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Abstract. In this paper we study the regularity properties of certain maximal operators of
convolution type at the endpoint p = 1, when acting on radial data. In particular, for the heat flow
maximal operator and the Poisson maximal operator, when the initial datum ug € W1 1(RY) is a
radial function, we show that the associated maximal function u* is weakly differentiable and

Vu*|| L1 may Sa l[Vuoll oy ray-

This establishes the analogue of a recent result of Luiro for the uncentered Hardy—Littlewood
maximal operator, now in a centered setting with smooth kernels. In a second part of the paper,
we establish similar gradient bounds for maximal operators on the sphere S%, when acting on polar
functions. Our study includes the uncentered Hardy-Littlewood maximal operator, the heat flow

maximal operator and the Poisson maximal operator on S¢.

1. Introduction

1.1. A brief historical perspective. Maximal operators are central objects of
study in harmonic analysis. One of the most basic examples is the centered Hardy—
Littlewood maximal operator, denoted here by M. For f € LL _(R?) it is defined
as

1
Vi@ =y | wla=se {6l

r>0 MM >0

where B,(x) C R% is the open ball centered at z with radius r, and m(B,(x)) denotes
its d-dimensional Lebesgue measure. The uncentered Hardy-Littlewood maximal
operator, denoted here by M, is defined analogously, taking the supremum over open
balls that simply contain the point x but that are not necessarily centered at x. The
fundamental theorem of Hardy, Littlewood and Wiener states that M: L'(R%) —
LY°(R%) and M: LP(R?) — LP(R?), for 1 < p < oo, are bounded operators. The
same holds for M.

In the seminal paper [14], Kinnunen studied the action of the Hardy-Littlewood
maximal operator on Sobolev functions, giving an elegant proof that M : W1P(R%) —
WhP(R?) is bounded for 1 < p < oo. This work paved the way for several interesting
contributions to the regularity theory of maximal operators over the past two decades,
with interesting connections to potential theory and partial differential equations, see
for instance [1, 3, 4, 6, 7, 8, 11, 13, 15, 16, 18, 19, 22, 23, 21, 24, 25, 26|. One of the
longstanding problems in this field is concerned with the regularity at the endpoint
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p = 1. This is the Wh-problem, formally posed by Hajlasz and Onninen in [12]: if
f € WLH{(R?), do we have that M f is weakly differentiable and

IVM flloi@ay Sa IV fllzimay?
This problem has been settled affirmatively in dimension d = 1, in the uncentered

case by Tanaka [29] and Aldaz and Pérez Léazaro [2|, and in the centered case by
Kurka [17]. The higher dimensional version is generally open, having been settled

affirmatively only for the uncentered Hardy-Littlewood maximal operator M in the
important case of radial datum f, by Luiro in [20]. This beautiful work of Luiro [20]
is fundamental for the present paper, for we aim to extend it to different contexts.

1.2. Maximal operators of convolution type on R%. We start by investi-
gating the higher dimensional W %!-problem for certain centered maximal operators
of convolution type associated to partial differential equations, in the case of radial
data, establishing a result analogous to that of Luiro [20]. To our knowledge, this
is the first instance of an affirmative result for centered maximal operators, in what
concerns the boundedness of the variation, in the higher dimensional setting.

We borrow the basic setup from [5]. Let ¢: R% x (0,00) — R be a nonnegative

function such that
/ oz, t)de =1
Rd

for each ¢ > 0. Assume also that, when ¢ — 0, the family ¢(-, ) is an approximation
of the identity, in the sense that lim, .o (-, t) * ug(x) = up(x) for a.e. x € RY, if
ug € LP (Rd) for some 1 < p < co. For an initial datum uy: R? — R we consider the
evolution

(1.1) u(z,t) = (Juo| * (-, 1)) (x)

and the associated maximal function

(1.2) u*(x) = supu(z,t).
>0

Notice the use of the shorter notation u* for simplicity. One could also refer to (1.2)
as M,uo. In this setting, note that the centered Hardy-Littlewood maximal operator
corresponds to the kernel ¢(z,t) = m)(& (x/t). We consider here kernels ¢,
that are fundamental solutions of

auy — buy + Au=0 in R? x (0,00),

with a,b > 0 and (a,b) # (0,0). That is, the function u(x,t) defined in (1.1)
solves this equation in the upper half-space with initial datum u(z,0) = |ug(z)|. By
appropriate space-time dilations it suffices to consider the following three nonnegative
and radial decreasing kernels as basic profiles:

(%) t .
(1.3) 1o(z,t) = T2 (o 5 )@ (Poisson kernel),
1
(1.4) won(z,t) = (amt)12 e 1?*/4  (Heat kernel),
T
(]_5) 90171([);"t) :/ e_t(71+\/12167‘§ E) 627Ti:(:~§ dg
R4

The fact that (1.5) is nonnegative and radial decreasing was proved in [5]. The
Poisson maximal operator and the heat flow mazimal operator, given by the kernels
(1.3) and (1.4) respectively, are the classical and most important examples we want
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to keep in mind, but our methods could be adapted to treat other maximal operators
associated to differential equations. Our first result is the following.

Theorem 1. Let ¢ be given by (1.3), (1.4) or (1.5). If ug € WH(RY) is radial,
then u* is weakly differentiable and

||VU*||L1(Rd) Sd ||vu0||L1(Rd)-

The intuitive idea behind the proof of this result is as follows. First we reduce
matters to the study of nonnegative functions ug with some degree of smoothness, say
Lipschitz. We are then able to invoke one of the main results of |5, 9], that in the de-
tachment set {u* > |ug|} the function u* is subharmonic. The proof of this fact relies
on some of the qualitative properties of the underlying partial differential equations
(e.g. maximum principles and semigroup property). As observed in [5, Theorem 1
(iv)], this subharmonicity implies a control on the L?-norm of Vu* by the L?*-norm
of Vug. To arrive at the L'-control we use the fact that u* is pointwise smaller than
Muy. Hence, in the case of radial functions, we have a relatively well-behaved (i.e.
subharmonic in the detachment set) function, namely u*, that is trapped between u,
and Mug, and the latter comes with an L'-control of the gradient by the result of
Luiro [20]. As we shall see, these pieces together will ultimately imply the control of
the L'-norm of Vu* as well.

1.3. The Hardy-Littlewood maximal operator on S¢. We now move our
discussion to consider maximal operators acting on functions defined on the sphere
S¢ ¢ R, in order to develop an analogous theory. First, let us establish the basic
notation to be used in this context. We let d((,n) denote the geodesic distance
between two points ¢,n € S%. Let B,(¢) € S? be the open geodesic ball of center
¢ € 8¢ and radius r > 0, that is

B,(¢) = {n €S d(¢.n) <r},

and let B,(¢) be the corresponding closed ball. Let M denote the uncentered Hardy—
Littlewood maximal operator on the sphere S¢, that is, for f € L] _(S%),

—~ 1
M — -
TOZ e o) 7B

/ Fldo@) = sup ][ £ do(n),
B-(¢) B-(¢)

{B:(¢): £eB-(O)}

where ¢ = o, denotes the usual surface measure on the sphere S¢. The centered
version M would be defined with centered geodesic balls. Fix e = (1,0,0,...,0) €
R! to be our north pole. We say that a function f: S* — C is polar if for every
£,m € S% with £ -e =n-e we have f(§) = f(n). This will be the analogue, in the
spherical setting, of a radial function in the Euclidean setting.

When working on the circle St, an adaptation of the proof of Aldaz and Pérez

Lézaro [2] yields Var(Mf) < Var(f), where Var(f) denotes the total variation of
the function f. This follows from the fact that M f has no local maxima in the
detachment set {Mf > |f|} (say, for f Lipschitz). Our second result is the extension
of this statement to the multidimensional setting, in the case of polar functions. For

the basic theory of Sobolev spaces on the sphere S we refer the reader to [10].

Theorem 2. If f € W1(S?) is a polar function, then M is weakly differen-
tiable and

VM fllesey Sa IV flpisay-
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This is the analogue on the sphere S of Luiro’s result [20] for radial functions
in the Euclidean space. The proof we present below follows broadly the strategy
outlined by Luiro [20]. However, due to the different geometry, several nontrivial
technical points arise along the proof and must be considered carefully. A good
example that such difficulties cannot be underestimated is Lemma 12 below, one of
the core results used in our proof of Theorem 2. As in the case of R, the analogue
of Theorem 2 for the centered Hardy-Littlewood maximal operator M on S¢ is an
open problem.

1.4. Maximal operators of convolution type on S%. We now treat two
important cases of maximal operators of convolution type on the sphere: the Poisson
maximal operator and the heat flow maximal operator. We briefly recall the basic
definitions and refer the reader to [5, Section 1.4] for additional details.

1.4.1. Poisson maximal function on S?¢. Let 0 < p < 1 and let £, 7 € S%.
We define the Poisson kernel P on the sphere by

1— p2 B 1 — p2
kalpS —nl®  Ka(p? =2p&-n+ 1)
with kg = 0(S?%) being the total surface area of S¢. If uy € L'(S?) we let u(€, p) =

u(p€) be the function defined on the unit (d + 1)-dimensional open ball B; C R4*!
by

P&, p) =

wep) = [ PlEno) ol da(o),

and consider the associated maximal function

(1.6) u(€) = sup u(g, p).

0<p<1

Observe that u € C*°(B;) and solves the Dirichlet problem

Au =0 in By;
lim, ,1- u(&, p) = |ug(&)| for ae. € € S

1.4.2. Heat flow maximal function on S%. Let {Y}, ¢ =1,2,... dim H™,
be an orthonormal basis of the space H4! of spherical harmonics of degree n in the
sphere S?. For t € (0,00) and &, € S¢ we define the heat kernel K on the sphere
(see [10, Lemma 1.2.3, Theorem 1.2.6 and Eq. 7.5.5]) by

Hd+1

dim )

K&, n,t) = Z —tn(n+d—1) Z YZ Ze—tn(n—l—d 1) (n—)l\—k) C’\(§ n),
n=0 n—0

where \ = d;21 and t — CP(t), for 3 > 0, are the Gegenbauer polynomials defined in

terms of the generating function

(1—2rt47r%)7F = iC’g(t) r

n=0

If up € L*(S?) we consider

)= [ K€ mt) o) do ).
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and consider the associated maximal function

(1.7) u*(§) = supu(, t).

t>0

Note that u is a smooth function on 8% x (0, 00) and solves the heat equation

Ou—Au=0 in S¢ x (0, 00);
lirél+ u(é,t) = |up(€)] for a.e. £ € S4.
t—

1.4.3. Gradient bounds. We note that the smooth kernels P and K depend
only on d(&,n) and are decreasing with respect to this distance. If we fix one of these
two parameters, they have integral 1 on S% and are approximate identities as p — 1~
and ¢t — 07, respectively. The discussion on the heat kernel can be found in |27,
Chapter III, Section 2|. Also, from [10, Chapter 2, Theorem 2.3.6], note that the
associated maximal functions u* are dominated by the Hardy—Littlewood maximal
function, that is

(1.8) u(§) < Mug(§) < Mug(9).
Our third result establishes the following.

Theorem 3. Let u* be the Poisson maximal function given by (1.6) or the heat
flow maximal function given by (1.7). If uy € W11(S%) is a polar function, then u*
is weakly differentiable and

VU] prsay Sa l[Vuollpise.-

1.5. A word on notation. In what follows we write A $; Bif A < CB for a
certain constant C' > 0 that may depend on the dimension d. We say that A ~; B if
A <; B and B <4 A. If there are other parameters of dependence, they will also be
indicated. The characteristic function of a generic set H is denoted by xg. In the
few occasions that we write universal constants Cy in Section 4, these may change
from line to line.

2. Proof of Theorem 1

In this section we prove Theorem 1. Without loss of generality we may assume
that wug is real-valued and nonnegative (or +00). Assume also that d > 2, since
the result is already known for dimension d = 1 from [5, Theorem 1|. Throughout
the proof below, with a slight abuse of notation, we identify radial functions of the
variable z € R? with their one-dimensional versions of the variable r € (0, 00), with
the understanding that r = |z|. Naturally, if uo is radial, the maximal function
u* is also radial. In what follows, variables r,s,t,7,a,b will be one-dimensional,
whereas the variable z is always reserved for R%. We recall the fact |28, Chapter I11,

Theorem 2| that
(2.1) u*(z) < Mug(z) < Mug(z)
for every z € R

2.1. Lipschitz case. Let us first assume that our initial datum ug is a Lipschitz
function. In this case u* is also Lipschitz. Reducing matters to radial variables, we
claim the following:

22 [Tyl ars [Tl ars [ 0] ar
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Once we have established (2.2), the theorem follows easily by Luiro’s result [20], that
bounds the third integral in terms of the second.

Step 1. Partial control by the uncentered maximal function. Let us define the
radial detachment set (excluding the origin)

(2.3) Ag={z e R4\ {0}: u*(z) > up(z)}.
The one-dimensional radial version of this set will be denoted by
Ay ={]z|: x € Aa}.

These are open sets and from [5, Lemma 7] we know that «* is subharmonic on A,.

Let us write
o0

(2.4) Ay = J(ai, ;)
i=1

as a countable union of disjoint open intervals. Let (a,b) denote a generic interval
(@i, b;) of this union. If u* had a strict local maximum in (a,b) (that is, a point
to € (a,b) for which there exist ¢ and d with @ < ¢ < ty < d < b such that
u*(r) < u*(to) for r € (¢,d) and u*(c), u*(d) < u*(tp)), we could then take the average
of u* over the ball in R¢ centered at xq, with |zo| = to, and radius min{|to—c|, |toc—d|}
to reach a contradiction to the subharmonicity of u* in A;. Therefore u* has no
strict local maximum in (a,b) and there exists 7 with @ < 7 < b such that u* is
non-increasing in [a, 7] and non-decreasing in [, b]. We then have (u*)'(t) < 0 a.e. in
a<t<r,and (v*)(t) > 0ae inT <t <bh.

Let us first consider the case 0 < a < b < oo. Using (2.1) and integration by
parts we get

/ab (u*) (r)| 7 dr = _/GT(“*)/(T) Td—ldr+/Tb(u*)/(r) g

=u*(a)a®™" +ur (D) b — 2ut(7) T

4 b
+ (d - 1)/ U*(T) ’l“d_2 dr — (d — 1)/ U*(T’) fr,d—2 dr
< up(@) a1+ g (b) B — 2ug(r) 77!

+(d-1) /T Muo(r) ri2dr — (d — 1) /b uo(r) ri2 dr

= ug(a) a™! — ug(r) 7!
d—1) / Mug( dzdr—i—/f o(r)ritdr
(2.5) g/a \ug(r)}rd—ldr+(d—l)/aTMuo(r)rd—2dr.

The last inequality holds since
up(a) a®! — wo(r) 7471 < —/ up(r) rtdr < / ‘Uo rd=tdr.

If b = oo, since u* € LY*°(R?) we must have 7 = as well (i.e. u* non-
increasing in the interval (a,c0)) and a simple limiting argument leads to inequality
(2.5) again. Note that lim, ., uo(r) r¢=1 = 0 since r — uo(r) r4=1 is locally Lipschitz
with integrable derivative in (0, co).
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Finally, if a = 0, the proof of (2.5) follows as above noting that lim, o u*(r) r?~! =
0 (for d > 2).
If we add up (2.5) over all the intervals (a;, b;) of the disjoint union (2.4) we find

*,T’ Td_l r
o]t s/

Ay

}ug(r)‘ ritdr 4 (d — 1) / Muo(r) rd=2dr,
0

which then leads to (note that in A we have u* = ug, and hence (u*)" = ug a.e. in

Af)
(2.6) /Ooo\(U*)’(r)}rd‘ldré /Ooo\ug(r)\rd—l dr+(d—1)/ooo Mg (r) r*=2dr.

Step 2. Control of weighted norms. Asr — M uo(r) is Lipschitz and its derivative
is integrable (in fact (Muo)(r) r™! € L'(0, 00) from Luiro’s work [20]) we have that
lim,_, o Mug(r) exists and it is equal to 0 since Muy € L¥*°(R?). Then

V() = — / " (W) (t) dt

and

(d—1) /Ooo Mug(r)r*2dr = (d — 1) /Ooo </o° —(Muy) (1) dt) ri=2dr
<(d-1) / ) ( / | (o) 1) dt) T
= (d— 1)/000 /Otrd—Z | (Muo) (t)| dr dt
-

0

(2.7)

Finally, we combine (2.6) and (2.7) to arrive at (2.2), concluding the proof in this
case.

2.2. General case. Let us first record a basic lemma about radial functions
and weak derivatives. In what follows, when we say that a function f is weakly
differentiable in a certain domain  C RY, it is naturally understood that f and its
weak derivatives are locally integrable in such a domain.

Lemma 4. .

(i) A radial function f(z) is weakly differentiable in R%\ {0} if and only if its
radial restriction f(r) is weakly differentiable in (0,00). In this case, the
weak gradient V f of f(x) and the weak derivative f' of f(r) are related by
V() = (2]}

(ii) In the situation above, if f(x) and V f(x) are locally integrable in a neigh-
borhood of the origin, then f is weakly differentiable in R.

Proof. This result is most certainly standard but we could not find an exact
explicit reference. We then provide a brief proof for completeness.

Part (i). Assume that f(z) is weakly differentiable in R\ {0} and let V f be its
weak gradient. Let ¢ € C°(R?\ {0}) be a radial test function. Letting r = |x| we
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have, by definition,

/| e (Mo e + 5w as

(2.8) = /R o) f(z) (2; a% (%g@(z))) da

=

_ of x; MNdo— L
N /Rd\{O} (Z 825‘2 ‘SL’| ( )> d /Rd\{o} Vf( ) |LU‘ 90( )d .

Write = rw, with w € S¥ 1. Letting ®(r) = o(r)r?~!, rewrite (2.8) in polar
coordinates to get

a7 [T e ar=— [T ([ 50w doiw) aar

This is the required integration by parts in (0, 00) for the generic test function .

Assume oW that f(r) is weakly differentiable in (0, 00). If g is its weak derivative,
then f(r f1 t)dt has weak derivative zero and hence is constant a.e. in (0, 00).
We can then modlfy f on a set of measure zero so that f is continuous in (0, 00);
in fact absolutely continuous in each interval [a,b] C (0,00). In particular, f is
differentiable a.e. and g = f’. The radial extension f(z) is then continuous in R%\ {0}
and differentiable almost everywhere. Let us show that integration by parts holds,
say, with respect to the first coordinate z;. Write © = (x1,21,...,24) = rw =
(rcosf,r(sin0)¢), with r € (0,00), w € ST™' C R4 0< 0 <mand £ €S2 C R
Let ¢ € C>®(R%\ {0}) be a generic test function and consider

v = ([ o ol )

- (/7r ( wdad—2(f)) cos 0 (sin §)*2 dg) pa-1
0 Sd—2
</ /sd 2 (_ o8 glg Sh;e) (sin 0)" 2 dog_o(€) d@) -1

where an integration by parts in the variable 6§ was used. Using polar coordinates
one now sees that

/Rd\{o} xy dx_/ fr T:—/oof'(r)\lf r) dr
:_/Rd\{0}< (e DI \) v dr.

This shows that f(x) is weakly differentiable with weak gradient given by V f(z) =
Flal) 2.

Part (ii). Let 1v: R? — R be a smooth radial non-increasing function with ¢ = 1
on {|z| <1} and v = 0 on {|z| > 2}. Let ¥, (x) =1 —(z/a). Let ¢ € C*(RY) be
any test function. Since we know that f is weakly differentiable in R4\ {0} we have,

Then
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for any direction i = 1,2,...,d (here we denote df/0x; simply by f..),

[ fale) (90)(a) de = / £(2) (60a).. () da
(2.9) R R

= | (@) s, (x) Volz)dz+ [ [f(z)d(x) (Va)s,(x) da.
R4 RY

Note that the last integral takes place inside the ball of radius 2«. In this ball we
have ¢(z) = ¢(0) + R(z) with |R(z)| < Ca. Since f(x) is even in the variable z; and
(Vo) (x) is odd in the variable x; we get

(2.10) f(@)(Wa)a, (2) dz = 0,
R4

and since (U, ),, (1) = — 2, (v/a) we find

(2.11) | J@RE)(Wa)a () de = 0

as a — 0, since f is locally integrable. Using (2.10) and (2.11) and the fact that V f
is also locally integrable we may pass the limit as « — 0 in (2.9) to find

- [ fa@ o dr= [ f(@) o) d
R Rd
as desired. O

We now consider the case of general uy € WI1(R?) radial. We have seen in
Lemma 4 that its radial version wuy(r) is weakly differentiable in (0, c0) and

o
/ lug ()| 7t dr < oo.
0

In particular, after a possible redefinition on a set of measure zero, one can take ug(r)
continuous in (0, 00) (in fact, absolutely continuous in each interval [a, co) for a > 0).
This is equivalent to assuming that ug(z) is continuous in R4\ {0}.

Step 3. u* is continuous in R?\ {0}. With ug(x) continuous in R?\ {0}, the
detachment set A, defined in (2.3) is open. Throughout the rest of this section let
us write

u-(z) == u(z,e) = (uo* (,€))(z), z€R e>0.
We claim that u* is locally Lipschitz in Ay. In fact, if zo € Ay, there exists tg > 0
such that
u* (o) = u(wo, to) > u(wp).
From the continuity of u(z,t), there exist a neighborhood V' of 2y and an £y > 0 such
that

(2.12) u*(z) = Stlig u(z,t) = tsi}c: u(z,t) = st1>1%)) (u€0 * (-, t))(m) = ul (z)

for all x € V. Note that in the third equality above we used the semigroup property
of the family o(-,t) (i.e. the fact that (-, t1) * ©(-,t2) = @(-,t1 + t3)). Since u., is
Lipschitz, we have that u* = u? is Lipschitz on V', which proves our claim.

Writing R\ {0} = Ag U A%, we now need so show that u* is continuous at the
points of A5. Let xy € AG. If zy € int(A§) we are done since u* = wy is continuous
in a neighborhood of zy. Assume now that zy € AS\ int(A9) and that there exists
a sequence {z,}nen C Ay such that z,, — x¢ but u*(x,) - u*(x¢) = up(zo). Then
there exist ¢, > 0 and § > 0 such that u(z,,t,) > uo(z) + ¢ for all n. From the
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integrability of ug, the ,, are bounded, and passing to a subsequence we may assume
that t,, — ¢ > 0. Then u(z,,t,) — u(xo,t) > ug(xo) + 9, and we get that ¢ > 0 and
19 € Ay, a contradiction. This establishes that u* is continuous in R\ {0}.

Step 4. Weak differentiability and conclusion. In the previous step we showed
that u*(r) is continuous on (0,00) and locally Lipschitz in A;. For almost every
r € Ay, from (2.12) we have

() (r) = Tim(uZ)’(r).

e—0

From Minkowski’s inequality we recall that
(2.13) IVue|| prmay < Vol 2wy

for any ¢ > 0. Using Fatou’s lemma, the bound in Theorem 1 already proved for
Lipschitz functions, and (2.13), we arrive at

*\/ T’d_l r imin w* I r Td_l r
oy o) tar <timipt [ Jny o]

(2.14)
,Sd lnen_}onf ||VUEHL1(R‘1) < ||vu0||L1(Rd)-

With this in hand, an adaptation of the argument in [9, Section 5.4] shows that u*(r)
is weakly differentiable in (0, 0o) with weak derivative given by x ¢ ug(r)+xa, (u*)'(7).
This in turn implies that u*(z) is weakly differentiable in R4\ {0} by Lemma 4. From
(2.14), its weak gradient Vu* on R4\ {0} verifies

Hvu*HLl(Rd) = K:d—l/ ‘(u*)/(r)} Td_l d?”
0

(219) =MJ(Awwthm+ \%WWHW>

Af
Sd ||VU0||L1(Rd),

with k4_; being the total surface measure of S4~!. This is our desired bound. As a
final remark note that, from the Sobolev embedding, uo € LY@~V (R?) and hence so
does u*. In particular, u* is locally integrable in R?. Since we already know from
(2.15) that Vu* € L'(R?), an application of Lemma 4 (ii) gives us that u* is in fact
weakly differentiable in RY. This completes the proof of Theorem 1.

Remark. A crucial insight in the proof above was to relate the variation of
u* with the variation of the uncentered Hardy-Littlewood maximal operator Muy,
expressed in inequality (2.2). Since Mug(x) <4 u*(x), uniformly for all z € R?, we

could just run the exact same proof to obtain the gradient bound for Mug starting
from the gradient bound for u*, showing that these two bounds are actually equivalent
to each other.

3. Proof of Theorem 2

Recall that o denotes the usual surface measure on the sphere S¢. We denote by
kg = 0(S%) = 2@+ D/2 /T ((d +1)/2) the total surface area of S¢. With a slight abuse
of notation, we shall also write

(3.1) o(r) :==o(B,(¢)) = ka1 /Or(sint)d_l dt.
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Throughout this section we assume, without loss of generality, that f is real-valued
and nonnegative (or +00).

3.1. Preliminaries. If f € L'(S?), by Lebesgue differentiation we may modify
it in a set of measure zero so that

32) fe = tmaw | oot

{r—0%:¢eB(0)}

holds everywhere. Let us assume that is the case. For f € L'(S%) and ¢ € S? let us
define the set B¢ as the set of closed balls that realize the supremum in the definition
of the maximal function, that is

33)  Be={BC: Ces' r20.6 B Mf = ||

Fn s}

r(€)
Here we consider the slight abuse of notation

(3-4) Bo(¢) :={¢} and

f(n)da(n) = (&),
(€}

in order to include the closed ball of radius zero as a potential candidate in the defi-
nition of Be. In light of (3.2) we always have that B is non-empty. Our first lemma
holds for general Sobolev functions in W1(S?) (not necessarily polar functions).

Lemma 5. Let f € W'(S%) be a nonnegative function that verifies (3.2) and
let £ € S% be a point such that M f(€) > f(€). Assume that M f is differentiable at
¢ and that B € B¢. Then

VM) = VI0) (= (1) + (- v) dolo)
for every v € R¥™! with v L €. In particular,

VA < / V)] doln).

Proof. Observe first that the condition M f(£) > f(&) implies that the ball B has
positive radius. Without loss of generality let us assume that |[v| = 1. Let R, = Ry¢,
be the rotation of angle ¢ over the plane spanned by ¢ and v that leaves the orthogonal
complement invariant, i.e.

Ri(n) = ((cost)(n- &) — (sint)(n - v))& + ((sint)(n - &) + (cost)(n - v))v + 2(n),

where z(n) is the component of the vector 1 that is orthogonal to the plane generated
by ¢ and v. Then

SR (€ — i MO = MIQ) / (B)f_]{gf)

t—0+ t t—0+ ¢
Rt -

_ ][ VEm) (= (7 v)E+ (n- E)v) do(n).

The reverse inequality is obtained similarly by considering the limit as ¢ — 07. [

Remark. The passage to the limit in (3.5) uses the fact that the difference quo-
tients are bounded in L' by a multiple of L'-norm of the gradient of f, uniformly in
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t. With such a uniform bound one can establish the required limit by approximating
f by smooth g.

3.2. Lipschitz case. Throughout this subsection we assume that our polar
f € WL1(S?) is a Lipschitz function. Recalling that e = (1,0,0,...,0) € R, for
¢ € 8¢ we write
cosl =& -e

with 6 € [0,7]. Note that 0 = 6(§) = d(e, &) is the polar angle. We generally write
f(€) for the function on S, and f(#) for its polar version on (0, 7). We then have

IVFE©I = (0]
for a.e. £ € S\ {e, —e}, and

IV sy = ras [ 17/0)] )" a.
0
3.2.1. Estimates for small radii. For ¢ € S let us define

w(¢) = min {0(C), 7 — 0(¢) } = min{d(e, ), d(—e,()}.

Let us define the auxiliary maximal operator M by (recall convention (3.4))

(3.6) MUf(E) = sup ][ £(n) do ().

{€€B,(¢): 0<r<w(¢)/4} Y Br(C)

In analogy to (3.3), for each ¢ € S? we define the set of good balls

B~ (B0 cest o<r < U e B Mo -

B (<)

F s}

Notice that M! f is also a polar function. We consider the detachment set

Ei:={¢ €8\ {e,—e}: M'f(&) > F(9)},

and its polar version, denoted by
& ={0(¢) = d(e,§): € € &}

One can check that M! f is a continuous function in S?. Further qualitative properties
of MIf are described in the next two results.

Lemma 6. le does not have a strict local maximum in &;.
Proof. The proof is identical to |20, Lemma 3.10]. O

Lemma 7. lef is locally Lipschitz in &4.

Proof. Let £ € &. Let B,.(¢) € B{ with r minimal. Then r > 0 and it is possible
to find a neighborhood V' of ¢ of the form V = {n € S¢: (&) — e < 0(n) < O(¢) + &}
such that: (i) € < /100 and (i) if » € V and B,(w) € B then s > 99r/100.

Let m,wz € V. Let S be the half great circle connecting e,m, —e. If ny € S'is
such that d(e,n;) = d(e,w;) then we have d(n,n2) < d(n1,ws). Since M f(ny) =
M! f(ws), for the purposes of proving Lipschitz continuity it suffices to work with
n,n. € S. Assume without loss of generality that M/ f(m) > My (m2). Let
B..(¢) € th with ¢; € S. Then 1y ¢ B,,((1), and hence 7, is not between (3
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and 7;. It is also easy to see that we cannot have (; between 7, and 7y due to condi-
tions (i) and (ii) above. Hence we must have 7; between (; and 7. We now choose

a ball B,,((2), with (5 € S lying between (; and 79, such that 7y € 9B,,({2) and

wi@)}

(3.7) re = d(C2,72) = min {7’17

(one may think of moving the center (; along S in the direction of 7y until finding
the unique choice of (3). Note that (s is in fact between (; and 7; and hence

(3.8) 12 =d(C2m) = d(Ciym) — d(Cr, G2) + d(m,m2) < r1—d(G, G) + d(m, ).
If ro = ry in (3.7) then we have d((1,(2) < d(1m1,72). In the other case we have

(< B (SO (S N (S

4 = 4 4 = 4
and combining with (3.8) we obtain d((y, () < 3d(mi,72), which yields ry — ry <
5d(m1,m2). We conclude by observing that

M f ) — M f () < ][ [
Brq (¢1) Bry(C2)
s(f . f)+<][ f—][ f)
Br, (¢1) Br, (¢1) By, (¢1) By, (¢2)
,Sd,r,f d(Thﬂh)- U

An adaptation of the argument in [9, Section 5.4] then shows that MY f(6) is
weakly differentiable in (0, 7), with weak derivative given by xee f'(6)+xe, (MI f )/(9).
In fact, if € & is a point of differentiability of f (which are almost all points of
&) one can plainly see that f'(#) = 0, otherwise one could do better than f(6) in
the maximal function (3.6) and € would belong to &; instead. The weak derivative of

MU f(8) is then simply ye, (/Wf)’(e). From Lemma 13 below we have that M’ f(€)

is weakly differentiable in S¢. The next proposition establishes the desired control of
the variation.

Proposition 8. The following inequality holds

HVMVIfHLl(Sd) Sd ||Vf||L1(Sd)

Proof. The proof follows the outline of [20, Lemma 3.5] with minor changes. We
need to prove that

) ‘(lef)’(ﬁ)‘ (sin§)*1do <, /07T | //(0)| (sin6)~" d6.

We shall prove that
(3.9) / [(MTF)(8)] (sin ) dd <, / |£(6)] (sin@)** g
£1N[0,7/2] 0

and the proposition follows by symmetry. For k > 1, we define £Ff = & N [#, 2%],

and since & is open we may write int (Ef) = [J;2, (af, b¥). We observe that ((55;2;))5:11
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~q 1 for 6 < 7. When af = oig7 OF bf = o5 we observe, from the definition of the
auxiliary operator in (3.6), that

MEf(r /28 MEf(r/2F) < sup f(6)

0(§) € /2842, m /28 1]

for k > 2. These are the ingredients needed to run the argument in [20, Lemma 3.5]
in order to get

7r/2k71

(lef)'(H)‘ (sin@)4~1do <, / | £/(0)|(sin6)~" df

7r/2k+2

(3.10) |
&

for k > 2. In the case k = 1 we must be a bit more careful when b} = 7/2 by using
the bound

M f(r)2) < sup (&),

0(¢) € (/4,3 /4]
which then yields

— N 3n/4
/81 |(MTf)(0)] (sin6)" do < / (M) (0)]do < / | £/(0)] do
(3.11) ! s "
<, "(0)|(sin §)* d8.
s f . @leno
Finally, we add up (3.10) and (3.11) to get (3.9). O

3.2.2. Estimates for large radii — preliminary lemmas. The other crucial
ingredient in the proof of Luiro [20, Lemma 2.2 (v)] is the bound

VAT ()] < ﬁ £ 151l an

where B 3 z is a ball in which the maximal function is realized. The main difficulty
in the case of S¢ is in establishing a bound that will serve a similar purpose. This
is accomplished in Lemma 12 below but before we actually get there we need a
few preliminary lemmas. Recall the definition of o(r) in (3.1), and observe that
o'(r) = kq_1(sinr)?"! is equal to the (d — 1)-dimensional area of 9B, ().

Lemma 9. Let £ € S?\ {e,—e} and let B,(¢) € B¢, with ¢ in the half great
circle determined by e, £ and —e. Assume that 0 < 6(¢) < 6(¢), that £ € 0B,.((),

that .//\Xf(f) > f(&) and that M F is differentiable at €. Then

v e) =T vrm0) S ar,
where
_¢=m-9n
Y = Onl

is the unit vector, tangent to n, in the direction of the geodesic that goes from n to
C.

Proof. Since M f (&) > f(&) we have r > 0. Let S be the great circle determined
by e and . For small h € R we consider a rotation Ry, of angle h in this circle (in
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the direction from ¢ to e) leaving the orthogonal complement in R%*! invariant, and
write ( — h := Rp(¢). The idea is to look at the following quantity

hm J[BTHL(C_h) f o J[BT'(C) f

h
(3.12) h0
i Freenf “Fsen S toenS —fuo!
h—0 h .

In principle we do not know that the limit above exists. We shall prove that it in
fact exists using the right-hand side of (3.12). Once this is established, the left-hand
side of (3.12) tells us that this limit must be zero, since the numerator is always
nonpositive regardless of the sign of h.

From Lemma 5 (in particular, see computation (3.5)) we note that

(3.13) li

h—0

= VMF(€)(v(€, ).

) fzar(c—h)f_fﬁr(of
i h

Note also that

3[ By n(C—h) f—4 Br(¢C—h) f
h

1 1
3.14 _ otk o) 1 fBrM(C—h) f-= fBr(C—h) /
( ' ) - h [+ h
By in((—h) o(r)

_a(r) RS
=Tl /M)f T o® /W)f

as h — 0. Hence the limit in (3.12) exists and is zero. Now we consider momen-
tarily ¢ as the north pole in the computation below and proceed with the standard
polar coordinates on the sphere. Writing = (cos,wsin ), with w € S4=! we use
integration by parts to get

Y o(d(G,m)) o\
- Vf(n) (=v(®n,¢)) ) do(n)

:/Sdl Org—g(e,w) (/Oe(sint)d‘ldt) df dog_;(w)

(3.15) = .. f(r,w) < /0 T(sint)d_ldt> dog_1(w)

_ /Sdl /OT f(0,w)(sin0)*1d0 doy_, (w)
o(r)

- f— I
a'(r) /63,.(4) B, ()
The lemma then plainly follows from (3.12), (3.13), (3.14) and (3.15). O

We now state a basic geometric lemma.

Lemma 10. Denote by AABC' a geodesic triangle with vertices A, B, C', oppo-
site geodesic side lengths a, b, ¢, and (geodesic) angles A, B,C.
(i) There exist universal constantsy > 1 and p > 0 such that for every AABC C
B,(e) we have

asin B < ~vb.
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(i) Under the same hypotheses, if B < 5 we have
‘c— a COSB‘ <b.

Proof. Part (i). By the triangle inequality we have a < 2p. Then, for any v > 1
we can choose p small so that sinf < 6 < ysinf for 0 < 6 < 2p. Using the spherical
law of sines we have

asin B < fysinasinB = fysinbsinfl < vysinb < ~b.

Part (ii). Assume that p is small. We shall prove that cos(c — a cos B) > cosb,
which shall imply that |¢ — a cos B| < b. By the spherical law of cosines we have

cosb = cosccosa + sincsina cos B.
Note that
cos(c — a cos B) = cosc cos(a cos B) + sin ¢ sin(a cos B).

Since 0 < a cos B < a we have that cos(a cos B) > cosa. Also, by elementary
calculus we have sin(a cos B ) > sina cos B, and the result plainly follows from these
estimates. U

We conclude this part with another elementary fact.

Lemma 11. We have
fot(sin s)tds  o(t)

t) = =
U = T T tol(D)
for 0 <t < 1/4. Moreover, u is a C*°-function in this range.
Proof. Note that

[i(sins)tds 1 /t sins\ " g = St /1 41 1 d
t(sint)d-1 t Jo \sint t Jo (1—a*(sint)?)1/2 =

and both t — %’“t and t — f i 1W da are smooth functions bounded

above and below in the proposed range. O

Zdl

3.2.3. Estimates for large radii — main lemma. We are now in position to
prove the key result of this subsection.

Lemma 12. Let £ € S%\ {e, —e} and let B,(¢) € B, with ¢ in the half great
circle determined by e, £ and —e. Assume that 0 < 0(¢) < 0(¢), that £ € 0B,((),

that Mf(£) > f(€) and that M f 1's differentiable at £&. There is a universal constant
p > 0 such that if B = B, (() B,(e) then

(316) VM ]f V)1 800) doto) + 525 1910 o)

Proof. From Lemma 9 we have

(3.17) VMF(E)(—v

()
) g,y 0

In the case ( = e, estimate (3.16) follows dlrectly from (3.17) and Lemma 11. From
now on we assume that ¢ # e. From Lemma 5 we also know that

(3.18) VM) (~u(€,e)) = ]f V£ (n) S(n) do(n),
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with S(n) = (n-v(€, e))é—(n-§)v(€, e). The idea is to compare the identities (3.17) and
(3.18) in order to bound ‘Vﬂf(f)} = }Vﬂf(f)(—v(f, e))|- To do so, we write the

right-hand side of (3.18) as a sum of three terms, one being comparable to ‘V.K/lv f(&)|,
the second one being small, and the third one being close to the right-hand side of
(3.17) in a suitable sense. We start by writing

0O 00 _ dle.6) —d(e.O)
Let us define vy (n) = S(n)/|S(n)|. We then have

frns
~f vr s (M) vy () ()

:/B V£(n)|S(n) @ v1(n) do(n)

- ]f w1 (151 = )2 vy o) — f 950" ) ao ).

r

(3.19)

Step 1. Let us start by bounding the quantity

o(d(¢,n)) 8(¢)
o'(d(C,n)) do(n) + ]ﬁvf(n)T vi(n) do(n).

This last expressmn is equal to (recall the definition of u in Lemma 11)

d(¢,m) (=v(n, ¢)) + d(e, ) u(r) vi(n)] do(n).

(3.20)

Note now that

d(¢,m)w(d(¢,n)) (—v(n,¢)) + d(e, ¢) u(r) vi(n)
= u(d(¢,n))[d(¢, n)(—v(n,¢)) + d(e, O)vi(n)]
—d(e, ¢) [u(d(¢,n)) — u(r)]vi(n).

From Lemma 11 we know that wu(t) is Lipschitz for 0 < ¢ < 1/4. We then have
lu(d(¢,n)) — u(r)| Sq r and another application of Lemma 11 yields

T 900 dte. ) utatc.m) ~ )]st o)
(3.21) 5
Sif IVl d(e. ) don)
B
Let us now deal with the remaining piece. Observe that

d(¢,m) (=v(n,¢)) + d(e, ) vi(n)
= d(¢.n)(vi(n) cos o + vy (n)* sina) + d(e, ¢) vi(n)

)
(322) = [d(¢,nui() cos B + d(e, ) va(n)] + [d(C, mun(n)* sina]
+ [d(¢, n)vi(n)(cos a — cos B)]
=[]+ 1]+ 1],
where cosa = —v(n,() - v1(n) (0 < o < 7), v1(n)* is unitary and orthogonal to

v1(n) (in the plane determined by v1(n) and v(n,()), and cos 5 = v((,n) - (—v((, e))
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(0 < B < m). Naturally, we may assume without loss of generality that n # (. We
now proceed with the analysis of the three terms in (3.22).
Analysis of [I]. Observe that

|d(¢, m)vi(n) cos B+ d(e, ¢) vi(n)| = |d(¢, n) cos 5 + d(e, ).

Consider the geodesic triangle with vertices e, (,n (that has angle Ze(n = m — f3).
Assuming p small, if § > 7/2 we may use Lemma 10 (ii) to find

|d(C,n) cos B+ d(e, ()| < d(e,n).
In case 0 < 8 < 7/2 we have

0 < sgn(cos B) = sgn[(n — (¢~ n)¢) - (—e+ (C-e)¢)] =sgn[—(n-e)+ (C-e)(¢-n)],
which implies that

cos(6(C)) = (C-e) = (C-e)(C-n) = (n-e) = cos(0(n)).
From this we conclude that d(e, () = 6(¢) < 68(n) = d(e,n) and hence

|d(¢,m) cos § + d(e, O)| < d(¢,n) + d(e, () < (d(e, () +d(e, ) + d(e, () < 3d(e,n).

Analysis of [I1] and [I1I]. We note that the angles o and (3 are close, and it
is important for our purposes to actually quantify this discrepancy. In order to do
this, let us parametrize the points as follows. We write ¢ = (cosf,sin6,0), with
0 € R“!, and n = (cos by, sin ) cos @, sin b sin p w) with w € S92 ¢ R*"!. Here we
set 0 < 0,0;,p <. Recall that in this notation we have e = (1,0,0). We then have
—v((,e) = (—sin#, cosd,0). Recall also that the vector v;(n) is the unitary vector
tangent to n in the direction of the derivative of the curve that takes the point 7
along the rotation in the first two coordinates (in the direction from e to ¢). A direct
computation yields

(3.23) S(n) = (—sin by cos p, cos by, 0)

and
1

a V/1 —sin? 6, sin ¢
Using that v(¢,e) L ¢ and vy(n) L n we then find

v1(n) (—sin 6, cos ¢, cos 1, 0).

. e eny = M= Q¢
cos § = v(C.1) - (~0(C.@)) = L - (<u(C.e)
_ —sinfcosf; + cosfsin b cos g
In— (- )¢
and
. R Sl U AL /A
CoOs ¥ = (777C) 1(77> ‘_C_'_(UC)U‘ 1(”)

_ —sinfcosf; + cosfsin b cos p
V1 =sin? 0y sin? |~ C+ (- O

Since |[n—(n-¢)¢| =|—C+(n-On| = /1 — (n- ()2, we plainly obtain that |cos 3] <
| cos | and hence sina < sin 5. Using Lemma 10 (i) we then find

|d(<-> 77)?11(77)* SiIlCY| < d(Ca 77) Sinﬁ 5 d(e> 77)
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This takes care of the term [/]] in (3.22). Finally, we recall that all the action takes
place inside a small ball B,(e), which means that the angles § and 6, are small. This
yields an estimate for the term [I1]] of the form

|d(¢; mva(n)(cos a — cos B)| S ¢ — || cos a — cos 3]

2(1—(n-
= -9 | = sin 0 cos 0, + cos 6 sin 6, cos | ( 1 _1)

1—(n-¢)? V/1 —sin? 4y sin®
<sin?6, <60, =d(e,n).

Combining (3.20), (3.21) and the bounds for the terms [], [/]],[//I] in (3.22), and
using Lemma 11, we arrive at

a(d(¢, n)) 0(c)
‘_]f Vi .0)) e n))da(n)+][Vf(n)7v1(n)d0(n)‘

Suf 195100 dotn) + 950 o) dr()
Step 2. We continue our analysis with the term
F 95 (15001 - )2 sty ot

From (3.23) we know that |S(n)|> = n - p(n), where p(n) is the projection of n over
the plane generated by ¢ and e. Therefore

w00 (501 1) 0 ot

< {19561 (1= 15’ " aotr)
B

(3.25) < 1956 - (- )| % dotm)
s][\Vf(n)Hn—p( RSO

<4 195l 0 do (o).

Step 3. Combining (3.17), (3.18), (3.19), (3.24) and (3.25) we find that

[ Vo150 ™E v doto)

Nd]fwf )16(¢) do(y ]fo )/ 6(n) do(n),

(3.24)

and therefore

VR = | £, 950 50 ao)
s v e ot + S 19w aoo)
This concludes the proof of the lemma. O

3.2.4. Proof of Theorem 2 — Lipschitz case. We are now in position to move
on to the proof of Theorem 2 when our initial datum f is a Lipschitz function. In this
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case we also have M f Lipschitz. Consider the set Hy = {& € S MF(&) > ML f(€)}.
In light of Proposition 8 it suffices to show that

|1V ©]do©) S [ 19501 dote)
Ha S¢

For each £ € 8%\ {e,—e} let us choose a ball B, () € B¢ with r¢ minimal and,
subject to this condition, with (¢ in the half great circle connecting e, §, —e in a way
that w(() = min{d(e, (¢),d(—e, ()} is minimal. If there are two potential choices
for (¢ we choose the one with 0 < 6(() < 6(§).

First let us observe that we can restrict our attention to small balls. For ¢ > 0,
define the set R, = {{ € Hq \ {e, —e}: r¢ > ¢}. By Lemma 5 we find

_ 1
[ wEsase < [ gt [ o Tl ot
Seo [ 9SG oo

If € € Hy\ {e,—e} and ¢ is small we must have w((¢) < 4r¢ (otherwise we would
fall in the regime of the operator M’). Assuming that & € Hy \ {e, —e}, that ./\/lf
is differentiable at ¢, and that VM f(€) # 0 (which implies that & € 0B, (Ce)), wi
may restrict ourselves to the situation where d(e,§) < p or d(—e,§) < p (where p
is given by Lemma 12). By symmetry let us assume that 6(§) = d(e, &) < p. We
call such set G4 and further decompose it in G; = {£ € G4: 0 < 6(() < 0(£)} and

={£ € Gi:0 <0 < 0(¢)}. We bound the integrals over these two sets
separately.

Step 1. For G} we use Lemma 5 and proceed as follows:

/ VM) 0016) < / ; / It as(e

Xlsr§ ¢o)(n)
= [ 190 [ iy 4o @ ot

(3.26)

Note that 6(n) > 6(¢) in this case. Observe that

w(Ce) _ 0(C) _ 0(S)
4 4 4’

(327) Te >

v

and also, by triangle inequality,

d(n, &) _ 0(n) _0(&)
-2 T 2 2
Dividing (3.28) by 2 and adding up to (3.27) we get

(328) ’/’g

Returning to the computation (3.26) we have, for a fixed 7,

XBre (¢e)\T ( ) 1 N
[53 m dold) < /89(77)(9) (9(77 ) do(§) ~a 1,

6

from which the required bound follows.
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Step 2. We now bound the integral over G, using Lemma 12. If £ € G, then
(329) T¢ < ‘9(5) < 57”5.
We then have

1
[ R\ZHOIECE | <@ / o TIIBdota)

d

Te 9((&)]1[3 o IV £(n)] dg(n)> do(§)

(3.30) o) ) 60n)
S [ Iviml | 20T o) dato
g 7”50(7%)

+ [ Vi)l do (&) do(n).
Sd G

o (7“5)
Using (3.29) and the fact that 8(¢¢) < 6(§) in this case, we have, for a fixed 7,

X8 (co) (1) 0(Ce) XB.(co) (1) ()
(331) /gd (7“5) 0(5) = / U(Tﬁ) do’(&)

p : d—1

,Sd/ 0 (sin ) 40 <, 1
0 o(0)

where we used Lemma 11 in the last inequality. For the other integral, we use (3.29),

the fact that 6(n) < 6(¢) in this case, and Lemma 11 again to get

X8, (¢o)(n) 0(n) P (sin@)d1! o1
(3.3 / g do() < 80 /H(m—ww 46 <, 6(n) /W EXUEt

Our desired inequality plainly follows from inserting the bounds given by (3.31) and
(3.32) into (3.30). This completes the proof of Theorem 2 in the Lipschitz case.

3.3. Passage to the general case. We will be brief here since the outline is
the same as in §2.2. The following lemma is the analogue of Lemma 4 in the case of
the sphere and we omit its proof.

Lemma 13. (i) A polar function f(£) is weakly differentiable in S%\ {e, —e}
if and only if its polar restriction f(0) is weakly differentiable in (0, 7). In
this case, the weak gradient V[ of f(§) and the weak derivative f" of f(0)
are related by

VI(€) = IO (& ) = 10— * <(€£-.ee>)f£‘_

(ii) In the situation above, if f(§) and V f(§) are locally integrable in neighbor-
hoods of e and —e, then f is weakly differentiable in S¢.

Consider now a (nonnegative) polar function f(£) in W11(S%). Then, by Lemma 13,
its polar version f(#) is weakly differentiable in (0, 7) and verifies

/ |f/(0)] (sin ) dd < oo.

In particular, after a possible redefinition on a set of measure zero, one can take f(6)
continuous in (0, 7) (in fact, absolutely continuous in each compact interval of (0, 7)).
This is equivalent to assuming that f(£) is continuous in S\ {e, —e}.
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In this case the detachment set
Dy = {¢ € 8"\ {e,—e}: Mf(&) > f(9)}

is an open set. One can also show that Mf is continuous in S \ {e, —e} (see the
ideas in Step 3 of §2.2), being indeed locally Lipschitz in D, (see the ideas in the

proof of Lemma 7, passage (3.5) and the remark thereafter). In particular, Mf is
differentiable almost everywhere in D,.

Let {f,} € C(S%) be a sequence of nonnegative smooth functions such that
fn — f in WH(SY). We may simply assume that f, is given by the spherical
convolution of f with a smooth polar kernel ¢, (say, non-increasing in the polar
angle) of integral 1 supported in the geodesic ball of radius 1/n centered at the north
pole; see [10, Chapter 2, Sections 2.1 and 2.3, and Proposition 2.6.4| for details on the
spherical convolution. We may also assume that f, — f and Vf, — V f pointwise
almost everywhere in S¢ (say, outside a set X C S¢ of measure zero). Let £ € Dyg\ X

be a point at which M f is differentiable and all M fn are differentiable (this is still

almost everywhere in D). Note that for n large we shall have & € {Mf,,(£) > f.(£)}.
We now observe that if B, = B, ((,) is a ball that realizes the maximal function

an(f) with r,, — r and {, — (, then we must have r > 0 and the limiting ball
B,.(¢) realizing the maximal function M f(&). This plainly implies that

Mo (&) = MF(E)

as n — 00, and also, by Lemma 5,

VM fo(€) = VMF(E)

as n — 00.
Since we have proved Theorem 2 for Lipschitz functions, using Fatou’s lemma we
have

[ 9@ doe) < timint [V Rf(€)]doe)

(3.33)
Sa iminf [V fo| L sa) = [V fllr(sa).

This places us in position to adapt the one-dimensional argument of [9, Section 5.4]
to show that M f(6) is weakly differentiable in (0, 7), with weak derivative given by

(3.34) xoe f'(0) + xp, (M) (8),

where Dy = {0(§): £ € D;} is the polar version of D,. In fact, if § € D is a point of
differentiability of f (which are almost all points of DY) one can verify that f'(6) = 0,
otherwise # would belong to D; instead. The weak derivative of M f(0) is then simply
XDy (Mf)’(@) This in turn implies that M f is weakly differentiable in S\ {e, —e}
by Lemma 13. From (3.33) and (3.34) we have

(335) HVMfHLl(Sd) Sd ||vf||L1(Sd)7
which is our desired bound. From the Sobolev embedding we know that f €
LY@=1(84) " and hence so does M f. In particular, Mf is locally integrable in S%.

From (3.35) we already know that VM f is locally integrable in S¢, and a further

application of Lemma 13 shows that M f is in fact weakly differentiable in S?, which
completes our proof.
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4. Proof of Theorem 3

We now turn our attention to the proof of Theorem 3. As presented in the
introduction, the notation here is slightly different, as we denote our initial datum
by uo and our maximal function by u*. As usual, throughout this section, we assume
that wg is real-valued and nonnegative (or +00).

4.1. Lipschitz case. Asin the proofs of the previous two theorems in this paper,
we address first the case when our polar ug € WH1(S9) is a Lipschitz function. In this
case we have that u* is a polar function that is also Lipschitz (see |5, Lemma 16 (ii)]).

4.1.1. A preliminary lemma. The following result will be important for our
purposes.

Lemma 14. Let uo: S — R™ be a polar and Lipschitz function. Then, in polar
coordinates,

Muo(3) = uo(§) Sa Vo soy.

Proof. Let us assume that Muo(%) > uo(%). First observe that

MVUO(%) _Uo(%) = (MVUO(%) — sup U0(9)> + ( sup uo(f) — “0(%)> )

0e[Z 3z 0e[Z,3x
and
I I
sup up(0) — up(%) < / lug(0)] O <4 / lug(0)] (sin )" d0 <q | Vuo|| £1(sa)-
Oe[i, T 1 i

Therefore it suffices to bound .//\Xuo(g) — SUPge(x 3x) uo(0). Bringing things back to
the notation of § 3.1, let £ € S? be such that §(¢) = % and let B = B,(¢) € B. Let
Z={nes8" 2 <0(n) <2} IfBC Z, then Muo(g)—supee[%%] uo(f) < 0and we
are done. Assume henceforth that B ¢ Z and that Mug () — supye up(6) > 0.

Writing 1 = (cos 0, (sin §) w), with w € S?~! we define

zS_Tr}
47 4

0) = [ xelon) (50"~ dogs ()

(that is, the (d — 1)-dimensional measure of the intersection of B with the level set

d(e,n) = 60). We then have

Fua(5) = { o) dotn) = —= [ (o) 0

37 P

1 ;
=B ( /0 uo(0) £(6) df + / uo(0) £(60) df + /3 uo () €(6) d9>

4

ENE]

37

(4.1) .

1 i ™
+ m (/0 UQ(H) 6(6’) do + /:%r UQ(H) 6(6’) d@) .
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Now observe that

[ w eeya— [ ( /6 ub(r) dr + uo(?;f>> 00) o

(4.2) ; i

Plugging the bound

/ 00)d <, / (sin0)1do < (sinr)i!

into (4.2) we get

(4.3) / " o0 £(9) ng( sup u0(9)> / " 0(0)d0 + Cu Vo 11 s,

s m 37 3
'y 03,71 e

where C is a universal constant. In an analogous way we obtain

(4.4) / Zuo(e)e(e)deg< sup u0(9)> / " 0(8) 6 + Cy | Vo s,

0 0e[Z,3x] 0
Combining (4.1), (4.3) and (4.4) we get
Muo(5) < sup uo(6) + Cal| Vi (s,

0el.F
from where our result follows. ]

4.1.2. Proof of Theorem 3 — Lipschitz case. Assume d > 2 since the
case d = 1 has already been treated in |5, Theorem 3|. Define the detachment set
(excluding the poles)

As={€ €87\ {e,—e}: u(€) > uo(€)}

and its one-dimensional polar version
Ay ={0(&): &€ Ay} C (0,m).

These sets are open and from [5, Lemma 17| we know that u* is subharmonic on Aj.

We write
o

A = U(ai, bi)
i=0
as a countable union of disjoint open intervals. If 7 € A; we let 7 € (ag,by) and let

Al_ = U (ai, bl) and Aii_ = U (CL,’, bz)
(ai,bi)C(O,g) (ai,bi)C(g,ﬂ)

If 5 ¢ A; we just regard (ag, by) as empty, and keep AS as above.

Let (a,b) denote a generic interval (a;,b;) of this union. As in the proof of
Theorem 1, the subharmonicity implies that «* has no strict local maximum in (a, b)
and then there exists 7 with @ < 7 < b such that u* is non-increasing in [a, 7] and
non-decreasing in [7, b]. We then have (u*)'(#) <0 a.e. ina < 6 < 7, and (u*)'(#) >0
a.e. in 7 <0 <b.

An important idea of this proof is to proceed via the comparison (1.8) to the
uncentered Hardy—Littlewood maximal function when appropriate, and make use
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of the gradient bound established in Theorem 2. We consider first the case when
(a,b) C Ay . Using integration by parts we get

/ ‘ sm@d Lae

= —/ (u*)(6) (sin§)*~' db +/ (u*)(6) (sin§)*~' db

= u*(a) (sina)™! 4 w*(b) (sin b))~ — 2u*(7) (sinT)* !
(4.5) + / ' u*(6) ;e(sm@)d Ldg — / b (9)%(sm9)d—l do
a) (sin @)t + ug(b) (sin b))~ — 2ug(7) (sin7) %
/ Muy (0 sme)d L — / buo(e)%(sme)d—l do

S/a |ug (6 }(sm@)d 1d9+/T (Mvuo(ﬁ) — up(0)) ge(smﬁ)d Ldg.

a

In the computation above we have taken advantage of the fact that 2; 5 (sin 9)?=t > 0.
Note also that we have no problem if a = 0 since lim, o u*(a) (sin a)d . =0asd> 2.
If we sum (4.5) over all the intervals (a,b) C A; we find

/ }(u*)’(é’)‘ (sin@)~1de
A

1

< /02 |ug(0)| (sin )" do + /2 (.//\/lvuo(ﬁ) — uo(0)) (%(sin )4 do

0

:/05 }ué(@)}(sin@)d_lde—/ ((/\/luo) ) — up(0)) (sin@)?~" do

0

+ (Muo(3) —uo(5)) < /0 "y (0)] (sin 0" do,

(4.6)

where we have used Theorem 2 and Lemma 14.

Finally we have to consider the case when 7 € A; and bound the integral

fazp |(u*)'(0)] (sin@)?~*df. Let 75 be the corresponding local minimum over the

interval (ag, bg). Let ¢ = min{7y, 5 }. Proceeding as in (4.5) and (4.6) we obtain

_ / " Y(0) (sin )70

ag
9

- pyd—1
50 (sin@)“~"de

= u*(ag)(sin ag)? = u*(co) (sin co) ! + /Cou*(e)
(4.7) < ug(ag) (sinag)®™ — ug(co) (sin o)t + /CO //\/lvuo(é’) %(sin 6)1dg

= /CO up(0) (sin ) do + /CO (Mvuo(ﬁ) — uo(9)) g(sin )41 do

a0 a0 a0
<4 / |ug(8)] (sin6)*~" dé.
0
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The last estimate we need is the following

/ " (WY (8) (sin )% 46 = u* (%) — (o) (sim o)t / * (6 %(sin 6)41 4

0 [&0]
™

< MUO(g) — Uo(Co)(Sin Co)d_l — /2 Uo(e) %(sin G)d_l deo

(4.8) = (Muo(3) —uo(3) ) + /%ug)(e) (sin6)71 df

co

Sd/ |up(6) ] (sin6)~" de.
0

By combining (4.6), (4.7) and (4.8), and adding the integral over the set {u* = g}
we find

/ (Y (®)] (sin6)' ' b <4 / [ (0)] (sin 0)7~ do.

0 0
By symmetry we then have

/ [(@)'(6)] (sin.0)*"" d0 <4 / |up(6)] (sin @) do,
2 0

2

and the proof is complete by adding these two estimates.

4.2. Passage to the general case. The passage to the general case of a polar
f € WH(S?) follows closely the outline of §2.2, with Lemma 4 replaced by Lemma 13
when appropriate. We omit the details.
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