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Abstract. We study when multiplication by a weight can turn a non-compact composition
operator on H? into a compact operator, and when it can be in Schatten classes. The g-summing
case in H? is considered. We also study when this multiplication can turn a compact composition
operator into a non-compact one.

1. Introduction

Let ¢: D — D be an analytic self-map and C,: H*> — H? be the associated
composition operator f — f o . For w € H?, the multiplication operator M, is
defined formally by f — wf and the weighted composition operator by f — w (fo).
It is known (see [5] for instance) that twisting C, by some M, can improve its
compactness properties, and even its membership in Schatten classes .S, or the decay
of its approximation numbers |7, Theorem 2.3].

In this note, we study, in a rather qualitative way, the following problem: given
a symbol ¢, when can we find a non-trivial w € H? such that M, has a smoothing
effect on C,, namely when is M,,C, compact if C, was not? Or the other way round:
when can we find w such that M,,C, is not compact if C,, was?

In [13, Proposition 2.4, it is proved that for M, C, to be compact for some
w € H? (w # 0), it is necessary that

(1.1) m({|¢*] =1}) =0,

where m is the normalized Lebesgue measure on T and ¢* the boundary values
function of ¢. On the other hand, in order that M,,C, be Hilbert-Schmidt for some
w € H?, w # 0, it is sufficient that

(1.2) /Tlog(l _ @'y dm > —oo
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[13, Proposition 2.5]. Note that (1.1) means that ¢ is not an exposed point of the
unit ball of H* [1], and that (1.2) means that it is not an extreme point of this unit
ball [4, Theorem 7.9].

There is a gap between these two conditions. The purpose of this work to fill
this gap in several respects, this filling explaining in passing the initial gap.

In Section 3, we show that condition (1.1) is necessary and sufficient to have a
compact weighted composition operator. We also give examples showing how small
approximation numbers we can obtain. In Section 4, we show that condition (1.2) is
necessary and sufficient to get a Hilbert—Schmidt weighted composition operator, and
we show that it is also necessary and sufficient for getting a weighted composition
operator in some, or all, Schatten classes. In Section 5, we consider the case of
H? spaces and study the nuclearity and the summing properties of the weighted
composition operators. In Section 6 we show that a composition operator can become
non-compact by weighting it if and only if the image of the symbol touches the
boundary of the unit disk.

2. Notation

Let D be the open unit disk. The Hardy space H?, 1 < p < oo, is the space of
analytic functions f: D — C such that

2

1 .
P.= sup — re)|P dt < oo.
1= sup 5o [ 1)

Such functions have non-tangential limits f*(e) almost everywhere on T = 9D and
we have

1 2m ]
p_ * (At |p
I = 5= [ 1

For p = 2, H? is equivalently the space of analytic functions in D that can be written
f(z) = 2200 2™ with || f]13 = D202 |en|? < 0o. In the sequel, for convenience, we
write simply || .|l =1 .-

Any analytic self-map ¢: D — D induces a bounded operator C,: H? — HP,
called the composition operator of symbol .

For w € H?, the multiplication operator M, is defined, formally, by M, f = w f,
and the weighted composition operator M,,C, by (M,,C,)(f) = w (f o). Note that
to get M,,C,: HP — HP, it is necessary to have w € HP since (M,C,)(1) = w.
Throughout this paper it will be assumed that w € HP, and that w % 0. This mem-
bership is not sufficient in general; however w € H* is sufficient (but not necessary!),
since H* is the set of multipliers of H?. Note that we may consider the bounded
operator M,,C,, even if M, is not bounded.

Except in Section 5, we work only with the Hilbert space H?.

For convenience, we will adopt in this paper the following terminology.

Definition 2.1. We say that the symbol ¢ is

- compactifiable if M,,C, is compact for some w € H? with w # 0;
- decompactifiable if M,,C, is bounded but not compact for some w € H?.

For £ € T =0D and 0 < h < 1, the Carleson window W (¢, h) is defined as

(2.1) W(h)={2€D; 1—h<|z| and |arg(zf)| < wh}.
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If ;1 is a positive measure on D, the Carleson function of y is

(22) () = sup u[T7EE ).

£eT
The measure p is called a Carleson measure when p,(h) = O (h), and a vanishing
Carleson measure when p,(h) = o(h). By the Carleson embedding theorem, this
is equivalent to say that the canonical inclusion J,: H* — L*(u) is respectively
bounded or compact.

It is convenient to coin the Hastings—Luecking box /V[7(§ ,h) C W (&, h) defined by
(2.3) W(f, h)={2€D; 1-h<|z|<1—h/2and —7h < arg(z£) < 7h}.

We denote m the Haar measure (normalized Lebesgue measure) of T. For a
symbol ¢, m, = ¢*(m) is the pull-back measure of m by ¢*: T — C, the (almost
everywhere defined) radial limit function associated with ¢:

(2.4) ©*(§) = lim o(ré).

By definition m,(B) = m[¢*~'(B)] for all Borel sets B C D. This measure m,, is
always a Carleson measure, due to the Littlewood subordination principle.

The Carleson function of ¢ is that of m, and is denoted p,:

(2.5) po(h) = supm (" [W(E, h))).
£eT

When the composition operator C,, is compact on H?, we have |p*| < 1 a.e., and
m,, is supported by D. Moreover, m,, is then a vanishing Carleson measure.

Recall that a compact operator T between separable Hilbert spaces H; and Hs is
in the Schatten class S, = S,(Hy, Hz), p > 0, if > <1 [s2(T)]P < 0o, where (s,(T)) is
the sequence of singular numbers of 7', i.e. the eigenvalues, arranged in non-increasing
order, of |T| = vVT*T. For p = 2, So(H,, Hy) is the Hilbert—Schmidt class.

Let us also recall that, for p > 2, we have T' € S, if and only if ) ||Te,|? < oo
for every orthonormal basis (e,) of Hy, and, for p < 2, we have T € S, if and only
if > ||Te,|[? < oo for some orthonormal basis (e,) of Hy (see [6] for instance). It
follows that if S,T: Hy — H, are two compact operators such that ||Sz| < ||Tz|| for
all x € Hy, then, for all p > 0, T € S, implies S € 5,,.

We recall Luecking’s theorem [14].

Theorem 2.2. (Luecking’s theorem) Let p be a positive Borel measure on D.
Then the canonical inclusion J,: H*> — L*(p) is in the Schatten class S,, p > 0, if
and only if

co 2"—1

SO ST 2 ) < o,

n=0 j=0
where W, ; = W (eXim/2" 9=n),

Let us point out that the above condition can be replaced by the following variant
[8, Proposition 3.3]:
00 2n—1
53 () < o
n=0 j=0
where W, ; = W (eXim/2" 27m),
As usual, the notation A < B means that A < ¢ B for some positive constant c,
and A ~ B means that A < B and B < A.
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3. Compactification

Theorem 3.1. An analytic self-map ¢: D — D is compactifiable if and only if
m({l¢*| = 1}) = 0.

Proof. The necessary part is proved in [13, Proposition 2.4|. Let us recall the
easy proof of this fact.

Indeed, suppose that T = M, C, is compact and that |¢*| = 1 on E, with
m(E) > 0. Since ("), converges weakly to 0 in H? and since T'(2") = w ", we
should have

[P = [ oo dm < [ Pl dn = 17EE = 0

but this would imply that w is null a.e. on E and hence w = 0 (see [4], Theorem 2.2),
which was excluded.

Let us now prove the sufficient condition.

Assume that m({|¢*| = 1}) = 0 holds. Given w € H?, we can write

1M, Col(f)]? = /T w*P|f 0 g dm = /D P,

where v = v, = ¢*(Jw*[*m), that is v(A) = fw**l(A) |w*|? dm. By the Carleson
embedding theorem (see |2, page 129]), a necessary and sufficient condition for the
operator M,,C,: H* — H? to be compact is that v is a vanishing Carleson measure
for H2. We now produce a suitable w, w # 0.

Let
(3.1) Fp={z; 1-h<|z| <1}
and set

F,=¢* YI'yn) and ¢, =m(F,).

Our assumption implies that ¢, — 0. We can hence find an increasing sequence

n—oo

(kn)n>1 of integers such that

(3.2) chn logn < oo.
n=1

Let ¢,: T — R™ be defined as

Let w,, be the associated outer function, satisfying |w}| = ¢,, namely w,, = exp (=),

with
1+ze ™ 1 1+ze ™
n(2) = — ] dm(t) =1 ———dm(t).
6a(2) = [ T on g am@) = lewn | o)
Observe that Re ¥, (2) = logn kal P.(t) dm(t), where P.(t) = % is the Poisson

kernel, so that Retp,(z) > 0 and |w,(2)| < 1. Moreover |w}| =+ on Fj,,.

The condition (3.2) ensures that the infinite product w = [] w, converges uni-
formly on compact subsets of D, and defines a function w € H*, bounded by 1 and
without zeros. Indeed, since Re 1), > 0, we see that

1
|1 — wa(2)] < [n(2)] < logn/ + 12|

Fu,, 1— 2]

dm(t) = (¢, logn)
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subsequently, the series Y (1 —w,) converges normally on compact subsets of D, and
the infinite product [ w, converges uniformly on compact subsets of D, as claimed.
The weighted composition operator M,,C,, is bounded since w € H*°.
Let finally 0 < h < 27" and n = n(h) such that 27+ < h < 27% Let ¢ € T.
Then W (&, h) C I'y, so that

P W(ER] S @ T Th) € 9" (Dyorn) = B,

As a consequence, |w*(u)| < |wi(u)| < L for all u € * ' [W (&, )], and

Wi = [

1 1
w?dm < —m Wi h)| < —Ch,
vy A S m ) <

because we know (see [2, page 129]) that m,, is a Carleson measure. This ends the
proof, since n = n(h) tends to co when h goes to 0. O

Remark. The previous argument can be sometimes quantified, and the degree
of compactness of M,,C, specified (even if there are limitations, as shown by the
forthcoming Theorem 4.1).

Recall that if T: X — Y is an operator between Banach spaces X and Y, its
n-th approximation number a,(T") is defined, for n > 1, as
a,(T) =inf{||T — R||; R: X — Y has rank < n}.
When X and Y are Hilbert spaces, we have a,,(T) = s,(T), the n-th singular number
of T

Theorem 3.2. For each v with 0 < v < 1/2, there exist a non-compact com-
position operator C,: H> — H? and a weight w € H* such that, for some constant
b > 0, we have

an(M,C,) S exp(—bn”).
In particular, M,,C,, belongs to all Schatten classes S,(H?), p > 0.
For the proof, we recall the following simple result.

Proposition 3.3. Let v be a vanishing Carleson measure on D. Then

an(J,) < inf (e_"h + sup pult) ) ;

™~ 0<h<1 0<t<h t

where J,,: H?> — L*(v) is the canonical inclusion. In particular, if w € H*® and ¢ is
a symbol, we have

an(M,C,) < inf (e_”h+ sup p”T(t)),

0<h<1 0<t<h

where v = p*(|w*|*m) is the pull-back measure of |w*|*m by p*.

For the proof of Proposition 3.3, we refer to [12, Theorem 5.1|, where the result
is given only for composition operators, but working exactly the same for inclusions,
except only that we have to replace the quantity /p,(h)/h by supg<,<, /0 (t)/t.
For the special case, just use that ||J, f|| = ||(M,,C,)f]| for all f € H?, so there exist
two contractions U: L*(v) — H? and V: H*> — H? such that (M,C,) = UJ, and
J, =V(M,C,), and hence a,(M,C,) = a,(J,).
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Proof of Theorem 3.2.  We use a construction made in [8, Section 3.2|. Let
1< p <2and

(3.3) u(t) = |sin(t/2)[".
There is an analytic function U: D — IIT = {Re z > 0} whose boundary values are
(3.4) U* (™) = u(t) + i Hu(t),
where H is the Hilbert transform. The symbol ¢ is defined, for z € D, as
(3.5) p(z) =exp (—U(2)).
By [8, Lemma 3.6 and Lemma 4.3], the composition operator C,,: H* — H? is

not compact.
Moreover, since |¢*(e)| = exp ( — | sin(¢/2)|?), we have

. 1 \VB
P =1k = < (logz—) " ~h%

so, if I'y, is the annulus {z; 1 —h <|z| < 1}, and we set
Fk = 90*_1(1—‘2*’“)’
we have
cr = m(Fy,) ~ 27",
Now, let &, = exp(—2*/8 /k?). We slightly modify the example of Theorem 3.1 as

follows:
5k on Fk,
o =
1 onT)\Fj.

Then, the series Y, ., c¢xlog(1/d)) converges since ¢ log(1/0;) < 1/k* As in the
proof of Theorem 3.1, we can define an outer function w such that |w*| = [, ¢&.
The same computation gives us, for any Carleson window W (¢, t) and for v =
" (Jw*[*m):
vW(E )] 67t for 2777 <t <279
Let 0 < h < 1 arbitrary. There exists an integer [ > 0 such that 277! < h < 27
Then for 0 < ¢t < h, we have 27971 <t < 277 for some j > [; hence

Py (1)
7—§$§¥.

Therefore Proposition 3.3 gives

< s —n27! < ol _ol/B /72
an(M,Cyp) S lléllg(e + ) < }g(f) (exp(—n27") + exp(=2"77 /17)).

The choice | = W log n} gives, for some b > 0:

an(M,Cyp) S exp (— bn'/P*Y /(logn)?).

Now, if 0 < v < 1/2, we take 8 such that 1 < § < % — 1 and 8 < 2. We obtain,
with another b > 0:
an(M,C,) S exp(—bn?),
as claimed. O

Remark 1. For g < 1, since we have m,(I';) =~ h'/# | the composition operator
C,, is already compact. When 3 = 1, we have m,(I';) = h, but it can be checked
that nevertheless C, is compact and p,(h) = O (h/log(1/h)) (see [8, Remark 3,
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page 3117]). Without doing that, we can use [8, Theorem 4.1] (which is an improve-
ment of [9, Theorem 4.1|): there exists a compact composition operator with symbol
¢ such that |@*| = |p*|; therefore mgz(I'y) = m,(I'y) = h.

For 8 =1, the above proof only gives

an(MyCy) Sexp (— bn''?/(log n)?).

Though in this case C, was already compact, that nevertheless allows to improve the
compactness.

Remark 2. The case § = 2 corresponds to the simple symbol p(z) = lizz

Indeed, we only used in our construction the modulus of the symbol and for this ¢,
we have |¢*(e')| = | cos(t/2)| = 1 —t?/8 ~ exp ( — |sin(t/2v2)|?).

We get the following result.

Theorem 3.4. Let ¢(z) = H£2. For each decreasing sequence (gy) of positive

numbers such that (8;) = (2¥/2e4+) is decreasing, there exist a weight w € H® and a
positive constant b such that

an(M,C,) S exp ( — bnl/gen).
Proof. We only have to modify the proof of Theorem 3.2: we replace Fj, by
by = 80*_1(F4k/3)
so ¢, = m(F},) ~ 27%/3 and we replace &, = exp(—2*/7/k?) = exp(—2*/2 /k?) by
O = exp(—2"3eq),

where (), is a given decreasing sequence of positive integers such that (J) is de-
creasing. Note that, since (8;) is decreasing, we have ey < 2752 50 37, gor < 00.
We get

an(MyCyp) S inf (et 472 ex),

and, with [ = [log n/ log 2}, we get, since €,, < ey, for some b > 0:
an(M,C,) S exp ( — bnl/35n). O

For example, with ¢, = 1/(log k)2, we get a,,(M,,Cy) < e(~bn/?/(logn)?),
Theorem 3.4 improves a result of |7, Theorem 2.3|, where for this symbol and a
given o > 0, weights w are obtained such that

an(MyCl) < (k’g") |

n

4. Hilbert—Schmidt and Schatten regularizations

We begin with a characterization of the symbols that can give a Hilbert—Schmidt
weighted composition operator.

Theorem 4.1. An analytic self-map ¢: D — D can induce a Hilbert—Schmidt
weighted composition operator M,,C,, for some weight w € H?, if and only if

/Tlog (1 —1|<p*|> dm < +o00.
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Proof. That the condition is sufficient is proved in [13, Proposition 2.5]. For sake
of completeness, we recall the argument.

The hypothesis implies that there exists an outer function w on D such that
|w*|* =1 — |*|. Then, writing T' = M,,C,, we have

T(z")|? / (1— 2 dm = / dm < +o0,
ZH " Z )" T

and T is Hllbert—Schmldt, as claimed.

Let us prove the necessity of the condition. If w € H? exists such that M,,C,:
H? — H? is Hilbert-Schmidt, we have in particular |¢*| < 1 m-almost everywhere,
by the easy part of Theorem 3.1. Since M,,C,, is Hilbert-Schmidt, we have

Do llwe)? = ZII My Cyp)(2")|I* <
n=0

/| |dm<oo

The following lemma, with u = |w |2 v=1—|p*|* and @ = 1, then shows that
fT log — | T dm < oo. In fact, since w € H? and w # 0, Jensen’s inequality tells
that the ﬁrst condition of that lemma is satisfied. U

1.e.

Lemma 4.2. Let (Q,v) be a measure space and u,v: 2 — (0, 1] measurable
functions such that, for some o > 0:

/\logu|du<oo and /uv_ady<oo.
Q Q

Then/|logv|du<oo.
0

«

Proof. If we set g = v™* and f = uv™%, we have

1
0<logg=log f+log— <log" f+ |logu| < f + |logul.
u

By hypothesis, f (which is positive) and | log u| are integrable; hence log g is integrable
and

logv| dv < oc. ]
Q

In Theorem 4.1, we showed that for the outer function w such that |w*|? = 1—|p*|,
the weighted composition operator M,,C, is Hilbert-Schmidt. For this weight, we
cannot expect better in general, as said by the following theorem.

Theorem 4.3. There exists a symbol p satisfying [ log(1—|¢*|) dm > —oo such
that, if w is any outer function satisfying |w*| = 1 — |¢*|, the weighted composition
operator M,,C,, is Hilbert-Schmidt, but M,,C, ¢ S,, for all p < 2.

Proof. Let, for |t| < m:
u(t) = 1 — exp(— e/,
We have 0 < 1 —exp(—e™) < u(t) < 1; hence J7 logu(t) dt > —oo; therefore there
is an outer function ¢ € H> such that |p*(e™)| = u(t).

Moreover, we also have [.log(1— [¢*|)dm ~ [" log (1 —u(t)) dt > —oc. Hence
if w is an outer function such that |w*|?> = 1—|p*|, the weighted composition operator
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M,,C, is Hilbert-Schmidt. We are going to show that M,,C, does not belong to any
Schatten class for p < 2.

For that, we use Theorem 2.2. The weighted composition operator M,,C,, can be
viewed as an inclusion J,: H* — L*(v), where v = ¢*(Jw*|*m). Here, we also have
dv(z) = (1 — |z]) dmy(2).

Since p < 2, we have

2n_1 2n_1 p/2 _
SR (W) = (22" ) = [2"(Tp)P”,
j=0

where Iy = {z € D; 1 —h < |z| <1—h/2}. But v(Tyn) ~ 2_"m@(f27n) and
- 1
I'y) = .
me(Ln) (log1/h)(loglog1/h)?

In fact, we have ¢*(e') € T, if and only if h/2 < exp(—e'/) < h, which is equivalent
to

1 1
— < | < —
loglog2/h — 1 < loglog1/h
and
1 1 1 log 2
- ~ 1 1
loglog1/h  loglog2/h  (loglog1/h)? og( +log1/h)
1
~ (log 1/h)(loglog 1/h)?
Hence .
2"(Tgmn _
) 2 gy
and we obtain
+oo 2n—1 N +oo 1
2 v(Wo )PP 2 Y  —m—— =00,
== [ i) nz:% n?/2 (log n)P
since p/2 < 1. Luecking’s theorem tells that M,,C, ¢ S,. O

If Theorem 4.3 does not allow to have a better behavior for M,,C, than Hilbert—
Schmidt when w is an outer function such that |w*| = 1 — |¢*|, an improvement is
possible by taking another weight.

Theorem 4.4. Assume that the composition operator C, can induce a Hilbert—
Schmidt weighted composition operator. Then there exists another weight w € H?
such that M, C, € S, for every p < 2.

Proof. By Theorem 4.1, we have [} log 1+|z| dm,(z) < oo.
We will use the following version of the du Bois—Reymond lemma. For sake of
completeness, we will give a short proof of this lemma, but we postpone it.

Lemma 4.5. (du Bois-Reymond lemma) Let p1 be a continuous positive measure
on [0,1) and f a positive p-integrable function. Then there exists a positive function

g on [0,1) such that g(t) — 0o and o £() g(t) du(t) < oo

So, let g: [0,1) — R with g(¢) P and [p g(|2) logl_#p| dmy(z) < co. Then

there is an outer function w such that |w*| = (1 — |@*[)9°1¢".
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Take an integer K > 1/p and let wg be an outer function such that |wj| =
(1 —|¢*|)®. We point out that

1

[wi (©*)"||oeer) < sup (1—6)5t" < — =

te(0,1)

Hence we have, for some positive constant C' (depending on K but not on n):

o H2/WMWWM<——

It follows that ||(M,,C,)(2")||P < CP/2/n®P and hence

D MMy Co) (P < o0,

since Kp > 1. That implies that M,, C, € S,.
But g(t) 700,80 g(t) > K for t close enough to 1 and it follows that |w*| < |w|
—

(up to a constant depending on K only). Hence ||(M,Cy)f|| S [|[(My,Cy)f]| for all
f € H? and it follows that M,C, € S,. O

Proof of Lemma 4.5. The classical du Bois-Reymond lemma states that, for any
convergent series »_ u, of positive numbers, there is a sequence of positive numbers
o, increasing to oo such that > a,u, < oo. It is an easy exercise to show that.

Now if fol fdp < oo, we take u, = fl i fdu. We get the result in taking g =
D et ply_1y 1. O

n+1

Theorem 4.6. For every p < oo, if M,,C, € S, for some weight w, then there
exists another weight w for which MyC, is Hilbert-Schmidet.

Proof. For p < 2, this is obvious, with the same weight, since S, C S;. So we
assume p > 2. We have Y >~ ||(M,,C,)(z")||” < o0, i.e.

e p
Z (/ lw*|?|o**" dm) < 0.
n=0 T

When > |c,|P < oo, the Hélder inequality implies that, for 8 > 1/¢ (¢ is the
conjugate exponent of p), we have

S © 1 1/q , oo 1/p
Yol (L) (Sler) <o
n=0 n=0 n=0

Now,

* — - _6 n|, *|2n

a-1eB? =3 ()
n=0

and, by the Stirling formula (_f)(—l)" ~ nP~1. Hence if we take (3 such that 1/q <

B <1andset a =1—f, we have a > 0 and

1
%2 |2\ —a *|2|, ¥|2n
w 1—<p dm%é —/w @ dm < 0.

It follows from Lemma 4.2 that [ [log(1 — [¢*[*)|dm < oo, and then, from Theo-
rem 4.1, that there is a weight w for which MzC,, is Hilbert-Schmidt. O

Let us put together Theorem 4.1, 4.4 and 4.6.
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Theorem 4.7. For any symbol p, the following assertions are equivalent:

1) there is a weight w, with w € H?, such that M,,C, is Hilbert-Schmidt;

2) there is a weight w, with w € H*, such that MzC,, € S, for all p > 0;

3) there exist p < oo and a weight w,, with w, € H*, such that M,, C, € Sp;
)

1
4 /logi*dm<oo.
T 1 — [p*]

As a consequence, we see that in general, the condition m({|p| = 1}) = 0 cannot
give better than a compactification.

Theorem 4.8. There exists a compactifiable symbol ¢, i.e. m({|¢*| = 1}) =0,
such that, whatever the weight w, M,,C, is not in any Schatten class S,, with p < oco.

Proof. 1t suffices to find a symbol ¢ such that m({|¢*| = 1}) = 0 but such that
fT log ﬁ dm = 00, i.e. an element of the unit ball of H* that is an extreme point
of that unit ball but not an exposed point. If we set u(t) = 1 — e V"l for |¢t| < m,
then 0 < 1 —e V™ < w(t) < 1, so f‘t|<ﬂ logu(t) dt > —o0, so there exists an outer

function ¢ € H> such that |p*(e™)| = u(t). Clearly, this function works. O

5. Weighted composition operators on HP

In this section we assume that 1 < p < +00. We are interested here in finding
a characterization of the symbols that can give a weighted composition operator
belonging to some specific ideal of operators. In particular, we focus on the ideal of
nuclear operators and the ideal of absolutely summing operators.

First let us recall:

- An operator T: X — Y between Banach spaces X and Y is nuclear if there
are elements y, € Y and linear forms z}, € X* with Y ||zk]| [|lyn]| < oo
such that T = > % x*(z)y, for all x € X.

n=0"n

- An operator T: X — Y between Banach spaces X and Y is r-summing,
1 <r < oo, if there is a positive constant C' such that

n 1/r n 1/r
(Xirar) <c s (Sl mr)
k=1 k=1

SC*EBx*

for all finite sequence (z1,...,x,) in X.

The main result of this section is the following theorem.

Theorem 5.1. Let p: D — D be a symbol. The following assertions are equiv-
alent.

(1) There exists a weight w such that M,,C,: H? — HP is a nuclear operator for
every p > 1.

(2) There exists a weight w such that M,,C,: H? — HP is 1-summing for every
p > 1 (and hence is r-summing for every r > 1).

(3) There exists a weight w such that M,,C,: H? — HP? is r-summing for some
r>1 andlsomep > 1.

(4) [rlog1 my— dm < oo

Proof. Clearly (1) implies (2), which implies (3).

The weighted composition operator (M,,C,) can be viewed as the Carleson em-

bedding J,,: H? — LP(v,) where v, = ¢*(Jw*[Pm) is a finite measure on D.
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Assume (3). Then J,, is actually r-summing on H* where s = min(2,p) thanks
to [11, Theorem 8.4|. By [11 Proposition 2.3, 1)], we have

|w*|? dV:n
T [ <

By Lemma 4.2, that implies that [ log W dm < oo and (4) is satisfied.

Now assume that (4) is satisfied. For every f € HP, we denote by f(n) its n'h
Taylor coefficient. We point out that the functional f € H? J?(n) has norm 1.
Then, for any operator T': H? — Y satisfying Y~ [|Te,|| < oo where e,(z) = 2",
it is easy to check that 7' is a nuclear operator.

Our assumption implies that there exists an outer function w such that |w*| =
(1 — |¢*])? a.e. and we already pointed out that [|w*(¢*)"||r=(m) < %, for some
constant C' > 0. Hence

A N |p"dm)1 <<

We get that > ||(M,C,)(en)||, < oo and hence that (M,,C,) is a nuclear oper-
ator. O

6. Decompactification

6.1. An initial example. We refer to [15, page 27| (see also [10]) for the
definition of the lens map Ay of parameter 6, 0 < 6 < 1.

We saw in [7, Theorem 4.1| that multiplication by a second symbol w can improve
the degree of compactness of a composition operator C,. For example, if ¢ = Ag,
which satisfies [10, Theorem 2.1]:

e_bl\/ﬁ 5 an(cke) S e_b2ﬁ

(implying in particular that C), is in all Schatten classes S,(H?), p > 0), we exhibited
functions w € H* such that

—bn/logn —blin/logn
e~tin/loen < g (M, C.,) < e~ban/logn,

We wish to prove here that, conversely, multiplication by w can in some sense “de-
compactify” C, while keeping it bounded. We shall begin with an explicit example.

Theorem 6.1. Let \g be a lens map, 0 < 6 < 1, and let w(z) = (1 — X\p(2))"

where a = %( — %) < 0. Then w € H?* and the weighted composition operator
M,,Cy, is bounded but not compact on H?, though C,, is in all Schatten classes

S,(H?), p > 0.

Proof. We first observe that w € H? since |1 — \;(€)] ~ |1 — £]° when £ € T (see
[10, Lemma 2.5]) and 2af = 0 — 1 > —1. Let now f € H?. Then we have, formally:

IMoCol )12 = /|1—A9 () 1f 0 () dm(€) /|f )2 duu)

where
dp = |1 - u|2a dm}\e(u)a
with my, = A\j(m).
It is sufficient to prove that p is a Carleson measure, but not a vanishing one, for
H?. We can restrict ourselves to the Carleson windows W (1, h) centered at 1.
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We know (|10, Lemma 2.5|) that, for some constants C' > ¢ > 0, depending on
0, we have c|t|? < 1 —|M;(e?)| < C'|t|? and |arg[\;(e™)]| < O [t]%; it follows easily
that my, [W (1, h)] ~ h'/%. Hence

[e.e]

AW (L R)] = 3l W(L,27"h) \ W (1,27 )]

(27"h)**my, [W(1,27"h) \ W(1,27"" h)]

2
M0 1

S
I
o

@7 (2" h)Y SRy 27 =2k

n=0

NE

S

Il
o

n

(since 2a + 1/6 = 1), proving that u is a Carleson measure.
On the other hand, if we consider the modified Hastings—Luecking boxes:

W(l,h)={zeD; (¢/2C)h <1—|z| < h and |arg(z)| < 7h},

we have my, (W (1,h)) 2 h'?, because if (h/20)Y? < |t] < (h/C)Y?, we have
L= [N(eM)] < ORI < by 1= |Nj(e")] > clt]” > (¢/2C) h and |arg[Aj(e”)]] <

Cr [t < 7 h, so Ai(et) € W(1,h). It follows that

’U[W(l’ h)] > M(W(L h)) 2 h2am)\0 (/Wv(la h)) z h2ahl/0 = h,
so 4 is not a vanishing Carleson measure. 0

6.2. The general case. We now turn to the general case, with a less explicit
construction, under the following form.

Theorem 6.2. An analytic self~map ¢: D — D is decompactifiable if and only
if [|lloo = 1.
Proof. First assume that [|pll. < 1. Let w € H? and (f,) a weakly null

sequence in H?; this implies that f, — 0 uniformly on compact subsets of D, so
n—oo

that || f,, o ¢||oc — 0. But then
n—oo

IMuCoFidllo < olls 1 0 plloe — 0.

This shows that M,,C,, is compact for any w € H>.
Now, assume that |||« = 1. We are going to show that ¢ is decompactifiable.
We need to find a weight w € H? such that the finite (since w € H?) measure

v = ¢*(Jw*|* m), namely:
v(A) :/ lw*|* dm
e (A

is Carleson (ensuring that M,,C,: H* — H? is bounded), but not vanishing Carleson
(implying that M,,C,: H?> — H? is not compact).

If C, is not compact, it suffices to take w = 1.

We now assume that C,, is compact. Then m({|¢*| = 1}) = 0. This fact and
the hypothesis ||¢||cc = 1 clearly imply that m,(I';,) > 0 for each n, where I',, is the
annulus {z € D; 1 —27" < |z| < 1}. If we set

Cr={zeD; 1-27"<|z] <1 -2t}
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we have I, = {5, Ci, so that m,(C;) > 0 for some [ > n. We can therefore find an
increasing sequence (k,) of integers such that m,(Cy,) > 0 for each n. Splitting in
the natural way Cj, into 2%» Hastings—Luecking boxes, we can find a sequence (&,)

of points of T such that, with Wkn = W(gn, 2 Fn):
my,(Wy,) > 0.

We define our weight w as an outer function w € H? with boundary values w*.
Let

0 2—kn
u=1+ —1 17 )
;mw(Wkn) 4 ( kn)
Then v > 1, so logu > 0, and
Og/logudmg/(u—l)dm:ZQ_k"§1<oo;
T T -

Hence logu € L'(T) and there is an outer function w € H? such that |w*|? = u (see
[4, page 24]).
Now, if v = ¢*(|w*|* m) = ¢*(um), we have

2 kn
v(A) )+ ma(ANW,,),
; m‘P Wkn) ’

and v is not a vanishing Carleson measure since, with Wy, = W (&,,27%):

y(Wy,) > 27k MW 0 W) _ ot
me(Wi,)

Let now W = W (&, h) be an arbitrary Carleson window. Without loss of gen-
erality, we can assume h = 27" for some positive integer N, and we observe that
if z€e Wn Wkn, then 1 — 27N < |z] < 1— 2771 implying k, > N — 1. Hence
Wﬂwkn = for k, < N —1 and:

W, N W
v(W) =m,(W) + Z 2 Fn e fn )
kn>N—1 my(Wh,)
<m,(W)+ > 27 <m,(W)+ Y 2
kn>N—1 I>N-1
= m,(W) + 4h.
Since C,, is bounded, m, is a Carleson measure and my,(W) = O (h); therefore
v(W) = O (h) and hence v is a Carleson measure. This shows that C,, is decompact-
ified by M, and that completes the proof. O

Remark. For p > 1, if we set w = w??, then w € H? and the same proof
shows that the weighted composition operator MgzC,: H? — H? is bounded but not
compact.
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