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Abstract. The paper is devoted to the study of mappings with finite distortion, actively
studied recently. For mappings whose inverse satisfy the Poletsky inequality, the results on boundary
behavior in terms of prime ends are obtained. In particular, it was proved that the families of
the indicated mappings are equicontinuous at the points of the boundary if a certain function
determining the distortion of the modulus of families of paths under the mappings is integrable.

1. Introduction

In the theory of quasiconformal mappings, an important place is occupied by the
results on their local and boundary behavior, see e.g. [Va;, Theorem 19.2], [MRV,
Theorem 3.17], [NP;, Theorem 3.1|, NPy, Theorem 3.1|, [Cr, Theorem 8.9] and
[MRSY5, Theorem 3.1, Corollary 3.6]. Let us mention the following very important
result, see [NPy, Theorem 3.1].

Theorem. (Nidkki-Palka) Let § be a family of K-quasiconformal mappings of
a domain D # R" onto a domain D’ and let either D or D' be quasiconformally
collared on the boundary. Then § is uniformly equicontinuous if and only if each
f € F can be extended to a continuous mapping of D onto D’ and infz q(f(A)) > 0
for some continuum A in D.

Here q(f(A)) denotes the chordal diameter of the set f(A) C R", see e.g. [Vay,
Definition 12.1|. The main goal of this article is to prove results similar to the
Nékki-Palka theorem and related to mappings with unbounded characteristic. In
this case, we consider domains with a complex structure. We mean that in such do-
mains, mappings may not even have continuous boundary extension in the Euclidean
sense. However, under certain additional assumptions, such an extension holds in the
sense of the so-called prime ends, to which the present studies relate. Similar stud-
ies have taken place in some of our earlier papers, see, for example, [SevSkv;| and
[Sev|. Unlike previous articles, the main attention here is paid to the behavior of
homeomorphisms, the inverse of which satisfy Poletsky-type inequalities. For quasi-
conformal mappings, consideration of such mappings does not make sense, since the
inverse of quasiconformal homeomorphisms belong to the same class. The situation
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changes drastically if the characteristic of mappings is unbounded. We will confirm
what we said with one of the examples given at the end of this article.

Recall some definitions (see, for example, [KR;| and [KRg]). Let w be an open set
in R¥, k=1,...,n—1. A continuous mapping : w — R" is called a k-dimensional
surface in R™. A surface is an arbitrary (n — 1)-dimensional surface o in R". A
surface o is called a Jordan surface, if o(x) # o(y) for x # y. In the following, we
will use ¢ instead of o(w) C R”, @ instead of o(w) and do instead of o(w) \ o(w).
A Jordan surface o: w — D is called a cut of D, if o separates D, that is D \ ¢ has
more than one component, do N D = & and do N ID # &.

A sequence of cuts 01,09, ...,0n,,...1n D is called a chain, if: (i) the set 0,41 is
contained in exactly one component d,, of the set D\ o,,, wherein o,,,_y C D\ (0, U
A (i) (2 do = .

Two chains of cuts {o,,} and {o/} are called equivalent, if for each m =1,2,...
the domain d,, contains all the domains dj,, except for a finite number, and for each
k=1,2,... the domain d; also contains all domains d,,, except for a finite number.

The end of the domain D is the class of equivalent chains of cuts in D. Let K be

the end of D in R™, then the set I(K) = (.°_, dy, is called the impression of the end
K. Throughout the paper, I'(E, F, D) denotes the family of all paths 7: [a,b] — R"
such that y(a) € E, v(b) € F and «(t) € D for every t € [a,b]. In what follows, M
denotes the modulus of a family of paths, and the element dm(x) corresponds to the
Lebesgue measure in R™, n > 2, see [Va;]. Following [Na|, we say that the end K is a
prime end, if K contains a chain of cuts {0, } such that lim,, .. M(I'(C, 0,,,, D)) =0

for some continuum C'in D (see Figure 1 for this).

D

Figure 1. A prime end in some domain.

In the following, the following notation is used: the set of prime ends correspond-
ing to the domain D), is denoted by Ep, and the completion of the domain D by its
prime ends is denoted Dp.

Consider the following definition, which goes back to Nékki [Na|, see also [KR4]-
[KRs]. We say that the boundary of the domain D in R™ is locally quasiconformal,
if each point xy € 0D has a neighborhood U in R"™, which can be mapped by a
quasiconformal mapping ¢ onto the unit ball B" C R"™ so that ¢(0D NU) is the
intersection of B™ with the coordinate hyperplane.

Remark 1.1. There are various approaches related to the definition of prime
ends. In particular, Nékki’s work [Na, Sections 3, 4] uses a definition similar to ours,
in which, however, cuts must be connected sets, and the domain must be divided by
the cut into exactly two components. For this reason, we note that in domains with
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a locally quasiconformal boundary, the above definition of a prime end is equivalent
to our (see [Na, Theorem 4.1] and [IS, Theorem 2.1]).

For a given set £ C R", we set d(E) := sup, e |7 — y|. The sequence of cuts
Om, m = 1,2,..., is called regular, if 7,, N 7,,+1 = @ for m € N and, in addition,
d(o,,) — 0 as m — oo. If the end K contains at least one regular chain, then K
will be called regular. We say that a bounded domain D in R" is regular, if D can
be quasiconformally mapped to a domain with a locally quasiconformal boundary
whose closure is a compact in R", and, besides that, every prime end in D is regular.
Note that space Dp = DU Ep is metric, which can be demonstrated as follows. If g :
Dy — D is a quasiconformal mapping of a domain D, with a locally quasiconformal
boundary onto some domain D, then for z,y € Dp we put:

(1.2) p(z.y) =19~ (z) — g~ (W),
where the element g ~'(z), € Ep, is to be understood as some (single) boundary
point of the domain Dy. The specified boundary point is unique and well-defined
by [IS, Theorem 2.1, Remark 2.1|, cf. [Na, Theorem 4.1]. It is easy to verify that p
in (1.2) is a metric on Dp, and that the topology on Dp, defined by such a method,
does not depend on the choice of the map g with the indicated property.

We say that a sequence z,, € D, m = 1,2,..., converges to a prime end of
P € Ep as m — oo, if for any £ € N all elements z,, belong to d; except for
a finite number. Here d; denotes a sequence of nested domains corresponding to
the definition of the prime end P. Note that for a homeomorphism of a domain D
onto D', the end of the domain D uniquely corresponds to some sequence of nested
domains in the image under the mapping. See Figure 2 for an illustration.

Figure 2. The correspondence between sequences of domains.

Everywhere below, unless otherwise stated, the boundary and the closure of a
set are understood in the sense of an extended Fuclidean space R™. Let 2o € D,

Zo 7& 0,
S(xg,r) ={x € R": |z —xo| =71}, ;= 95(xo, 1), i=1,2,
A= A(xg,r,7m2) ={x € R": r| < |z — 20| < 1r2}.
Let @: R" — R" be a Lebesgue measurable function satisfying the condition
Q(x) =0 for z € R"\ D. The mapping f: D — R” is called a ring Q-mapping at
the point xg € D\ {oo}, if the condition

(1.3) M(f(D(51, 5, D)) < . (@) - n"(lz — ol) dm(x)
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holds for all 0 < 7 < 1y < dy := sup,ep | — 0| and each Lebesgue measurable
function n: (ry,r9) — [0, 00] such that

o
(1.4) / n(r)dr > 1.
T1

The mapping of f is called a ring Q-mapping in D, if condition (1.3) is satisfied
at every point xy € D, and a ring Q-mapping in D, if the condition (1.3) holds at
every point zo € D. With regard to the definition of such mappings, we point to
publications [RSY]| and [MRSY3|. The class of mappings satisfying relation (1.3)
contains itself all conformal and quasiconformal mappings, as well as many map-
pings with finite distortion, see, for example, [Pol, Theorem 2|, [Vag, Theorem 3.1]
and [MRSY}, Theorems 4.6 and 6.10].

Let (X,d) and (X', d’) be metric spaces with distances d and d’, respectively. A
family & of mappings g: X' — X is said to be equicontinuous at a point yo € X', if
for every € > 0 there is § = (e, yo) > 0 such that d(g(y), g(yo)) < € for all g € & and
y € X' with d'(y,yo) < 0. The family & is equicontinuous if & is equicontinuous at
every point yg € X'.

Everywhere below, unless otherwise stated, d = p is one of the metrics in Dp,
defined by the relation (1.2), and d’ = ¢ is a chordal metric defined by formula

T —y 1
(15) Q(l',y): | 2 ‘ 27 l’#OO?éy, q(l’,OO):iz
\/1—|—|z| \/1+|y| \/ 1+ |z]
For a given set £ C R", we set
(1.6) q(E) := sup q(z,y).
r,yel

The quantity ¢(F£) is called the chordal diameter of the set E. The boundary of
the domain D is called weakly flat at the point xy, if for every number P > 0 and
every neighborhood U of this point there is a neighborhood V' of point xy such that
M(T'(E, F, D)) > P for any continua E and F) satisfying conditions F' N oU # & #
F N oV. The boundary of domain D is called weakly flat if it is such at each of its
point.

For a given § > 0, domains D C R®and D’ € R", n > 2, a continuum A C D and
a Lebesgue measurable function Q(x): R™ — [0, 0o such that Q(z) =0 for x & D,
we denote by G 4.0(D, D’) the family of all homeomorphisms h of D’ onto D such
that the mapping f = h ! satisfies the condition (1.3) in D, while q(f(A)) > §. The
following statement is true.

Theorem 1.7. Suppose that D is regular, D' has a weakly flat boundary, and
any component of 9D’ is a non-degenerate continuum. If Q € L'(D), then each map
h € G5.4.0(D,D’) has a continuous extension h: D’ — Dp, in addition, h(D') = Dp,
and the family & 4.o(Dp, D’), consisting of all extended mappings h: D’ — Dp, is
equicontinuous in D’.

Remark 1.8. The possibility of continuous extension of a homeomorphism h:
D’ — D to the mapping h: D’ — Dp in Theorem 1.7 may be established similarly
to [GRY, Theorem 6.1]; see also [SalSev, Theorem 2|. Since the proof of this result
almost literally repeats the reasoning related to the mentioned publications, we will
not give this proof in the present text.
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2. Preliminaries

Recall that a path will be called a continuous mapping v: I — R" of a segment,
interval or half-interval I C R into n-dimensional Euclidean space R™. As usual, the
set |y| = {z € R™: 3t € I: y(t) = «} is called the locus of a path v: I — R". We
say that the path ~ lies in the domain D, if its locus belongs to this domain. We also
say that paths v; and v, do not intersect each other if their loci do not intersect as
sets in R™. By definition, a prime end P € Ep corresponds to a sequence of nested
domains d,,, m > 1, and if P € D, then we assume that P corresponds to a sequence
of balls B(P, r,,) with radii r,, — 0 as m — oo, r,,, > 0, which lie in the domain of D
with its closure. The following statement is true, see e.g. [SevSkvy, Proposition 1].

Proposition 2.1. Let n > 2, and let D be a domain in R" that is locally
connected on its boundary. Then every two pairs of points a € D,b € D and ¢ €
D,d € D can be joined by non-intersecting paths v;: [0,1] — D and v,: [0,1] — D
so that ~;(t) € D for all t € (0,1) and all i = 1,2, while 71(0) = a, (1) = b,
15(0) = ¢ and (1) = d.

The proof of the following statement completely repeats the proof of [Va;, The-
orem 17.10|, and therefore is omitted.

Proposition 2.2. Let D C R" be a domain with a locally quasiconformal
boundary, then the boundary of this domain is weakly flat. Moreover, the neigh-
borhood of U in the definition of a locally quasiconformal boundary can be taken
arbitrarily small, and in this definition ¢(zq) = 0.

The following statement points to the possibility of a "convenient” joining of the
points of a regular domain by paths.

Figure 3. To the statement of Lemma 2.3.

Lemma 2.3. Let D C R", n > 2, be a regular domain, and let x,, — P,
Ym — Py asm — oo, P, P, € Dp, P, # P,. Suppose that d,,, gm, m = 1,2,...,
are sequences of descending domains, corresponding to P, and P, dy N gy = &, and
zo,yo € D\ (dy U g1). Then there are arbitrarily large ko € N, My = My(ko) € N
and 0 < t; = t1(ko),ta = to(ko) < 1 for which the following condition is fulfilled: for
each m > M, there are non-intersecting paths

~faw), teo.n), B, telot,
%Mw_{@ﬁ%tEMﬂL ”“”‘{Eﬁ»temAL
such that:
1) '71,m(0) = Zo, Vl,m(l) = T, ’72,m(0> = yo and 72,m(1) = Ym;
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2) Ml NTio = @ = [yom| Ndios
3) am(t) € dyyq1 fort € [t1,1] and B, (t) € gry+1 fort € [to, 1] (see Figure 3).

Proof. Since, by condition, D is a regular domain, it can be mapped onto some
domain with a locally quasiconformal boundary by (some) quasiconformal mapping
h: D — Dgy. Note that the domain Dy is locally connected on its boundary, which
follows directly from the definition of local quasiconformality.

Note that, if P, and P, are different prime ends in D, then A(P;) and h(P;) are
different prime ends in Dy. Indeed, let o, be a sequence of cuts corresponding to the
prime end P;. The fact that h(o,,) is also a cut of the domain Dy is obvious, since
h is a homeomorphism. Now we verify that the sequence h(c,,), m =1,2,...,is a
chain. The conditions (ii) and (iii) taken from the definition of a chain are obvious,
since h is a homeomorphism. We now verify the condition (i): h(o,) N h(ome1) = @
for m € N. Suppose the contrary, namely, that h(o,,) N h(oy,11) # @ at least for
one m € N. Then there is a point zy € 0D, such that zy € h(oy,) N A(opi1).
Proposition 2.2 implies that M(I'(h(0y,), h(0ms1), Do)) = oo. On the other hand,
in view of the definition of the modulus of families of paths, M(I'(0,,, 0pmy1, D)) <
[y - m(D) < oo, where ly := dist (0, 0mr1) > 0 and m(D) is a Lebesgue measure
of D. Here it was also taken into account that the domain D is bounded, so that
m(D) < oco. Then, due to the quasiconformality of the mapping h, we have that
M (T (h(om), h(oms1), Do) < K - M(T(0pm, Oma1, Do) < 00, where K < oo is some
constant. The resulting contradiction refutes the assumption that h(o,,) NVh(omi1) #
J.

Thus, the chain of cuts h(c,,) defines some end h(P;). The fact that this end is
prime also simply follows from the quasiconformality of the mapping h. Similarly,
h(Pz) is a prime end in Dj.

Figure 4. To the proof of Lemma 2.3.

Note that the impressions I(h(P;)) and I(h(FPz)) of h(P;) and h(P,) are some
different points a and b in 0Dy (see [IS, Lemma 2.2|, cf. [Na, Theorem 4.1]). If P,
or P, are inner points of D, then h(P;) (or h(P,)) are inner points of Dy, which we
denote by a or b, respectively. Since by assumption xg,y9 € D \ (d; U g1), then, in
particular, P; # xg # P», P # yo # P5. This implies that a,b, h(xo) and h(yy) are
four different points in Dy, at least two of which are inner points of Dy (see Figure 4).
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By Proposition 2.1, one can join pairs of points a, h(x) and b, h(yo) by disjoint
paths a: [0,1] — Dy and 3: [0,1] — Dy so that |a| N |3] = @, a(t), B(t) € Dy for all
t € (0,1), a(0) = h(xg), a(1) = a, f(0) = h(yp) and (1) = b. Since R™ is a normal
topological space, the loci |a| and |3] have non-intersecting open neighborhoods U, V/
such that

(2.4) | CU, |8 V.

Here two cases are possible: either h(P;) is a prime end in Ep,, or a point in Dj.
Let h(Py) be a prime end in Ep,. Since I(h(P;)) = a, then there is a number k; € N
such that h(dy) C U for k > ky. If h(P;) is a point of D, then there is also a number
k1 € N such that h(dy) C U for all k > kq, where dy, := B(Py,ry), rx — 0 as k — o0
and r, > 0. In either of these two cases, h(dy) C U for k > k;. Similarly, there is a

number ky € N such that h(gy) C V for all k£ > ky. Then for ko := max{ky, ks} we
obtain that

(2.5) Wdy) CU, hg)CV, UNV=g, k=k.

Since the sequence x,, converges to P, as m — oo, then h(z,,) converges to a.
Therefore, there is a number m; € N such that h(z,,) € h(dg,41) for m > m;.
Similarly, since y,, converges to P, as m — oo, then A(y,,) converges to b. Therefore,
there is a number my € N such that h(y,) € h(gr,+1) for m = mq. Put M, =
max{m;y, ms}. Show that

(26> ‘a| N h’(dko-l-l) # 9, |B‘ N h(gko-i-l) 7A <.

It suffices to establish the first of these relations, since the second relation can be
proved similarly. If @ = h(P) is an inner point of Dy, then this inclusion is obvious.
Now suppose that h(P;) is a prime end in Fp,. Since the domain Dy has a locally
quasiconformal boundary, there is a sequence of spheres S(0,1/2%), k = 0,1,2,...,
a decreasing sequence of neighborhoods Uy, of the point a and some quasiconformal
mapping ¢: Uy — B", for which ¢(Uy) = B(0,1/2%), p(dU,NDy) = S(0,1/25)NBr,
where B} = {z = (21,...,2,): |#| < 1,2, > 0} (see the arguments given in the proof
of [Na, Lemma 3.5]). Note that UyNDj is a domain, since U,NDy = ¢ ~*(B, (0, 1/2%)),
B (0,1/2%) = {x = (z1,...,2,): x| < 1/2F 2, > 0}, and ¢ is a homeomorphism.
In addition, the sequence of domains U, N Dy corresponds to some prime end, the
impression of which is the point a, and the corresponding cuts are the sets o, =
OU, N Dy. By [Na, Theorem 4.1] and Remark 1.1, the point a € Dq corresponds to
exactly one prime end, therefore every domain h(d,,) contains all domains Uy N Dy,
except for a finite number, and vice versa. In particular, there is sg € N such that
Ur N Dy C h(dgy41) for all k& > sg. Since a € |af, there is ¢; € (0,1) such that
p = a(ty) € Us, N Dy. But then also p € h(dgy+1), since Usy N Dy C h(dgy+1). The
first relation in (2.6) is proved. As we said above, the second relation may be proved
in exactly the same way.

So, let p := a(t1) € |a| N h(dk,+1). Fix m > M, and join the point p with the
point h(x,,) using the path a,: [t1, 1] = h(dg,+1) so that a,, (1) = p, an (1) = h(zy),
what is possible because h(dy,11) is a domain. Set

e Ja), telot),
(2.7) 71vm(t>_{am(t), telt,1].

Note that the path v/, completely lies in U. Reasoning similarly, we have the
point ¢t € (0,1) and the point ¢ := B(t2) € |B] N h(gry+1). Fix m > My and join the
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point ¢ with the point A(y,,) using the path £, [t2, 1] — h(gg,+1) so that §,,(t2) = g,
Bm(1) = h(ym), that is possible, because h(gg,+1) is a domain. Set

B(t), te]|0,tq],
Bm(t), t € [ta, 1].

Note that the path -, completely lies in V. Set

(29) T,m = h_l(’yl*,m% Y2m = h_l(’y;m)‘

Note that the paths 1 ,,, and 7y, ,, satisfy all the conditions of Lemma 2.3 for m > M.
In fact, by definition, these paths join the points x,,, g and y,,, yo, respectively. The
paths 71, and 7, ,, do not intersect, since their images under the mapping h belong
to non-intersecting neighborhoods U and V, respectively.

Note also that |y .| NGk, = @ for m > M,. Indeed, if © € |y1,,| N Gk, then
either = € |y1m| N gy OF T € |y1,m| N Ogy,. In the first case, if € |71, N gi, then
h(z) € |7l N R(gr,) € U N h(gk,), which is impossible due to the relation (2.5).
In the second case, if © € |1 ,| N Ogk,, then there is a sequence z,, € gx, such that

Zm — © as m — 00. Now h(z,) — h(x) as m — oo and, therefore, h(x) € h(gy,)-
At the same time, h(x) € U, and this is impossible by virtue of relation (2.5). Thus,
the relation |y ,,| N Gr, = @ for m > M is established.

(2.8) Yo (t) = {

Similarly, |yo.m| N dy, = @ for m > M. Finally, defining paths &, &,,, 8 and f3,,
by means of relations & = h (), @ = h ™ awm), 8 =h~YB) and B = h ™ (Bn),
we see that these paths correspond to the construction of i ,, and 72,,, and also
satisfy conditions 3) from the formulation of the lemma. Lemma 2.3 is proved. [

Consider the family of paths joining |71 ,,| and |y2,,| from the previous lemma.
The following statement contains the upper estimate of the modulus of the trans-
formed family of paths under the mapping f with the inequality (1.3).

Lemma 2.10. Let D C R", n > 2, be a regular domain in R", and let f: D —
R" be a continuous map satisfying the estimate (1.3) at every point xq € D and some
Q € LY(D). Then, under the conditions and notation of Lemma 2.3, it is possible
to choose the sequence of domains d,, and the number ky in such a way that there
exist a constant 0 < N = N(ko, Q, D) < oo, independent of the parameter m and a
mapping f, under which

M(f(C(Iv1mls [v2ml, D)) < N, m = My = Mo(ko).

Proof. By [IS, Lemma 3.1|, cf. [KRy, Lemma 1], the prime end P; contains a chain
of cuts o,, lying on spheres S(Zg, r,,) such that 7g € 9D and r,, — 0 as m — oo.
Let d,, be a sequence of domains corresponding to cuts o,,. Consider My = My (ko)
and paths v; ., and 7, ,, corresponding to this number.

Using the notation of Lemma 2.3, we put

g0 := min{dist (|&|, g%;), dist (|a], |3])} > 0.

Now, consider covering of |a| of the following type: (J,¢z B(x,c0/4). Since [a] is
compact in D, there are iy,...,iy, such that |a| C Uf\fl B(z;,e0/4), where z; € |a
for 1 < i < Np. Taking into account [Ku, Theorem 1.1.5.46|, it is easy to verify that

No

I'(lel, [veml, D) C UF(S(Zi750/4)7S(zi750/2>7D)'

i=1
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Putting

t & leo/4,€0/2],
we observe that the function 7 satisfies relation (1.4). Then, by the definition of a

ring @-map in (1.3) and taking into account the semi-additivity of the modulus of
families of paths, see [Va;, Theorem 6.2|, we obtain that

mwzﬁkmteﬁﬁ%m,

M(f(T (|l hyaml, D)) < ZM(f(F(S(Zz’>5O/4)a S5(zi,€0/2), D)))

< Nt @l
€0
where ||Q[ly = [, Q(z) dm(z). Further, by [Ku, Theorem 1.1.5.46], we obtain that
F(|6‘;1|7 |72,m|a D) < F(S(l’_o, Tk1)> S(z_O> Tkz)a D)

Arguing as above, choosing an admissible function

(2.11)

) m>M07

L/Tky = Thot1), T € [Thot15 Tho) s
() = {07/( o t & hkoil,mi
we obtain that
M(f(T(lowml, [v2mls D)) < M(f(D(S(@o, rro), S(T0, Tho+1), D))
(2.12) QI

< — 7 m > M,.
= (e = o)™ -

Now note that

1—‘(|’}/1,m|> |72,m|a D) C F(|6‘;1|> |72,m|a D) U F(|a|> |72,m|a D)

In this case, from (2.11) and (2.12), taking into account the semi-additivity of the
modulus of families of paths, we obtain that

Ny4? 1
MuwmmmeDm<((; n)@m ms My
€o (Tko - Tko-i-l)

The right side of the last relation does not depend on m, so that we can put N :=
<N04n + L ) |Q|l:. Lemma 2.10 is completely proved. O

ey (Thg—Tko+1)"

The following statement indicates that for some wide class of mappings fixing
the diameter of the image of a certain non-degenerate continuum, the image of this
continuum cannot be close to the boundary of the corresponding domain under these
mappings. Note that similar statements were previously known for quasiconformal
mappings, see, for example, [Va;, Theorems 21.13 and 21.14]. We may also point to
our recent result on this, see [SevSkvy, Lemma 2(v)| and [SevSkve, Lemma 4.1].

Lemma 2.13. Let n > 2, let D be a regular domain in R", and let D' be
some domain in R". Suppose that D' has a weakly flat boundary, Q € L'(D) and,
moreover, any connected component of 0D’ does not degenerate into a point. Let
fm: D — D’ be a sequence of homeomorphisms of D onto D', satisfying the rela-
tion (1.3) in D with the same function (). Suppose also that there is a continuum
A C D and a number 6 > 0 such that q(f(A)) = > 0 for allm = 1,2, ..., where,
as usual, q(f,(A)) is defined by (1.6). Then there is §; > 0 such that

q(fm(A),0D") > 6, >0 VmeN,
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where q(fn(A),0D') = infacy,, (a)ycon’ (2, y).

Proof. We carry out the proof by contradiction. Suppose that the conclusion of
the lemma is not true. Then for each k& € N there is some number m = m,, such that
q(fm,(A),0D") < 1/k. Of course, we may assume that the sequence my, increases on
k. Since R™ is compact, the set D’ is also compact in extended Euclidean space.
Note that the set f,, (A) is compact as a continuous image of a compact set A C D
under the mapping f,,,. In this case, there are elements z;, € f,,,, (A) and y; € 0D’
such that q(f,, (A4),0D") = q(xk, yx) < 1/k (see Figure 5).

p (L)

Figure 5. To the proof of Lemma 2.13.

Since 0D’ is a compact set, we may assume that yx — yo € 0D’ as k — oo; then
also

Ty — Yo € 0D, k — 0.

Let Ky be a connected component of the set D', containing yo. Obviously, K
is a nondegenerate continuum in R". Since D’ has a weakly flat boundary, the
mapping ¢pm, = f,;kl can be extended to a continuous mapping g, : D’ — Dp
(see Remark 1.8). Moreover, g, is uniformly continuous on the set D’ for every
fixed k, because the mapping g, is continuous on the compact set D’. Let p be
one of the metrics in Dp, defined in (1.2), and let g: Dy — D be a quasiconformal
mapping of some domain Dy with locally quasiconformal boundary corresponding
to the definition of the metric p in (1.2). In this case, for each € > 0 there is
0k = 0x(e) < 1/k such that

(214) p(?mk(z)aymk(IO)) <e V T, To € ﬁ’ Q(ZE',ZL’()) < 5]97 5k < 1/]{:
Choose € > 0 such that
(2.15) e < (1/2) - dist (0Dy, g ' (A)),

where A is a continuum from the conditions of the lemma. Denote B, (zo,7) = {z €
R : q(x,z0) < r}. For a given k € N, we set

By, = U Bq(l’o,(sk), k € N.

zoEKo
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Since the set By, is a neighborhood of the continuum Ky, due to [HK, Lemma 2.2|
there is a neighborhood Uy, of the set K such that U, C By and U,N D’ is connected.
Without loss of generality, we may assume that Uy is an open set, so Uy N D’ is also
path connected (see [MRSY3, Proposition 13.1]). Let ¢q(Ky) = my, where the chordal
diameter q(Ky) of the set K is defined by the relation (1.6). In this case, there are
20, Wy € Ky such that ¢(Ky) = q(z0, wo) = myg. So, there are sequences 7, € Uy N D',
2 € Uy N D" and wy, € U, N D’ such that z, — 29, U — yo and wy, — wqy as k — oo.
We may assume that

(2.16) q(zg, wg) > mo/2 YV ke N.

Since the set U, N D’ is path-connected, we can sequentially join the points z, 7z and
wy, using some path ~y, in Uy N D’. As usual, we denote by |yx| the locus of the path
Y in the domain D’. Then g,,, (|7x|) is a compact set in the domain D. If z € |y,
then there is zg € Ky such that € B(xg,d;). Put w € A C D. Since = € || and,
moreover, x is an inner point of the domain D’, we can write here g, (x) instead of
Gm,, (z). By the relations (2.14) and (2.15), as well as by the triangle inequality, we
obtain that for sufficiently large & € N,

p(gmk(x)7w) 2 p(w>§mk (IO)) - p(?mk (IO)’gmk (I))
(2.17) > dist (0D, g "'(A)) — (1/2) - dist (0Dy, g (A))
= (1/2) - dist (0Dyg, g ~*(A)) > ¢,

where dist(0Dy, g (A)) = inf,eppyyeg-1(a) |z — y|. Taking inf in (2.17) over all
x € || and w € A, we obtain that

(2.18) P(Gm,, (|7&]), A) == inf plz,y) >e, Vk=12,....

xegmk(l'YkI)vyeA
We now show that there exists €; > 0 such that
(2.19) dist (gm, (|7%]), A) > €1, YVE=1,2,...,

where dist, as usual, denotes the Euclidean distance between the sets A, B C R™.
Indeed, let (2.19) be violated, then for the number ¢, = 1/I, [ = 1,2,... there are
& € || and ¢ € A such that

(2.20) (G, (&) = Gl < /1, 1=1,2,....

Without loss of generality, we may assume that the sequence k;, | = 1,2,..., is
increasing. Since A is compact, we may assume that the sequence (; converges to
(o € A as | — co. By the triangle inequality and from (2.20) it follows that

(2.21) G, (6) = Gol = 0, 1= 0.

On the other hand, we recall that p(gm,(z),w) = g7 (gm, (x)) — g~ (w)|, where

g: Dy — D is some quasiconformal mapping of Dy onto D, see (1.2). In particular,

g~ ! is continuous in D, therefore, by the triangle inequality and (2.21), we obtain

that
197 (g, (€)) — 97 ()] < 19 ™ (gmy, (&) — 97 (G0)]
+197 () =g Q) = 0, 1= o0
However, by definition p and from (2.22) it follows that
(G, ()5 A) < (G, (), G) = 197 (Gmy, (&) =971 =0, 1= o0,
which contradicts (2.18). The resulting contradiction indicates the validity of (2.19).

(2.22)
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We cover the continuum A with the help of balls B(x,e;/4), x € A. Since A is
a compact set, we may assume that A C Ui]‘iol B(xi,e1/4), v, € A, 1 =1,2,..., My,
1 < My < oo. By definition, M, depends only on A, in particular, M, does non
depend on k. We set

(2.23) Ty == T(A, gy (|]), D).
Note that

Mo
(2.24) Iy = U Dk,

i=1

where T'y; consists of all paths : [0,1] — D, belonging to the family I'y, such that
7(0) € B(xi,e1/4) and (1) € gm, (|7%]). We now show that

(225) sz > F(S(Ii,€1/4),S(Ii,él/z),D).

Indeed, let v € I'y;, in other words, v : [0,1] — D, v(0) € B(x;,e1/4) and (1) €
g (). By (219), 1| 0 Bla,ea/d) £ & £ 3| N (D\ B(as,r/4)). Thercfore,
by |[Ku, Theorem 1.1.5.46| there is 0 < t; < 1 with the condition v(¢;) € S(x;,e1/4).
We can assume that v(t) € B(z;,e1/4) for t > t1. Put v := 7|y, 1. By (2.19),
|v1| N B(xi,61/2) # @ # || N (D \ B(z,e1/2)). Thus, by [Ku, Theorem 1.1.5.46|
there is t; <ty < 1 with (t2) € S(x;,€1/2). We may assume that v(t) € B(x;,€1/2)
for t < t5. Put 75 := 7|p, 4, Then, the path 7, is a subpath of , which belongs to
the family I'(S(x;,e1/4), S(z4,€1/2), D). Thus, the relation (2.25) is established.

Further reasoning is based, as before, on the successful choice of an admissible
function n. Put

n(t) = {4/51, t€ler/doen/2),

0, t & [e1/4,e1/2].
Note that n satisfies (1.4) for r; = ,/4 and r, = £;/2. Then, according to the
definition of a ring ()-homeomorphism at x;, we obtain that

(2.26) M (frn, (L(S(xi,e1/4),S(zi,61/2)), D)) < (4/1)" - [|Q]1 < ¢ < o0,

where ¢ is some positive constant and ||Q||; is Li-norm of the function @ in D.
By (2.24), (2.25) and (2.26), using the subadditivity of modulus, we obtain that

(2.27) M(fm, (Tx)) < 4;:[0 / Q(z)dm(z) < ¢- My < oo.

1 Jbp
Let us show that the estimate (2.27) contradicts the condition of the weak flatness
of the boundary of the domain D’. Let U := By(yo,70) = {y € R": q(y,%0) < 70},
where 0 < 79 < min{d/4,mg/4}, 0 is the number from the condition of the lemma
and ¢(Ky) = mg. (Here, as usual, ¢(Kj) denotes the chordal diameter of the set
E = K, defined by the formula (1.6)). Note that |y NU # & # || N (D’ \ U) for
sufficiently large k& € N, since ¢(|yx|) > mo/2 > mo/4 by (2.16), in addition, Tx € |7k
and Y — yo as k — oo. Similarly, f,,, (A) NU # & # f, (A) N (D' \ U). Since ||
and f,,, (A) are continua, we obtain that

(2.28) S (A)NOU # @, || NOU # 2,

see [Ku, Theorem 1.1.5.46]. For a given P := ¢-My > 0, where ¢ and M, is from (2.27),
let V' C U be a neighborhood of the point y,, corresponding to the definition of a
weakly flat boundary. Then we have that

(2.29) M(T(B,F,D")) > ¢ M,
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for any continua E, F C D’ with ENOU # @ # ENJV and FNOU # & # FNOV.
Observe that

(2.30) fun(A)NOV £ 2, |ulNOV # 2

for sufficiently large k € N. Indeed, i € ||, zx € fm, (A), where 24, — yo € V
as k — oo. Therefore, |v| NV # @ # f. (A) NV for large k € N. In addition,
we have that ¢(V) < q(U) < 2rg < mo/2. By (2.16), q(|vk|) > mo/2, therefore,
|| N (D" \ V) # @. Thus, by [Ku, Theorem 1.1.5.46], || N 0V # @. Similarly,
q(V) < q(U) < 2rg < 6/2. Since q(fm, (A)) > 6, we obtain that f,, (A)N(D'\V) #
@. By [Ku, Theorem 1.1.5.46], we have that f,,, (A)NOV # @. Thus, relations (2.30)
are established.
By (2.28), (2.29) and (2.30), we obtain that

(2.31) ML (i (A), [, D) > ¢+ My.

Note that I'(fm, (A), [7kl, D) = fin, (T(A, g, (|7k])s D)) = fm, (k). Therefore, the
relation (2.31) can be written as

The relation obtained above contradicts the estimate (2.27). The resulting contra-
diction means that the above assumption ¢(f,, (4),0D’) < 1/k was incorrect. The
proof of the lemma is complete. O

3. Proof of Theorem 1.7

For the continuous extension of the mapping h € &5 4.o(D, D’) to the boundary
of the domain D', see Remark 1.8. The equicontinuity of G54 (D, D’) at inner
points of D’ is the result of [SevSkvs, Theorem 1.1].

We show the equicontinuity &5 .4.o(Dp, D’) on dD’. We carry out the proof by
contradiction. Suppose there are a point zy € dD’, a number g9 > 0, sequences
Zm € D" and h,, € G5.40(Dp, D’) such that z, — 2y as m — oo and, in addition,

(3.1) p(hm(2m), hn(20)) = €0, m=1,2,...,

where p is one of the metrics in Dp, defined by the formula (1.2). Since h,, = hp|p
extends by continuity to the boundary of D’, we may assume that z, € D’ and,
in addition, there is another sequence 2, € D’ z! — 2y as m — oo, such that

p(hm(2)), hm(20)) — 0 as m — co. Then from (3.1) it follows that
(3.2) P(hin(2m), hn(2p,)) 2 €0/2, m = m.

Since the domain D is regular, the space Dp is compact. Therefore, we may assume
that the sequences hy,(zm) € hy(29) converge as m — oo to some elements Pj, P, €
Dp, P, # P,. Let d,,, and g,, be sequences of descending domains corresponding to
prime ends P; and P;, respectively. By [IS, Lemma 3.1], cf. [KRy, Lemma 1], we
may consider that the cuts o, corresponding to domains d,,,, m = 1,2, ..., belong
to spheres S(Tg, ) so that Tg € 0D and r,, — 0 as m — oo. Choose xg,yo € A
so that xy # yo and x¢ # P, # 1o, where the continuum A C D is from conditions
of Theorem 1.7. Without loss of generality, we may assume that dy N ¢g; = & and
To, Yo & d1 U g1

By Lemmas 2.3 and 2.10, there are disjoint paths vy m,: [0,1] — D and o, :
[0,1] — D, the number My > 0 and the number N > 0 such that 7,,,(0) = o,
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Ym(1) = hm(zm), Y2.m(0) = Yo, Y2.m(0) = hun(z,,), wherein,

(3.3) M(fn(I'm)) < N, m = My,

where fm = hn_11> Fm = 1—‘(|’}/1,m|> |72,m|a D) (See Figure 6)

h m (ZY:I

Figure 6. To the proof of Theorem 1.7.

On the other hand, by Lemma 2.13 there is a number 6, > 0 such that ¢(f,,(A),
dD') > 6 >0, m =1,2,.... From this we obtain that

Q(fm(|71,m|)) = q(2m, fm(20)) = (1/2) - q(fin(A), aD/) > 61/2,
q(fm(v2ml)) 2 (2, fm(yo)) = (1/2) - q(f(A), 0D") > 6,/2

for large m € N. Choose a chordal ball U := B,(29,79), where o > 0 and ry <
01/4, and 0, is the number from relations (3.4). Note that f,,(|yim|) NU # @ #
fm(71m]) N (D" \ U) for sufficiently large m € N, because ¢(fin(|v1.m|)) = 01/2 and
Zm € fm(|71.ml), 2m — 20 as m — oo. Due to the same considerations f,,(|v2.,|)NU #
D # fn(|v2m]) V(D' \U). Since fin(|71.m|) and fi.(|72,.m|) are continua, then by [Ku,
Theorem 1.1.5.46]

(35) fm(|71,m|)m8U7égv fm(|72,m|)maU7ég’

For a fixed P := N > 0, where N is from (3.3), let V' C U be a neighborhood of the
point zy, corresponding to the definition of a weakly flat boundary, that is, such that
for any continua F, F C D' with ENOU # @ # ENJV and FNOU # @ # FNoV
the inequality

(3.4)

(3.6) M(T'(E,F,D")) > N
holds. Note that for sufficiently large m € N
(3.7) fa(lm) MOV # @, frully2m|) NOV # 2.

Indeed, 2z, € f(lmim|) and 2., € fi(|y2m]), where z,,, 2/ — 20 € V as m — o0
Therefore, fi,(|v1,m|) NV # @ # frn(|v2.m|) NV for large m € N. In addition, ¢(V) <
q(U) = 2rq < 01/2 and since by (3.4) ¢(fim(|71,m[)) > 61/2, then fi (|71, )N(D"\V) #
@. Then fr,(|71,m|)NOV # @ (see |Ku, Theorem 1.1.5.46]). Similarly, ¢(V) < ¢(U) =
20 < 81/2 and, since by (3.4) g(fm(|12m])) > 61/2, then fu(yam)) N (D'\ V) £ 2.
Now, by [Ku, Theorem 1.1.5.46] we obtain that f,(|y1.m|) N OV # @. Thus, (3.7) is
proved.
According to (3.6) and taking into account (3.5) and (3.7), we obtain that

M(fm(Tm)) = ME(fnlIv1,ml)), fn(r2ml), D)) > N,
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which contradicts the inequality (3.3). The resulting contradiction indicates that the
original assumption made in (3.1) is incorrect. The theorem is proved. O

4. Examples

Example 4.1. Let D be the unit square from which the sequence of segments
I ={2z = (z,y) e Rz =1/k, 0 <y < 1/2}, k = 2,3,..., is removed (see
Figure 7).

/

9\
y()
d % P
m ‘x()‘
D=T1\JI,
k=2 D
Ik 173 172

L ={z=(xy)eR :x=1/k 0<y<I/2}
=0, 1]x o, 1]
Figure 7. Hlustration for Example 4.1.

Consider the prime end P in the domain D, formed by cuts
el
Om = 2 =g+
" T m+1

It can be shown that the end P is really prime. According to the Riemann mapping
theorem, there exists a conformal mapping g of the unit disk D onto the domain D
and by the Caratheodory theorem, a prime end P corresponds to some point yg € 0D
so that C(f,y0) = I(P), f = g7, see [CL, Theorem 9.4]. It follows that we may
choose two sequences z,,w, € D, k= 1,2,..., such that z;,w, — P, 2z — 29 and
wy — wo as k — 00, zg # wy, while f(zx) — yo and f(wr) — yo as k — oc.
Consequently, the mapping f := ¢! does not have a continuous extension to the
point 1, in the pointwise sense, although ¢ has a continuous extension g: D — Dp.

Consider another auxiliary family of mappings. As is known, linear fractional
automorphisms of the unit disk D C C have the form

=01/, 0<p<n/2b, moL2

=e’—- D D 2m).

f(z)=e T zeD, aeD, 60e]0,2n)
We set, for example, § = 0, a = 1/n, n = 1,2,.... In this case, consider the
family of mappings f.(z) = T:ZZ = 2221 Tet A = [0,1/2]. Then we obtain that
ful0) = =1/n — 0 and f,(1/2) = 22 — 1/2 as n — oo. Thus, the mappings I

satisfy the condition ¢(f,(A)) = 6 say, with § = 1/4.
Now we put f, := f, o f. Note that the mappings f, are conformal; therefore,

they satisfy the estimate (1.3) for Q = 1 at each point ¢ € D, see |Pol, Theorem 1],
cf. [IMRSY;, Theorems 4.6 and 6.10| and [MRSY3, Theorems 8.1 and 8.6]. Note
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also that the mappings f, satisfy all the conditions of Theorem 1.7, in particular,
q(fu(A)) = § with § = 1/4, where A := f~!(A). Note that the unit disk D has a
weakly flat boundary by [Va;, Theorems 17.10 and 17.12|. By construction, mappings
gn = f,7! do not even have a pointwise continuous extension to D in particular,
the family of these mappings is not equicontinuous in D. Nevertheless, the extended
family g,: D — Dp is equicontinuous in terms of prime ends by Theorem 1.7.

Put now 0 = 0, a = (n—1)/n,n = 1,2,...and J;(2) = 5= = 2525 We

set f, := fno f. It is easy to understand that the sequence f ' is locally uniformly
converges to a constant function —1 in the unit disk. On the other hand, we have
the equality f,7'(1) = 1, which immediately implies that the sequence f ! is not
equicontinuous at the point 1.

It follows that the sequence f,~! is also not equicontinuous at point 1. The reason
for this is a violation of the requirement ¢(f,(A)) = 4.

Example 4.2. It is also easy to indicate a similar example of a family of map-
pings with unbounded characteristic. Let D be the domain constructed in Exam-
ple 4.1. Then we put fi(z) = ﬁﬂz — 1/2|. Note that f; maps D onto a domain D,

lying in the ball B(0,1/e). Now we put fs(z) :== —=—+ and F(z) = (fs 0 fl)(z).

2| log
Using the technique outlined in the consideration of [MRSY3, Proposition 6.3, wi

may establish that F' is a ring -homeomorphism in D with Q(z) = log | 6‘1[/2‘ One
can also prove that Q € L'(D). Note that D; is a simply connected domain, there-
fore, by the Riemann theorem, it is possible to map it onto the unit disk using some
conformal mapping f3.

Consider the family of mappings f,(z) = i_l/" = 2221 We set F,(2) = (f, 0

7 —z/n n—z
fso f20 fi)(z). Let A =[0,1/2]. Then we obtain that f,(0) = —1/n — 0 and

fn(1/2) = 2’;__21 — 1/2 as n — oo. Thus, the mappings f, satisfy the condition

(fn( )) 0 say, with 0 = 1/4. In this case, the mappings F}, satisfy the condition
q(Fo(A)) > 6 say, with 6 = 1/4 and A = (f, " o f, ' o fi 1 )(A).

Since the modulus of families of paths does not change under conformal transfor-
1/2‘ (see [Vayq,
Theorem 8.1]). The mappings G,, = F,~! do not have a pointwise continuous exten-
sion to dD, however, this extension is valid in the sense of prime ends. In addition,
the family of extended mappings G,,: D — Dp, n = 1,2, ..., is equicontinuous in D
by Theorem 1.7.

Example 4.3. As it was stated at the beginning of the article, let us give an
example of a family of homeomorphisms, in which the transition to the inverse family
takes us beyond the limits of the class of mappings under consideration. At the same
time, it is also an example of a family that is equicontinuous in the closure of an
domain, however, the inverse of it is not such. We will identify an isolated point
of the boundary of a domain with a prime end; in this case, we will consider some
descending sequence of spheres with a center at this point as cuts. Note that the
example with minor modifications was taken from our earlier paper [SSI].

Let n > 2 and let p > 1 be a number, such that n/p(n — 1) < 1. Put o €
(0,n/p(n—1)). Let B" = {z € R": |z| < 1}. We define a sequence of mappings f,,

mations, the mappings F,, are ring Q-maps in D, where Q(z) = log = E
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of B" onto B(0,2) in the following way:

Bl 1m < Jr <1,
fm(z) =
0<|z| <1/m,

a/m) L

see Figure 8.

g m

Figure 8. Illustration for Example 4.3.

I a\n—1
Notice, that f,, satisfies (1.3) in B" for Q = <1+|x| ) € L?(B") at every

afa] >
ro € B". As above, this can be shown by the reasoning used in the consideration
of [IMRSY3, Proposition 6.3]. By [Va;, Theorems 17.10 and 17.12] B(0,2) has a
weakly flat boundary, cf. [Vu, Lemma 4.3]. Observe that f,, fixes an infinite number
of points of the unit ball for all m > 2, so that the condition ¢(f,,(A4)) > ¢ holds
for some continuum A C D and some 6 > 0. By direct computation, it can be
established that the family & = {g,,}5°_,, gm := f,.!, consisting of all extended
mappings 7,,: B(0,2) — B2, is equicontinuous in B(0,2).

Observe that the “inverse” family F = {f,}>_,, f.,: B* — B(0,2), is not
equicontinuous in B™. In fact, |fn(zm) — f(0)] = 1+ 1/m® A 0 as m — oo,
where |z,,] = 1/m. The reason for the last circumstance is that g,, are not ring
()-homeomorphism with some integrable @ in B(0,2). Indeed, if the latter were
true, then the family of mappings F = {f,,}>_, would be equicontinuous in B" by
see [SSI, Theorem 1].
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