Theorem 1.1, it satisfies
Assumptions 2.1. The existence of Lipschitz maps of degree 1 follows from Propo-
sition 4.5. In Ahlfors g-regular spaces the H-measure is comparable to the (¢ — 1)-
dimensional Hausdorff measure, so the surface moduli defined using either measure
are comparable. Therefore Theorem 1.1 is just a combination of Theorems 2.2 and
2.3.

Note that the conclusions in Theorems 2.2 and 2.3 are invariant under biLipschitz
changes of metrics. Also recall that a complete metric space supporting a Poincaré
inequality is C-quasiconvex for some C' = C(T). This means that the change of
metrics (T, d) — (T, d') is C-biLipschitz, when d’ is the intrinsic length metric induced
by d. It follows that we may assume without any loss of generality that d is the length
metric. It is then implied by compactness that (T, d) is in fact geodesic. Note that
in geodesic spaces we can choose A\p = 1. For these facts see Theorem 8.3.2 and
Remark 9.1.19 in [7].

3. Proof of Theorem 2.2

The proof of Theorem 2.2 is exactly the same as the proof of Theorem 3.1 in [12],
but with a different coarea estimate.

Proposition 3.1. Let u: T' — R/Z be Lipschitz and let p be a p-integrable
upper gradient of u in T'. Let g: T — [0, 00] be a p*-integrable Borel function. Then

(7) / / gd?—[dth/gpd,u
R/Z Ju-1(1) T
for some C' = C(T).

Proposition 3.1 follows by applying [12, Proposition 4.1 in small enough balls.

Proof of Theorem 2.2.  First assume that cap,T" > 0. If mod,-T" = oo, there is

nothing to prove. Otherwise let g € LP"(T) be admissible for mod,-T. Let u: T —
R/Z be Lipschitz with degree 1 and note that « must be surjective. Let p be an upper
gradient of u. We may assume that p is p-integrable. Note that by (7) H(u"1(t)) < oo
for almost every ¢. Proposition 3.1 and Hélder’s inequality give

1</ / gd’HdKC/gpduéC(/g”*du)p (/p”du)p.
R/Z uil(t) T T T

The lower bound follows by taking infima over admissible functions g and p. The same
argument would lead to a contradiction if mod,T" was finite when cap,7’=0. [

4. Proof of Theorem 2.3

Theorem 2.3 follows, once we have shown that there is a non-negative Borel
function pg defined on 7', such that

cap, T’ = / Po dpe,
T
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and that
(8) cap,T < C(T) / Meym(t™t) dH
S

for all S € I'* and all large enough n, depending on S. Here M, for » > 0 denotes the
restricted Hardy—Littlewood maximal operator, see |7, Chapter 3.5] for its definition
and basic properties. Indeed, letting n — oo and applying the general Fuglede’s
lemma [5, Theorem 3| we find that

(9) cap, T < C(T) /S bt dH

for mod,--almost every S. Now suppose mod,-T" < cc. If cap,T" = 0, there is nothing
to prove. Otherwise it follows from (9) that the function

C(T> p(p)—l

cap,T’

is weakly admissible for mod,-7". Thus

(mod,. T)/"" < o) < / pre=l g )W = CO(T)(cap,T)~ /7
P* =X cappT - Po K - Pp :
The same calculation shows that mod,-T" must be finite if cap,T" is nonzero. This
proves Theorem 2.3. The rest of this section is focused on finding py and proving (8).

Let us begin by constructing py. We would like to apply the usual method of con-
structing minimizers for capacities or moduli. This method would consist of picking
a minimizing sequence (¢;); of Lipschitz maps of degree 1 and their upper gradients
(pi)i, applying weak compactness properties of LP-spaces and Mazur’s lemma to find
a subsequence of convex combinations of p; that converges strongly to some limit pg,
and finally showing that pg is an upper gradient of a Lipschitz map of degree 1. The
obvious flaw with this method is that it is not clear whether the proposed minimizer
po or the convex combinations of the functions p; are upper gradients of Lipschitz
maps of degree 1.

To fix this, we replace the collection of upper gradients of degree 1 Lipschitz maps
by a slightly larger collection F and show in Proposition 4.3 that the capacity does
not change if we take the infimum over functions of F instead. The collection F is
defined using the universal cover (T, 7) of T', and consists of those non-negative Borel
functions p on T for which the function p o 7 is an upper gradient of a Newtonian
map, which satisfies an analogue of the degree 1 -property. See Subsection 4.2 for the
definition of Newtonian maps. Once we have set the proper definition of F, it is easy
to see that it is convex, and by applying the proofs of existing compactness results
on Newtonian spaces we show in Proposition 4.4 that the limit py is a member of F
as well.

4.1. Universal cover and lifts. We denote the universal cover of T" by (T, ).
The metric d on T is defined as the path metric induced by pulling back the length
functional of 7" with 7. This means that given points Z,y € T we define

d(z,§) = inf ((x 0 7),
Y

where the infimum is taken over all paths in 7" that connect # and ¢, and ¢ (mowy)is
the length of the path 7 o~. With this metric 7 becomes a local isometry.
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We equip T with the Borel-regular measure ji that satisfies

fi(A) = o N(z,m, A) du(z),

for all Borel sets A C T. Here N(z,w, A) denotes the cardinality of 7—'(z) N A. The

area formula
/deﬂz/T > fy)du(x)

yer—1(z)

holds for every integrable Borel-function f.
Denote by 7: T'— T the unique deck transform that satisfies

7(3(0)) = 7(1),

for all lifts 4: [0,1] — T of all degree 1loops v: [0,1] — T. With the additional metric
and measure theoretic structure the classic lifting theorems imply the following.

Lemma 4.1. Suppose f: T — R/Z is a Lipschitz map of degree 1 and let p be
one of its upper gradients. There exists a function f: T — R, called the lift of f,
that satisfies the following properties.

(1) [f] — for. In particular f is locally Lipschitz.

(2) pom is an upper gradient of f.

(3) for—f=1
Moreover, if f’ is another lift that satisfies the properties above, then there is ak € Z
such that f' = forh = f 4+ k.

Claim (2) follows from the identity

/powds:/ pds,
gl moy

which holds for every rectifiable path ~ in 7.
Conversely, we have the following.

Lemma 4.2. For every locally Lipschitz g: T — R with got — g = 1 there is
a Lipschitz map f: T — R/Z of degree 1, that satisfies [g] = f o w. Moreover, if py
is the minimal p-weak upper gradient of f in T', then py o 7 is the minimal p-weak
upper gradient of g in T.

Proof. We define f locally by
f=lgon™].

Then f is well defined due to the property g o™ — g = 1. It is certainly locally
Lipschitz, has degree 1, and satisfies [g] = f o 7.

It remains to show the relation between the upper gradients. Given any = € T
there is a ball B’ that contains x and on which 7 is an isometry onto B = 7(B’).
Clearly po 7r|73,1 is a p-weak upper gradient of f in B whenever p is a p-weak upper
gradient of ¢ in B’. Thus, if pf o 7 is a p-weak upper gradient of ¢ in T, it must be
the minimal one.

Now let v: [0,1] — B’ be a rectifiable path, so that the upper gradient inequality
holds for the pair (f, ps) on every subpath of wo~. Almost every path in B’ is such a
path, since py is a p-weak upper gradient of f, and as an isometry m|p preserves all
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path moduli. Continuity of g implies that we can decompose 7 into v = vy % - - - % Vg,
so that v; = and

73 i+1}
(10) l9(Vi(tiv1)) — g(va(t)| = [lg(vi(tis1))] = [9(vi(t:)]|

foralli =1,..., k. On these subpaths we have

[ eromds= [ prds > 5r0u(t) - FrCu(t)
= llgu(tss2))] = ot

Combining this with triangle inequality and (10) yields
90V) = 90D < [ promas.
v

Given an open set U C T, denote the set of all paths in U on which the upper
gradient inequality fails for the pair (g, pfom) by I'y. We need to show that mod,I'; =
0. Cover T by countably many balls B!, on which 7 is an isometry onto 7 (B!). Note
that if the upper gradient inequality fails for the pair (g, py o 7) on some path 7, it
must fail on some subpath of 7 that is contained in one of the balls Bj. In other
words, for every path in the collection I'; there is a subpath in one of the collections
FB: Now

mod,I'; < mod, (U FB{) < Zmodpl"Bl/_ =0,

since the first part of the proof shows that mod,I's; = 0 for all :. U

4.2. Minimizers. Motivated by Lemmas 4.1 and 4.2 we find an alternative
definition for the capacity.

We say that a function f: T — R belongs to the Newtonian space vap(T) if
f is p-integrable and admits a p-weak upper gradient that is also p-integrable. See
7, Chapter 7] or |1, Chapter 5| for further properties of these spaces. We say that
f e NY2(T) if fly € N%(U) for every open U CC T (note that T is proper). The

loc

space NYP(U) is equipped with the seminorm
Ifllvre@y = [ fllrw) + ot flpllrw),

where the infimum is taken over all p-weak upper gradients p of f in U.

Let F be the collection of all positive Borel functions p on T, for which p o 7 is
a p-weak upper gradient of some f € NoP(T) with f o7 — f = 1 almost everywhere.
Define

Capr = [i)g]f__/Tppdu.

Note that by Lemma 4.1 every upper gradient of a map admissible for cap,T" belongs
to F. Therefore
cap;, 7T < cap,T.
The reverse inequality is also valid, but requires a bit more work.
Proposition 4.3.
cap,I” = cap;, T,
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Proof. We must first show that locally Lipschitz functions of degree 1 are dense
in the space of degree 1 functions of Nli’f (T) Here having degree 1 means satisfying
the property f o7 — f = 1 almost everywhere. A result by Bjorn and Bjorn |2,
Theorem 8.4.] shows that locally Lipschitz functions are dense in N27(T). A simple
modification of the proof of this result shows that the approximating locally Lipschitz
maps can be chosen to be of degree 1 whenever the limit is of degree 1. We provide
the main points of this modification.

Following the proof of Theorem 8.4 of [2|, we start by choosing for every = € T

a ball B, centered at x, so that

e the 1-Poincaré inequality and the doubling property hold within B,, in the
sense of [2],

e the covering map 7 is an isometry on B,.
Let U, := 7 '(m(3B,)). The space T is compact, so there is a finite subcollection
{U,, Y, that covers T. Write B; = 1B, and U; = U,,. Note that U; can be written
as a disjoint union U; = Uy, 7°B;. We denote cU; = |J, o5 7" (cB;) for any ¢ > 0.
For each j pick a Lipschitz function ¢: B; — R that satisfies x5, < ¥ < X28;.
Extend these to Lipschitz functions 9, T — R first Py defining wj|7-k(23j) =1 or~k
in 2U; and then extending as zero to the rest of 7. Next, define Lipschitz maps
;- T — R recursively with w1 =1 and for j > 1

j—1
pj = Vj - (1_29%)'
k=1

Then 3!, ¢ = 1in U; and ¢; = 0 in U; for all j > i. Therefore {(p;,U;)}; is a
partition of unity.

Now let f € N*(T) be a degree 1 map, for —f = 1. Let ¢ > 0. By Lemma 8.5
of [2] there are locally Lipschitz functions v;: 2B; — R with

£
|f = vjllniees,) < ?Lj,

where L; is the Lipschitz constant of ;. Extend v; to 2U; with
Vjlrem;) =k +vj0 "
Then v; o7 —v; =1, and for all £

£
L

1f = UjHNLP(rk(QBj)) < 1
As in [2] we get
(11) 25 (f = 0D o,y < 2%

The function v := Z;”:l ©;v; is locally Lipschitz, and satisfies the degree 1 property
voT —v=1.
Now (11) gives

v = fllvie@) < C(U)e,

for any domain U ccC T. This proves the density of degree 1 locally Lipschitz
functions in the space of N>P(T')-functions of degree 1.

Now if we let p € F, the function p o 7w is a p-weak upper gradient of some
f € NEP(T), and we find a sequence of locally Lipschitz functions (v;) of degree 1,

loc
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such that
j —00
lv; = fllxe@) = 0.
for every U cC T. Let w; be the Lipschitz projections of v;, given by Lemma 4.2.
Then the minimal upper gradients satisty p,, = py,; o 7. Now

j—)OO

(12) 100, = psllLes) — 0

for all 4. Let A} = m(B;) and for 1 < j < m — 1 define A, := 7(Bj11) — U, 4;.
Let ; : B; N 7w~ (A;) — A; be the restriction of m and define py := 37 xa,pf o . ot
The Borel sets A; are disjoint and cover T', so a quick calculation shows that

(13) 1y < 9l

since by definition of p we have py < p o m almost everywhere. Finally, note that

ow; = Py = D 10w, = Py < D Mowy = £rlinis,)s
i=1 j=1

and thus (12) implies
(14 10 22y = W2y
since there are only finitely many sets A;. Combining (13) and (14) yields

cap, T < pll%ry:

which finishes the proof. O

Proposition 4.4. There is a unique minimizer py € F, i.e.

cap, T’ = cap, T = / P06 dj.

Moreover, for any other p-integrable p € F

(15) cap,T < / o pdp.
T

Proof. Note that F is convex. Once we know the existence of a minimizer, the
proof of the variation inequality (15) is standard. See for example [12, Lemma 5.2.].
Uniqueness of the minimizer follows from the convexity of F and the uniform con-
vexity of LP(T).

We now show the existence of a minimizer. First recall that we have assumed in
Assumptions 2.1 that there exists at least one Lipschitz map of degree 1. It follows
that cap,T' is finite. Let (f;); be a sequence of locally Lipschitz maps f;: T — R/Z
of degree 1, so that for each ¢ the function p; is an upper gradient of f;, and

cap, T’ = lim pp dj.

i—00

We claim that the lifts ﬁ of the maps f; can be chosen so that the sequence (f;) is
LP-bounded in any bounded domain of 7.

To this end, note that the length of any loop-homotopically non-trivial loop ~
must satisfy

(16) l(y) = c
for some ¢ > 0. This is implied by the existence of Lipschitz maps of degree 1.
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Let {z;}L, be a S-net in T, where ¢ is the constant from (16). Note that by the
net property of {z;} any two balls B; := B(x;,g) are connected by a chain of balls
of the same form. By a chain we mean a sequence of balls, in which adjacent ones
have nonempty intersection. The same chaining property holds for the balls 2B;, but
now additionally we find that the connecting chains (2B;, ), can be chosen so that
for each k there is a ball B), C 2B;, N2B;,,, of radius ¢/8.

Note that by (16) the balls 2B; are evenly covered. In fact, 7 is an isometry
when restricted to any component of 77(2B;). Fix a component By of 7' (By).
Set V; = By. For k > 1 we define domains Vj, recursively by adding components of
7~ Y(B;) for suitable B;. At step k + 1 we choose exactly one component of 7—!(B;),
call it B;, to be added to Vj if and only if 7~ 1(B;) intersects Vj, and there are no
components of 77!(B;) that are contained in V.

After at most IV steps no new balls can be added. Let V' = Vy. It follows from
the construction that V' is a bounded domain on which 7 is surjective. It may happen
that the prev1ous construction does not define B; for all B;. If so, just let B; be a
component of 771(B;) that is contained in V. Thus

N ~
— U B

i=1

Denote by 2B; the component of 7~1(2B;) that contains B;. )
By adding integers if necessary, we may now fix the lifts f; by requiring

(17) 0 < (fi)ap, < 1.
If j # 1, by construction there is a chain (2B Yo, with j; =1, j; = j and | < N,
so that for every 1 < k < [ there is a ball B, C 2B,, N2B;, , of radius ¢/8. Let

Jk+1

m := min{u(B;)} > O By the Poincaré 1nequahty and the doubling condition

|(F)ag, — (F)a | SC o 1fi= (fag,, | 40 < Cllpill7sop, 5.
2B,
where C' = C(T, p, m, ¢), and the same calculation shows
(Fdas, .~ (F)) < Cloden,
as well. Thus by the triangle inequality and (17)

()2, < ON Uil + 1.

Now by the Sobolev—Poincaré inequality, see |7, Thm. 9.1.2], and the local isometry
of m

Jk+1

| 1E= (Fop, i < O, Ol
2B;
It follows that the sequence (f;); is bounded in LP(2B;).

Since V is covered by finitely many balls 2B;, we find that both sequences (f;);
and (p; o ); are bounded in LP(V'), and also in every LP(W}), where

k
Wy = U v
I=—k

Note that Wy, = V. Now by extracting enough subsequences we may assume that
(f:): and (p; o 7); converge weakly to functions fO and ° in LP(W;). By Lemma 3.1
of [10] there exist sequences of convex combinations (f2) and (9) of the functions f;
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and p; o, respectively, that converge strongly to f9 and p°. Moreover p is a p-weak
upper gradient of £ in Wp.

This allows us to define sequences (f**!) and (p+!) recursively to be the se-
quences in LP(Wj1) that are obtained by applying the argument above on Wy
instead of W, and on sequences (f¥) and (%), instead of (f;); and (piom);. Let frrt
and pF*! be the corresponding limits in LP(Wj41). It follows that f’““|g,c = fk and
g, = pF. Define f and p: T — R by setting flw. = f¥ and plw, = p* It is
immediate that p is a p-weak upper gradient of 1.

Consider the diagonal sequences ( f] ); and (p )J. These maps are still convex

combinations of the functions fZ and p;om, respectively. It follows that these sequences
converge to f and p in LlOC(T). Moreover f oT — f =1land po7—p =0 almost
everywhere, since these hold everywhere for all maps in the respective sequences.
The latter equality allows us to define py by projecting p. Therefore py € F and

cap) T = / P dp,

since (ﬁ;) is still a minimizing sequence, due to convexity of F. O

4.3. Competing admissible maps. Now that the minimizer py has been
found, the proof of Theorem 2.3 is only missing the proof of (8). Recall that (8) says
that for all S € I'*

cap,T’ / My m(p Y dH,

where M denotes the Hardy-Littlewood maximal operator. Given an S € ['* we
construct suitable Lipschitz maps of degree 1 that are constant outside a small neigh-
borhood of S. Then we can apply the variation inequality (15) of Proposition 4.4 on
the upper gradients of these Lipschitz maps to conclude (8).

In this subsection we construct these Lipschitz maps. It turns out that the
same construction can be used to obtain Lipschitz maps of degree 1 out of general
(continuous) maps of any nonzero degree. We only need to consider maps of positive
degree by composing with the antipodal map of R/Z if necessary.

To simplify the notation, we omit some parentheses and write for example ¢! [0]

and ¢~ (0) instead of ¢~'([0]) and 7(¢~'(0)) from now on.

Proposition 4.5. Let ¢: T — R/Z be a continuous map of nonzero positive
degree. There is a number N = N(¢), such that for all n > N there is a finite
pairwise disjoint collection of balls {B;} of radius 1/n in T, such that for all i

H(o~'[0] N By) > C(T)nu(B;)

and such that the Borel function
p=n Xsn,

is an upper gradient of a Lipschitz map ¢ : T — R/Z of degree 1.

Proof of (8) assuming Proposition 4.5. Let S € I'*. Then S = ¢~'[0] for some
degree 1 map ¢. Let {B;} be the collection of balls and let p be the Borel function
that is obtained by applying Proposition 4.5 for some large enough n. Now

H(SNB;) = C(T)nu(B;)
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for all i. Applying this along with the variation inequality (15) of Corollary 4.4, the
doubling property of i and the definition of the Hardy-Littlewood maximal operator
gives

cap, T < / oot dp < O S (B b dp
T i 5B;

<CT) Y HS N B, inf Moyalph™)(a)

< C(T) / Megrym(o™) dH,

which is exactly (8). O

The rest of the section is focused on proving Proposition 4.5. Let ¢: T'— R/Z
be a continuous map of nonzero positive degree. Let zq € ¢ 0], Tp € 7 (xg) and
let ¢: T'— R be the lift of ¢ that satisfies ¢(Zo) = 0. Compactness of T" implies that

(18)  §:=min {d (m?fl (i%) ,m?‘l(O)) d (7“5_1 (ii) ™97 (%))}

is strictly positive. Denote Ut = 7¢~(0,1/4) and U~ = 7¢~'(—1/4,0]. Denote also
S = 1¢~1(0). Observe that S C ¢~'[0], and if deg¢p = 1, then S = ¢~1[0).

For our intents and purposes the relative isoperimetric inequality takes the fol-
lowing form.

Lemma 4.6. (Relative isoperimetric inequality) There are constants C = C(T)
and A = X\(T') > 1 such that

. {,u(BﬂU*) ,u(BﬂU‘)} r
min , <
1(B) 1(B) 1(AB)
for all balls B = B(z,r) for which A\B C w¢~'(—1/4,1/4).

This formulation is essentially the same as the one used in [12, Lemma 5.1],
which is just an application of Theorems 6.2 and 1.1 of [11]. The same proof is
valid here as well. Note that restricting the balls to ¢~!(—1/4,1/4) ensures that
QUTNAB C SNAB. i )

Denote by I the set of all paths « that connect m¢~'(—1/8) to m¢~'(1/8) inside
o (—1/4,1/4).

Corollary 4.7. For every n > % and v € I' there is a ball BY that is centered
on v, has radius % and satisfies

H(S N B") > Cnu(Br)

H(SNAB)

for some constant C' = C(T).

Proof. The proof is essentially contained in the discussion following Lemma 5.1
in [12]. We sketch the idea here for completeness. Given a path v: [0,1] — T of
I', we consider the balls B, := B(y(t), 5-), where X is as in Lemma 4.6. We may
assume that || is contained in m¢~'[—1/8,1/8], and therefore by the definition of
each B, is contained in 7¢~'(—1/4,1/4). Now the function

p(UT N By
Ot ——————
1(B)
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vanishes when t is near 0 and is equal to 1 when ¢ is near 1. Pick
to :=sup{t € (0,1)] ®(¢t) < 1/2}

and choose Bl := 2AB,. The lower bound on the measure of the boundary is then
given by the relative isoperimetric inequality. U

Now let F, be the collection of balls BY that arise from the paths in I' as in
Corollary 4.7 with n fixed. Apply the 5r covering theorem on F, to find a pairwise
disjoint subcollection G,, with the property

U Bc | 3B

BeF, Begn

Note that G,, must be finite due to the compactness of T'. Write G,, = {B,}Z]\Ll Define
a positive Borel function p: T'— R with

N
pi=n Z X5B;-
i=1

Let 2 be the open set that consists of the points that can be connected to o1 (—1/8)
by a rectifiable path inside m¢~'(—1/4,1/4). Define a function ¢: T — R inside Q
with

Yz

O(x) = inf/ pds,
Yo

where the infimum is taken over all rectifiable paths v, that connect 7¢~'(—1/8) to

z inside m¢~1(—1/4,1/4). Extend ¢ as zero to the rest of 7. Finally, the desired
competing admissible map ¢: T'— R/Z is defined by

Y(z) = [min{1, ¢ (2)}].
Lemma 4.8. The mapping v is Lipschitz and p is one of its upper gradients.

Proof. 1t is straightforward to prove that p is an upper gradient of both ¢ and
min{l,@} in Q, see e.g. [1, Lemma 5.25|. Let v be a rectifiable path in 7" that
connects two points x,y € T. The upper gradient inequality for the pair (¢, p) on =
is immediate if z,y € Q and |y| C Q, or if ¥(x) = Y(y).

In order to prove the upper gradient inequality in the other possible situations
we need to show that ¢ > 1 on 7¢~1(1/8,1/4) N Q. To this end, let  be a rectifiable
path that connects 7¢~(—1/8) to a point z € 7~ 1(1/8,1/4) inside ¢~ (—1/4,1/4).
Then n has a subpath n’ € I'. Let By, € F,, be the ball obtained by applying Corollary
4.7 on . Now

N

/pds > / pdH' > 1S H (| N 5B) > nH (| A BY) > 1,

n 7’| i=1

since By, is covered by the balls 5B;. This holds for every connecting path 7, which

implies that ¢(z) > 1. ) ) i
Next assume z,y € 2 with ¢(x),9¥(y) € (0,1) and |y| ¢ Q. Note that min{1,}

equals 0 in m¢~'(—1/4,—1/8) N Q, since p vanishes there. This means that there
exist subpaths 71 = 7|4 and v2 = 7|y,1) of 7 that satisfy |v1| U |y2] € Q and
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W(y(t1)) = ¥ (v(tz)) = [0]. Therefore
[W(x) — ()| < (@) — by ()] + [ (v(t2) — ()|

</ ,ods+/ pds < /pds.

The same argument can be applied in the case of x € 2, y ¢ 2. We omit the details.
The upper gradient inequality implies that v is Lipschitz, since T is geodesic and
p is bounded. 0

4.4. Degree of 1. In this subsection we prove that degiy = 1.

Pick a rectifiable degree 1 loop v and a point a € (1/8,1/4). We may now assume
that the endpoints of « are on mg_l(a). Since T' is geodesic and semilocally simply
connected, we may assume that v has finite length. This, and moving the starting
point if necessary, allows us to decompose v into

(19) Y= (k) x ek (),
so that each ~; intersects wé‘l(a) precisely at the endpoints, and none of the paths
n; intersect m¢~(—a). )

For the next lemma we denote for brevity ¢ := min{1,}.

Lemma 4.9. Letn: [0,1] — § be a rectifiable path. Suppose that the endpoints
of (,n belong to {0,1}. Then 1.n is loop-homotopic to (,n(1) — (,n(0) times the
standard generator of m(R/Z,|0]).

Proof. 1f the starting point is 0 and the end point is 1, the homotopy is given by
H:[0,1* - R/Z,
H{(s,t) = [sCn(t) + (1 — s)i].

It is straightforward to check all the requirements. The other cases are similar. [

Corollary 4.10. The paths 1,n; and ¢,n; are loop-contractible.

Proof. The endpoints of the path n; must be in the set 7ng~5_1(a). Since 7y has
finite length, n; can be decomposed into

m= ke k)
where the endpoints of each 7 are in 7¢~'(a), and if |5/| ¢ Q, then there are no
other intersections with 7¢~'(a).
Now if ng is contained in €2, Lemma 4.9 implies that it is loop-contractible.

Otherwise @b*nzj is already a constant path. Therefore ,n; is loop-contractible as
well. The path ¢.n; cannot be surjective, so it is loop-contractible. U

Let a: R/Z — R/Z be the isomorphism «afz] = [z — a]. Note that a,.¢.7y; and
,y; are all loops with the same basepoint [0].

Denote the domain of v; by [a;,b;]. Let 7/: [a;,b;] — R be the unique lift of
o ¢.y; for which v/(a;) = 0. Further decompose each ~; into

%= %
where v} and ~? intersect 7rgz~5_1(j:a) exactly at their endpoints.

Lemma 4.11. The lifted path . intersects integer multiples of deg ¢ exactly at
its endpoints. In particular }(b;) = +deg ¢ or ~/(b;) = 0. Moreover, v} (respectively
v3) is contained in Q if and only if 4} is negative in a neighborhood of a; (v, < +/(b;)
in a neighborhood of b;).



Duality of moduli in regular toroidal metric spaces 19

Proof. Let 4;: [a;, b)) — T be the lift of ~v; that satisfies gzz*%(ai) = a. Then
due to uniqueness of lifts we have ~ = qz*% — a. Since Q~S is a lift of ¢, we have
dork =k-degp+ ¢ for any integer k. It follows that 7/(t) = k - deg ¢ if and only
if ¢(77%(%(t))) = a, which can be combined with the lifting property m,% = 7 to
conclude that 7/(t) equals an integer multiple of deg ¢ if and only if ~;(t) € 7~ (a).
By construction the latter happens if and only if ¢ equals either endpoint of [a;, b;].
This proves the first assertion of the lemma.

The definitions of 7}, 73 and 2 imply that these paths are contained in €2 if and
only if they are contained in 7ng~5_1[—a, a]. Therefore 7} is contained in € if and only
if the part of 4; corresponding to ~} is contained in Q;_l(k‘ -deg ¢ + [—a, al]) for some
fixed integer k. This k must be 0, since we chose ¢,7;(a;) = a. Thus 7, = ¢, — a is
negative in a neighborhood of a; if and only if 4} is contained in Q. The path 73 can
be treated similarly. U

Corollary 4.12. The paths a,¢,v; and deg ¢ - 1,; are loop-homotopic.

Proof. We need to check four different cases, corresponding to 7} and 73 being
or not being contained in 2. The proofs are essentially the same, so we write down
only one of them.

Assume that v} is not contained in Q but 47 is. Then 1,7} is a constant path, and
1,73 is loop-homotopic to the standard generator by Lemma 4.9. Arguing exactly as
in the proof of Corollary 4.10, we see that 1,~? is loop-contractible. Therefore 1,
is loop-homotopic to the standard generator.

By Lemma 4.11 the lift ~/ satisfies v/(a;) = 0 and 7}(b;) = £deg ¢ or ~/(b;) = 0.
We also find that 4, is positive in a neighborhood of a;, and less than 7.(b;) in a
neighborhood of b;. Combining these gives 7.(b;) = deg ¢, which means precisely
that a,¢.v; is loop-homotopic to deg ¢ times the standard generator. ([

Applying Corollaries 4.10 and 4.12 to the decomposition (19) yields

O‘*¢*7 = deg¢ ’ w*f)/-

Now by applying the identity deg (o ¢) = deg ¢, we see that 1,7 is loop-homotopic
to the standard generator. Therefore degy = 1 and the proof of Proposition 4.5 is
finished.
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