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Abstract. Let QO C R3 be a domain and let f: Q — R? be a bi-BV homeomorphism. Very
recently in [16] it was shown that the distributional adjugate of Df (and thus also of Df~1) is
a matrix-valued measure. In the present paper we show that the components of Adj D f coincide
with the components of Df~1(f(U)) as measures and that the absolutely continuous part of the
distributional adjugate Adj Df equals to the pointwise adjugate adj Df(z) a.e. We also show the
equivalence of several approaches to the definition of the distributional adjugate.

1. Introduction

Suppose that © C R™ is an open set and let f: Q — f(2) C R™ be a homeomor-
phism. In this paper we study the weak differentiability of the inverse of a Sobolev or
a BV -homeomorphism. This problem is of particular importance as Sobolev and BV
spaces are commonly used as initial spaces for existence problems in PDE’s and the
calculus of variations. For instance, elasticity is a typical field where both invertibility
problems and Sobolev (or BV) regularity issues are relevant (see e.g. |2, 4, 22|).

The problem of the weak regularity of the inverse has attracted a big attention
in the past decade. It started with the result of [17, 19, 6] where it was shown that
for homeomorphisms we have

(f € BVioe(,R?) = f7' € BVioe(f(Q), R?))
and (f € W '(LR™) = f~! € BVioo(f(©),R")).

loc

(1.1)

Moreover, it was shown there that these results are sharp in the scale of Sobolev
spaces and moreover under additional assumption one can prove that even f=! €
wht,

By results of [8, 9, 13] we know that for f € W1"~! we have not only f~! € BV
but also the total variation of the inverse satisfies

(1.2) DF(F() = / ladj Df (2)| da
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where adj A denotes the adjugate matrix to A, i.e. the matrix of (n —1) x (n — 1)
subdeterminants arranged in such a way that

Aadj A = Idet A.

This indicates that the adjugate of Df could be significant also for the problem of
existence of D f~*. One could think that the integrability of | D f|"~!in (1.1) is needed
only to guarantee the integrability of adj D f. However, for n > 3 it is possible to
construct a W homeomorphism with adj Df € L' such that f~! ¢ BV (see [15]).
The existence of such a mapping motivates a distributional approach to the adjugate
of the gradient matrix in the problem of characterization of the BV -regularity of the
inverse.

We use the symbols AdjDf, ADJDf and ADJDf for various versions of this
concept. The definitions of the distributional adjugate are presented and compared
in Section 4. In fact, we show that they are equivalent within the class of measures.

The distributional approach has been successfully used in [16] to find a neces-
sary and sufficient condition for the BV regularity of the inverse for 3-dimensional
BV homeomorphisms. We conjecture that the assumption of finite Lebesgue area
condition is superfluous.

Theorem 1.1. Let Q C R® be a domain and f € BV (Q,R?) be a homeomor-
phism. Then f=' € BV(f(Q),R?) if and only if ADTDf € M(Q,R3*?) and f
satisfies the finite Lebesgue area condition of Section 2.6.

Here M stands for the class of all finite (possibly signed or vector-valued) Radon
measures and B.V(Q, R3) is the homogeneous BV space, namely, the class of all BV,
mappings f on 2 such that the total variation of Df is finite, whereas the global
integrability of f is not required. Note that the integrability of f is an issue only if
Q or f(2) is unbounded.

The classical inverse mapping theorem states that the formula

(1.3) VI (@) Jp(x) = adj V f(2)

holds for f if f is a regular C* mapping. We are interested in validity of the corre-
sponding formula in the BV setting. Since in the BV context the objects considered
in (1.3) make sense only as measures, the formula should be rewritten as

(1.4) DfY(f(U)) = Adj Df(U) for all open sets U C €.

In the planar case, the formula (1.4) has been proved by Quittnerova [25]. Even
stronger results are established by D’Onofrio, Maly, Sbordone and Schiattarella [10].
For n > 2, the formula (1.4) has been obtained by Quittnerova [25] under the as-
sumption that f € W"~1. Our main goal is to prove (1.4) in R? assuming only that
f and f~! are BV.

Theorem 1.2. Let 2 C R? be a domain and f € BV(Q, R?) be a homeomor-
phism such that f~' € BV (f(Q2),R?). Then

(1.5) Df Y (f(U)) = Adj Df(U) for all open sets U C Q.
In coordinates, (1.5) reads as
(1.6) (D;(f 1)) (f(V)) = (Adj;; D)), 4,5 €{1,2,3}.

This improves the result of [9] where the equality of variations in (1.6) is shown for
W1tr=1 homeomorphism for n > 3.
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As a corollary of our results we show that in some cases it is possible to verify
the somewhat technical assumption Adj Df € M easily using coordinate functions
f = (f1, f2, f3). Moreover, under the same assumptions the finite Lebesgue area
condition holds and we have the BV regularity of the inverse.

Theorem 1.3. Let Q C R? be a domain and f € BV(Q, R?) be a continuous
mapping. Assume that

(a) f; € WHPi(Q) where py,p2,p3 € [1,00] and p%— + z% < 1 for each distinct 1, j
(with the convention - = 0), or that
(b) at least two coordinates of f are in C*(Q).

Then AdjDf € M(Q,R3*3) and [ satisfies the finite Lebesgue area condition (see
Sec. 2.6). Therefore, f~' € BV (f(Q2),R3) if f is a homeomorphism.

It is known that the absolutely continuous part of the distributional Jacobian
equals to the pointwise Jacobian a.e. for nice enough f (see De Lellis [7, Lemma 4.7]
and Miiller [21]). Similar statement holds also for the distributional adjugate.

Theorem 1.4. Let Q@ C R? be a domain and f € BV (Q,R?) be a contin-
uous mapping such that AdjDf € M(2,R**3). Then the absolutely continuous
part of Adj Df (with respect to Lebesgue measure) equals to the pointwise adjugate
adj Df(x) for a.e. x € Q.

The proofs of Theorems 1.2, 1.3 and 1.4 are given in Section 7. Since the proof
of (1.6) is the same for all choices of coordinates, we demonstrate it on the choice
i = 7 = 3, which leads to the most comfortable notation. The method is to express
both parts of (1.6) in terms of degree. The left hand part is handled in Section 5,
the right hand part in Section 6. We need a two-dimensional degree formula for the
distributional Jacobian derived in Section 3. The comparison of various definitions
of the distributional adjugate is given in Section 4. To complete the list, Section 2 is
devoted to various preliminaries.

2. Preliminaries

For a domain 2 C R"™ we denote by D(Q2) those smooth functions ¢ whose
support is compactly contained in 2, i.e. supp ¢ CC €.

Given a distribution 7" on an open set {2, the action of T" on a test function
¢ € D(Q) is denoted by (T, ¢). This can be extended to more general test functions
according to the quality of T', for example, to T-integrable test functions if 7" is a
measure.

The total variation of an R"-valued Radon measure p is the measure |u| such
that

ulvwys=sup{ [ -dusp e Cuar), lel <o, v e R,

Given two vectors u,v € R? we denote by u x v their cross product, defined by the
property
w - (u x v) = det(w,u,v), w e R
2.1. Slicing of BV function. Let f: 2 — R™ be a BV function and ¢ € D().
For simplicity we assume that Q = (0,1)3. Then

(D1f, o) = /(0 2 (D1f(v, 2, 33), (-, T2, 73)) do da3
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and

<|D1f|7 S0> = / <|D1|f(',.f1}'2,.f1}'3), @(',$2,$3)> de dl’g,
(0,1)

see e.g. [1, Theorem 3.103|. Integrating with respect to x5 we obtain

(Drf, o) = /( D), ol a) o

and

(D). o) = / UDAFIr s 2), @, ) dts,

(0,1)
Similarly we express Dy f by integration over x3 (but not Dsf). By approximation
we observe that these identities can be extended to test functions ¢ € Cy(€2).

2.2. Topological degree. For a bounded open set {2 C R™ and a given smooth
map f: ) — R" we define the topological degree as

deg(f> Q> yO) = Z sgn(Jf(x))
zeQNf~H{yo}

for a point yo € R™\ f(9Q) if J;(x) # 0 for each € f~(yo). This definition can
be extended to arbitrary continuous mappings and each point yo ¢ f(09), see e.g.
[12, Section 1.2| or [18, Chapter 3.2]. For our purposes the following property of the
topological degree is crucial; see [12, Definition 1.18|.

Lemma 2.1. Let Q C R” be a bounded open set and f: 8 — R" be a con-
tinuous function. Then for any point yo € R"™\ f(0€)) and any continuous mapping
g: 2 — R" satisfying

|f — g| < dist (yo, £(0Q)) on 90
we have deg(f> Q> yO) = deg(g, Q, y())

Moreover, we need to use also degree composition formula see [24, Proposition

IV.6.1].

Lemma 2.2. Let Q C R” be a bounded open set. Let h: Q — R" and g: R* —
R" be a continuous function. Assume that y ¢ g(h(02)) and let A; be the bounded
connected components of R™ \ h(02). Then

deg(goh, Qy) =Y deg(g, As,y) deg(h, Q, Ay).
2.3. Hausdorff measure. Given k£ > 0 we define
k o k
HE(A) = Jim HE(A),
where

ng(A) = inf{akZG diamAi)k: AC UA“ diam A; < 5}, 0 <9 <oo,

and

k/2

ap = —,
T+ E

see e.g. [11].
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2.4. Degree formula. Let h: Q — R" be a C! smooth mapping. Then the
change of variables formula

.) [ o)) dz = | oty)dea(n Guy)dy

holds for each open set G CC €2 and each measurable v: h(£2) — [0, c0).

2.5. Disintegration. Let Q = (0,1)", p € M(Q) and v be a nonnegative finite
Radon measure on (0, 1). We denote the k-dimensional Lebesgue measure by A,. We
still abbreviate “Ai-a.e.” as “a.e.”. For Lebesgue decomposition of measures we refer
to [1, Theorem 1.28].

A system (fu;)e(0,1), where i, are signed Radon measures on (0,1)"!, is called a
disintegration of p with respect to v if

(2.2) u(A) = /0 pi(A)dv(t), A C Q Borel.

Note that this is equivalent to the validity of

2.3) [ewoaen=[([  twnaum) o

for each bounded Borel measurable ¢: Q — R.

Theorem 2.3. Let n € M(Q). Then there exists a disintegration (ji;)c(0,1) of
i with respect to

(2.4) v: B u|((0,1)" ' x E), E c(0,1) Borel.

Moreover, if (1), and (o), are disintegrations of u with respect to v, then p; = oy
for v-a.e. t € (0,1).

Proof. See e.g. |1, Theorem 2.28]. O

Corollary 2.4. Let p € M(Q). Let (i) and (0¢): be two disintegrations of y
with respect to the Lebesgue measure \; on (0,1). Then pu; = oy for a.e. t € (0,1).

Proof. Let v be as in (2.4), p be the absolutely continuous part of A\; with respect
to v and a be the Radon—Nikodym derivative of p with respect to v. Then there is
a Borel set £ C (0,1) such that v(E) = 0 and p = A; on (0,1) \ E. Then (a(t)u):
and (a(t)oy), are disintegrations of p with respect to v. By the uniqueness part of
Theorem 2.3 we have p; = o, v-a.e. in (0, 1), and by the absolute continuity, p; = oy
p-a.e. in (0, 1), which means u; = o, a.e. in (0,1) \ E.

For each cube M C (0,1)""! and Borel set E’ C E we have

[ | = utar < £ < () =0,

It follows that (M) = 0 for a.e. t € E. The same argument shows that o,(M) =
for a.e. t € E. We find a joint set Z C E of A\;-measure 0 such that p,(M) =0
oy(M) for t € E'\ Z and each cube M from a dense family of cubes in [0,1]""!. Tt
follows that u; = o, a.e. also in E. O

Il o

Remark 2.5. Let p € M(Q), v be as in (2.4), (1) be a disintegration of p with
respect to v and (|u|;): be a disintegration of |u| with respect to v. Then |u|; = |
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for v-a.e. t € (0,1). Indeed, consider
o (M) :/ 0(y,t)d|ul, M C (0,1)"""' Borel,
M

where 0 = %. Then the claim follows from the uniqueness part of Theorem 2.3.

Similar observation holds for the positive and negative parts of .
If follows that |u]((0,1)""!) =1 for a.e. t € (0,1).

Lemma 2.6. Let @ = (0,1)” and p € M(Q). Let (u:): be a disintegration of
i with respect to Ay. Let u, be the absolutely continuous part of yu with respect to
An and (), denote the absolutely continuous parts of p, t € (0, 1), with respect to
An—1- Then ((p)q)¢ Is a disintegration of i, with respect to A;.

Proof. Let ug be the singular part of u and g be a Borel-measurable representative
of the Radon—Nikodym derivative of u, with respect to A,. Then there is a Borel set
E C @ of measure zero such that

(2.5) ps(A) =u(ENA), AcCCQ Borel.

By the Fubini theorem, the set
E ={ye(0.1)"": (y,t) € £}

has (n — 1)-dimensional measure zero for almost every t € (0,1). Set
E={(y,t) € E: \y_1(E;) = 0}.

Then E can be used in place of E in (2.5). Set

o = (01)a + (04)s,
where for each Borel set M C (0,1)""! we define

(00)u(M) = (M N B, (00)a(M) = /M 9y, 1) dy.

Then for each ¢t € (0, 1), (0v), is absolutely continuous with respect to A\, and (o¢)s
is singular with respect to A,_;1. It is easily seen that (oy); is a disintegration of u
with respect to A; and thus by Corollary 2.4, o, = u, for a.e. t € (0,1). It follows that
((pt)a)s is a disintegration of u, with respect to the Lebesgue measure on (0,1). O

2.6. Lebesgue area. Let Q C R?. If g: Q — R3 is a piecewise linear continuous
map, we define the Lebesgue area of g by

L(g) = Y H(g(T)),

TeA

where A is any triangulation of €2 for which ¢ is linear in every triangle 7" € A. For
a general continuous map g: Q — R? we set

L(g) = lirr(l) inf{L(h): h piecewise linear, |h — g|loo < €}.
e—

The most comprehensive reference for Lebesgue area in three dimensions and for area
theory in general is still the book of Cesari [3].

Assume now that Q C R? and f: 0 — R3 is a continuous mapping. We say that
f satisfies the finite Lebesgque area condition if for almost every ¢ € R the mappings
f(t,-,-), f(-,t,-) and f(-,-,t) have finite Lebesgue area.



On distributional adjugate and derivative of the inverse 27

3. Distributional Jacobian

Let G C R2 be open and ¢ € BV(G, R?) be continuous. Then adj Dy is the
matrix-valued measure

.o Daga, —Dagn
ad‘]Dg_<—D192, Dig1 )

The distributional Jacobian of g is the limit

Det Dg = klim det(Vgy)
—00

in distributions, where g, — ¢ are standard mollifications of g. We use also the
symbol J, for Det Dg. A routine approximation gives

(3.1) (T ) = /G (@) Jy(x) da

if g is smooth enough, e.g. g € WH?(G). Under standing assumptions, (3.1) can fail
but we can integrate by parts to obtain

2

(32) (T ) == _(adj,; Dy, (®;09) Dig), ¢ € D(G),

ij=1

if ®: R? — R? is a C'-mapping satisfying div® = 1 on a neighborhood of ¢(Q).
Indeed, for smooth function we can refer to [23] to the formula

2
(3.3) > Di(adj; Dg®; 0 g) = (div®) o g det Dg

ij=1

and passing to the limit in duality between measures and continuous functions we
obtain the general case. (Note that, in our generality, the passage to the limit on the
right is not guaranteed unless div ® = 1.) In particular, the choice ®(y) = y; yields

(3.4) (Tgr 0) = (D192, 1D2p) — (Daga, 1 D1p), ¢ € D(G).

3.1. Two-dimensional degree and the distributional Jacobian.

Lemma 3.1. Let W C R? be a bounded open set and g € C(W,R?*)NBV (W, R?).
Let n € D(R?) have support in R?\ g(OW). Let ®: R* — R? be a C' mapping such
that

divd =179

and ¢ € D(W) be such that {¢ # 1} N {nog+# 0} =0. Then

2

— > (adj; Dg, (®; 0 g) Dip) = / n(y) deg(g, W, y).

ij=1 R?
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Proof. If g is smooth, we have by analogy of (3.1), (3.4) and (2.1)

2

- Z (adj;; Dg, (25 0 g) Dip)

1,7=1

= —/ (20 g)det(Vgr, V) de + / (1 0 g) det(Vga, Vo) da
W

(3.5) = /W(DQ(I)Q og)det(Vagr, Vgo)pdr — /W(qu>1 og)det(Vgs, V1) dz
= [ div (g Je) ea)do = [ n(o(w) Jy(a)da

_ / n(y) deg(g, W, y) dy.
R2

In the general case we approximate ¢ by standard mollifications ¢¥). The passage to
the limit on the left of (3.5) is easy, as ® o g¥) — ® o g uniformly and Dg") — Dg
weak® in measures. The passage on the right follows from the fact that gt) — ¢
uniformly and 7 has compact support in R? \ g(0W) (see Lemma 2.1). O

Corollary 3.2. Let W C R? be a bounded open set and g € C(W,R?) N
BV (W,R?). Let n € D(R?) have support in R*\ g(OW). Let ®: R> — R? be a (!
mapping such that

divd =79
and ¢ € D(W) be such that {¢p # 1} N{nog# 0} =0. Then

2
|3 (adiy Dy, (8509) Dig)| < lnll [ [des(s. W) .
ij=1 R

Lemma 3.3. Let Q = Q(Z,r) be a square in R*> and 0 < p, <7, p. /' r. Let
g € BV(Q,R?) be a continuous BV mapping. Let n, . € D(R?). Suppose thatn = 1
on a neighborhood of g(W) and let nm;, € D(R?) have support in R*\ g(Q \ Q(Z, pr)).
Let , ®*): R? - R? be C' mappings such that

dive® =p,, divd =g
and ¢y, € D(Q) be such that ¢, = 1 on Q(Z, p). Suppose that J, € M(Q) and

(3.6) <I>§’“) — @ uniformly on g(Q),

3.7 ol <

(37) Vorl < =

and

(3.8) lim sup |PA@ANRE )
k—oo T — Pk

Then

2

— lim (" (adj,, Dy, (@ 0 g) Di)) = T,(Q).

k—00

4,7=1
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Proof. Taking into account that (see (3.2))

2
— Y (adj,; Dy, (®; 0 9) Dig) = (Tg #5),

we have

= " (adiy; Dy, (8" 29) D) - (@)

< |3 (adiy, Dy, (@ 0 g = @;09) Dig)| + (T, 05 = T,(Q)] = 0.

The second term is easy, for the first on we use (3.6)—(3.8). O

Lemma 3.4. Let
1 =z

1
. L(z) = ——1 K(z) = ——— 2 .
(39) (0) = e loglel, K(o) =5 2 RA\(0)
Then
div(K *v¢) =1, 1 € D(R") supported in B(0, R)
and
(310) |K *¢(SL’)| < CR1/2H¢||L3(B(O,R))7 x e R2.

Proof. Let u = L %1 be the Newtonian (alias logarithmic) potential of ¢. Then
div K 1) = —Au = 1.
The estimate (3.10) follows from the Holder inequality as
1K N 32,y < CRY?.

_Theorem 3.5. Let Q = Q(%,7) be a square in R*. Let g € BV(Q,R*) N
C(Q,R?). Suppose that

(3.11) 9(0Q)[ =0

and

(3.12) s:= sup Dg|(Q\ QL p)) < 0.
0<p<r r—p

Then

/RQ deg(g,Q,y) = J,(Q).

Proof. Let B(0, R) be a ball containing g(Q). Let n be a smooth function with
support in B(0, R) \ ¢(0Q) such that |n| < 1. Set ® = K * 1, where K is as in (3.9).
Then div® = n by Lemma 3.4. We find p < r such that

{nog# 0} CQz,p)
and a test functions ¢ € D(Q) such that 0 < ¢ <1, ¢ =1 on Q(z, p) and

C
V| < :
r—p
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By Lemma 3.1 we have
2

/p@ n(y) deg(g,Q,y) dy = —(>_ (adj; Dy, (®; 0 g) Dip),

ij=1

and thus from (3.12) and Lemma 3.4 we infer that

< CsR'?.

’/RQ ) deg(g, Q,y) dy| < C sup |®(y)| sup |D g|(Q\Q(:p )

yeR? 0<p<r r—=

Since this holds for all functions 7 with the above listed properties, we deduce that

(3.13) | Ideeta. @)l dy < o,

Now, let 19 be a smooth function with compact support such that 0 < 7y < 1 and
1o = 1 on a neighborhood of ¢(@)). Consider a sequence 7, of smooth functions such
that 7, = 0 on a neighborhood of ¢g(0Q), k =1,2,...,0 < <19 < --- <1 and
e — Mo a.e. Let K be as in (3.9). Set
dF = Ksxnp, k=1,2,....

From Lemma 3.4 we obtain that

div®* =7 in g(Q)
and that ®*) — & uniformly on ¢(Q) as ny — 1o in L3(B(0, R)). Next, we find
pr /1 such that

{nkog # 0} C QT, pr)
and test functions ¢y € D(Q) such that 0 < ¢, < 1, v, = 1 on Q(7, px) and

[Veor| < :
"= Pk

By Lemma 3.1 we have
2
— Y (adj,; Dy, (@ 0 g) Dip) = /2 nk(y) deg(g, Q,y) dy
ij=1 R

and passing to the limit as k — oo and obtain

/@ = [ desle. Q. dy

Indeed, the passage to the limit on the left follows from Lemma 3.3 and the passage
to the limit on the right is justified by (3.13). O

Remark 3.6. Since for continuous g € BV (Q, R?), “almost every” square Q C {2
satisfies (3.12), we have obtained an alternative proof of [16, Theorem 4.1].
4. On various definitions of distributional adjugate

Throughout this section, we use the symbol ¢’ for the action of the cyclic permu-
tation on 7, namely 1’ =2, 2" =3,3 =1, ¢/ = (¢)’. Also, we use the maps

Kiy) = (b)), wh(Y) = (W, tyn),  k5(y) = (1, 02.t), yeR’ teR.
The following notion of the distributional adjugate has been introduced in [16].
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Definition 4.1. Let f = (f1, f2, f3): @ — R? be a continuous BV mapping.
The distributional adjugate of the first kind of f is defined as

o

(ADJ; D, ) = [~ (Det(D(fy o k). D(fyro k), pow)dt. ¢ € DI,

Here the duality between Det(D f o k!) and ¢ o k! is considered on (x!)™1(Q2) = {z €
Q: x; =t}

We use the symbol ADTFDf for ADJDf if we know that the distributional
Jacobians Det(D(f; o k!), D(f;» o kt)) are signed Radon measures for a.e. ¢ and all

1, 7.
Following directly the way how we defined the distributional Jacobian in Subsec-
tion 3.1, we consider another approach to the distributional adjugate.

Definition 4.2. Let f = (fi1, fo, f3): @ — R3 be a continuous BV mapping.
The distributional adjugate of the second kind of f is defined as

Adj Df = limadj V fi,

where fr — f are standard mollifications of f and the convergence is in distributions.
We can integrate by parts similarly to (3.2), in particular we have

(4.1) (Adj; Df, ) = (Difjr, [y Dirg) = (Din fjn, [y Dvp), ¢ € D(Q).
Proposition 4.3. Let f € BV(Q,R?) be a continuous mapping, i,j € {1,2,3}.

Then

(4.2) ADJ;; Df = Adj,; Df.

If Adj;; Df € M(RQ), then for almost every t € R it holds that the distribution
6 := Det(D(fj okl), D(fjnokt)) is a signed Radon measure on §, := (x!)™'(2) and
the function
t = 0] (%)
is Lebesgue integrable. Therefore, AdjDf = ADJDf = ADJDf if AdjDf €
Proof. We prove the result only for ¢ = j = 3 as all the other cases are similar.

Without loss of generality we will also assume that Q = (0,1)%. Let ¢ € C°(Q).
Using this ¢ as a test function, for almost every ¢ € (0,1) we obtain

(Det(D(f1 0 K3), D(f20K3)), ¢ 0 K3)
= <D1f2<'7 '7t>7 fl('7 '7t>D2(p('7 7t>> - <D2f2('7'7t)7 fl('th)DlSO('v'vt))‘

Integrating with respect to ¢ like in Subsection 2.1 and using (4.1) we obtain
1
<ADJ33 D.fa S0> = / (<D1f2('a ) t)> fl('> ) t)D2(p(a " t)>
0

(43) - <D2f2(>>t)a fl(aat)Dlsp(>>t)>) dt
= (D1 fa, fiDap) — (D2 f2, frD1)
= (Adjg3 D, ).

This proves (4.2). Now, assume that p := Adjs; Df € M(€2). By Theorem 2.3, there
exists a disintegration (ju:)sc(o,1) of ¢ with respect to v, where v is as in (2.4). We
will first show that v is absolutely continuous with respect to the Lebesgue measure
on (0,1).
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Assume that v is not absolutely continuous. Then there exists a set £/ C (0,1)

of zero Lebesgue measure such that v(E') > 0. We choose a test function ¢ €
C5°((0,1)?) such that

Ydpe > 1
(0,1)
for every t € E where E is a compact subset of E’ with v(E) > 0. This can be done
as follows. Let {4 }ren be a dense sequence in C2((0,1)?). Given any ¢ such that p,
is nontrivial measure there is an index k such that

(4.4) U dpy > 1.
(0,1)?

By countable additivity of measures there has to be at least one k such that (4.4)
holds for every t € E, where E C E’' and v(F) > 0. Without loss of generality we
may assume that F is compact and, of course, F has 1-dimensional measure zero.

Now, take a sequence 6, of smooth functions on (0, 1) with compact support such
that 0 < 6, < 1,0, =1on F and 6 \, 0 on (0,1)\ E. Plugging 0)(t)1(x, z2) into
(2.2) and (4.3) we obtain

[ ([ sttrtmdntn)

(4.5) 1
:/0 Hk(t)<<D1f2('7t>v fl('vt)Dﬂ/}) - <D2f2('7t>7 fl('vt)DﬂM) dt,

where f(-,t) is the function y — f(y1,y2,t). The integrand on the right is estimated
by

CDLf 0]+ [D2f (5 1)),

which is integrable, see Subsection 2.1. Since the limit is zero a.e., the limit on the
right hand part of (4.5) is zero by the Lebesgue dominated convergence theorem.
Similarly we proceed on the left, as

(0,1)

is integrable with respect to v, however, here the limit of integrals is

/E< o2 W“t) dv(t) > v(E).

This contradiction shows that v is absolutely continuous with respect to the Lebesgue
measure. Let a be the density dv/dt. Consider a dense sequence {¥y}ren in
C3((0,1)?). Analogously to (4.5), for any k € N we have

1 1
/0 H(t)<DetD(f1('7t)7f2('7t>>7¢k> = /0 a(t)e(w(%vwk)v RS CO((071>>
Hence there exists a Lebesgue null set Ny, C (0, 1) such that

<DetD(.fl('a t)> .f2('a t))>wk> = a’(t)<Vt>wk>a te (07 1) \ Ni.
It follows that for each t € (0,1) \ |, Ni we have

Det D(.fl(> t)a f2('a t)) = a’(t),ut-
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We conclude that the distributions Det D(f1(-, ), f2(+,t)) are signed Radon measures.
Since by Remark 2.5 and (2.4)

/0 a(t) dlju] = 1((0,1)) = |11 (€).

the function ¢t — Det D(fi(-,t), fo(+,t)) is integrable. O

5. From gradient to degree

Throughout this section we suppose that v € BV (2) is continuous, in applica-
tions this will be the third coordinate of a BV homeomorphism. We define

h(z) = (21, 72, u(x)).

Our aim is to prove that

(5.1) Dsu(U) = /R2 deg(h,U, z) dz

provided that |h(OU)| = 0.

Lemma 5.1. Let U CC 2 be an open set. Let n € D(R™) and suppnNh(0U) =
(). Then

/ n(z) deg(h,U, z)dz = (Dsu,noh).
R3

Proof. Assume first that h is smooth. Then (taking into account that h(x) =
(21, z2,u(z))) the degree formula (2.1) yields

[ ) desn,U,2)ds = [ atnte)) ) do = [ nthia) %52

U w3

dzx.

Passing to the limit with convolution approximation we obtain the required formula.
O

Lemma 5.2. Let U be as above and |h(OU)| = 0. Then the function deg(h, U, -)
is integrable.

Proof. Let n be a C* function on R? with suppn C h(U) \ h(0U) and |n| < 1.
By Lemma 5.1,

‘/ deghUzdz}_}Dgunom‘un\( ).
Passing to the supremum over admissible 1 we obtain
/ | deg(h, U, z)| dz < |Dul(U).
(U)\r(2V)

Since deg(h, U, ) = 0 on R*\ h(U) and |h(dU)| = 0, the integrability of deg(h, U, -) =
0 is verified. O

Theorem 5.3. Let U CC Q2 be an open set and |h(0U)| = 0. Then

/ deg((z1,x2,u), U, z)dz = Dsu(U).
RS
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Proof. Let n; € D(R?) be smooth functions satisfying suppn; N h(0U) = 0 and
n; /*1Lon h(U)\ h(0U). By Lemma 5.1,

/ deg((z1, z2,u),U, 2) dz = lim nj(z)deg(h, U, z) dz = lim (Dsu, n; o h)
R3

The passage to the limit is justified as deg(h, U, -) is integrable by Lemma 5.2 and
Dsu is a finite measure. OJ

6. From adjugate to degree

Throughout this section we consider a continuous mapping f € B'V(Q, R3) with
a continuous BV inverse. We define

g(x) = (f1(x), fa(x), z3).

We are going to prove that there is a sufficiently rich collection of open sets U CC 2
in €2 such that for each such U we have

(6.1) Adjyy DF(U) = [ deg(g.U,2)
R3
Lemma 6.1. Let K C R3 be a compact set and u: K — R be a continuous
function. If H*(K) < oo, then H3(T,(K)) = 0, where T, is the mapping = +
(z, u(x)).
Proof. Choose ¢ > 0 and find § € (0,¢) such that
r, 7 €K, |lxr—2|<d = |u(@)—uz) <e.

Let (A;); be a covering of K by sets of diameter < § and choose z; € A;. A simple
partition argument shows that

H2(Tu(A)) < H2 (A x (u(xy) — &, u(zy) +¢€)) < Ce(diam Aj)2.
Summing over j we obtain
M2, (T (K)) < Ce > (diam A;)
J
and passing to the infimum over all coverings we conclude
H3 (T, (K)) < CeHA(K). O

Lemma 6.2. Let Q CC Q be a cube such that |g(0Q)| = 0. Let n € D(R?) and
suppn N g(0Q) = 0. Let ®: R®> — R? be a smooth function such that ®3 = 0 and

(62) qu)l —+ DQ(I)Q =1.
Let ¢ € D(Q) be a test function such that ¢ =1 on {n # 0}. Then

| ) deal0.Q.2) 0= = (Dfs, (8100) Vo x €)= (D, (8209) Vi x ).

Proof. In this proof we do not need invertibility. Thus we may use an approx-
imation argument and assume first that ¢ is smooth. Then a direct computation
together with interchangeability of second derivatives gives

div(®1 0 gVgs x Vgs + P30 gVgs x Vg + P30 g Vg x Vgs) = ((div®) o g) J,
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so that (taking into account that div® = n, &3 = 0 and Vg3 = e3), the degree
formula (2.1) yields

[ 76e) dest0.@.2) == | atote) Jye) e = [ o) o) (o)

Q
= / o(z) div(®; 0 g Vgo x Vgs + P09 Vygs x Vi) da
Q

:/®1ongg~Vg0><e3dx—/<I>2ongl-Vgo><e3dx.
Q Q

Passing to the limit with convolution approximations of true g we obtain the required
formula. 0

Lemma 6.3. Let Q CC Q be a cube such that |g(0Q)| = 0. Then the function
deg(g, @, ") is integrable.

Proof. 1t is easy to see that mappings

9(z) = (i), fo(x), x3) and h(y) = (y1,52. (f)s(y))

satisfy ¢ = h o f and that the degree of a homeomorphism f is 1. By the degree
composition formula Lemma 2.2, we thus have deg(g, @, ) = deg(h, f(Q),-). Now,
the conclusion follows from Lemma 5.2. O

Definition 6.4. Letz; € R, i € {1,2,3}. Wesay that H = H, 3, := {z: z; = Z;}
is a good plane if the following properties hold:

(6.3) IDFI(HNQ) =0, |AdjDf|(HNQ) = 0.

(6.4) lg(HN Q)| =0.

65) imsup IDF|(Q20 {z: lx —wl<rh)
Ifi=1,

(6.6) limsup|Df(" |0 (@~ m 4 ) X Rx {n})

r—0 r
for a.e. z3 € R. If i = 2,

(6.7) lim sup‘Df(" S 23)|[ (AN (R X (Ty — 7, T2 +7) x {3}))

r—0 r

< 00

for a.e. z3 € R. We say that a cube Q(z,r) C R? is a good cube if all its faces are
subsets of good planes.

It is obvious that almost all Z; satisfy (6.3) and (6.5). The validity of (6.4) and
(6.6)—(6.7) for almost all Z; will be verified in Lemma 6.5 and Lemma 6.6.

Now, consider z € R? such that for each i = 1,2,3 and each dyadic rational ¢,
the plane {z: z; = z;+¢} is good. We see that almost each z € R? has this property.
It follows that we can consider arbitrarily fine regular translated-dyadic partitions
of R? consisting of good cubes. For simplicity (and without loss of generality), we
assume that the origin of coordinates has the property described above and thus
all dyadic cubes {(27%21,27%(2; + 1)) x (27%29,27%(20 + 1)) x (27%23,27%(23 + 1))},
z € 73, are good.

Lemma 6.5. Almost every T; € R satisfies (6.4).



36 Stanislav Hencl, Aapo Kauranen and Jan Maly

Proof. By |16, Theorem 3.1|, for almost every z; € R we have H*(f(H)) < oo,
where H = {x: x; = %;}. Pick such z;. Let K C H be a compact set. Then
H2(f(K)) < oo and by Lemma 6.1 for u = (f~')3 we have

H({(f1(2), fol), fs(x),23): © € K}) = 0.
Hence
0=H’({(fi(x), fol@), 23): w € K}) = |g(K)|. O

Lemma 6.6. Almost every z; € R satisfies (6.6) and almost every T, € R
satisfies (6.7).

Proof. Tt is enough to consider (6.6). We may assume that €2 is the cube (0, 1)3.
We consider the function

P(ay,x5) = [DF(-, - 23)[((0,21) x (0, 1) x {x5}).

It can be rewritten as

Y(Z1,73) = sup// f(@1, 29, 23) div (21, 22) dvy day,
JEN JJ(0,21)%(0,1)

where {¢;} is a dense sequence in the collection of all ¢ € D((0,1)% R?) with
SUP(,1)2 |p| < 1. Therefore ¢ is measurable. Since 1 is is increasing in zy, we
can express the upper partial derivative of ¢ at (21, x3) with respect to x; as

_ —Y(x

Dyip(zy,23) = inf sup $lo tq,2) — 4 1,x3)’

N geQn(- L, L)\(0} q

where Q is the set of all rationals, similarly for the lower partial derivative. It follows
that the set where the partial derivative of ¢ at (x1,z3) with respect to x; exists is
measurable. Taking into account again that ¢ is increasing in 7, we infer that there
exists a set N C R? of measure zero such that the partial derivative % exists outside
N. Now, (6.6) is satisfied at Z; if the one-dimensional measure of N N ({Z1} x R) is

zero, which is true for a.e. Z; by the Fubini theorem. ([

6.1. Construction. Let 7 € Q and 0 < r < o = dist(z,092). Let Q = Q(z,r)
be a good cube. Let 19 be a smooth function with compact support such that
0<mny<1landn =1ong(Q). As in the proof of Theorem 3.5, consider a sequence
N of smooth functions such that n, = 0 on a neighborhood of ¢(90Q), k = 1,2,...,
0<m <m<---<mnyand n, — no a.e. Let K be as in (3.9). Set

) = Ksxn,, k=0,1,2,....
Then
D3P 4 D3P =1, on g(Q).

Further, for almost every z3 € R, n; — 1o in L3(R? x {x3}). From Lemma 3.4 we

obtain that ®*)(z) — @ uniformly on g(Q)N (R? x {z3}). Next, we find p, 7 such
that

m =0 on g(Q\Q(z, pr))
and test functions ¢y € D(Q) such that 0 < ¢ < 1, ¢ =1 on Q(Z, p) and

C
IVer| < :
T — Pk




On distributional adjugate and derivative of the inverse 37

Lemma 6.7. Let T € Q and 0 < r < ry = dist(z,09). Let Q = Q(z,r) be a
good cube. Then

lim ((Dfz, (07 0 g) Vo x e5) = (Dfi, (9 0 ) Vipy x e5) ) = ADJgs DS (Q).

k—o0

Proof. We interpret the symbols like adj;; Df(-,-, x3) so that the differential
operator is applied to the function of two variables y — f(y1, y2, z3). By Lemma 3.3,
Fubini theorem, (6.6) and (6.7) (recall that @ is a good cube)

(Dfa, (B 0g) Vipr x €3) — (Dfr, (B 0 g) Vipy, % e3)

T3+r
:/ <<Df2('7'7x3)7 ((I)gk)og> Vgok('v'vxii) X e3>

3—T

(6.8) —(DAi(nwa), (8 09) Vipu(er - as) x ) ) dry

— _/wi r Z {adj; Df(-,-, x3)), (q>§k> 0 9) Di( k(- -, 23))) das

ij=1
T3+r
— / Det(Dfl(, ° 1’3), DfQ(', ° Ig))(Q) dxs = ADJ33 Df(Q)

To justify the passage to limit in (6.8) under the integral sign we need the pointwise
convergence a.e., which is verified by Lemma 3.3, and a convergent majorant. By
Corollary 3.2, for almost each z3 € (T3 — 7, T3 + r) we have

(Dfalrm ), (@ 0.9) V() x )
~(Dfil--,25), (DY) 0 9) Veor(-, -, w3) x e3)
< C/ ‘deg((fl(" Y 1’3), f2('> ) I3))a Q2((f1> j2)’ T)> (y1> y2))} dyl dy2
R2

< C/RZ .N((f1(7 . 1’3)7 f2(~’ .’xg))a Q2((i’17i’2), 7”), (yl’yz)) dyy dyo
< CH? (f(Q2<<i’1,i’2),7’) X {x3}))’

where the estimate of degree by multiplicity is from [16, Lemma 6.1]. For the last
inequality see [20, Theorem 7.7|. From [16, Theorem 3.1] we deduce that the function

z3 = H2(f(Q2((71,22),7) x {23}))
is integrable over (T3 — 7, T3 + 7). O

Theorem 6.8. Let () CC 2 be a good cube. Then

| des(9.Q.2)d= = Adiy DF(Q).
R
Proof. By Lemma 6.7 and Lemma 6.2,

Adiy, DF(Q) = lim ((Dfa, (8 0g) Vigr x e5) = (Dfi, (@ 0 ) Vi x e3))

—tim [ m(2) deg(g, Q. =) dz = /
R3

k—o0 R

, deg((fl, fg, 1’3), Q, Z) dz.
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The passage to the limit in the last equality is justified as deg(g, @, -) is integrable by
Lemma 6.3. The equality Adjs3 Df(Q) = ADJ33 D f(Q) follows from Proposition 4.3.
O

7. The proof of the main results

7.1. Formula (1.4) — conclusion. Now we are ready to prove Theorem 1.2.

Definition 7.1. We say that a set F' is a closed dyadic figure if it is a finite
union of closed dyadic cubes. An interior of a closed dyadic figure is called an open
dyadic figure.

Proof of Theorem 1.2. Recall that for symmetry reasons we demonstrate the
proof for i = j = 3. Let Q CC Q be a good cube. We apply Theorem 6.8 to f and
Theorem 5.3 to the mapping y — (y1,y2, (f)3(y)). We obtain

Dl F(0)) = [ dealyo s F(0),2)ds = [ degla. U2 s
= Adjgz Df(U)

for U = (@ taking into account the degree composition formula Lemma 2.2, which
justifies the second equality in (7.1). If U is an open dyadic figure, then |g(dU)| =0
holds as well and we can use the additivity of the degree. A general open set can be
written as the union of an increasing sequence of open dyadic figures. O

(7.1)

7.2. Particular cases. In this subsection we prove Theorem 1.3.

Proof of Theorem 1.3. Step 1: We first show that Adj,; Df € M(Q) for each
i,7 € {1,2,3}. We demonstrate this only for i = j = 3 as other cases are identical.
Assume that (a) holds. We claim that

19 1S an measure

This fact demonstrates that Adjs; D f is a measure, as det (Dj fi)i]

(it is even an L' function). To prove (7.2), we first assume that f; and f, are smooth,
then it is just integration by parts. Next step is to assume that f5 is smooth. By
mollification we obtain a sequence { fék)}k such that D fQ(k) converge weak® to D f,
so it is easy to observe that (7.2) holds in this case as well.

Finally, we use the preceding step and mollify f; to obtain a sequence { fl(k)}k
such that Dfl(k) converge to D f1, strongly if p; < oo or weak™ if p; = oo. In any case
we can conclude that (7.2) holds for the limit function.

Now assume (b) holds. The statement is trivial if f; and fs are smooth. Assume
e.g. that fy and f3 are smooth. We proceed as in the first two steps of (a) replacing
(7.2) by

<Adj33 va SO> = <Df1730Df2 X e3>‘

Step 2: By Theorem 1.1, to prove that f~! has bounded variation we need to
show that f satisfies the finite Lebesgue area condition of Section 2.6. That is,
f o k! has finite Lebesgue area for almost every ¢ and every i = 1,2,3. Recall
that functions x! were defined in the beginning of Section 4. Notice that for almost
every t we have f o k! € BV. We pick such ¢ and denote g = (91,92,93) = [ okl

Without loss of generality we may assume that g, € BV and ¢», g5 € CY(U), where

U = (k!)71(Q) C R? The finiteness of Lebesgue area under assumption (a) is due
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to Morrey (see [3, Section 5.13]). Next we show the finiteness under assumption
(b). The proof is a simplification of Morrey’s proof and the reasoning could easily be
modified to the case of (a).

Let g* be a sequence such that g* — g and Dg¥ — Dg;, i = 2,3 uniformly and
|Dgt|(U) — |Dg1|(U) (see [1, Theorem 3.9]). Then

/ | det(Dgt, Dgb)| < C|Dgtll || Dkl < C.
U

similarly for other choices of coordinates. Since by [3, Sections 5.10 and Section 5.13
Note 2|

L(g) < limkinfL(gk),

and
1/2
< [( X 1aeDst.Dg)F) “dy< 35 [ Jden(Dot Do)y,
U M<i<j<3 1<i<j<3
we have verified that L(g) < oc. O

7.3. Absolutely continuous part of Adj Df(x). Let B be the unit disc in
R? and suppose u, v are continuous BV functions on B. We express u and v in polar
coordinates, writing

u(p,t) = u(pcost, psint), v(p,t) =v(pcost, psint).

/ wdv
9B(0,p)
is the Riemann—Stieltjes integral

/ o, ) dop. ).

Lemma 7.2. Let h = (u,v): B(0,1) — R? be a continuous BV mapping. Sup-
pose that J, € M(B(0,1)). Then for a.e. p € (0,1) we have

Then

(7.3) In(B(0,p)) = /63(0 )udv.

Proof. Let n be a smooth function on [0,1] such that »'(0+) = »'(1-) = 0,
n(1) =0,n(0) =1and ' <0 on (0,1). Let p(x) = n(|z|) and p = J,. We have

/0 17 ()] (B0, 7)) dr = / (o > ) di

n(lz])
= / (/ dt) du(x) = / odu
B(0,1) Mo B(0,1)

—(Dv, xuV )

/ 1 (r |/ udvdr,
OB(r)

where the last equality is obtained by slicing in the polar coordinates, see [1, Theo-
rem 3.107|. Varying n we obtain (7.3). O
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Lemma 7.3. Let u;, v; be continuous functions on 0B(0,p), j = 1,2,...,c0.
Let u;, vj converge to ueg, Vs strongly in BV (0B(0, p)). Then

/ uj dvj — Upo AVso -
0B(0,p) 9B(0,p)

Proof. Tt is an immediate consequence of the fact that strong convergence of con-
tinuous functions in the BV norm implies the uniform convergence (if the dimension
is one). O

Theorem 7.4. Let U C R? be an open set and h € BV (U) be continuous.
Suppose that J, € M(U). Then the absolutely continuous part of [Jj, is J), for a.e.
x € Q.

Proof. Write h in coordinates as h = (u,v). Let p = J,, and 6 be the density of
the absolutely continuous part of p. Recall that the approximative derivative Vh is
the density of the absolutely continuous part of Dh and J;, = det Vh. Further, Dsh
is the singular part of Dh and ug is the singular part of p.

Let zy be a point satisfying the following properties:

(7.4) T is a Lebesgue point for Vh and 6,
. o l(Bao, ) + DBz )
' r—=0 | B(xo,7)] '

Then almost every point xy € U has the desired properties, (see [20, Theorems 2.12
and 2.17|). For simplicity assume that zo = h(xg) = 0. Choose a sequence 7; \, 0
such that B(0,7) CC Q and denote
1
hy(y) = (u(y), vi(y)) = —hlryy), y € B(0,1),

J

hoo(y) = (oo (), v (y)) = VA(0)y.
Now, consider a radius p € (0, 1) with the following properties:

(7.6) [ o= u(B(0.pr),
0B(0,prj)

(7.7) u; — Uso and v; — Vs strongly in BV (0B(0, p)).

The proof of existence of such a radius is postponed for a while. We have by (7.5)
and Lemma 7.3

B(0, pr;
6(0) = lim 0(y) dy = lim w
J—00 B(0,prj) Jj—o0 |B(0’ p,r»])|
1
1

= — Uso AVso :][ Ino (y) dy = Jp(0).
|B(0, p)| dB(0,p) B(0,p)

Now, by Lemma 7.2, almost every p € (0, 1) satisfies (7.6). To show (7.7) we show

first that h; converges to he, strongly in BV (B). As the L'-convergence follows from

the definition of approximate differentiability it suffices to consider the convergence

of the derivative.
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By [1, Remark 3.18] we have for every Borel set A C B

(7.8) Diy(A) =~ ([ Vh(z)de + D.h(r,A)
T A

We now establish the strong convergence of the derivative. Using (7.8) we estimate

|Dh; — Dhoo|(B) = sup / od(Dh; — Dh.y)
(7.9) {v€Co(B): |¢l<1} /B
<supL [ |Vh(z) = VA(0)|dz + w o
® ,r.y TjB T]

Here the convergence on the last step follows from (7.4) and (7.5). Finally the strong
convergence on almost every p € (0,1) follows from this and |1, Theorem 3.103]
applied to polar coordinates. O

Proof of Theorem 1.4. This follows from Theorem 7.4 using Lemma 2.6. U
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