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Abstract. Let v_1 be the absolutely continuous measure on R™ whose density is the reciprocal
of a Gaussian function. Let further ./ be the natural self-adjoint Laplacian on L?(y_1). In this
paper, we prove that the Riesz transforms associated with &7 of order one or two are of weak type
(1,1), but that those of higher order are not.

1. Introduction

The Euclidean space endowed with the measure v_; whose density is the recip-
rocal of a Gaussian, which we call the inverse Gauss measure, is a toy model of a
variety of settings where a theory of singular integral operators has not yet been es-
tablished. Therefore, the analysis of this model may provide profitable insights into
more general frameworks. In this paper, we focus on the boundedness of the Riesz
transforms.

As a weighted manifold, (R™,v_;) has constant, negative definite Bakry-Emery
curvature tensor. By a celebrated result of Bakry on weighted Riemannian man-
ifolds [2|, the negative lower bound of this tensor governs the LP boundedness,
1 < p < oo, of the shifted Riesz transforms associated with the natural weighted
Laplacian on the manifold. No general endpoint analogue is known. In addition to
this, the natural weighted Laplacian o/ on (R",7_1) can be seen as a restriction of
the Laplace-Beltrami operator on a warped-product manifold whose Ricci tensor is
unbounded from below. Not much is known about Riesz transforms on manifolds
of unbounded geometry; see for instance [1, 5| and references therein. We also em-
phasize that the inverse Gauss measure setting is intimately related to the Gaussian
setting, for &7 is unitarily equivalent with a translate of the Ornstein—Uhlenbeck
operator.

The connection with the Gaussian setting was the principal motivation for which
v—1 and & were initially introduced and studied by Salogni [9]. Then, several end-
point results for imaginary powers and Riesz transforms of &7, involving also new
spaces of Hardy type, were obtained in [4] by the first author of the present paper.
There, it was proved that if A > 1, then the shifted first-order Riesz transforms
V(e + M )~Y/? are of weak type (1, 1), that is, bounded from L*(y_;) to L¥*®(v_,).
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This result, and those concerning Hardy spaces, strongly resemble endpoint ana-
logues of the theorem of Bakry mentioned above. However, the problem whether
such a shift is indeed necessary was left open.

The aim of this paper is to study the weak type (1,1) of the Riesz transforms of
any order of o/. In particular, we improve the first-order results by eliminating the
shift. This was unexpected, because the shift is necessary for the boundedness from
Hardy spaces adapted to v_; to L'(y_1), as proved in [4]. Another surprising fact
is that the weak type (1,1) behaviour of the Riesz transforms of 7 is completely
analogous to that of the Riesz transforms of the Ornstein—Uhlenbeck operator, al-
though the behaviour on corresponding Hardy spaces is different. See [6, 8] and [4, 3],
respectively.

To be more explicit, let a = (a,...,a,) € N™ be a nonzero multi-index and let
R, = 0°a/~1112 which is a Riesz transform of order |a| = a; + -+ + a,,. In this
paper, we prove the following.

Theorem 1.1. Let a € N" be nonzero. Then %, is bounded from L'(y_;) to
LY*°(y_y) if and only if |a| < 2.

By |4, Remark 2.5|, %, is bounded on LP(y_) for every p € (1,00) when |a| = 1.
We do not know whether the same holds in general when || > 1, though we strongly
expect so; we leave the investigation of this problem to future work.

The paper is devoted to the proof of Theorem 1.1. We determine the integral
kernel of the Riesz transform %, and split it into a local and a global part. The
local part behaves like a classical Calderon—Zygmund kernel, and its weak type (1,1)
follows by an adaptation of the classical Calderon—Zygmund theory, developed in [9].
This boundedness holds for the Riesz transforms of any order. The heart of the proof
concerns the global part of the kernel, which requires ad hoc techniques where the
order of the transforms matters.

The paper is organized as follows. In Section 2, the operator <7, its Mehler-type
kernel and its Riesz transforms are defined. We then prove the weak type (1,1) of
the local parts of the Riesz transforms in Section 3. In Section 4, we prove weak
type (1, 1) estimates for operators with several kinds of kernels. These estimates will
allow us, in Section 5, to complete the proof of the “if” part of Theorem 1.1. In the
final Section 6, it is shown that the weak type (1, 1) of the Riesz transforms of order
higher than two cannot hold.

We now explain some notation. Let 0 denote the null vector (0,...,0) € N™.
For o € N™\ {0}, we write 9 for the differential operator 9! - - - 9¢". The Lebesgue
measure on R™ will be denoted by dz or by Leb. If E is a measurable set, 15 will
stand for its characteristic function. Given a linear operator 7' mapping test functions
into measurable functions on R", we say that a measurable function K defined and
locally bounded off the diagonal in R x R"™ is the integral kernel of T if, for any test
function f,

Tf(z) = - K(z,y)f(y)dy, x ¢ supp(f).
In other words, the integral kernels of our operators will be taken with respect to
Lebesgue measure.

We denote by C' < oo, or ¢ > 0, a constant that may vary from place to place
but is independent of significant quantities. Given two positive quantities A and B,
we shall write A< Bor B2 Aif A<CB. If A< Band B < A, we write A ~ B.
The symbols AV B and A A B will stand for max(A, B) and min(A, B) respectively.
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2. The operator o/ and its Riesz transforms

For z € R™, let y(z) = 7="/2¢71*" and v_,(z) = 77/2el**. With a slight abuse of
notation, we identify v and y_; with the measures v(z) dz and y_;(x) dx, respectively.
Consider the second order differential operator

hof (1) = ~5Af(@) ~ - Vf(x), [E€CER), xR,

which is essentially self-adjoint on L?*(y_1). Denote with &7 its closure. It is known,
see [9] and [4], that the L?(y_;)-spectrum of &7 is the discrete set {n,n+1,...}, and
that its eigenfunctions are the functions (yH,)aenn, where H, is an n-dimensional
Hermite polynomial, i.e.,
- 2 db
(2.1) Hy =@ Hy,, Hy(s) = (—1)fe” —
j=1

—s2

e

7ok , keN, seR.

Recall that for ¢ > 0, the integral kernel of the operator e™* is

6—mt _ ‘zﬂ;ty‘z

m/2(1 — 6—2t)n/26 e r,y € R

see [9] and [4] for this and further details about 7.
For b > 0, the kernel of o7~? is given by the subordination formula

Koylog) =L0)" [ 0 ) e
0

The kernel of the Riesz transform %, = 0%/ ~1%/2 with a € N™ \ {0} is

Ht(xvy) =

S —nt —t 2
=" i B S L P
Ko o) =m0 ol f2) [ s e S
in the principal value sense. By the change of variables ¢ = — log r, and recalling (2.1),
we obtain that the kernel of #,, is the principal value of
1 ! r"‘l(— log r)%‘l _le—ry|?
K = 9e 1 g

Lo
B (—1)lel Lyn=l(—logr)z ! rT—ry \ _ \Z:y\Q
BT R Jy e e c

lo
_ (e =z +lyl? trrl(—logr) 2 ! r—ry \ _lreu?
R TR e T o

the last equality since

|1'—7’y|2 |7“:E—y|2 _ 2 2
1_7,2 _'_ 1_7,2 - ‘x|+|y|

We split R™ x R™ into a local and a global region. For § = 1, 2, define

)
2.4 Ny=d(z,9) ER" xR |z —y| < — >

and G' = Ny. The regions N; and N, will be called local regions, while G will be the
global region. As in [4], we fix a smooth function y: R™ x R™ — R such that

1y, < x <1y, [Vox(z,y)|+|Vyx(z,y)| <

for every x # y.

C
|z — y|
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We also define
K, 1oc = XKz,, Kz, g0 = Kaz, — Kz, 1oc

We shall denote the operators with kernels (the principal value of) Kz, 1o and
Kz, glob bY Zatoc and oy giob, respectively. Theorem 1.1 will be proved by putting
together Proposition 3.1 (boundedness of %, 1o for every a), Proposition 5.1 (bound-
edness of Zy gon When |a < 2), and Proposition 6.1 (unboundedness of %, when
la] > 3).

3. The local part of the Riesz transforms

In this section, we prove the boundedness of %, 1oc. As we shall see, no restriction
on « is necessary: indeed, in the local region all the Riesz transforms of &/ behave
essentially like classical Calderén—Zygmund operators.

Proposition 3.1. %, .. is bounded from L'(y_;) to L“*(y_y) for every a €
N™\ {0}

The proof of Proposition 3.1 will be reduced to proving the boundedness of Z,,
on L*(y_;) and some Calderén-Zygmund type estimates of Kz, 1o.. Following [9],
we say that a linear operator T', mapping test functions into measurable functions
on R", is a local Calderén-Zygmund operator if

(a) T is a bounded operator on L(vy_;) for some ¢ € (1,0);
(b) T has an integral kernel K, defined and locally integrable off the diagonal in
R™ x R", satisfying

1 1
1 K S ——r K (z, Ky S ——
(3.1) K (2,9)| S Py VoK (2,9)] + |V K (2,9)] S T

for all (z,y) € Na, x # .

If %, is a local Calderon-Zygmund operator, then %, 1o is bounded on LP(y_;) for
any p € (1,00), and from L'(v_;) to LV*>°(y_1); see e.g. |9, Theorem 3.2.8].

When |a| = 1, the boundedness of %, 1o Was proved in [4, Proposition 6.6]. We
now extend that argument to any nonzero a. The key tool will be the following
lemma, see [4, Lemma 6.3].

Lemma 3.2. Let pu,v > 0 be such that yu > v + 1. Then, for every (z,y) € Na,

T #y,
/1 ‘x — Ty‘u—e_‘x:ff dr < 1
0o (

1) Sy

We are now in a position to prove Proposition 3.1.

Proof of Proposition 3.1. It is enough to prove that %, is a local Calderén—
Zygmund operator.

Step 1. We prove that Ky, satisfies the estimates (3.1). First, observe that
by (2.2)

1/2 lal x—ry lz—ry|?
Ky (z, </ r" Y —logr)z ' |H, (7) e 1= dr
1 2
1 T =Ty _la=ry]
+ — e H, | —==||e 7 dr.
/1/2 (1—r)2tt <\/1—7’2)
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Since

] a
T =1y | — ryl )
H, N :
’ (\/1—7“2>’ ;(vl—TQ
and s%e*" < 1 for every a > 0 with a constant depending only on a,

1/2 lal =Ty
—logr)z ' |H,
/0 “!(—logr) 2 ( f_ﬂ)

Moreover, by Lemma 3.2 we obtain

! 1
T n7 H,
/1'/2 (1_7a)§+1

()

_Jz—ry)? 1/2 ™
e 17 dr,S/ r"Y(—logr)z tdr < 1.
0

1 2
_le—ry)? T —ryl*  _lz—ryl
e 1= dr g E / | 2 n4|rz+ae =2 dr
—Jo (1—r2)2

1
~ e =yl

The estimates of the gradients of K4, can be obtained analogously. Indeed,

o 1
T—ry _le—ry|? _la—ry|? |x—ry|a 1 |z — ry|*t

8x- Ha e 1-r? 1—r2 E E LA — 7
! { (M) H (1—1r2) (1 —r2)2*t

a=0

and the same estimates hold for the derivative along y;. The integral over (0,1/2)
goes as before, and by Lemma 3.2

Vo, (z,9)| + |V Kz, (2,y)]

|al |al

1 |:L’ _ ry|“_1 le—ry|? 1 |:L’ _ ry|“+1 lo—ry|?
<1+ / ————e 1 dr+ / — e 1 dr
Z 12 (1—r2)=2= Z 12 (1—r2)=2™

1
~ o=yl
Thus, the estimates (3.1) hold for Ky, .
Step 2. We prove that %, is bounded on L*(y_;). For # € N", we denote by hg

the normalized Hermite polynomial

hg = 273 (B1)V2 H.

The functions 7 hg form an orthonormal basis in L*(y_1), see e.g. [11, §5.5]. Since
for b >0

1
A f = —_— hg)r2 h
f Bezl\;n (|6| +7’L)b (f?fy ﬁ)L (“Fl)fy B

and, by the definition of hg and Hpg,

(4 hy) = 2‘0“( 1)lal+l @ﬂyhﬁm

we obtain

1
Rof =0/ 712 f = E W (f,v hg)r2(y_y) 0% (Yhs)
B

o a 1 (5+O&)
2| ‘/22 | H_IB‘W(-]C?Whﬁ)LQ('Yfl) thﬁ‘ﬂl
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Since the (v h,) are orthonormal in L*(y_;), and

1 (ﬁ+oz)!<1
(e I

where the implicit constant may depend on a and n, we conclude

o 1 8+ a)!
H'@afH%?(»y,l) =2 I; (18] + n)|a\ ( B!O‘) (f”yhﬁ)%Q(%ﬂ

< S For by S Iy
B

This concludes Step 2 and proves that %, is a local Calderon—Zygmund operator.
The proposition follows. O

4. Some technical lemmata

In this section, we prove some lemmata concerning the weak type (1, 1) of various
integral operators with given kernels. The kernels are those appearing in the analysis
of the Riesz transforms of order 1 and 2 in the next section.

We first introduce some notation, which will be used in the rest of the paper.
Given a couple (z,y) € R" x R", z # 0, we shall write

y:yx_l_yla

where v, is parallel to x and y, is orthogonal to x. We denote with ry the unique
real number such that y, = rox, and let 0 = 6(z,y) € [0, 7] be the angle between x
and y. Then,

ro = (lyl/[x]) cosb, |ro| = |yal/lz], |yo| = |y[siné.

Observe moreover that

(4.1) lre —y|> = |r — ro)*|2|* + |y /?,

that

(4.2) 11 —ro| =[x — ya|/|2],

and that

(4.3) |z =1yl <[z = yo| + [y — 1yl < |2 — Yol + (1 —7)[ya] + 7yl

Notice also that |z +y| > |z|sin 6 and that, if (z,y) € G, then |z —y| > 1(1+|z|)~",
see e.g. |4, Lemma 6.2].
It will be useful to recall that if T" is a linear operator such that

T=> T,
m=0
for some linear operators (75, )men, each bounded from L'(y_;) to LV (y_), then

1T L1 ¢y 1) s Lroo (41

(4.4) >
<D Tl st (110 (L4 1 Tallnioyorieeo))
m=0

see [10, Lemma 2.3].
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We now begin with the lemmata giving the weak type (1,1) of some integral
operators. The first is nothing but |9, Lemma 3.3.4] (see also [6, Theorem 1]), which
we restate for the reader’s convenience.

Lemma 4.1. The operator with kernel
K () = e [0 4 o))" A (fe]sing) ]
is bounded from L'(y_1) to LY¥*®(y_4).

Lemma 4.2. Let p,v € R be such that p+v > n — 2 and p < n. Then the
operator 1" with kernel

K (2, y) = 7"/ WE g 7 (1 4 Ja]) ™
is bounded from L'(vy_;) to LY (vy_1).
Proof. Let f € L'(y_1), f > 0, and observe that
—|z|? - —v
Tf(x) = e a7 (U )| flleie-
Now, consider for s > 0 the set
As={z: Tf(x) > s} = {a:: e_|:c|2|;p|_”(1 +12) Nl ey > s} )
Let r = ry be the largest positive solution of the equation
—r? - —v
e L) fllery = s

clearly such a solution exists unless Ay is empty. Now A, C B(0,7,) and if r, < 1,
then

®w | =

xT 2 n n— 1
)< [ e S S M e S S
B(0,rs) S

since n — pu > 0. If instead ry > 1,

z|? r2  n— 1 n—u—v— 1
v_1(4,) < / e dr < et S S Flli o TR S S Fllni s
B(0,rs) S S

since n — p — v — 2 < 0. This completes the proof. O
Lemma 4.3. Let 6 > 0. Then, the operator T' with kernel
n—1
K(QE, y) — e—\x\2+|y\26_6lyﬂ2 |,’L" (%) 1G0{|y‘<2‘x‘}(x,y>
T <

is bounded from L'(vy_;) to LY (v_1).

Proof. Let 0 < f € L'(v_y). For 0 # z € R", let ' = x/|z| be its projection on
the unit sphere S"~!, which we endow with the standard normalized surface measure
dy'. Let

K()(l’, y) = K([lj’, y) 1{|yL|§1}(x> y)>
Km(x, y) = K(ZII’, y) 1{2m71<‘yl‘ggm}($, y), m = 1, 2, cey

so that
(4.5) K=Y Ky
m=0
and let T}, be the operator whose kernel is K,,. Observe that if |y, | < 2™, then

m—+1

|y]

|y’ — 2’| = 2sin(0/2) < 2sinfh <
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when 6 € [0, 7/2], while if § € [7/2, 7], then

m+1

lyl

|y + 2| = 2sin((r — 0)/2) < 2sinf <
Thus, with a constant ¢ = ¢(§) > 0

T f(x) < || e loleme?™ / " £ (y) el dy

{lyl<2fz, [y' —a'|Aly’ +a'| <27 /]y[}

2/
T —lzl2 _92m — 2
= [z el e / P’ 2(/ f(py’)dy’) e’ dp
0 '~/ |Aly+a'|<2m+ /)

_ |x|2—ne—\x\26—c22mlm(|x| /)

where the last equality defines I,,,(|z|, 2’). For s > 0 let now Bj,, C S""! be the set
of all 2/ such that the equation
(4.6) e~ X e L () = s

admits a positive solution r; for 2/ € By,,, denote by r,,,(2') the largest solution,
which exists since I,,(r, ') < "7 f|l11(y_,). Then

m={x: Tnf(x) > s} C{x: 2’ € By, |z| <rem(a)},

and using (4 6) Wlth r=rsm(z), we get

rs,m(z")
n 1 r
sm / / dr dz’
s,m

S [ ey e

,m

1

— e [ @)
S B
€

s,m

1 m [
<= —c2? / p2n—2 f(py/) (/ dl’,) dy'ep2 dp
S 0 Snfl {|y’—m’|/\\y’+x’\<27”+1/p}

1 o [ o (27\"

S-e / P’ 2(—) flpy') dy'e” dp
S 0 p sn-1
1 m(n— —c22m

~ =2 f .

In other words, || Ty lri(y 1)srteoty y) S 27" De ™. Because of (4.5) and (4.4),
the proof is complete. O

We conclude this section with another lemma, which will be involved in the study
of the Riesz transforms of order 2.

Lemma 4.4. Let § > 0. The operator with kernel

n+1
\ ly 2|

R e
K(z,y)=e P el L a1, Hal<lyal<lal} (T )

is bounded from L'(vy_;) to LY (v_).

Proof. We begin with a series of observations that allow us to make some restric-
tions.

o Ifn =1, then K (z,y) < e 1*"*+1¥7|z|, and the statement follows from Lemma 4.2.
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o If |y, | > |z|/2, then

n+1 n—1
}“%”5ewﬁﬁn|ﬂ| (Fpr) s
T =Yz 2 1

and the statement follows again from Lemma 4.2.
o If ly,| < |z|/2 and 6 > 7/6, so that |x — y,| =~ |z|, then

12 2 —ely i 12
K(z,y)<e ey || e ol 1Gﬂ{%|m|§‘y|§2|m|}(x7y)7

and we can apply Lemma 4.3.

o If ‘ﬁj‘y‘x“ > 1|z[?, then

[
n 1
(lzll = yal) =
and the conclusion follows from Lemma 4.2.
e By means of a rotation, we can assume that z is in the sector defined by

x1/|x| > v/3/2, that is, the angle between x and the positive first coordinate
axis is less than 7/6. Observe that if 6 < 7/6, then y,/|y| > 1/2.

Summing up all this, if n > 2 and we let

1 1
Qz%mewR%%>“_ﬁ alle =l = 1, 2o <l < Jo],

2
Yy i
\MJSMLHEMWML=”|H_4\F}

then it is enough to prove the boundedness of the operator T whose kernel is

—c|z]?

K(z,y) < el P

1alfomyolz1y (2, y) S e g7,

vy 12z]
EELT?f o Ta(e,y),
_ny

from L'(Leb) to L»*°(y_;). We observe that Q@ C G and that (z,y) €  implies
ly| = |z|, so that = and y stay away from the origin.
For (z,y) € Q, we have |z| — |y.| = | — y.|, and it follows that

2 = lyl? _ (Il = Iyal) (I + Jg]) = [y

2l + 1yl 2Ty

o gLyl —lel/4
2] + Tyl

to estimate |y |? here, we used the last inequality in the definition of Q. In particular,
ly| < |x|. Since also

K(z,y) = el

] =y =

2 ‘x_ym‘§

2] = ly| < |z| = [ya| = |2 — yal,
we obtain

(4.7) =] = |yl = |z — yal-
Therefore, there exists ¢ > 0 such that

Pl
0. { @ lol = o1 > S glel < bl o < Jal, 0 € 07761, S < Sy
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Let
2 2
EO:{(xvy>M§1} and Em:{(xuy):zm_l<wg2m}v
|z — Y |z — .|
m=1,2,.... Set also

Ag={z:|z| <1} and A ={z:2"'<|z|<2"), k=12...
We define

Km,k(I7 y) - K(I? y)]‘Em (I’ y)lAk (I)’

K=Y > Ku
m=0 k=0
Observe that if (z,y) € Q and x € Ay, theny € Ay _yUA,_1UAg. For (z,y) € QNE,,
and x € A, we make the transformation

so that

1 ZT;
4.8 = |z}, & =2k L s _9  p,
( ) 51 2 |Zl§'| 6] |l’| ] ) n
and analogously
1 Y
(49> = _‘y‘27 Ul :2_m/2+2k_]7 . :27 ST
2 ’ lyl
Going via the coordinates (£, xo, . . ., x,), one finds that the Jacobian of the transfor-

mation (4.8) is comparable to z; 272 ™~ 221 |z|1=" > () and similarly for (4.9).
This leads to
de ~ 220Dk ge - dy ~ 25 =Dk gy

Observe that |z| — |y| > ¢/|z| implies
1
&1 —m = (=l + [y 2l = ly)) 2 e
and that

ol _ %51—771%51—771
2] = |yl = V2 (V& = vin) NG i

Since (z,y) € QN E,, and x € Ay, we get for j =2,... n, using also (4.7),

&yl S 25 sing = 2—% < ok M ~ VIl =) ~ V& .
y €T

In other words, if we write ' for (&, ..., &,), and similarly for /', we obtain |¢'—7/| <

V& — .

These transformations lead us to the operator
Tngep(§) = [ K&, m)(n) dn,
Rn
where

’Cm,k(€> 77)

_om—1_mgc, _ 1-n
= 1[22’“*3,2%*1}(51)6 2 2% (n=1) ¢ 261(51 _771) 2 1{‘5,_77,&\/&_77717%<m<§1_c}(f,n).

Indeed, the reader may verify that the operator with kernel [~(mk is bounded from
L'(Leb) to LY (y_y) if T,k is bounded from L'(dn) to LY (e*! d¢), with uniform
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control in m and k of the quotients between the operator quasi-norms. We thus verify
that 7, has this boundedness property, uniformly in m and k.

By |7, Proposition 8|, T,.x is bounded from L!(dn) to L' (e*' d¢), with norm
D uniformly in k. A similar estimate thus holds for the norm from

~

L*(Leb) to L'*®(~_;) of the operator whose kernel is K, 1.
Since y € Ay 2 UA,_1UA if x € A and (z,y) € 2, we can sum over k and con-
clude that the operator with kernel K1g,, is bounded from L!(Leb) to L*°(y_;) with

norm controlled by e~2" ot m Finally, the proof is completed with a summation
in m and use of (4.4). O

5. The global part of the Riesz trasforms

Proposition 5.1. If |a| € {1,2}, then % gob is bounded from L'(y_1) to
LY (y-1).
Proof. Let (z,y) € G. By (2.3),

1 _n-—1 m_l 2
ez [T (—logr) 2 T —ry _lre—yl?
K, (,9)] < ellaf)e e+ / wr— | Ha (7 e dr
o (1-r2)"% VI—1?
|04‘ 1/2 1 _ u o
< el +yl? § : / Pz — Ty‘ae—\m_y‘z dr +/ u—%e_% 0
a=0 \’0 12 (1—r)" 2

|a|

= Tl PN (Ko () + K5 (2, y)),

a=0
say. We separate the analyses of K{ and K¥.

Step 1. We prove that e l#l*+lyl fca x,y) is the kernel of an operator of weak type
1
(1,1). Since

1/2 ,
Ki(z,y) < / ([l + [y e dr,
0

we consider two cases, depending on the values of the quotient |y|/|x].
First, suppose |y|/|z| > 2. Then |rz — y| > 3|y|/4 for 0 < r < 1/2, so that

1/2
Ko(e.y) < / Pyl dr < Jylte W < g < Jaft,
0

and Lemma 4.2 applies.
We now consider the case |y|/|z| < 2. Then

1/2
Kf(x’y) 5 €_|yL|2/ Uro|n—1 + ‘7” . T0|n—1] ‘x|ae—|r—ro\2\w\2 dr
0

n—1 1/2 1/2
< el [ (%) |:):|“/ e~ lr=rollel® g 4 |:):|“/ Ir — ro|"terrollel g
X 0 0

n—1
S e el |-t (%) + [a]*.

Since |z| > cfor |z] > |y|/2 and (z,y) € G, and also a < 2, we can apply Lemmata 4.3
and 4.2 and complete Step 1.
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Step 2. We prove that e—‘x‘QHylng(x, y) is the kernel of an operator of weak type

(1,1).
By (4.1),

! — ryl® (r=r0)?[z[2+1y |2
Kél(x7 y) = / |x Tny~k|a+2 e_c — 1?.,« = d’/’
12 (1—r)" 2

1 |z —ry|®  _ coro?lePri P
— / (Lgro<1yay + Lineoy + pisaro<ay) (2,9) —— 1 .
12 (1—r)—="

= K;l(l’,y) + K;Q(x? y) + Kig(l‘, y)

We prove separately the weak type (1,1) of the operators associated to the kernels
e RS (2, y), i = 1,2,3.

2.1. Ifrg<1/3 and 1/2 <r <1, then

(5.1) |r —ro| & 1+ |rol-
Moreover,
(5:2) |z =7yl S (L4 [rol)]] +[yLl
Therefore, with the change of variables (1+|’"°Di|_xf+‘yl‘2 =s,
1
a a 1 _ (oD le +ly 1
Kgaop) SU0+ el + o) [ e g
12 (1—r) 2

_n
2

S [+ [rol)?zl + lyo ]
Sl

Thus, the operator with kernel e“w‘2+‘y|2K§71(x, y) is of weak type (1, 1) by Lemma 4.2.

2.2. If rg > 2, then (5.1) and (5.2) remain valid if 1/2 < r <1 and we can argue
as in the preceding case.

2.3. We split the integral defining K35 in a way that depends on the value of ro.
Let

I1:[%,1)ﬂ{r: 1_7’>%‘1—T0\},
Iz:[%,l)ﬂ{r: 1—r§%(1_r0)vg(ro_1)}’
L= )A{r -l < 51— ).
and for j = 1,2, 3 define
a r—ry|* ool 2
K2,3,j(x7y> = 1{1/3<r0<2}(x, y)/ | | T~ .
IJ

Thus, K§3 = K33, + K53, + K335 It will be useful to observe that, since ro ~ 1,
or equivalently |y,| ~ |z|, and § < 7/6, one has

[y ™" S (Jz]sind) ™"
We first consider K§7371. Since

l—r—jro—1<rg—r<1-—r+|rp—1|,
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the condition 1 — r > 2|1 — ro| implies |r — ro| &~ 1 — r. Thus,

(r —rg)?
ot E 1 — ),

1—
and (4.3) implies

[z —ryl < 1 —=rollel + (1 = r)lye] + |y S (0 —r)l2| + lyo].
We then get

2
ly |

Kys1(2,y) S / (1- T)_nTHM“(l — p)Eem P gt g
v 1-r>3|1—ro| /2

+/ (1= )22 e —delraon —elteE
1—r>3|1—rg|/2 (1—=r)>
2
S / (1-— r)_%ﬁe_c‘x‘z(l_r)e_c‘?ﬁ‘r dr.
1—r>3|1—-7r¢|/2
By the change of variables |y, |?/(1 — r) = s, one obtains
1
K§q(z,y) < .
2,3,1( ) |y¢|"
We also have
a —LH n _n
Kion(o) S [ (1) % dr Sl e faf? = el 2,
1 7‘>3‘1 7‘0‘/2

in view of (4.2). Since (1 + |z|)|x —y.| 2 1 if |z — yz| > |yo|, while (1 + |z|)|y.] =1
if |x —y.| < lyo| (vecall (z,y) € G), we obtain

K3z (r,y) S (1+ |2))"

In other words,
Kysq(z,y) S (L4 [z])" A (Jz]sing) ™",

and so the operator with kernel e ‘x‘2+|y‘2K§’371(:c, y) is of weak type (1,1) by Lemma 4.1.
We now consider K§5,. Here |1 —ro| & |r — 1o, since

[r=rol =1 =ro =1 =r)| <L =ro[+ (1 =7) S —rol
If ro < 1, then 1 — r < (1 — ro) and hence

1
|r—r0\:|1—r0—(1—r)\2\1—r0\—|1—r|2§|1—r0|.

If ro > 1, then
r—rol=ro—r>rog—1=1|1—rg|
In both cases, by (4.3),
[z =yl S 1o = ya| + lyo|
since 1 —r < |1 — 1o, |y=| = |z| and by (4.2). Thus

\z vz +ly ) 12

1
__n+a+2
&m@y><m—m+wgy/a-m o olruelunl
0

a2y |2 .
le=yo Py [° y””l‘_jf'y“ = s, we obtain

1 1 1
A S A+ |2)" A e
—ym yil” (|z[sin )"

After the change of variables

K3 so(r,y) S (|2 = ye| + |yr))™" ‘

Lemma 4.1 now ends the case of K3 3,.
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It remains to consider K33 5. Observe first that K955 = Kg3311/3<r9<1}. Then,
the conditions 1/3 < 9 < 1 and |r —ro| < £(1 —rp) imply 1 —r ~ 1 —ry. Moreover,
by (4.3), the fact that |y,| ~ || and (4.2) we get

[z —ryl S (1= ro)lz + [y.l.

Therefore
e _Cx2u_c 2
K yar,y) S (1=r0)” *“[(1—ro>\x|+|ylu/ e TR e gy
Ir=rol<*5®
n—a n+a ‘ 2 (r—rg)2
(1= ) a4 (1= )82 ] = S

Observe now that

—clx (r—mr )2 1 _
(5.3) / eI g < 7VHT° A (1 = 19)
- x
Therefore,
K3s3(z,y) S A%(2,y) + B*(2,y)
where

and

Bz,y) S (T=ro)” =

Now, if |y, — 2| > |y.|, then |y, — x| 2 (1+|z|)~* since (z,y) € G, and (4.2) implies

n+1 ]_
B(w,y) § (L=ro) ™% 10 S (L+ fal)"
But if |y, — x| < |y.|, then |y, | = (1 + |x|)~! since (z,y) € G, and again by (4.2)

n+1

n 1—7r0\ 2 1
Bo(a,y) < (1—1o)~F" (—) < (14 )™
wr) Tl
On the other hand, by the definition of B*(x,y)
n+a
n+a 1 - ’I“ 2 . —-n
Bo(a,y) < (1= ro)~ "5y |" (W) (1= r0) < (Jasin0)

Lemma 4.1 applies, and the operator with kernel e_|m|2+|y‘23“(a7, y) is of weak type

(1,1).

We now estimate A®. Arguing as in the two cases for B, one can show that

(5.4) A%z, y) S (1 [2])™
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Now, by means of (4.2) we rewrite A® as

n+a—1

" |x 2 ‘?JJ_‘
A (%y):m T (1/\\/|$Hx—yw)1{1<m<1} (z,y).
If a =0, then
55 AO < |x‘"% ‘x_y$| " / N < ing)"
If a =1, then
(5.6) Az, y) < 22 (o= wl )" (|| sin )™
|z — ]2 \JzllyL]? ~

Because of (5.4), (5.5) and (5.6), the operators with kernels e~ **+1¥* 49(2 4) and
e~ P+ AL (2, ) are of weak type (1,1) by Lemma 4.1.
If a = 2, then

9 2 ly i 12|
A, y) = — e ETE (1Al = gl ) ey (00)

If |z||x — y.| <1, then

n+1 n/2
x T — Yy o
Az y) < —° (' ') Vel =g < (2| sin6)

|z — yo|*T \lyLl*|x|
By this and (5.4), the operator whose kernel is e“x‘2+‘y|2A2(:L',y)1{|m||m_yz‘§} is of

weak type (1,1) because of Lemma 4.1. The operator whose kernel is el +lyl?
A%(2,Y) 1{jz|jo—y.|>1} 1S also of weak type (1,1), by Lemma 4.4. This concludes the
proof of Step 2 and that of the theorem. O

6. Unboundedness of the Riesz transforms of order at least three

In this section, we complete the proof of Theorem 1.1. The proof of the following
proposition is inspired by that of |6, Section 5|, which we adapt to the current setting.
Proposition 6.1. If |a| > 3, then %, is unbounded from L'(vy_;) to LY (y_,).

Proof. Let n > 0 be large, and write z for the point (n,...,n) € R™. For every
x € R", denote by z, the component of x which is parallel to z, and by x; = x — x,
the component orthogonal to z.

Define the tube

J(z)={zeR": |z | <1, §|z| < |z, < %|z|}

We claim that if 7 is sufficiently large, then for every r € (0,1), y € B(z,1) and
x € J(z) one has

—TYi .
pe i=1,...,n.
\/17 2l

Indeed, for these r,y, z
(z—ry)i— (2, —r2)i| < |z —ry—az,+7rz| <2 and z,—rz=c(r)z,
where ¢(r) > 1/3 for r € (0,1). The claim follows, and with 7 large we also conclude

that
x—ry
Hy, | ——=) = |2|l%.
(Tjﬁ)wu
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Moreover, if x € J(z), y € B(z,1) and 1/4 < r < 3/4,

ol ol e a2 —er?a Pocraa—a? > —clrles|— |2
e 12 >e =2 1=,2 Ze clre—z|* _ j—erfleL[P—clre.—2 ze clrlaz|—|z]I"

Thus, if n is sufficiently large, x € J(z) and y € B(z, 1), then (recall (2.3))

3/4
(61)  (—1)Key, (2,y) 2 |o|lele bl / emellesl=lelf gy > ||lol=1g=lef4lyl”
1/4

Take now a function f > 0 supported in the ball B(z,1) and such that || f||,1,_,) = 1.
By (6.1), for z € J(z) and 7 sufficiently large, we have

B ()] 2 ezl 2 (Bl
Since

Y1(J(2)) 2 eBE) [z,

~

we conclude that
2
sup sy_i{x: |[Zaf(x)| > s} = e (3121) 2l (I (2)) = plel=2,
s>0

from which the proposition follows. O
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