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Abstract. In this paper, we prove that the entropy dimension of a frame spectral measure is
superior than or equal to the Beurling dimension of its frame spectrum.

1. Introduction

A set A in a Hilbert space H is called a frame if there exist two constants A, B > 0
such that for every f € H, we have

(1.1) AP < SN < BIFI,
AEA

where (-, -) is the inner product in H. The constants A and B are called lower and
upper bounds of the frame. Moreover, if only the upper bound hold in (1.1), then we
call A a Bessel set or Bessel sequence in ‘H. It is not hard to see that frame is a natural
generalization of orthonormal basis (where A = B = 1). If we restrict H = L*(u)
for some Borel measure p on a locally compact abelian group G, then p is called a
frame spectral measure with frame spectrum A if (1.1) holds and A is contained in
the dual group @, and furthermore called a spectral measure if A =B = 1.

The notion of frame was introduced by Duffin and Schaeffer [2] in the context of
nonharmonic Fourier series. Frames provide robust, basis-like (but non-unique) rep-
resentations of vectors in a Hilbert space. The potential redundancy of frames often
allows one to construct them more easily than bases, and to get better properties
than those that are achievable using bases. Nowadays, frames have various applica-
tions in a wide range of areas. However, few properties of frame spectral measures
are known. In this paper, we are interested in the relation between the dimensions
of the frame spectral measure and its spectrum. It is believed that the “dimension”
of the frame spectral measure should control the “dimension” of its spectrum. But
only the case when the measure is self-similar was established (|3, 8]). In such case,
the frame spectral measure is exact dimensional and its Hausdorff dimension controls
the beurling dimension (see the definition in Section 2.2) of its frame spectrum. In
general, it was conjectured in [8] that

Conjecture 1.1. If i is a frame spectral measure with spectrum A and compact
support T' then dim A < dimgy T'.

In this paper, we disprove Conjecture 1.1, which means that the Hausdorff di-
mension is not a candidate that controls the Berling dimension in general. Instead,
we prove a similar version of Conjecture 1.1 by replacing Hausdorff dimension by
upper entropy dimension (see its definition in Section 2.3). More precisely, suppos-
ing that p is a frame spectral measure with frame spectrum A, we show that the
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Beurling dimension of the frame spectrum A is not superior than the upper entropy
dimension of the frame spectral measure p, which allows one to see that the Beurling
dimension and the upper entropy dimension are the proper notions of “dimensions”
which are described above. Now we state our main result.

Theorem 1.2. Let i be a Borel measure on R%. Suppose that p is a frame
spectral measure with frame spectrum A. Then we have

dim A < dim, p,

where dim A is the Beurling dimension of A and dim, yu is the upper entropy dimen-
sion of L.

The following theorem is formally stronger than but actually equivalent to The-
orem 1.2.

Theorem 1.3. Let i be a Borel measure on R%. Suppose that p is a frame
spectral measure with frame spectrum A. Then we have

dim A < inf dim, pig.
p(K)>0,u(0K)=0

where g is the measure y restricted on the Borel set K.

In fact, Theorem 1.2 is equivalent to Theorem 1.3 as follows: the necessity is
trivial, and the sufficiency follows from Lemma 3.3 which states that if p is a frame
spectral measure then pg is also a frame spectral measure for every Borel set K
satisfying u(0K) = 0.

In general, we can not expect that the equality holds in Theorem 1.2 or Theo-
rem 1.3. We refer to the examples in [1| where a class of singular continuous measures
are constructed, satisfying that the Beurling dimensions of their spectra are zero but
their entropy dimensions are strictly positive.

Even though Theorem 1.3 is stated for frame spectral measures, we remark that
only the upper bound in (1.1) plays a role in the proof of Theorem 1.3. In other
words, if a Borel measure p has a Bessel sequence A, then Theorems 1.2 and 1.3 hold
for ;1 and A.

We organize our paper as follows. In Section 2, we recall several definitions
of different dimensions, including Hausdorff dimension, entropy dimension, etc. In
order to prove Theorem 1.2 in Section 4, we make some reduction of Theorem 1.2
in Section 3. In Section 5, we discuss the relation between Beurling dimension with
other dimensions. Finally, in Section 6, we show some application of our main result.

2. Preliminaries

In this section, we recall several definitions of different dimensions.
2.1. Dyadic partitions. We first define the n-th dyadic partition of R by

D = H%k;1> : kez}.

The n-th dyadic partition of R? is then defined by
DW= {I, x Iy x - xI;: I; e DV} .

If there is no confusion, we usually omit the superscript and write D,, for the n-th
dyadic partition of R%.



On dimensions of frame spectral measures and their frame spectra 485

2.2. Dimensions of measure. Let (X, 3, 1) be a probability space. Let A be
a partition of X. The Shannon entropy of u with respect to A is defined by

H(p, A) = —p(A)log pu(A).
AcA

By convention the logarithm is taken in base 2 and 0log0 = 0. If the partition A is
infinite, then the entropy H(yu,.A) may be infinite.

Recall that D, is the dyadic partition of R? with diameter 2. The entropy
dimension of u is defined by the formula

1
dime = lim —H (u, D,,),
n—oo 1
if_the limit exists (otherwise we take limsup or liminf as appropriate, denoted by
dim, p and dim, p respectively).
The lower Hausdorff dimension of u is defined by
dim;; p = inf{dimy A: u(A) > 0},
and the upper Hausdorff dimension of u is defined by
dimy p = inf{dimy A: u(A) = 1}.

Here dimpy A is the Hausdorff dimension of A. In what follows, the open ball of radius
r centered at z is denoted by B(z, 7). A measure p is ezact dimensional if the local

dimension

i 108 (B (7))

r—0 log r
exists and is p-a.e. constant, which is denoted by dim p. Here and in what follows,
we denote by P(R?) the space of probability measures on R?. The following lemma
is well-known and its proof can be found, for example, in |5, Theorem 1.1].

Lemma 2.1. If 4 € P(R?) is exact dimensional, then dim, y exists and is equal
to dim p.

2.3. Beurling dimension of countable sets. Let A be a countable set in R?.
For r > 0, the upper Beurling density corresponding to r (or r-Beurling density) of
A is defined by the formula

AN B(z, h
D := limsup sup HAO Blz, h))
h—oo zeR4 hr

The (upper) Beurling dimension of A is defined by
dim A = sup{r > 0: DF(A) > 0},

or alternatively,
dim A = inf{r > 0: D (A) < +o0}.
A basic property of Beurling dimension is that dim sA = dim A for all s € R\ {0}.

3. Reduction of the main result

In this section, our goal is to make some reduction of Theorem 1.2.
The following lemma is a direct consequence of the definition of frame spectral
measures. We omit the proof and leave the readers to work out the details.

Lemma 3.1. Let p be a frame spectral measure in R¢ with spectrum A and
frame bounds 0 < A < B < co. Then we have the following properties.
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(1) For any v,t € R4, u(- + v) is a frame spectral measure with spectrum A + t
and frame bounds A, B.

(2) For any non-zero ¢ € R, ¢ - p is a frame spectral measure with spectrum A
and frame bounds cA, cB.

(3) For any non-zero s € R, u(- X s) is a frame spectral measure with spectrum
s\ and frame bounds A, B.

We observe that if putting H = L*(u) and f = X for some A € A in (1.1), then
we have u(RY) < oco. Since ¢ - u is also a frame spectral measure for any ¢ € R, we
might assume that u € P(RY).

It is well known that [13, 9] that if p is a frame spectral measure with frame A,
then it has to be of “pure type”.

Theorem 3.2. |9, Theorem 1.1, Proposition 2.1] Let u be a frame spectral mea-
sure with frame A. Then p is either discrete with A < +oo, absolutely continuous
with ®, (A) > 0 or singular continuous with ®; (A) = 0.

If v is discrete, then it has finitely many atoms [9], implying that dim A =
dim, ¢ = 0. If p is absolutely continuous, then it is supported on a set of finite
Lebesgue measure in R?, and its density function is bounded from above and from
below almost everywhere on the support [14]. It follows that if x4 is absolutely con-
tinuous, then dim A = dim, u = d. By the above argument, it is sufficient to prove
Theorem 1.2 for singular continuous measures.

Let 1 € P(RY). For a Borel set K C R? we denote by

the measure p restricted on K. Moreover, if K is a dyadic cube in [0,1]? with
u(K) > 0, we denote by

1
g N
:uK( ) " ,U/(K) (SK)*:U’K( )7

where Sk is the affine bijective map from K to [0, 1]¢ and (Sk).px(+) is the pushfor-
ward of y, i.e. the measure ug(Sx'(+)). Obviously, we have u% € P([0,1]%).

The following lemma provides that the restriction of a frame spectral measure
is also a frame spectral measure. A general version of the following lemma can be
found in |7]. We include the proof here for completeness.

Lemma 3.3. Let u be a frame spectral measure on R%. Let K C R? be a Borel
subset satisfying that u(0OK) = 0. Then g is also a frame spectral measure having
the same spectrum and frame bounds with the measure .

Proof. For any f € L*(ux), we extend f into the space L?(u) by taking f(z) =0
for any x outside K. Since pg(K) = 0, we have (f,g),.. = 0 for all g € L?(p).
It follows that (f,g), = (f, 9)ux for all g € L?(u), and in particular || f[|, = [|f]l,,-
Thus we conclude that px is also a frame spectral measure and has the same spectrum
and frame bounds with the measure pu. UJ

Remark. After this paper was completed, thanks to Zhigiang Wang, we realized
that the condition x(90K) = 0 in Lemma 3.3 is not really needed in the proof. Indeed,
since the set K is Borel, we can extend any function from L?(uf) to L?(u) by taking 0
outside K. Then the extended function is also Borel measurable and the conclusion
in Lemma 3.3 remains the same. As a consequence, we could drop the condition
pu(0K) = 0 in Theorem 1.3 and simplify the proof of Theorem 1.3.
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The following lemma shows that we can find a unit cube satisfying the condition
(of K) in Lemma 3.3.

Lemma 3.4. Let u € P(RY). Then there exists a unit cube v + [0, 1]¢ for some
v € R? such that p(v + [0,1]?) > 0 and p(d(v + [0, 1]4)) = 0.

Proof. Since pu € P(RY), there exists u € R? such that u(u + [0,1/2]%) > 0. Let
uy = u — (t,t,...,t). Since u; + [0,1]¢ contains u + [0,1/2]¢ for any ¢ € [0,d"/?/2],
we see that pu(uy + [0,1]%) > 0. Observe that 9[0,1]* = AU B where A = {x =
(xi)lgigd: xr; € [0, 1],31’]' = O} and B = {ZL’ = (zi)lgigd: x; € [O, 1],31']- = 1}
Moreover, it is easy to check that (u;+ A) N (us+ A) =0 and (u;+ B)N(us+ B) =0
for distinct s,t € [0,d"/?/2]. By the fact that the sum of an uncountable number of
positive numbers is infinite!, we get that u(u; + A) > 0 (vesp. u(u; + B) > 0) for
at most countably many t € [0,d"/?/2]. Thus there exists t € [0,d'/?/2] such that

p(ug + A) = p(uy + B) = 0 and consequently p(9(u; + [0, 1]¢)) = 0. 0
Let v be as in Lemma 3.4. Then by Lemma 3.1 and Lemma 3.3, the measure
1

plo+ [0, 19" v (- +0) € P([0,1]%)

has the same spectrum with p. Since

- 1 -

Tm, ————— i o e +v) < dim, g,
,U('U + [0’ l]d)/’l’ +[0,1]d( ) 1%

it is sufficient to prove Theorem 1.2 for measures in P([0, 1]).

The following lemma shows that the dyadic partition is “nice” up to a scaling of
L.

Lemma 3.5. Let u € P([0,1]9). Then there exists 1 < s < oo such that
u(- x s) € P([0,1]%) satisfies that u((- x s) NAD) = 0 for all D € D,, where {D,,}>,
is the set of the dyadic partitions.

Proof. Fixn € N and D € D,,. Suppose D = u+ [0,27"]¢ where u = (u;)1<i<q €
[0,1]2. We decompose 0D = AU B where A = {x = (2;)1<ica: T € [usu; +
27",3z; = u;} and B = {o = (v3)1<i<a: T € [w,u; + 27", 3r; = u; + 27"} it
is easy to check that tANsA = 0 and tBNsB = () for distinct s,t € [1,00). By
the fact that the sum of an uncountable number of positive numbers is infinite (See
Footnote 1), we get that u(tA) > 0 (resp. u(tB) > 0) for at most countably many
t € [1,00). It follows that u(tdD) > 0 for at most countably many ¢ € [1,00). Since
{D,,}5°, consists of countably many elements, there exists 1 < s < oo such that
p(- x s) satisfies that p((- x s)N9dD) =0 for all D € D,,. O

By Lemma 3.5, Lemma 3.1 (3) and the facts that dim sA = dim A and dims(- x
s) = dim,p, we might assume s = 1 for the sake of simplicity.
Finally, we summarize the reductions made so far in the following list.

Reduction 3.6. In order to prove Theorem 1.2, we might assume that a frame
spectral measure x4 in R has the following structure:

(1) The measure p is singular continuous.

(2) The measure u belongs to P([0, 1]%).
(3) The dyadic partitions {D,,}>°, satisfy that u(0D) = 0 for all D € D,,.

ISuppose that I is an uncountable set and a; > 0 for i € I. Let C,, = {a;: a; > 1/n,i € I}.
Then there exists n € N such that C),, contains infinite elements. Thus Zie Qi > Zai cc, @i =

ZaiGCn 1/n = +o0.
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4. Proof of main result

Let 1 € P([0,1]9). Tt is well-known that the dual group R? consists of exponential
functions which is isomorphic to R?. We could thus identify R¢ with the subspace
in L?(p) and write (f,\), for f € L?(u) and A € R?. More precisely, we write the
inner products

M= [ F@e ™ du(e)
[0,1]¢
and

N = [ N ),
[0,1]¢

for f € L*(p) and ¢, \ € RY.
The following two lemmas not only has its own interest but also are useful to
prove our main result.

Lemma 4.1. Suppose that the measure u € P([0,1]?) is a frame spectral mea-
sure with spectrum A and frame bounds 0 < A < B < co. Let n > 0. Then for any
D € D,, with u(D) > 0, and for any t € R, we have

2
A <1 1 >
< —t,—\ g
uo) = 2 \zt ) 0| =D

Proof. Let D € D, with u(D) > 0. Let t € R By Lemma 3.3 and Reduc-
tion 3.6 (3), we have

(4.1) Au(D) < 32|t N, | < BulD).
AEA

B

For any A € A, we observe that

4 1 1
£\ — D 2mi(t—\)-v(D) i S|
(1), = n(D)e )

where v(D) € R? is the vector satisfying D = v(D) + [0, 5] It follows that

1 1
it i)
<2 2 g

for any A € A. Combing (4.1) and (4.2), we complete the proof. O

(42) (£, 2),,,| = (D)

)

Lemma 4.2. Let 1 € P(RY). Then for any 0 < € < 1, there exists § = 6(e) > 0
such that for any || < 0 and for any D € D,, with u(D) > 0, we have

HB©)| > e

Proof. Let 0 < € < 1. Pick arbitrary D € D,,. A simple computation shows that
ws) )= emage) 2| [ st o).
[0,1]¢ [0,1]¢

We choose 0 < 6 < 55 small enough such that cos(2dmd) > e. Since cos(f) is positive
and decreasing for 6 € (0, %), we have cos(2drf) > € for all 0 < # < §. Then for any
|€] < 6 and z € [0,1]%, we have that |¢-2| < d§ and consequently that cos(2r€-z) > e.
It follows from (4.3) that

>

1B > e
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This completes the proof. O

Now we prove our main result.
Proof of Theorem 1.2. Pick arbitrary s > 0. Then there exists N > 0 such that
for any n > N, we have

—— 1
dimep + s > — —u(D)lo D).
o né%/d)gM)
It follows that
(4.4) (2")ﬁe#+8 > 92pep, (D) logu(D) H M(D)—M(D).
DeDy,u(D)>0
Let h > 2V. Then there exists a positive integer ny, such that 2=t < h < 2™, Let

e > 0. Let 6 = d(¢) which is defined in Lemma 4.2. Let p be the minimal integer
such that 277 < §. For any ¢t € R? and any D € D,, ;,, we have

1 1 ’
Inhtp " Inptp .0

E€-tANBtA)) < >

AEANB(t,h) D
(4.5) )
1 1 B
< t, >\> < —-.
AEZA <2nh+ﬁ Inptp 8 M( )

Since ZDEDnh+p (D) =1 and (4.5) holds for all D € D,, ., with u(D) > 0, we have
(anBtm) = [T @@AnBE )

DeDyy +p,u(D)>0

< Be? H M(D)—M(D)

DEDay, +p,1(D)>0

(4.6)

It follows from (4.4) and (4.6) that

ﬂ(A m_B(ta h)) < ﬁ(A n B£> h)) < B€_2 . 2(1+p)(ﬁeu+s).
hdimep+s — 2(np—1)(dimepts) —

Then we deduce that dim A @eu + s. Since s can be chosen arbitrarily close to
0, we conclude that dim A < dim,pu. [

5. Further discussion

In this section, we will discuss several different notions of dimensions (or condi-
tions) and its relations with Beurling dimension and entropy dimension.

5.1. Lev’s condition. Let u € P(R?). Given a real number o with 0 < o < d.
Lev considered the following condition in [15]:

1 T
(5.1) lim inf /ume>o

r—oo rd—a
He proved that if a frame spectral measure p with frame spectrum A satisfies (5.1),
then

(5.2) sup #(AN B(x,r)) < Cr?,

z€R4

for some constant C' which does not depend on r. We define

L(p) = inf{a: (5.1) holds for x and a}.
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Therefore we restate (5.2) as follows.

Lemma 5.1. Let u be a frame spectral measure with frame spectrum A. Then
we have

dim A < L(p).

The value L(p) is sometimes related to the “dimension” of p. For example, if u is
a certain self-similar measure with Hausdorff dimension «, then L(u) = o. However,
such relation is very difficult to establish and compute in some cases. For instant,
as far as I know, the condition (5.1) is unknown for self-affine measures. On the
other hand, we will see that the entropy dimension is well established for self-affine
measures in the next section.

5.2. Hausdorff dimension. For a Borel measure p, we know the facts that
dimzp < dimp and that dimgp is not comparable with dim.u (see for example [5]).
A natural question arises as to whether the entropy dimension can be replaced by
the Hausdorff dimension in Theorems 1.2 and 1.3. We will give a negative answer to
this question in the following.

Let I C N and p be a prime number. For n € N, let

I, ={iel:i<n}
be the finite subset of I and let
c(I,) = {Zbip_i: b; €{0,1,--- ,p— 1}}
i€l

be the finite subset of the unit interval [0, 1]. It is not hard to see that the weak limit
of w(l—ln)éc(ln) exists, which is denoted by v, as n tends to infinity. Let

A, = {Zbipi: b; €{0,1,--- ,p—l}}

icly
be the finite subset of Z. Obviously, we have the inclusion A;, C Ay, C ---. Let
Ar={JAs
ieN

In [16], the author showed that the measure v; is a spectral measure with spectrum
Ay. Moreover, it is computed that
: —— . i1,
dim A; = dim, v; = limsup —,
n—oo T

and
o I
dimg supp(p) = dimy v; = dimy vy = lim inf L
n—oo 7N

At the same time, it is shown that

Q. v = inf{dim, ()
! M(K)>0,u(aK):o{ (Vi) g}

and

di = inf dim
im g supp (41 s (6K):0{ imp (vr) g}

— inf di .
Lo (aK):O{ﬂH (vD)k}
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It is not hard to pick suitable I C N such that
I I
(5.3) lim inf Hn < lim sup ﬂ—"

n—oo N n—00 n

Under the condition (5.3), we have
dim A; = dim, v; > dimg supp(p) = dimy v; = dimy, v;.
This disproves Conjecture 1.1.

5.3. Fourier dimension. A lower bound of Beurling dimension was obtained
in Theorem 1.3 [12] that if p is a frame spectral measure with spectrum A, then

(5.4) dim A > dimp p,

where dimg is the Fourier dimension which is defined by the formula
dimp == sup {0 < s < d: IC, V¢, |(é)| < Cl¢[~/2} .

Combining this with Lemma 3.3, we obtain the following theorem.

Theorem 5.2. Let y1 be a Borel measure on R, Suppose that yu is a frame
spectral measure with frame spectrum A. Then we have
dim A > sup dimp pg.
R(H)>0,u(0K)=0
A direct consequence of Theorems 1.3 and 5.2 is the following necessary condition
for frame spectral measures.

Corollary 5.3. Let u be a Borel measure on R?. Suppose that i is a frame
spectral measure with frame spectrum A. Then we have

5.5 su dim < inf dim, ug.
(5:5) H(K)>0,uI()8K):0 R = p(K)>0,u(0K)=0 pie

Using Corollary 5.3, some non frame spectral measures could be shown as follows.
Corollary 5.4. Let y, v and p be Borel measures on R?. Suppose that dimp y1 >

dim,v and pu(supp(v + p)) = v(supp(i + p)) = 0. Then the measure y + v + p is not
a frame spectral measure.

We end up this section by proposing some open questions. We remark that if u
is absolutely continuous or discrete, then the equality holds in (5.5) in Corollary 5.3.
Hence we might ask the same question for singular continuous measures:

Question 5.5. Does there exist a frame spectral measure which is singular con-
tinuous and the equality holds in (5.5)7

As far as I know, we don’t yet have an example of frame spectral measures that
have non-zero Fourier dimension. Thus we might ask the following question.

Question 5.6. Does there exist a frame spectral measure that is singular con-
tinuous and has non-zero Fourier dimension?

6. Potential examples

In this section, we apply Theorems 1.2 and 1.3 for various measures. Since few
concrete examples of frame spectral measures are known, the results in this section
might be helpful to find new examples of measures of different type.

6.1. Self-affine measures. A function ¢ is called a contraction on a complete
metric space X with metric d if d(p(z),¢(y)) < d(z,y) holds for every = # y €
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X. If {pi}1<i<ny are contractions of X it is well-known that there exists a unique
non-empty compact set K C X such that K = (J,.,cn wi(K) (see [11]). In this
circumstance the tuple {¢;}1<i<y is called an iterated function system (IFS) and
F its attractor. A central problem in the study of iterated function systems is to
calculate or estimate the dimension of the attractor F' for various notions of fractal
dimension, most especially the Hausdorff dimension. Particular interest has been
given to the case of affine iterated function system, where the ambient space X is
given by R¢ and the contractions ¢; take the form ¢;: = — A;z+b; for certain (usually
invertible) linear maps A4; € L(R¢, R%) and vectors b;. The associated attractors are
called self-affine.

Very recently, Hochman and Rapaport [10] proved that if y is a self-affine measure
in the plane whose defining IF'S acts totally irreducibly and satisfies an exponential
separation condition, then its dimension is equal to its Lyapunov dimension. Apply-
ing Theorem 1.2, we get the following corollary.

Corollary 6.1. Let ® = {p;}ics be a finite system of invertible affine contrac-
tions of R2. Suppose that ® has no common fixed point, satisfies the non-conformality
and total irreducibility assumptions, and is exponentially separated. Let p be a pos-
itive probability vector. Let p = > p; - p;iu be the associated self-affine measure.
Assume that p is a frame spectral measure with frame spectrum A. Then

dim A < min{2, dimy, p},

where dimy, stands for Lyapunov dimension.

In general, Feng [6] proved that every ergodic invariant measure for an affine IF'S
is exact dimensional, and its Hausdorff dimension satisfies a Ledrappier—Young type
formula. Applying Theorem 1.2, we have the following corollary.

Corollary 6.2. Let p be an ergodic invariant measure for an affine IFS. Suppose
that p is a frame spectral measure with frame spectrum A. Then we have

dim A < dim p.

6.2. X(-invariant measures. Let T3 be the multiplication by 8 modulo
one on the unite interval. It is well known that if 8 is Pisot number and p is Ts-
invariant, then p is exact dimensional. Thus we have the following corollary as a
direct consequence of Theorem 1.2.

Corollary 6.3. Let $ be a Pisot number. If ju is a Tz-invariant frame spectral
measure with spectrum A, then we have

dim A < dim p.

6.3. Measures of “mixed type”. It is used to be conjectured that a pure type
phenomenon should also exist within the class of singular continuous measures, that
is to say, all frame spectral measures are exact dimensional. The first counterexample
was constructed by Lev [15] as follows.

Let p € P(R") and v € P(R™). We define a new measure p on R"* by

p:,u><50+50><1/,

where 0y denotes the Dirac measure at the origin. It is not hard to see that p is the
singular measure whose support is contained in (R™ x {0})U ({0} x R™). The frame
spectral measure of “mixed type” is constructed in the following theorem.
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Theorem 6.4. |15, Theorem 2.1| Assume that two measures p and v are con-
tinuous frame spectral measures. Then the measure p defined above is also a frame
spectral measure.

Applying Theorem 1.2 to the measure p of “mixed type” in Theorem 6.4, we have
the following corollary.

Corollary 6.5. Let u, v, p be defined in Theorem 6.4. Suppose that A is a frame
spectrum of p. Then we have

dim A < min{dim,u, dim,v}.

Acknowledgments. We would like to thank Chun-Kit Lai for many valuable re-
marks. We are also grateful for the anonymous referees for their valuable suggestions
and comments. This work was partially supported by the Centre of Excellence in
Analysis and Dynamics Research funded by the Academy of Finland.

References

[1] Da1, X.R., C. K. Lar, and X. G. HE: Spectral property of Cantor measures with consecutive
digits. - Adv. Math. 242, 2013, 187-208.

[2] DUFFIN, R.J., and A.C. SCHAEFFER: A class of nonharmonic Fourier series. - Trans. Amer.
Math. Soc. 72, 1952, 341-366.

[3] DuTkAYy, D.E., D. HAN, Q. SUN, and E. WEBER: On the Beurling dimension of exponential
frames. - Adv. Math. 226:1, 2011, 285-297.

[4] FALCONER, K. J.: The Hausdorff dimension of self-affine fractals. - Math. Proc. Cambridge
Philos. Soc. 103:2, 1988, 339-350.

[5] Fan, A.H., K.S. Lau, and H. Rao: Relationships between different dimensions of a measure.
- Monatsh. Math. 135:3, 2002, 191-201.

[6] FENG, D.-J.: Dimension of invariant measures for affine iterated function systems. -
arXiv:1901.01691, 2019.

[7] Fu, X., and C. K. LA Translational absolute continuity and Fourier frames on a sum of
singular measures. - J. Funct. Anal. 274:9, 2018, 2477-2498.

[8] HE, X. G., Q. KANG, M. TANG, and Z. WU: Beurling dimension and self-similar measures. -
J. Funct. Anal. 274:8, 2018, 2245 2264.

[9] HE, X. G., C.K. LAl and K. S. LAU: Exponential spectra in L?(u). - Appl. Comput. Harmon.
Anal. 34:3, 2013, 327 338.

[10] HocHMAN, M., and A. RAPAPORT: Hausdorfl dimension of planar self-affine sets and measures
with overlaps. - arXiv:1904.09812, 2019.

[11] HuTcHINSON, J. E.: Fractals and self-similarity. - Indiana Univ. Math. J. 30:5, 1981, 713-747.

[12] ToskEvicH, A., C.K. LamM, B. Liu, and E. WYMAN: Fourier frames for surface-carried mea-
sures. - arXiv:1905.07032, 2019.

[13] LABA, 1., and Y. WANG: Some properties of spectral measures. - Appl. Comput. Harmon.
Anal. 20:1, 2006, 149-157.

[14] Lar, C.K.: On Fourier frame of absolutely continuous measures. - J. Funct. Anal. 261:10,
2011, 2877-2889.

[15] LEvV, N.: Fourier frames for singular measures and pure type phenomena. - Proc. Amer. Math.
Soc. 146:7, 2018, 2883—-2896.

[16] SHI, R.X.: On p-adic spectral measures. - arXiv:2002.07559, 2020.

Received 29 January 2020 e Accepted 17 July 2020



