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Abstract. We consider transcendental entire solutions of linear g-difference equations with
polynomial coeflicients and determine the asymptotic behavior of their Taylor coefficients. We use
this to show that under a suitable hypothesis on the associated Newton—Puiseux diagram their zeros
are asymptotic to finitely many geometric progressions. We also sharpen previous results on the
growth rate of entire solutions.

1. Introduction and main results

An equation of the form

(1) > 0,27 @'2) = b(z)

j=0
is called a linear g-difference equation. Here we assume that ¢ € C with 0 < |¢| < 1
and that b and the a; are polynomials.

The study of such equations has a long history—already Adams’ survey [2| from
1931 has an extensive bibliography. The subject continues to be an active area of
research, see [5, 6, 10, 11, 12, 18] for a (very incomplete) sample of more recent work.

The asymptotics of the Taylor coefficients and the zeros of solutions of this equa-
tion were studied in [7] under a hypothesis on the associated Newton—Puiseux dia-
gram. In particular, it was shown that under this hypothesis the zeros are asymptotic
to certain geometric progressions. We will show that this holds in much more gen-
eral situations. Moreover, the asymptotics of the coefficients are determined without
additional hypotheses on the Newton—Puiseux diagram. We also refine previous es-
timates of the growth of solutions.

We recall the definition of the Newton—Puiseux diagram P associated to (1.1).
Let d(j) denote the degree of a;. Then P is defined as the convex hull of

U {(@,y) eR* 2> jandy <d(j)}.

=0
Let (jx,d(jx)) be the vertices of P, with k € {0,..., K} and
O:j0<j1<...<jK§m.
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If (1.1) has a transcendental entire solution, then there exists j € {1,...,m} such
that d(j) > d(0); see [8, Theorem 1.1]. This implies that K > 1. For k € {1,..., K}

we define
d(jr) — d(jr-1)
Je— Je-1
Then o1 > 09 > -+ > o > 0. The o}, are the slopes of the segments which form the
boundary of P.

If f is a transcendental entire solution of (1.1), then (|8, Theorem 1.2]; see also [17,
Theorem 4.8|) there exists k € {1,... K} such that the maximum modulus

M(r, f) := max|f(z)]

|z|=r
satisfies
Ok 2
(1.2) log M (r, f) 2 logd] (log )

as 7 — o0o. The condition posed in [7] was that the segment of the boundary of P
whose slope is o} contains no point (7,d(j)) except for its endpoints (jr_1,d(jx—1))
and (ji, d(ji))-

Consider for example the case m = 4, degag = 0, dega; = 1, degay = 2,
degas = 1 and degay = 3. The corresponding Newton—Puiseux diagram is shown
in Figure 1, with the points (j,d(j)) marked. Here we have K = 2, j; = 2, j, = 4,
01 = 1 and 09 = 1/2. The hypothesis on the segment of P corresponding to oy, that
was posed in [7] is satisfied for & = 2, but not for k£ = 1.

3*

Figure 1. A Newton—Puiseux diagram.

Let now
(1.3) flz) = Zanz"
n=0

be a transcendental entire solution of (1.1). Then there exists k € {1,..., K} such
that the growth of f is given by (1.2). With this value of k we put

(1.4) M :=d(jx) — d(jx—1) and N :=ji —jr—1 so that o} = R

We also put
(15) p = /M),

for some fixed branch of the root.
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It was shown in |7, Theorem 2| that if the above condition on the segment of 0P
corresponding to oy, is satisfied, then there exist £ € C\ {0} and (19, 71, ..., Mm-1) €
CM\ {(0,0,...,0)} such that for r € {0,1,..., M — 1} we have

(1.6) an = (. +O(|p™)) PN e

as n — oo while satisfying n = r (mod M), and the set of zeros of f can be written
in the form

{znp:ve{l,2,... .M}, ne N}
such that for each v there exists A, € C\ {0} with 2,, ~ A,¢g "™ as n — co. More
precisely,
(1.7) 2oy = Ag N (1+ O(|g"M)) .

Let now [ be the set of all 7 € {0,...,m} for which (j,d(j)) lies on the line
through (jx_1,d(jk—1)) and (jx, d(jx)). It follows from the definition of the Newton—
Puiseux diagram that

{Je—1: 0k}t CIe {1, k-1 + 1, g — 1, gk}

The hypothesis posed in [7] then takes the form I, = {jx_1, jx}, but we shall drop
this condition now. Write

d(j) 4
(1.8) a;j(z) = Zamzz
i=0
and put
(1.9) Cji = az N g = ay Nt M
Then a; 47y # 0 and hence ¢; 4¢;) # 0 since d(j) = deg a;. The polynomial
(1.10) Pu(2) :== Z ¢j.a() 27~k

Jjely
is called (cf. [1, p. 511]) the characteristic polynomial associated to oy. Since, by the
definition of the Newton—Puiseux diagram and the set [, we have

. . o J = Jr- . .
d(j) — d(jx-1) = (J — Jr—1)ox = ¢ (d(jr) — d(jr-1))
Jk — Jk—1
< d(jr) — d(jx—1) = M
for all j € I, with equality only for j = ji, it follows that deg P, = M.
We also note that P(0) = ¢;, , a(j,_,) # 0.

Theorem 1.1. Let f be a transcendental entire solution of (1.1) with growth
given by (1.2) and Taylor series (1.3). Let M, N and p be as in (1.4) and (1.5),
let Py be the characteristic polynomial associated to oy as defined in (1.10) and let
A1, ..., A be the roots of Py, with multiplicities m, ..., m; so that

l
Zm]— =M.
j=1

Then there exist i € {|\;]: 1 < j <1} and for each j with |\;| = p a polynomial Q);
with deg QQ; < m; — 1, not all (); vanishing identically, such that

(1.11) ap V= Y Qin)AT + 05"

{7+ Nl=n}
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for some § € (0, ) as n — oco. In fact, this holds for any § satisfying
1.12 §> max |\| and > |p|*u.
(112) N, o
The proof is based on results of Agarwal and Pituk [3] as well as Bodine and
Lutz [9]; see Lemma 2.1 below. In the case that K = 1 and thus jo =0 and j; = m

we can apply their results directly, but the general case requires some extensions of
their arguments; see Lemma 2.2.

Theorem 1.2. Let f be a transcendental entire solution of (1.1) with growth
given by (1.2). Let p be as in Theorem 1.1 and suppose that the roots of the charac-
teristic polynomial Py, associated to oy which have modulus p differ only by roots of
unity. Then the zeros of f are asymptotic to finitely many geometric progressions.

More precisely, if L € N with A\J* = MM whenever |\;| = |\;| = p, then the set
of zeros of f can be written in the form

{#zn,:ve{l,2,....LM}, ne N}
such that for each v there exists A, € C\ {0} with
(1.13) 2y ~ Ayg

as n — oo. If, in addition, all roots of Py of modulus p are simple, then (1.13) can
be improved to

(1.14) Zny = Ayqg N (1 + O((%)n)) :

for any 0 satisfying (1.12).

In Section 5 we will discuss equations of order 2; that is, we will assume that
m = 21in (1.1). Using |7, Example 1 and Theorem 3] we will see that the conclusion of
Theorem 1.2 need not hold if the hypothesis on the zeros of P, which have modulus u
is not satisfied. In fact, in the case that a;(z) = a; ;27 for j € {0, 1,2}, this hypothesis
is not only sufficient but also necessary in order to conclude that the zeros of every
entire solution are asymptotic to a finite number of geometric progressions.

We will also see that (1.14) need not hold if Py has a multiple root of modulus p;
see Case 2 in Section 5.

We consider what Theorems 1.1 and 1.2 say if I, = {jx_1,jr} as in [7]. In this
case we have

Pi(2) = ¢pa) 2 + CirdGn)-

Choosing & with M = —¢j, | agx_1)/Cin.di) and putting w; := exp(27ij /M) we may
take \; = w;€. Note that all \; are simple roots so that the @; in (1.11) are constant.
Since A} = {"wj if n =7 (mod M), we see that (1.11) reduces to (1.6) in this case,
except for a slightly better error term in (1.6): instead of the term O(|p[**) in (1.6)
we now only have O(72") for any 7 > |p|.

Note also that in this case the A; differ only by roots of unity. In fact, the
hypotheses of Theorem 1.2 are satisfied with L = 1. Hence (1.14) takes the form (1.7),
again apart from the error term. It is possible, however, to improve the error bound
in (1.14); see Remark 4.2.

To summarize, Theorems 1.1 and 1.2 recover the results of |7], except for a slightly
weaker error term.

Theorem 1.1 also allows to sharpen (1.2) as well as [17, Theorem 4.8|.
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Theorem 1.3. Let f be a transcendental entire solution of (1.1) with growth
given by (1.2). Let yu be as in Theorem 1.1 and let k be the maximum of the degrees
of the polynomials (); appearing in (1.11). Then

(1.15) log M(r, f) = (log pr)* + kloglogr + O(1).

Ok
—2log |q]

We mention that the term O(1) in (1.15) cannot be replaced by ¢ + o(1) with a
constant c¢; see Remark 3.2.

Acknowledgment. A part of this paper was written during a stay at the Shanghai
Center for Mathematical Sciences (SCMS). I thank the SCMS for the hospitality.
I am also grateful to the referee for many helpful suggestions.

2. Proof of Theorem 1.1

A linear recurrence relation

(2.1) z(n) = aqz(n — 1)+ ax(n —2) + ...+ agz(n — d)

with constant coefficients aq, ..., a4 € C can be solved by considering the associated
characteristic polynomial

(2.2) POA) =X —a AT — )2 — . —ay.

Denoting by Ay, ..., A\r the zeros of P and by my,..., m; their multiplicities, the
general solution of (2.1) is given by

k
x(n) = D Qi(n)A},
j=1
where @); is a polynomial of degree at most m; — 1.
It is plausible that if the coefficients b;(n) of the recurrence relation

(2.3) y(n) =bi(n)y(n — 1) + ba(n)y(n — 2) + ...+ ba(n)y(n — d)
satisfy
(2.4) nh_)IIolo bj(n) = aj,

then a solution of (2.3) will behave asymptotically like a solution of (2.1). Classical
results of Poincaré [16] and Perron [15, §5| say that this is indeed the case under
suitable hypotheses.

We shall use the following result of Agarwal and Pituk [3, Theorem 2.3] as well
as Bodine and Lutz |9, Corollary 2| which addresses the case where the convergence
in (2.4) is exponentially fast.

Lemma 2.1. Let 0 < 7 < 1 and suppose that the coefficients b;(n) in (2.3)
satisfy

(2.5) bj(n) =a; + O(1")

asn — oo, with ay,...,aq € C and ag # 0. Let P be the characteristic polyno-
mial of (2.1), as defined in (2.2), and let Ay, ..., \; the its zeros, with multiplicities
my,...,MmMg.

Let y(n) be a solution of (2.3). Then, unless y(n) = 0 for all large n, there exist

€ {|M], ..., |\k|} such that for every 6 € (0, u) satisfying
2.6 0> max |\ and o6>71
(26) G Y :
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we have

(2.7) yn) = Y Qi(n)A] +0(5")

{7 Njl=n}

as n — 0o, with polynomials (); of degree at most m; — 1, which do not all vanish
identically.

Agarwal and Pituk [3, Theorem 2.3| proved this with § = y — ¢ for some € > 0.
Bodine and Lutz [9] gave a different proof of this result, showing that one may take
any 0 satisfying (2.6). In fact, they gave a corresponding result for first order systems
of linear difference equations.

We can rewrite the recurrence relation (2.3) in the form

d

(2.8) > bi(n)y(n - j) = 0.

=0

To obtain (2.8) from (2.3) one simply puts by(n) = —1. In the opposite direction one
divides (2.8) by bg(n), provided this term is non-zero.

Thus Lemma 2.1 can also be applied to equations given in the form (2.8), provided
that (2.5) also holds for j = 0, with ap # 0. We thus require that the numbers a;
given by (2.5) satisfy ag # 0 and ayq # 0.

One consequence of (2.7) is that

1
(2.9) —oo < limsup log Jy(n)] < 00
n—oo n
In fact, the upper limit in (2.9) is given by log p.
We note that (2.9) need not hold if ay = 0 or ag = 0. To see this, consider for
example the equation

1 1 1

This equation is of the form (2.8) with d = 2, and (2.5) is satisfied with ay = ag = 0,
a; = —1 and 7 = 1/4. It has the solutions

(2.11) y(n) = 2+ H+?,

For these solutions we have (log|y(n)|)/n — +oo so that (2.9) does not hold. We
conclude that if the conditions ag # 0 and a4 # 0 are not satisfied, then (2.8) may
have solutions for which (2.9) does not hold. In particular, these solutions are not of
the form (2.7).

The following result addresses the case that ay = 0 or agz = 0. Essentially, it says
that a solution of (2.8) is of the form (2.7), if the condition (2.9) is satisfied. In fact,
a weaker growth restriction than (2.9) will suffice.

This result will be the main tool in the proof of Theorem 1.1. Its proof will
use Lemma 2.1, by reducing the equation considered to a type where this lemma is
applicable.

Lemma 2.2. Let 0 < 7 < 1 and suppose that the coefficients b;(n) in (2.8)
satisfy (2.5) asn — oo. Let s,t € {0,1,...,d} with s < t such that as # 0, a; # 0
anda; =0for0<j<sandt<j<d.
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Let
t—s
(2.12) P(z) =Y a7
j=0

and let A\q,...,\, the zeros of P, with multiplicities my,...,mg. Let y(n) be a
solution of (2.8) satisfying

1
(2.13) limsup B _
n—oo n
Then there exists i € {|\1], ..., |\g|} such that (2.7) holds for every § satistying (2.6),

with polynomials (); of degree at most m; — 1, which do not all vanish identically.

Remark. The example (2.10) with solutions (2.11) shows that the condition (2.13)
cannot be omitted and is in fact sharp.

Proof of Lemma 2.2. First we show that given K > 1 we have

. < K" —
(2.14) ly(n)| < K 133;_8@(” 7)]

for all large n. The argument for this is in part similar to that in |7, Lemma 2|. We
consider

1<j<d—s

P dess ol > K7 oo - )1}

and have to show that I is bounded. In order to do so we may assume that K% < 1.
First we show that if m € I and p € N such that {m +1,....m+p} NI =0,
then

(2.15) ly(m + )] < K/ TRy (m)]
for 1 < j < p. In order to see this, we note that since m € I and m + 1 ¢ I we have

ly(m +1)] < K™+ (ax [y(m+1-—j)|= K™ y(m)].
<j<d-s

Next, if also m + 2 ¢ I, then

< m-+2 4
ly(m +2)] < K7 max [y(m +2—j)|

= K™ max{|y(m + 1)|, ly(m)[} < K*"[y(m)).

Induction shows that (2.15) holds for 1 < j < p.

Suppose now that [ is unbounded. We show that there exist arbitrarily large
m € I such that (2.15) holds for 1 < j < s. Suppose that this is not the case.
Then for every large m € [ there exists | € {1,...,s} such that (2.15) holds for
1 <75 <I1—1, but does not hold for 7 = [; that is,
(2.16) ly(m + )] > K™Dy (m)).
Since (2.15) holds for 1 < j <1 —1 we find that

ly(m +1)| > Klm+l(l+1)/2K—jm—j(j+1)/2|y(m + )|
> Klm+l(l+1)/2K—(l—l)m—(l—l)l/2|y(m+j)| _ Km+l|y(m—|—j)|

for 1 < j <1 —1. Together with (2.16) and the assumption that m € I this

yields that m + [ € I. Thus there exists an increasing sequence (my) in I such that
lp == my1 —my < s and

[y(misa)| > KOOy ()| > K7y (myg)| > K™ y(ma))].
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Since

k k k

k(k+1 k?

mk+1=m1+zlj§m1+ks and Zmizzj:%zf
Jj=1 j=1 j=1

this yields that

2
> 5 log K + log |y(mq)|
2

(M1 — my)? M1
o log K +logly(mi)| = 5

log |y(my11)]

>

for large k, contradicting (2.13). We have shown, still assuming that [ is unbounded,
that there exist arbitrarily large m € I such that (2.15) holds for 1 < j <'s.

For such m we put n = m + s so that m = n — s. Then we have n — s € [
and (2.15) yields that

[y(n — s+ )] < K/l (n — )|
< KUy (0 — 5)| < K fy(n — s)]
for 1 < j <s. Replacing j by s — 7 we thus see that
ly(n —J)| < Ky(n—s)| for0<j<s—1.
On the other hand, since n — s € I, we have
lyin—j)| < K "|y(n—s)| fors+1<j<d.

Together with (2.8) the last two inequalities imply that

s—1
[bs(n)y(n — )| <Y |bi(n)y(n — 4)| + Z [bj(n)y(n — j)|
J=0 j=s+1
< ly(n —s)| (K”ZV) |+KS"Z 1b;(n )
j=s+1

Since n — s € I we have y(n — s) # 0 and may thus divide the last inequality by
ly(n — s)|. Choosing C; such that |bj(n) —a;| < Cy7" for all j € {0,1,...,d} and all
n € N, and noting that a; = 0 for 0 < j7 < s — 1, we conclude that

d
lag| — C17" < K*"sCy7" 4+ K°7" Z (la;| + Cy1™)

j=s+1
d
= sCy (K°r)" + K > ag| + K7 (d — 5)Cy 7"
j=s+1

Since a, # 0 and K*7 < K% < 1, this is a contradiction for large n. Hence I is
bounded so that (2.14) holds for all large n.
It follows from (2.14) that

_ < n—s+1 . . - n—s+1 o
ly(n — s+ D] < K" max Jy(n—s+1—j)[=K""" max |y(n—j)
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for large n. As in the proof of (2.15) we can use induction to show that

ly(n — s +4)] < K7D max Jy(n — j)]

s<j<d—1
< Ks(n—s)—i—s(s—i—l)/ s
< JJnax Jy(n—j)
< K" -7 for 1 <i<s.
<K max fy(n—j)| forl<i<s
Replacing ¢ by s — ¢ we thus find that
(2.17) ly(n —i)| < K max |y(n—j)| for0 <i<s—1

s<j<d—
Since a; = 0 for 0 < i < s — 1 this yields that
bi(n)y(n —i)] < CLr"K*" max |y(n — j)|

s<j<d—-1

=Cy (K°7)" sgr?gil\y(n—j)\ for0<i<s—1

This allows to rewrite (2.8) in the form

(2.18) Zb* —j)=0,

where the b} satisfy b%(n) = a; + O((K*7)"), say
(2.19) 05 (n) — a;] < Co (K°71)",

instead of (2.5). Thus we have disposed of the first s terms in the sum in (2.8), at
the expense of slightly increasing the error term in (2.5).

Our next aim is to dispose of the last d — t terms. This is achieved by a very
similar reasoning, but for the convenience of the reader we include the argument.
First, analogously to (2.14), we show that given K > 1 we have

. < K" '
(2.20) ly(n)l < K" max fy(n+j)|

for large n. We have to show that

J = {n>t—s ly(n)| > K™ max Iy(n+J)|}

1<j<t—s

is bounded. Analogously to (2.15) we show first that if m € J and p € N with p <m
such that {m —1,...,m —p} N J =, then

(2.21) ly(m — )| < K702y (m)|

for 1 < j < p. Assuming that J is unbounded we can, similarly as before, use (2.13)
to show that there are arbitrarily large m € J such that (2.21) holds for 1 < j < d—t.
For such m we now put n = m+t so that m = n—t. Since (2.21) holdsfor 1 < j < d—t
we obtain

ly(n —t — )| < KIO07I0DRly (0 — 1)) < Ky (n — 1)
for 1 < j <d—t. Replacing j by j — ¢t yields
ly(n — )| < K4 |y(n —t)| fort+1<j<d.
On the other hand, since n —t € J, we also have

ly(n — )| < K "y(n—t)| fors <j<t—1L
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Inserting the last two inequalities into (2.18) yields that

[ (n)y(n = )] < Zlb* yin =i+ Y B n)y(n—j)

j=t+1

< |y(n —t)| (Kt "Z\b* )| + K@-Dn Z b (n )
j=t+1
Noting that a; = 0 for t +1 < j < d and that y(n —t) # 0 since n —t € J we deduce
from (2.19) that
t—1
jar = Co(K*m)™ < K'Y ™ (Jag| + Co(K5r)") + K4 (d — t)Co(K*7)"
j=s
t—1
S K™Y al+ Kt — 5)Co(KT)" + (d — £)Co( K4or)™,
Jj=s
Since a; # 0 and K97 < K97 < 1, this is a contradiction for large n. Hence J is
bounded, meaning that (2.20) holds for all large n.
In the same way that we used (2.14) to obtain (2.17) we can now use (2.20) to
obtain

_ )| < gld=tin <3 <d.
ly(n — i) < K70 max [y(n—j)| fort+1l<i<d

And similarly as before we can use this to rewrite (2.18) in the form
¢
(222 S b my(n — ) = 0
Jj=s
where the 07" satisty
b (n) = a; + O((K"'K*7)") .
Note that (2.22) is equivalent to

(2.23) Z bj( =0,

with N
bj(n) = b (n + 5) = agy; + O((K7)") .

Since as # 0 and a; # 0 we can apply Lemma 2.1 to the equation (2.23). Recalling
that the equations (2.3) and (2.8) are equivalent and noting that the characteristic
polynomial associated to the equation (2.23) is given by (2.12), we conclude that
y(n) satisfies (2.7). Instead of the condition 6 > 7u as in (2.6) we first obtain only
§ > K9 7. However, since we can take any K > 1 in this condition, we are again
led to 6 > Tp. UJ

As in [7] we will also use the following lemma, which is a special case of a result
of Juneja, Kapoor and Bajpai [14, Theorem 1].

Lemma 2.3. Let f be a transcendental entire function with Taylor series given
by (1.3). Then
lim sup log M(r, f) _ 1 lim sup o
roco (logr)? N
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Here we put —log |a,| = oo and thus n?/(—log |a,|) = 0 if a,, = 0.
Proof of Theorem 1.1. From the definition of o, and I, we have
(2.24) d(j) < d(jk) + o (j — Jr) = d(r-1) + ok (J — Jr-1)

if j € {0,1,...,m}, with equality if and only if j € Ij. Recalling that o), = M/N
by (1.4) we may write (2.24) in the form

Nd(j) — Mj < Nd(jr) — Mjr = Nd(jr—1) — Mjr_1 =: L,

with strict inequality if j ¢ I. Hence L + Mj — Nd(j) > 0, with strict inequality if
Jj & Ix. For 0 < j<mand0<i<d(j) we thus have

(2.25) L+ Mj—Ni>0,

with equality if and only if (4,7) = (j,d(j)) for some j € I.

Recall the definition of the a;; as the coefficients of the a; given in (1.8) and put
aj; = 0 for i > d(j). Then the Taylor series expansion of the left hand side of (1.1)
is given by

j=0 7=0

that if n > max{d, deg(b)}, then

d m
1=0 j=0

With
(2.26) y(n) == p N,
and ¢;; = a;;pN"2Mi" as defined in (1.9) we deduce, using (1.5), that
d m d m
n—i)? . j(n—1 n? . j—N1i)2n
0= ZPN( Py(n—1) Zaj,iq]( F=p" Zy(” — i)Y cjapMITN,
=0 j=0 i=0 j=0
Multiplying this equation by p~V"* 2" we obtain
d
(2.27) > Bi(n)y(n —i) =0.
i=0

with

B,(n) = p2Ln Z ijz,p(Mj—Nz')% _ Z Cj7i,0(L+Mj_Ni)2".
Jj=0 j=0
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By (2.25) we have

{cj,d(j) + O(|p*) if j € I} and i = d(j),
Bi(n) =

(2.28)
O(|p|*™) otherwise.

The recurrence relation (2.27) thus is an equation of the form (2.8), with the
equation (2.28) for the coefficients being the equivalent of (2.5). The conclusion will
follow from Lemma 2.2, once we have checked that it is applicable to this equation.
It thus remains to show that (2.13) holds.

In order to do so we use Lemma 2.3 which together with (1.2) and (1.4) yields
that

i n? o M
1 Tloglan] ~ —2logle] ~ 2Nloglgl’

Thus
lim sup (2812l _ Vo g
s 00 n2 2M

Since, by (2.26) and (1.5),

N log |q
log [y(m)] = N log o] + log ] = ~ BT 4 1og o,

we conclude that (2.13) holds. O

3. Proof of Theorem 1.3
The theta function is defined by
0(z,q) = Z q"2z".
The series converges for |¢| < 1 and z € C\ {0}. It satisfies the functional equation
(3.1) 0(z,4) = ¢20(q°2,q)
and Jacobi’s triple product identity (see, e.g., |4, Theorem 2.8]|)

(3.2) 0(z,q) = ﬁ {(1 — ") (1 + q2n_1) (1+ q2"_1z)} .

z
n=1

More generally, we will consider for k € R the function

o0
0.(z,q) == Z n”q”zz".
n=—o00

It is easy to see that this series also converges for |¢| < 1 and z € C\ {0}.
Lemma 3.1. Let 0 < ¢ < 1 and kK € R. Then

_ (logr)?
(3.3) log M(r,0.(-,q)) = ~Tlozg + kloglogr + O(1)

asr — oQ.
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Proof. Write r = ¢~ 2"+ with m € Z and 0 < o < 1. Then

M(r,6.(,q) = Y nog"r" = Y (n+m)sgttmte

_ m27,mmﬁ i <1 4 E)H n2+2nm,rn

=dq Rt m q

. —m2—2am__k - n >K n?2 —2an

— 14+ —

q m n:Z_OO < + m q 4
so that
M( 9 ( )) ~ —m?2—2am.__k i n? —2an __ (10g7’)2 K aze( —2a )
r, U q q m n:_ooq q = €Xp “4loggq m-q q » q

as r — oo and hence m — co. Since

- log r log r

= — (Y~
—2logq —2logq
we have
log(m”) = klogm = kloglogr — klog(—2logq) + o(1)
and thus
(log7)?
log M(r,0.(-,q)) = + rloglogr — klog(—2logq)
(3.4) —4logq
+log (q“29(q‘2“, q)) +o(1)

as r — 0o so that the conclusion follows. O

Remark 3.2. The term qa29(q_2a,q) occurring in (3.4) shows that the term
O(1) in (3.3) cannot be replaced by ¢ + o(1) for some constant c. This also shows
that the term O(1) in (1.15) cannot be improved to ¢+ o(1) with a constant c.

It turns out that this is not a special property of solutions of (1.1). In fact, a
recent result of Hilberdink [13, Theorem 1.1 says that if h: [z, 00) — (0,00) is a
twice continuously differentiable function satisfying h”(x) > 0 for x > zo, h"(z) — C

as x — oo for some C' > 0 and h/(x) — oo as x — o0, then there is no entire function
f such that

log M (r, f) = h(logr) + o(1)
as r — 00. Choosing

h(z) = ——— (@ +logu)”+ rklogr +c
(z) —210g|q|( )

with a constant ¢, we see that there is no entire function f satisfying (1.15) with
O(1) replaced by ¢+ o(1).

We shall also need the following two lemmas.

Lemma 3.3. Let wy,...,w, € C\ {0} be distinct. Then there exists n > 0 such

n n n
§ 0 § 1 E n—1
wjxj, wjxj,..., U)j Z;j
J=1 J=1 J=1

for all (z1,...,x,) € C™.

Z n”(xlux% s 7xn)Hoo

o0
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Proof. The vector on the left hand side is obtained by multiplying the one on the
right hand side by the Vandermonde matrix. The conclusion holds if we take 1/ as
the operator norm of the inverse of the Vandermonde matrix. O

Lemma 3.4. Let A, B: [z,00) — R be convex. Suppose that B is differentiable
and satisfies

(3.5) B'(x+1)=B'(z)+ 0(1)
as x — oo. Suppose also that there exists an increasing sequence () in [zg, 00)
such that x; — 00, xp41 = x + O(1) and A(xy) = B(xy) + O(1) as k — oco. Then
A(x) = B(z) + O(1) as x — 0.

Proof. Let A’ be the right derivative of A. This exists and is non-decreasing

since A is convex. We may assume that z,; — xp > 1 for all k, since this may be
achieved by passing to a subsequence. Then

Tp — Tp_1 T — Tg—1

By (3.5) we have
(3.6) B'(zy-1) = B'(x1) + O(1).

Thus A'(zx) > B'(x) + O(1).
An analogous argument yields that A'(z;) < B'(x)) + O(1). Indeed, this follows
from

Lk+1 — Tk Lh4+1 — Tk
and (3.6) with & replaced by k + 1.
Thus A'(zx) = B'(x) + O(1). Since both A’ and B’ are non-decreasing this
yields together with (3.6) that A'(z) = B'(z) + O(1) as + — oo. For x > 1 we
choose k such that xy <2 < ;. Then

Ax) = Axy) + /x A'(t)dt = B(xy,) + /x B'(t)dt + O(1) = B(x) + O(1)

T Tk
as T — 00. O
Remark 3.5. We do not really require that B is differentiable. It suffices to
assume that the right (or left) derivative B’ of B satisfies (3.5).
Proof of Theorem 1.3. By (1.11), there exist C' > 0 such that

an,o_N"2 < Cn"u™ forn e N.

It follows that

M(r, f) < lanlr™ < ool + Y Crop|p| ¥ 0"

n=0 n=1

< laol +C 3w )N (ur)" = o] + OM (ar, (-, o]"))

n=—oo

Using (1.5) and (1.4) we find that
(3.7) oY = g/ — (g2,



Zeros, growth and Taylor coefficients of entire solutions of linear g-difference equations 263

Thus the last inequality can also be written as
M(r, f) < lao| + CM (pr, 6, (-, |a*7F)) .
Lemma 3.1 now yields that

(3-8) log M(r, f) <

In the opposite direction, let s be the number of polynomials ); which have
degree k. Without loss of generality we may assume that deg@; = x for 1 < j <'s,
Say QJ( ) ~ ;2% as z — oo, with 7; # 0. Let n € N. Applying Lemma 3.3 with

= )j and x; = )\"% we find that there exists i € {0,1,...,s — 1} such that

TgII (log pur)? + rloglogr 4+ O(1).

s

PBRA

j=1
with

|zl m)llee = nll(, - v lloopt™ 2 2™

1 : -s , 5—
¢ = gl ) lleo mindpt ™, g

It follows that there exists an increasing sequence (n;) satisfying n;11 < n; + s such
that

> Ny,

=1

(3.9) > 2cu™.

By (1.11) we have

anlp—an _nl ZAWVJ_'_O( K—1 nl).

7j=1
Together with (3.9) this yields that

—Nn
o, p- M

and thus, by (3.7),
(3.10) | > clpl N nEpm = clg|"/CTng

if [ is sufficiently large.
For n € N and r > 0 we have M(r, f) > |a,|r". Choosing

1 —1 1
(311) r=r = — exp<Mnl) so that n; = Ok Og(:u,rl)
K Ok —log q]

it follows from (3.10) that
log M (ry, f) > log |, | + nilogr
ni
> Y. log |q| + klogny + nylog i+ ny logr + log ¢
Ok

2
n
= ﬁ log |q| + xlogn, + nylog(ur;) + log c.
k

Inserting the value of n; given by (3.11) yields that

|
log M (ry, f) > _ Ik (log ,url)2 + f-zlog(L og(,url)) + log ¢
—2log |q| —log|q|
(3.12) o1

S — 2 1 klogl 1).
_210g|q‘ (Og:url> + K og Ong+O( )
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Since log M (r, f) is convex in log r, the conclusion now follows from (3.8), (3.12) and
Lemma 3.4, applied with

x Ok 2
A(x) :=logM(e*, f), B(x):=——(x+logu)*+ rlogx
(«) (€.f). Bla) = —grira+log)
and x; := logr;. Note that 2,1 = x; + O(1) by (3.11) since n;41 < n; + s. O

4. Proof of Theorem 1.2

We first consider the case that the roots of P of modulus p are simple. In this case
the reasoning is similar to the one in [7], with various modifications though. Again
we will use the following lemma [7, Lemma 3| which says that the theta function is
large except in small neighborhoods of its zeros.

Lemma 4.1. Suppose that 0 < |q| < 1 and that z € C, |z| > 1. Define v € N
by |q|>=? < |z| < |q|™. Then, uniformly as z — oo,
(log |2])?
—4log |q|
We note that the case kK = 0 of Lemma 3.1 follows from Lemma 4.1.

log |60(z,q)| = +log |1+ ¢ 2|+ O(1).

Proof of Theorem 1.2 in the case of simple roots. Since we assume that the
roots of P, of modulus p are simple, the polynomials (), in (1.11) are constant. Thus

(4.1) ™= 3 X+ O
1 Njl=nt

with certain constants 7, that do not all vanish. With A := Ay and w; := X\;/\ we
have

(4.2) anp M= YT AT+ O(6")
{7: [Njl=p}

Put

(4.3) My:=LM and Np:=LN.

By hypothesis, we have wj\/[‘) = 1 for all j. Hence there exists (no,...,M-1) €
CMo\ {(0,...,0)} such that if n = r (mod M), then

(4.4) Z YWy = M.
{7 Nil=n}

As in [7, Section 4] we shall compare f with

(4.5) F(z) = Z e PN NP2

n=—oo

where r, € {0,1,..., My — 1} is chosen such that n = r, (mod M;). We shall see
that the zeros of I lie on certain geometric progressions. The idea is to prove that
the zeros of f are close to those of F'.

Note that, by (4.2), the Taylor coefficients w,, of the difference

(4.6) R(z):=f(2) = F(2) = > unz"

n=—oo
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satisfy

(4.7) Up, = O(|,0|N"25")

as n — 00, and thus are small compared to those of F'.
The advantage of considering the function F' instead of f is that it satisfies the
simple functional equation

(4.8) F(z) = A2 F(¢"2)
with
(4.9) A = \Mo pNMG

This implies that F' can be expressed as product of theta functions. In fact, it was
shown in |7, Theorem 4| that if I satisfies (4.8), F'(z) # 0, and p € C is chosen with

(4.10) p* ="
then there exist C'in C\ {0} and zy, 2, ..., zp, € C\ {0} satisfying

M, 0™
(4.11) I[== 1
=1
such that
My e
4.12 Fzy=C||0(—.,p].
(112) @ =cTlo(-=0)

Jacobi’s triple product identity (3.2) implies that the zeros of F' are given by M,
geometric progressions. As mentioned, we will prove that the zeros of f are close to
these geometric progressions since f and F' are close.

In order to do so we proceed as in |7] and note first that

log|R(2)| < log M (d]z],6(-, [p|™)) + O(1)

(log d]z])? oy (log 6]z[)
————+0(1) = ——+0(1
(4.13) = “Tiog(pl™ T O = ologly T OW
Ok aklogé
S - log|2| + O
Stog ] (081D + Ty s 121+ O()

by (4.7), Lemma 3.1 and (3.7). For 1 <[ < Mj we now choose the integer v; such
that

(4.14) il < H < lp=
Zl

and thus [p|*™ < |z/pz| < |p|~2". Putting n; := v, — 1 we deduce, using (4.12)
Moy
log |F(2)] = Zlog

and Lemma 4.1, that
z
9(——,29) ' +log |C]|
— 2

10% |Z/le|
= + lo
Z “4log [p| Z g|l

(4.15)

£ o,
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Now, by (1.5), (4.9), (4.10) and (4.11),

My My
> log|pa| = Mylog|p| + Y _log|z| = Mylog|p| — log | A
=1 =1

= My log |p| — Mylog u — NM¢Z log |p| = —Mylog p

and thus
Mo e 2 Mo
> (tog] =) = ttoglel - o )
I=1 Pz =1
(4.16) Mo
= My(log |2])* — 2 Zlog lpz| | log|z| + O(1)
=1
= My(log |2])* + (2Mylog i) log | 2| + O(1).
Since

MO o MO . M . O
4log|p|  2Nologlg| ~ 2Nloglgl  2loglq|
by (4.10), (4.3) and (1.4) we deduce from (4.16) that (4.15) takes the form

Tk o, oxlogu
log |F(2)] = —————(log |z])" + log |2
B IF()| = gy Gog 2D + P8 o o
(4.17) Mo o
log |1 — 1
+; og . +O(1)
Combining (4.13) and (4.17) yields that
Mo p2nlz
(4.18) log | R(z)| < log|F(z)| — ) log |1 — — Cylog |2] + Oy,
=1
with
1 M1
(4.19) C, = oxlosld/n) _ Mlog(o/p)

loglg]  Nloglg|
and a further constant Cy. This corresponds to |7, (4.18)]. However, in the situation
of |7] we had § = p?u and thus C; = 1/N.

If ¢ is a zero of f, then |F(¢)| = |R(¢)|. As in |7] it then follows from from (4.18)
and (4.19) that

p*¢
2l

My
Z log
=1

Hence there exists | € {1,2,..., My} with

2ny
p C Cl C2

log |1 — < -——1 —.

o8 o | =g el g
This implies that

2ny
e -
1— = O(|¢|7/M0)

so that ¢ ~ zp~? = ¢ N™ as ( — oo. In fact,

(4.20) ¢ = 2g~"" (14 O(|g Y /0))
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Using (4.19) and (4.3) we see that

NoC NoM ) 0 )
NoC1/Mo _ oy < 0116 ):ex ( 0™ 1o —) = ex <lo —) = —.
lq] P\ r glq| Pl AN 08 p{log | =~

Thus (4.20) may also be written in the form

(4.21) ¢ = zq Nom <1 +0 <<%)m)) :

Recalling that zp=2™ = zq ™ is a zero of F' we thus see that every zero of f of
large modulus is close to a zero of F.

In turn, we will see that near every zero of F' of large modulus there is indeed a
zero of f. Let m; denote the cardinality of the set of all j € {1,..., My} for which
zjp~* = zp~?™. Then F has a zero of multiplicity m; at zp~?". As in [7] we will
use Rouché’s theorem to show that f has m; zeros near zp=2™.

In order to do so we note that if j € {1,..., My} is such that z;p=2" # zp~2™,
then z;p~2" and zp~2™ lie on different geometric progressions. Thus there exists
1 > 0 such that

2N
<P —_ 1‘ > M
Zip~ E1
and hence
(4.22) |2~ — 2p™?™| = nlp| ™

for all such j and all n € Z. We conclude that if 0 < ¢ < min{n, 1 — |p|*}, then the
disk of radius e|p| =" around the zero zp~?" of F contains no other zeros of F'.
We want to apply Rouché’s theorem to this disk and thus have to show

(4.23) |F(2) = f(2)] < [F(2)] for |z —zp™>"| = elp| ™.
Recalling that R(z) = f(z) — F(z) we deduce from (4.18) that (4.23) holds if

MO 2nj
(4.24) — Zlog 12 Z' < Cilog|z| — Gy for |z — zp~?"| = elp| ™.
Z.
=1 !
To prove (4.24) we suppose now that
(425) }Z — le—in} = E|p|_2nl.
If j € {1,..., Mp} is such that z;p~2" = zp~?"_ then this implies that
2n, 2n 2ny
(126 e i e B e Rt
% 2 kil kil
If j €{1,..., My} is such that z;p=2" = zp~?", then (4.22) and (4.25) yield that
2n; 2n;
'1 _PpTUE Ip| ‘ij—an _ Z‘
% kA
2n;
b~ —2n; —2n —2n
> B2 (Jars = a2 = |z =)
2]
[p[*" oy _ PP
> (n = e)lp| ™" = ———(n —¢).

|2 e

It follows from (4.14) that
nenpy 2l PPl pPlal  p%

- 2 - 2 - :|p|2
1zl PPz P z] T b2

Ip|*
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Together with the previous inequality we thus find that if z;p~*% # zp~?™ and =z
satisfies (4.25), then

p2’flj z

(4.27) '1 -

z

Combining (4.26) and (4.27) we deduce that if z satisfies (4.25), then

—Zﬂio;log ‘ < —my log<i> — (Mo —my) 10g<@(77 - 5)) :

1—

p2nj >
Zj 21| ||

It follows that (4.24) and hence (4.23) are satisfied if n; and hence |z| are sufficiently
large. As explained above, Rouché’s theorem now yields that f has m; zeros in the
disk of radius e|p|™>" around the point zp=2" = zq~ Vo,

Moreover, the argument used to obtain (4.20) shows that all zeros of sufficiently
large modulus are contained in such a disk. It follows that there are m; zeros ¢ with
the asymptotics (4.21), and that all zeros of f are covered by these asymptotics for

some [. This completes the proof of Theorem 1.2 in the case that the roots of Pj of
modulus p are all simple. 0J

Remark 4.2. It was shown in |7] that with m; as in the above proof, the error
term in (1.7) may be improved to

2w = AN (14 O(|g]"™)) .

Similarly we could improve the error term in (1.14).

In order to consider the case where P, has a multiple root of modulus pu, we first
prove some auxiliary results. Let A := {z € C: |z| > 1}.

Lemma 4.3. Let (a,) be a sequence in A such that a, — oo as n — oo and
|a,| < |ani1| for all n € N. Suppose that there exists K > 1 and N € N such that
lansn| > Kla,| for all n € N; that is, each annulus {z: r < |z| < Kr} contains at
most N of the points a,,. Then the infinite product

(4.28) ﬁ (1 - a—zn)

n=1

converges locally uniformly in C.
Let g: A — C\ {0} be a holomorphic function that extends meromorphically to
AU {oo} and let G: A — C be defined by

(4.29) G(z) == g(z)ﬁ (1 - ain) .

Then for each m € N there exists R > 1 such that the zeros of G in {z: |z| > R}
are given by a sequence (by,)n>n, satisfying b, ~ a, as n — oo. More precisely, we

have
n

Proof of Lemma 4.3. Since |a,+1| > |a,| and |a,4n| > Kla,| for all n € N we
find by induction that if p € N and ¢ € {1,..., N}, then

|apN+q| > ‘CL;DNH‘ > KP|a,| > K”.
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It follows that

00 1 N oo 1 N oo 1 NK
;m_;;|apN+q| S;;W_K_1<OO

This implies that the infinite product (4.28) converges locally uniformly in C.
Let n(r) denote the number of points a; in the disk {z: |z| < r}. By hypothesis
we have

(4.30) n(Kr)—n(r) <N

for all » > 1.
As g extends meromorphically to A U {oo}, there exist ¢ € C\ {0} and M € Z
such that g(z) ~ cz™ as z — oco. This implies that

as z — 0o. Thus

For n € Z and r > 0 we put
Note that the cardinality of X, is at most 4N. For r/K < |z| < Kr we have

z 1
D R e

a;

|aj|> K27 laj]|>K2r
S 1 X, 4N
= T S ———— < 0
;a;(n laj/z[ —1 ;K4"‘3—1
and
> T I e e e T
T al<i-2r © T Y| <Ko |2/aj] =1
S 1 X, 4N
- Z Z < Z g 1 < 00
| — - n—-3 _
n=1 ajGX—n |Z/a]| 1 n—=1 K 1
It follows from the last three equations and (4.30) that for r/K < |z| < Kr we have
2G'(z2) 2
4.32 - M (K2 + O(1) o1
(4.32) G(z) Z Z—a; +n(K77r) + O(1) = n(r) + O(1)
K727‘<|CLJ“SK27‘

as r — OoQ.

Put C':= 16 NK and let z be such that /K < |z| < Kr and
(4.33) |z —a;| > o for all j with %

n(r)

< ‘CLJ" S K27".
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Since there are at most 4N points a; satisfying K ~?r < |a;| < K?r, it follows that

z 2]
Z z—a; = Z |z — ajl

K—2r<|a;|<K?r J K—2r<|a;|<K?r

Z K?Z;(r) < 4]z,Kn(r) = 1n(r)

K=2r<|a;|<K?r

<

For sufficiently large r we thus deduce from (4.32) that if z satisfies r/K < |z| < Kr
and (4.33), then 2G’(z)/G(z) may be written in the form

2G'(z) _ ‘ )
G n(r) + 8(z) with [S(2)] < on(r).

Suppose now that ( is a zero of G’ of large modulus. Choosing r = |(]| it follows
from (4.33) and (4.34) that there exists j such that |( — a;| < Cr/n(r). Thus every
zero of G’ is close to some zero of G. On the other hand, let a; be a zero of G of
large modulus and put r = |ag|. Let

W = U {z: |z—aj|<%}

K~=2r<|a;|<KZ?r

(4.34)

and let U be the component of W that contains a. Since W is the union of at most
AN disks, we see that the diameter of U is at most 8NCr/n(r). For sufficiently large
r we deduce that U C {z: r/K < |z| < Kr}. Thus (4.34) holds for z € OU. Rouché’s
theorem now yields that G and G’ have the same number of zeros in U. Thus near
every zero of G there is also a zero of G'. And the above estimate of the diameter of
U yields that for large R we can write the zero sequence of A’ in the form (¢,)n>n,
with ¢, ~ a, and in fact |¢, — a,| = O(|a,|/n).

This proves the result for m = 1. We note that we do not necessarily have
len|l < |eny1|. However, we have |c,| < (1 + o(1))|cpt1]- Noting that we do not
really need that |a,| < |a,41] in the above proof for the case m = 1, but only that
lan] < (14 0(1))|an+1], the general case now follows by induction. O

The following lemma generalizes Lemma 4.1.

Lemma 4.4. Let G be defined by (4.29) as in Lemma 4.3, with g, (a,,), K and N
as there. Then there exists § > 0 and R > 0 such that ifr > R and r/K < |z| < Kr,

then \G( )‘
TIERTRI L

K=2r<|a;|<K?r

1——.
a;j

Proof. As in the proof of Lemma 4.3 we have g(z) ~ cz™ as z — co. We may

choose R such that |z; M g(21)| < 2|25 M g(22)| whenever |z,| > R/K and |z| > R/K.
Defining X, by (4.31) as in the proof of Lemma 4.3 we then have

11 —2z/a] |1—z/a]|
z| G H 1+ |z/a;] nnooag{ 1+ |2/a;]

Since X,, contains at most 4N points we deduce for n > 1 that

_ . _ . _ Jr3—4n\ 4N
H |1 —z/a;| > H 1 — Kr/|ay| > 1-K
1+ |z/a,] 1+ Kr/la,)| 1+ K3-4n




Zeros, growth and Taylor coefficients of entire solutions of linear g-difference equations 271

and, using also that (x —1)/(14+2) = (1 —1/x)/(1 4+ 1/x),
1 —z/a;] 2/ai| =1 1—la;/2|
= e = I e

ajEX,n ajGX,n ajGX,n
1 _ K3-4n AN
> | —m—m — .
— A\ 1+ K3

1 1 AN
M oo ()
1+ |2/a;] = \1+K®

K—2r<|a;|<K?r

We also have

Combining the last four estimates and taking

1 1 4N oo _ 173—4n\ 8N
5=t (=)
2 \ T+ i 1+ Ko

n=1

we obtain the conclusion. O

Proof of Theorem 1.2 in the case of multiple roots. Let k the maximal degree
of the polynomials ); in (1.11). Instead of (4.1) and (4.2) we now obtain

oznp_N"Z = Z YA} + (’)(nk_l,u")
{i: INil=n}
= Z Yn Wi A" + O(n* '),

{7+ INjl=n}
where v; is the leading coefficient of @); if deg@; = ~ and ; = 0 otherwise, and
A = A and w; = \j/A as before. With My = LM and Ny = LN we again find
that there exists (o, ..., m,-1) € CM\ {(0,...,0)} such that (4.4) holds if n = r
(mod My). The idea is now to compare f not with the function F' given by (4.5)
and (4.12), but with G := F®).

Instead of (4.6) and (4.7) we now have

R(z) = f(z) = G(2) = f(z) = F(z) = Y un2"

where
U = O(IpIN"zn“‘lu">

as n — 0o. Thus log M(r, R) < log M (pur,0._1(-,|p|Y)) + O(1). Lemma 3.1 yields
together with (3.7) that

(log ur)?
logM(r,R) < ——————+ (k — 1) loglogr + O(1
B —4log(|pY) (s=1) @)
= ——(logur)”+ (k — 1)loglogr + O(1).
g )+ (= 1) (1)
On the other hand, the growth of f is given by Theorem 1.3. We conclude that
M(r, f)
4. M =
(4.35) (r, R) (’)( log 7 )
and hence
(4.36) M(r,G) ~ M(r, )

as r — oQ.
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As noted earlier, (4.12) and Jacobi’s triple product identity (3.2) yield that the
zeros of F' form M, geometric progressions. Lemma 4.3 implies that the zeros of
G = F® in {z: |2| > 1} are asymptotic to these geometric progressions. We may
write these zeros as a sequence (a,,) satisfying the hypotheses of Lemmas 4.3 and 4.4
so that G has the form (4.29).

By the definition of R we have

flz) ., R(2)
G -t e

Lemma 4.4, together with (4.35) and (4.36), yields that there exists a constant H > 1
such that if r is sufficiently large and r/K < |z| < Kr, then

(4.37)

-1

R(z)| _ M(lz], R) z
< 1——
‘G(z) BTERG I | S
(4.38) u 1=
a/.
< 1.
~ log|z| H Z—aj

Put C :=2HK? and o := 1/(4N). Let z be such that /K < |z| < Kr and

r
ﬁ < |aj| < K2’f’.

(4.39) |z —a;| > for all j with

Cr
(logr)e
For large r we then have

I1

K=2r<|a;|<K?r

a;

2 o o AN
< H K?r(logr) < ((logr) )
Cr 2H

Z—a;
J K—2r<|aj|<K?2r

log r < log(K|z|) < log | 2|
(2H)™N — (2H)*N — 2H
Together with (4.38) this yields that

1
-2

‘R(z)
G(2)

if z satisfies /K < |z| < Kr and (4.39), provided r is sufficiently large.

We can now deduce from (4.37) and Rouché’s theorem that if U is a component
of the union of the disks {z: |z—a;| < Cr/(logr)*} which is contained in the annulus
{z:17/K < |z| < K}, then f and G have the same number of zeros in U. Similarly as
in the proof of Lemma 4.3 we see that the diameter of U is at most 8NC'r/(logr)®.
Moreover, all zeros of f are in such components. This implies that the zeros of
f are asymptotic to those of G, and thus asymptotic to finitely many geometric
progressions. 0]

5. Equations of order two

We discuss equation (1.1) in the special case that m = 2, dega; = j for j € {0,2}
and dega; < 1. We shall see that in this case the hypothesis on the roots of the
characteristic polynomial that was made in Theorem 1.2 is sharp.

It is no loss of generality to assume that ag(z) = 1. We may also assume that
the leading coefficient of a, is equal to ¢?, since this can be achieved by replacing
f(2) by f(cz) for a suitable constant c¢. (We normalize this coefficient to ¢* and not
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to 1 because this simplifies some of the formulas below and, more importantly, agrees
with the notation in [7].) We are thus considering the equation

(5.1) F(2) 4 (a112 + a10) F(q2) + (¢°2° + ag12 + as0) f(¢*2) = b(2)
with a polynomial b.

For the equation (5.1) we have K = 1, jo = 0, j; = 2, M = N = 2 and
o1 = 1. The corresponding segment of 0P has (0,0) and (2,2) as its endpoints. If
a1 # 0, it also contains the point (1,d(1)) = (1,1). The Newton-Puiseux diagram
corresponding to this equation is shown in Figure 2. The points (7, d(j)) are marked,
assuming a;; # 0 so that d(1) = 1.

2

( 12
Figure 2. The Newton-Puiseux diagram of equation (5.1).

In order to be consistent with the terminology of [7, Example 1 and Theorem 3|
we write a;; in the form

ajn = —2p%y.
Here p is chosen according to (1.5). Since M = 2 this means that p* = ¢. We
also have asy = ¢* = p®. For the coefficients ¢;; defined by (1.9) we find that

ciyg = al,lp_z = —2vy and c39 = a272p_8 = 1. The characteristic polynomial defined
by (1.10) thus takes the form

Pi(z) =2 —2yz + 1.

Let A1 2 :=7 £ /7% — 1 be the roots of P;.
We distinguish two cases, depending on whether these roots are distinct or not.

Case 1. Let v # +1 so that A\ # Ay. Theorem 1.3 yields that the growth of a
transcendental solution f is given by

(5.2) log M(r, f) (log || 7")2 + O(1)

—2log|q|
for some j € {1,2}.

The hypotheses of Theorem 1.2 are satisfied if |A;| # |A\o| or if |A\;| = [A2| and
A2/A1 is a root of unity. The only case where they are not satisfied is when A\ /Ay =
e?™ for some n € R\ Q. Since A\;\y = 1 this yields that Ao = et and hence
v = (A + A2)/2 = cos(nm). We conclude that the zeros are asymptotic to finitely
many geometric progressions if a;; = —2p*y = +2,/q7 is not of the form

(5.3) a1y = £2y/qcos(nm), withne R\ Q.

The argument also shows that if v ¢ [—1,1] or, equivalently, if a1,1/,/q ¢ [-2, 2],
then |A1| # |A2|. Thus L =1 in Theorem 1.2. Since M = 2 this yields that the zeros
are asymptotic to at most two geometric progressions in this case.

On the other hand, it was shown in |7, Example 1 and Theorem 3| that the zeros
need not be asymptotic to finitely many geometric progressions if v = =+ cos(nm)
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with n € R\ Q so that a;; has the form (5.3). In fact, [7, Example 1] says that if
a1 = aso = a1 = 0 so that, assuming v = cos(nm), the equation takes the form

(5.4) f(z) = 2vp°2f(q2) + 22 f(¢°z) = b(2),
and if 0 < ¢ <1 and ¢y, co € C, then for

b(z) := (—(01 + co)yp® +i(cr — ca)p*/1 — 72) z4 1+ e
the series (1.3) defines a solution f of (5.4) for
a, = ¢ )\111p2n2 4 C2Agp2n2 — Cleinnp2n2 4 Cze—innp2n2 )

It was shown in |7, Theorem 3| that if ¢, co # 0 and |c;| # |c2|, then the arguments
of the zeros of f are dense in some subinterval of [—, 7|, but not dense in [—7, 7]. In
particular, the zeros are not asymptotic to a finite number of geometric progressions.

We conclude that for the equation (5.1) the hypothesis posed in Theorem 1.2
on the zeros of P, is not only sufficient but also necessary in order to conclude
that the zeros of every entire solution f are asymptotic to finitely many geometric
progressions.

Case 2. Let v = +1 so that \; = Ay = +£1. This corresponds to the case
ar; = F2p% in (5.1).

Recall that p? = ¢q. Choosing p = p? we have p* = ¢. By (3.1) we have 0(z,p) =
pz0(p*z, p) and thus 0(p*z,p) = 0(p*z,p)/(p*z). Differentiating these equations with
respect to z and eliminating 0(p®z, p) from the resulting equations, we obtain

0'(z,p) — 2p°20' (p*2, p) +°20' (0" 2, p),
where ¢’ denotes the derivative with respect to z. Hence g(z) := ¢'(z/p?, p) satisfies
g(2) = 2pzg(p?2) + p*2%g(p*z) = 0. Since p = p? and p* = ¢ this is equivalent to

(5.5) 9(2) = 20°29(q2) + ¢°2°9(¢*2) = 0.

This is equation (5.4) with v =1 and b(z) = 0.
Let f be the entire function consisting of the non-negative powers in the Taylor
series of g. It follows from (5.5) and the definition of f that

b(z) = f(2) —2p*2f(qz) + *2*f(¢°2)
is a polynomial of degree at most 1. For this polynomial b the function f thus
satisfies (5.4) with v = 1.
Instead of defining f via # and g we could have defined f also directly via its
Taylor series

an+1 n—i—l( ) an+1n+1

It can then be checked directly that f satisfies (5.4) with v =1 and b(2) =
We show that the zeros of f are asymptotic to a geometric series, but that the
error term is weaker than in (1.14). To this end we put

() -
n=0

p n=0
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so that F'(z) = f(z)/p®. We note that the function F' has zeros &, satisfying
(5.6) & =p "L+ O(Ip]")

as n — 0o. This follows from Lemma 4.1 since F' consists of the non-negative powers
of 6(z/p? p) and since by Jacobi’s triple product identity the zeros of the latter
function are precisely the points p=2"~! with n € Z. Alternatively, (5.6) follows
from |7, Theorem 2| or Theorem 1.2. Writing

o-fi(-)

i=1

we have
o0

F'(z) 1
F(z) —z-¢

For large |z| we choose n € N such that |p|™2" < |z| < |p|7?*~2 and write

F'(2) 1 - 1 | 1
— + + =: + 51+ Ss.
F(z) z-¢&, ;z—fj J;_l z—& z—&, 1 2

By (5.6) we have [£,| > |p|_2"_1/2 for large n and thus

DES> \m—\ < <> R = P

Jj=n+1 j=n+1

2n+2

. . 2n+2\ __ 1
- Z e 2k+3/2 (|p\ " ) = O(m)

as z — 0o. By (5.6) there also exists jo € N such that |¢;| < [p|=%7%/2 for j > jo.
Thus

n—1 n—1
& &
|251—(n—1)‘:ZZ_J5, :Zz_Jg. +0(1)

Jj= J Jj=jo J

=
< Z +0(1)

—2n —2j-3/2

= [pl = |p[7~

1
n— 2|p‘2k 3/2

- Z — [p|P32 +0(1) = 0(1)

e ()

as z — 0o, with n defined by |p|™" < |z| < |p|™>"~2. Rouché¢’s theorem implies that

for large n the functions F’/F and hence f = F’ have exactly one zero z, satisfying
Ip| =" < |z,| < |p|™>*~2. This zero z, satisfies

1 1

as n — 0o. Together with (5.6) we deduce that

RS e

as z — 0o. Thus
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We find that the z, are asymptotic to a geometric series, but not with the error term
given by (1.14).
We note that the general solution of (5.5) is given by

z Oz
9(z) = 019(?29) + Co0 <F,p)

with constants C and Cs. This implies that if ¢;, ¢y € C, then

o0

F(2) =3 (e + e)p? "

n=0
solves (5.4) for v = 1 and some polynomial b of degree at most 1. Theorem 1.3 says
that this function satisfies

logM(r, f) = ———
") = g [
if ¢; # 0. If ¢; = 0 but ¢z # 0, then it satisfies (5.2), with |;| = 1.

(logr)? + loglogr + O(1)
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