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Abstract. We consider the system

o (ul]2) Au = AP, ,0) + £ Gl 0), in 9,
L(lol?) Av = ARy (2 u,0) + £ Go(u,v),  in 9,
u,v € HY(Q),

where @ € RN, N > 3, is a bounded smooth domain, || - [|? = [, |V -|?dz, A > 0 is a parameter,
the functions m and [ are positive and increasing, the function F' is superlinear both at origin and
at infinity, the function G is 2*-homogeneous. In our first result, we obtain a nonzero nonnegative
solution for large values of A. We also prove that, for any k € N, there exists A} > 0 such that the
problem has at least k pairs of nonzero solutions if A > A}.

1. Introduction

Given a bounded smooth domain 2 C R and a positive function m, the Kirch-
hoff equation

—-m (/ |Vu\2d:c) Au = g(z,u), in Q, wu=0, on 09,
Q

has its origin in the theory of nonlinear vibration. For instance, in the case m(t) =
a + bt, with a, b > 0, it comes from the following model for the modified d’Alembert
wave equation

2
d%u

d%u P, E [F
gz2 = 9

Pae ~\ 7w Tar ),

ou

(1.1) -

x? u)7

proposed by Kirchhoff in [12]. Its main feature is to consider the effects of the changes
on the length of the string during vibrations. The parameters have the following
meaning: L is the length of the string, h is the area of cross-section, F is the Young
modulus of the material, p is the mass density and F, is the initial tension. Nonlocal
problems also appear in other fields as, for example, biological systems where u
describes a process which depends on the average of itself (for instance, population
density). We refer the reader to |4, 15, 14] and their references for more examples on
the physical motivation of this problem.
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In this paper, we are interested in the nonlocal system

—m ([ [Vul*dz) Au = AF, (2, u,v) + £Gy(u,v) inQ,
(Sy) —1 ([ |IVv|*dz) Av = AF, (2, u,v) + £Gy(u,v)  inQ,
u,v € HY(Q),
where Q@ c RN, N > 3, is a bounded smooth domain, A > 0 is a parameter,
2* := 2N/(N — 2) and the functions m, [ satisfy
(mo) m: [0, +00] — R is continuous, nondecreasing in [0, o,,,| and m(0) > 0;
(lp) 1: [0,+00] — R is continuous, nondecreasing in [0, ;] and 1(0) > 0.

We are denoting by F,, and F, the partial derivatives with respect to the second
and third variable, respectively, of the nonlinearity F': QxR? — R. The assumptions
on F' are:

(Fy) F € CH(Q x R?, R);
(Fy) there exists ¢ € (2,2%) such that

L IVF@ 2)

|z]—o00 |Z|q_1
(Fy) there exists 6 € (2,2*) such that
0<0F(x,2) <z -VF(z,2), VzecR?

=0, uniformly in €;

where z; - 2, denotes the inner product of z;, 2o € R?;
(F3) there holds

VP2
|2|—0 ||
(Fy) Fy(2,0,t) =0, Fy(z,5,0) =0, for any (s,t) € R

Setting R2 := {(s,t) € R*: s > 0, t > 0}, the hypotheses for G: R* — R are
the following:

(Go) G € CH(R? R) is 2*-homogeneous, that is,
G(os,ot) = 0% G(s,t), Yo >0, (s,t) € R

(G1) G(s,t) > 0, for any (5,1) € B2\ {(0,0)};
(G3) one of the conditions below holds:
(2) Gu(0,1) =0, Gy(1,0) =0,
(b) G4(0,1) >0, G,(1,0) > 0.
From now on, we denote by H the Hilbert space H}(Q2) x Hj () endowed with
the norm

=0, uniformly in €2;

1/2

ltw.a)l = [ [ (v + 907

For each component of the vector (u,v), we also denote | - | = ([, |V - |2)1/2.

We say that a solution (u,v) € H of the system (S)) is nonnegative if each
component is a nonnegative function. In our first, result we obtain the existence of
such kind of solution if \ is large:

Theorem 1.1. Suppose that m, [, F and G satisfy (my), (lo), (Fy)—(Fy) and
(Go)—(G). Then there exists \* > 0 such that, for any A > \*, problem (S,) has a
nonzero nonnegative solution (uy,vy) € H such that ||(uy,v,)|| — 0 as A — +o0.
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In the proof, we apply the Moutain Pass Theorem. The technical conditions
(Fy), (G1)—(G2) are used only to verify that the critical points of the energy functional
associated with (S5)) have nonnegative components (see [19]). For dimensions N > 4,
the critical exponent 2* is smaller than or equal to 4, and therefore the integral
Jo, G(u,v) dz does not dominate the fourth-order term which comes from the nonlocal
part of the system. In order to overcome this difficulty, we follow the procedure
introduced in [1]. It consists in dealing with a truncated problem and, after solving
it, verify that the obtained solutions have small norm and therefore solve the original
problem.

In our second result, we replace the conditions (F}), (Gy), (G2) by the following:

(F5) F(x,-) is even;
(G1) G(s,t) >0, for any (s,t) € R?;
(G3) G is even.

We prove the following;:

Theorem 1.2. Suppose that m, |, F' and G satisfy (my), (lo), (Fo)—(F3), (F5),

(Go), (é\l), (G3). Then, for any k € N, there exists A\j > 0 such that problem (S))
has k pairs of nonzero solutions for any A > Aj}.

Under conditions (F5) and (G3), the energy functional is even. Hence, we are able
to apply the Symmetric Mountain Pass Theorem to get multiple solutions. Differently
from Theorem 1.1, we have no information about the sign of such solutions.

As far as we know, the first paper dealing with Kirchhoff type equation via
variational methods was [1]. By assuming some technical conditions on m and the
nonlinearity, they obtained a solution for the scalar version of the problem (S)).
Since then, there is a vast literature concerning existence, nonexistence, multiplicity
and concentration behavior of solutions for nonlocal problems. We just quote [10, 18,
11, 17, 22] for subecritical problems and [9, 7, 20, 13| for the critical ones. The main
results of this paper extend and complement that of |6, 8, 5, 3| in several senses: we
consider system of equations, we deal with different functions and higher dimensions
and we prove a multiplicity result. Moreover, differently from the aforementioned
works, our hypotheses on m and [ are only near the origin.

Before finishing the introduction we present some examples. Given [ > 0, we set

k
Py(s,t) == an|s|' + aat]' + Y bils|* ||,
i=1

with a5, 8; > 1, a; + 5; = | and aq, as, b; € R. The following functions and your
combinations, with appropriated choices of the constants, verify our assumptions on
the critical homogeneous nonlinearity G:

G(s,1) = Poe(s,1), Gls,t) = /Prae(s,1), G<S’t):%sf(st’)t)’

with r > 0. Although the same prototype can be used for F', with 2* replaced by ¢
verifying 2 < gy < ¢ < 2%, we notice that F' can also be nonhomogeneous.

The rest of this paper is organized as follows: in the next section, we present
the variational setting to deal with (S)). Section 3 is devoted to the proof of local
compactness condition for the energy functional. We prove our main theorems in
Sections 4 and 5.
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2. Variational setting and technical results

In what follows we write [,u instead of [,u(x)dz. We denote by ||ul|, the
LP(©2)-norm of a function u € LP(), for any 1 < p < co. Throughout the paper we
shall assume that conditions (my), (ly), (Fo)—(F5) and (Gy) hold. We write 0,(1) to
denote a quantity approaching zero as n — +o0.

Let 6 > 2 be given by (F3;). Using conditions (mg) and (ly), we can find sg €
(0,0.,) and s; € (0, 0;) such that, for

(2.1) a:=m(sg), b:=1(s1),
there hold
(2.2) m(0) <a < gm(O), 1(0) <b< gl(O).

Define the functions m,, I, € C(R™,R") by

m(s), if 0 <s < s, I(s), if0<s<s,
" - l -
Ma(s) {a, if s > s, o(s) {b, if s > sq,

and consider from now on the modified problem

—ma([ull?)Au = AF, (2, u,v) + 3Gulu,v), in Q,
5 U(el?) A0 = AF (2 0,0) + £Gu(u, ), in D,
u,v € HY(Q).

Since in our first result we are looking for nonnegative solutions, without loss of
generality we may suppose that

(2.3) {RWAMZO,ﬁersgmtem

Fy(z,s,t) =0, ifzeQ,seR,t<0.

By (F}), the above assumptions do not affect the continuity of F, and F,. Moreover,
by using (Fp), (F1) and (F3), we obtain after integration

|F(z,2)] < %m? + O, VaeQ zeR
and therefore the functional (u,v) — [, F(x,u,v) is well defined. Moreover, by using
(Fy) again, we can check that it belongs to C'(H, R).

Lemma 2.1. Suppose that G satisfies (G2). Then there exists G € C*(R%LRY)
such that G satisfies (Go)—(G1) and G = G in RT x R*. Moreover, if (G3)(b) holds,
then

Gu(s,t) >0, ifs<0,teR,
Gu(s,t) >0, ifseR,t<0.

Proof. Since G is 2*-homogeneous, its gradient is (2* — 1)-homogeneous and, for
any (s,t) € R?, there hold

(2.4) (s,t) - VG(s,t) = 2"G(s,t),
and

(2.5) |G(s,8)| < Ma(|s|* + [t*),
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where Mg := max{G(s,t) : s,t € R, |s|* +
lemma holds for the function
~ G(s™,t1), if (G2)(a) holds,
26)  Gls,t) = ’
G(st,tT) — (s7,t7) - VG(sT,t1), 1if (G2)(b) holds,
defined for (s,t) € R?. We omit the details. O

We are ready to introduce the energy functional associated with the modified
problem, namely I,;: H — R given by

1 1 1 ~
Tl = M) + 3Ll =3 [ Plau) = 5 [ Gavo),

with M, ( fo mq(t)dt and Ly(s fo Iy(t)dt. It is standard to check that
ab \ € C (H R)
In order to simplify the notation, in the next two sections, we are going to write
G to denote the function G given by the last lemma. Since G satisfies (Go)—(Gy) this
can be done without loss of generality. Moreover, we have the following:

2" = 1}. Hence, we can check that the

Lemma 2.2. Suppose that (u,v) € H is such that I} \(u,v) = 0, [Jul| < sg
and ||v|| < s1, where sg, $; come from (2.1). Then (u,v) is a nonnegative solution of
problem (S,).

Proof. It is clear that (u,v) is a weak solution of the modified problem (S,). If
(u,v) is nonnegative then, since |ju|| < so and ||v|| < s1, it follows from the definition
of m, and I, that my(||ul|?) = m(||u|?) and l,(]|v]|*) = I(]]u/|?). Hence, (u,v) is a
nonnegative solution of (Sy).

In order to check that (u,v) is nonnegative, we first notice that, by (2.3),

/(u_, 0) - VF(z,u,v) = / u” Fy(z,u,v)dx +/ u” F,(z,u,v)dx =0,
Q {u>0} {u<0}

where u*(z) := max{u(x),0} and v~ := u* — u. Moreover, if J(u,v) := [, G(
and (G3)(a) holds, it follows from (2.6) that

(J'(u,v), (u™,0)) = /Qu_Gu(uJ’,er) = /{ o u” Gy (0,0v)dz =0,

since G,(0,1) = 0. If (G2)(b) holds, we can argue as above and use Lemma 2.1 to
get

(J' (u,v), (u™,0)) = / u” Gy (u,v)dz >0,

{u<o}
and therefore (J'(u,v), (u~,0)) > 0, whenever (G2) holds.
The above considerations together with (I}, ,(u,v), (u~,0)) = 0 imply that

0< ~ma([ulP) [ [VuP
Q
and therefore we conclude that © > 0 a.e. in ). Repeating the argument and using
(I pa(u,v), (0,07)) =0, we also get v > 0 a.e. in Q. O
We present now some technical results. Following [19], we introduce the number
Jo(IVul® + [Vof?)

Sq = '
G (u,v)e}{\{(o,o)} (fQG(u,U))2/2*
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We denote by C(€) the set of all continuos functions u: Q@ — R endowed with the
norm |[Juflc@ = max,cqg|u(z)| and by M(Q) its dual, namely the set of Radon
measures. The next result is a variant of the classical concentration-compactness
lemma of Lions [16, Lemma 1.1]. It was inspired by an earlier version presented
in [19, Lemma 6] and its proof can de done with natural changes in the arguments
presented in this last paper.

Lemma 2.3. Suppose that ((u,,v,)) C H is such that

(Un, V) — (u,v), weakly in H,
(|Vun|? + |[Vu,|?) = ¢, in the weak-* topology o(M(Q),C(Q)),
G(up, vy) — v, in the weak-* topology a(M(Q),C(Q)),

where ¢, v € M(Q) are nonnegative bounded measures over ). Then there exist an
enumerable set J, which can be empty, a family of distinct points (z;);es C €2, and
(vj)jes, (G)jes C (0, +00) such that

(a) v = G(u,v) + Z ViOa,

jed
(b) ¢ = (IVul + Vo) + ) ¢o.,,
j€J

where 0, indicates the Dirac mass at x. Moreover, for any j € J, we have that
SGV?/z S CJ

We prove in the sequel that, for some special sequences, the set .J is finite.

Lemma 2.4. Let (2,) C H be as in Lemma 2.3 and suppose that I, ,(z,) — 0,
asn — oo. Then J has a finite number of elements. Moreover,
(2.7) v; > (min{m(0),1(0)}S¢)"*, Vje J

Proof. Let ¢ € Cg°(RM,[0,1]) be such that ¢ = 1 in By5(0) and ¢ = 0 in
RN\ B;(0). Suppose that J # @, fix j € J and define ¢.(x) := ¢((x — z;)/e), for
e > 0. Since (¢.z,) C H is bounded, we have that (I}, \(zn), (¢c2,)) = 0,(1). This
and (2.4) provide

0u(1) = ma(ua] >(Am+ [ 19 ¢a)+zb<||vn|| ( et [ 190 asa)

(2.8) ) /Q@G(un’ o) — A /Q(W") -V F(z, 2,).

where
An,a = /un(vun ' v¢a)> Bn,a = /Un(v'un . V¢a)

Since F' has subcritical growth, we can use Sobolev embeddings and Lebesgue
Theorem to get

im [ (6.2) - VE(z, 2) = /Q (6.2) - VF(z, 2).

n—-+4o00 Q

where z = (u,v) is the weak limit of (z,) in H. Recalling that m,(s) > m(0) and
Iy(s) > 1(0), we can use (2.8) and Lemma 2.3 to get

(2.9) min{m(0),(0)} <An,€+Bn,€+ /Q ¢€dg) < /Q 6o dv + A\ /Q (6.2) - VF(, ).
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We claim that

(2.10) limlimsup A, =0, limlimsup B, = 0.
e—=0 5o =0 poso

If this is true, we can take the limit as n — +o00, ¢ — 0 in (2.9) and use Lebesgue

Theorem to conclude that
min{m(0), 1(0)}¢; < v;.

Recalling that Sgl/;/z* < (j, we obtain

min{m(0), 1(0)}Ser’>" < min{m(0),1(0)}¢; < v;,

oz

and therefore v; > [min{m(0),1(0)}S¢] 2. Hence,

v(@) =) v =) (min{m(0),1(0)}S)""*

jedJ jedJ

and we infer from v(Q) < +oc that J is finite.
In order to prove (2.10), we first use Holder’s inequality to compute

1/2
Al < [ fuall V964 sc( / |un|2|v¢a|2) .
Q Q

Since u, — u strongly in L?(Q), the change of variables y := (z — x;)/e and the

Sobolev embedding provide

1/2
limsup [A, .| < C (/ |u|2|V¢E|2)
Q

n—oo
1/2
e mre ([ e IV )
{lyl<e}

and the first result follows from N > 3. The proof for B, . is analogous.

3. The Palais—Smale condition

Given a functional I € C'(H,R) and ¢ € R, we say that I satisfies the Palais—
Smale condition at level ¢ ((PS). for short) if any sequence (z,) C H such that

. o : / _
S fm) = Lan Flen) =0,

has a convergent subsequence. We devote this section to the proof of the following

local compactness result:
Proposition 3.1. If

then I, satisfies (PS). for any ¢ < c*.
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Proof. Let (2,) C H be such that I , ,(z,) — 0 and Iopa(2,) — ¢ < c*. We first
notice that, by (myg), (o), (F»), (2.4) and (2.2), there exists C; > 0 such that

c+ on(1)|| 20|l + 0n(1) = Topa(zn) — 5<Iabx(zn) Zn)
) +

1
> Ml + 5 La(lon)
e (lal? >||un||2 e lleal?
0 0
1 1 1 1
> | - P 2 _ _ - 2.
> (5000~ o) Bl (5100 = 50) o]
> Ozl

and therefore (z,) is bounded in H.

Let J be given by Lemma 2.3. We claim that J = &. Indeed, suppose by
contradiction that there exists 7 € J and consider ¢. as in the proof of Lemma 2.4.
The boudedness of (z,), (F3), (2.2), (2.4), ¢. < 1, and the same argument used above
provide

(———)/Gun,vn on(l) > (———)/@ s ) + 0 (1)

Taking the limit and using (2.7), we obtain
1 1
0> (5 5 ) (min{m(0).10)}56) =
contrary to ¢ < c*.
Since J is empty, we infer from Lemma 2.3 that

lim [ Gun,vn) = /Q G(u,v).

n——+o0o Q

Up to a subsequence, we have that

(Un, V) — (u,v) weakly in H,

Up — U, Uy —> 0, strongly in L*(Q), 2 < s < 2%,

un () = u(x), vy(x) = v(x), ae. in

max{|un(z)], [vn(2)[} < gs(2), ae inQ,
with g, € L*(Q), 2 < s < 2*. By using (Fy), (F1), (F3) and the strong convergence
in L*(Q) we get

lim Z2n - VF(z,2,) = / z-VF(z,z),
Q

n——+00 Q

where z = (u,v). This and (I}, \(z), 2,) — 0 provide
B0t ()l + bl = [ 229+ [ G0
On the other hand, since (I}, \(2n),2) — 0, there holds

(32 ma(llu]?) / (Vatn - V) + by (lon?) / (Vo - Vo) = AL + A2 4 0, (1),

where

Al = )\/ 2-VF(z,2,), A?:= i/(u,v) - VG (U, Up,).
0 2" Jo
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Again, Lebesgue Theorem implies that

lim z-VF(x,zn):/z~VF(x,z).
Q

n—-4o0o Q

Furthermore, since the partial derivatives of G are (2* — 1)-homogeneous, it follows

from (2.5) that

* *_ 2% /(2* —1 *_
AWW%%W“Q”SMJ()Aﬂwflﬂw

< 02/ ([wal? + o) |
Q

and therefore (G (un,vy)) is bounded in L¥/Z"~D(Q). The pointwise convergence
of (u,) and (v,) imply that G(un,v,) — G(u,v) weakly in L?/"=D(Q). Since
we (L¥7-1Q)) = L¥(Q), we obtain

lim [ uGy(un,vy,) :/uGu(u,v).
Q Q

2*_1)2*/2*—1

n—-+00

Analogously, [, vGy(un,vn) = [, vGy(u,v), as n — +oo. The above considerations
and (2.4) prove that

lim [ (u,v)- VG(up,v,) = /

n——+o0o Q Q

If we define

(u,0) - VG(u, v) = 2° /Q Glu, ).

ap := lim Hun||7 ap = lim HUTLH7
n—oo n—o0
we can take the limit in (3.2) and use the continuity of m, and [, to get

7%@MMVHW@MW=AA%VF@@+/GWW)

Q
This and (3.1) imply that
ma(ag)ag + b(ai)at = ma(ag)[ull* + b(ad)]|v]*.
From the weak convergence of (v,), we know that ||v||*> < o?. Hence,
ma(og)ag + b(ai)ai = ma(ag) [ull* + b(ed)lv]* < ma(ag)|[ull* + b(ad)af,
that is
ma(ag)ag < ma(ag)]lull®.
Since m,(ad) > 0, this implies that o2 < ||ul|? < o, and therefore ||u,| — ap. It

follows from the weak convergence of (u,) that u, — w strongly in H}(2). In the
same way, v, — v strongly in H}(Q). This concludes the proof. O

4. Proof of Theorem 1.1

We start by checking that I, ) satisfies the geometric conditions of the Mountain
Pass Theorem.

Lemma 4.1. Suppose that G satisfies (G1). Then,
(i) there eixst p > 0, a > 0 such that

Iopa(u,v) >a >0, VY(u,v)e HNIB,0);
(ii) there exists e € H, independent of A > 0, such that I, (e) < 0.
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Proof. For any given ¢ > 0, we can use (Fp), (Fy) and (F3) to get
F(z,s,t) < §(|s|2 + [t + Ot +|s|?), Ve e, (s,t) € R

Picking € > 0 small, we can use the above inequality, (my), (lp) and (2.5) to get

(Ol + SHOI = § [ (uf + oF)

7 1 —i u, v
=0 [ (ult o) = 5 [ Glao)
> (. 0)[I* (Co = ACs|(u, )] = G|, 0) [ %)

Since g € (2,2%), it is sufficient to choose p > 0 sufficiently small to obtain (i).
In order to prove (ii), we consider uy € H}(Q) such that ||ug| = 1 and ug > 0.
By (F},), we have that F' > 0, and therefore

N —

Topa(u,v) >

%
Ia7b7)\(tu0, tUQ)) S at2 + bt2 — ? / G(Uo, U()).
Q

It follows from (Gy) that [, G(ug, ug) > 0. Thus, Lo (tug, tug) — —00 as t — +o0
and (ii) holds for e = ¢, (ug, uo), with ¢, > 0 sufficiently large. O

In view of the above result we obtain a sequence (z,) C H such that
Topa(2n) = Caprs Lopa(zn) =0,

where

b o= inf 1, t)) >0,
Capx 1= Inf max wa(v(1))

and
I'={yeC(0,1],H): v(0) =0 and I,4(v(1)) < 0}.

Lemma 4.2. The minimax level defined above satisfies
lim Ca b\ = 0.
A—00
Proof. Let ug € H} () be such that |lug| =1 and ug > 0. For 2 := (ug, up), we
set ¢(t) := I, pa(t20), that is,

6(t) = Loya(t0) = %Ma(t2)+%Lb(t2) 1 /Q Fla, tz) — 2i /Q Gltz0).

Clearly 1,4 (0) = 0. Moreover, from the proof of Lemma 4.1 we get I, 5 x(pz0/||20]|)
> 0 and I, 1 (t20) <0, for any ¢ > 0 large. Thus, there exists ¢, > 0 such that

LIopa(trzo) = max Lo p(20)-

We claim that ¢, — 0 as A\ — 400. Indeed, since ¢'(ty)t\ = 0, we get

(4.1) B2 (ma(3) + L,(13)) = )\/(tAzo) SV F(z,thz) +13 / G (ug, up)

Q Q
and it follows from (F3), (Gy) and the definition of m, and [, that

ti*_z/ G(UQ, U()) <a-+ b,
Q

which implies that () is bounded. Let (A,) C R be such that A\, — +oco and
suppose that
t* := lim t>\n 2 0.
n—oo
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Since
lim [ (tyzo) - VF(z,t\20) = /(t*zo) -VF(z,t"2),
A—+00 Q Q
we infer from (4.1) that t* = 0.
We now consider the path 7.(t) = te, t € [0,1], where e € H comes from
Lemma 4.1. Notice that

1 1
0 < Capr < max I(1.(t)) = I(trzo) < =M, (t3) + =Ly (£3).
te[0,1] 2 2

Taking A — +o00 and recalling that ¢ty — 0, we conclude that ¢, », —+ 0 ]
We are ready to prove our existence theorem.

Proof of Theorem 1.1. By the previous lemma there exists Ay > 0 such that

conn < (5= ) GainGm(0), 101562, ¥A= ho

For each A > )y, we can use Proposition 3.1 and the Mountain Pass Theorem to
obtain zy = (ux,vx) € H such that I,5x(2x) = capr > 0 and I, ,(2x) = 0, that is,

2z is a nonnegative solution of the modified problem (3;) According to Lemma 2.2,
it remains to check that, if A is large, then |lu|| < so and ||v]| < s;. Arguing by
contradiction, suppose that there exists a sequence (\,) C R such that A\, — 400
and the respective solutions zy, = (uy,,vy,) verifies ||uy, || > so or ||ua, || > s1. By
using (F3), (2.4) and (G) we obtain

n )

1
Cayb)\n = ]a,b,)\(uA'rﬂ UAn) - 5<‘[t/l,b,)\n (ZAn>7 Z)\n>

= <%m(0) - %) 5o+ <%l(0) + g) s,

which contradicts cqp ), — 0. Hence, there exists A* > 0 such that, for any A > \*,
the solution (uy,v,) obtained above satisfies the problem (S)). The same argument
shows that ||(uy,,va,)|| = 0 as A, = +00 and the theorem is proved. O

5. Proof of Theorem 1.2

In this final section we prove our multiplicity result. Beside the basic assumptions
(ma), (lo), (Fo) — (F3) and (Gy), we shall suppose in this section that (F5), (G1) and
(G3) hold. As before, the weak solutions of the problem are critical points of

1 1 1
Taa,0) 1= 5M(l?) + 5El0) = A | Plau) = 5 [ Gl

In order to obtain the critical points we shall apply the following version of the
Symmetric Mountain Pass Theorem (see [2, 21]).

Theorem 5.1. Let E = V & W be a real Banach space with dimV < oo.
Suppose that I € C'(E,R) is an even functional satisfying I(0) = 0 and

(I1) there exist p, a > 0 such that

inf  I(u) >«
u€dB,(0)NW

(I3) there exists a subspace V C E with dimV < dimV < oo such that, for some

M >0
max [ (u) < M;

ue?V
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(I3) I satisfies the (PS). for any ¢ € (0, M).
Them I possesses at least (dim V — dim V') pairs of nonzero critical points.

The same argument used in the proof of Proposition 3.1 provides the local com-
pactness result below:

Proposition 5.2. If

¢, := min {c*, (@ - %) 55 <@ - g) s?} :

then I, satisfies (PS). for any ¢ < c,.
We prove below the geometric condition (I3).

Proposition 5.3. Suppose that G satisfies (é\l) Then, for each k € N and
M, > 0, there exist \* > 0 with the following property: for any A > \* we can find
a subspace V;} C H such that dim V) = k and

sup Iop(2) < M,.
zEVkA

Proof. Let ¢ € C3°(B1(0)) and fix {z1,...,2,} C Qand § > 0 in such way that,
for i, j € I :={1,...,m}, Bs(z;) C Q and Bs(x;) N Bs(z;) = @, if i # j. For each
i €I, we set ¢X(x) := p((z — x;)/9) and use the change of variables y := (v — 2;)/0
to compute

N
e Lvee—aer [ GIvemky
A= = N N
( / |so<<x—xi>/6>|) ( [t dy)
that is
(5.1) As = 5[1\7—2—(21\7/5)]%.
B

Since R™ has finite dimension, there exists d; = d;(k, ) such that

k k 0/2
(52) Z|yl|0 zdl <Z|yz|2> 3 v(yla-"aym) eRk-

Set

Vk,5 = Span{(@clsv O)v R (3027 0)}7
and consider u = Zle i} € Vis. By using (5.1), (5.2) and the fact that the
support of the functions ¢? are disjoints, we obtain

k ¢ k
fuff = / ol do =3l
/Q Bs(z1)U--UBs(z1,) ; ;
& 0/2 & 0/2
> dy (Z e H%) = (Z Aglua@-goﬂﬁ) = do” [ull’,
=1 =1

where dy := dy||¢[]?[|¢]|;* > 0 and

20\ 0

(5.3)
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Integrating the inequality in (Fy) we get
F(ZE’,S,O) 2d3|8|6_d47 \V/(ZIZ',S) GQXRa

and therefore can use (5.3) to get, for any z = (u,0) € Vi,

a m
a2 < 5l =23 [
=1

< Sllull® = Mydsd Jull — Aok,

F(z,u,0)dx
)

5 (i

where wy is the volume of the unitary ball. Hence, for some positive constants
d5 = d5(l{?, 9), d6 = dﬁ(k, N) we have that

(5.4) Lopa(2) < g||u||2 — M50 |[ull® + AdedY, Yz = (u,0) € Vis.

Since 6 < 2*, we have that v < N and therefore we can pick 79 € (v, N) and
consider the function

hs(t) = %ﬁ s L g5 s .

which attains its maximun value at ts5 := [a(dg,e)—ld“f—%]”(e‘”. This and vy € (7, N)
imply that hs(ts) — 0 as 0 — 0. So, there exists 0* = 0*(k, 6, N,a) > 0 such that

max hs(t) < ]\g*, V§ e (0,07

t>0

We now set A} := (6%)7%. Let A > A} and define the k-dimensional subspace
V2 = Vi, for 6 = A7/ Since 670 = X\ > \; = (6*)7", we obtain J < §*. Hence,
for any z = (u,0) € V;}, we can use (5.4) and the above inequality to get

M,
2?

Topa(2) < Flull? = 57d5" ul” + §7°d8™ < max hi(t) <

and we have done. O

Proof of Theorem 1.2. Given k € N, we are intending to apply Theorem 5.1 with
W = H. The condition (/;) can be proved as in Lemma 4.1. If we consider M, < ¢,
as in the statement of Proposition 5.2, it remains to obtain a subspace of dimension k
such that (I5) holds. However, this condition is always true for the subspace V} given
in Proposition 5.3, provide we consider A > A;. Since I, (0) = 0 and the functional
is even, the hypotheses of Theorem 5.1 are satisfied and therefore, for each A > A},

there exist k pairs of nonzero solutions for the modified problem (3;)
Let z = (u,v) € H be one of the solutions obtained above. Since I, (2) <

M, < c., we can use the definition of ¢, (F), (2.4) and (é’\l) to get

1

1 a 1 a
(37000 = § )l < oals) = GliLar(2)2) < M. <o < (Gm©) - )

from which it follows that ||u|| < so. The same argument provides |[v| < s; and
therefore, as in the proof of Lemma 2.2, we conclude that z is a nonzero solution of

(Sy). ]
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