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Abstract. We study the geometry of sets based on the behavior of the Jones function, Jg(z) =
fol 6}5;2(% r)z%. We construct two examples of countably 1-rectifiable sets in R? with positive and
finite H'-measure for which the Jones function is nowhere locally integrable. These examples satisfy
different regularity properties: one is connected and one is Ahlfors regular. Both examples can be

generalized to higher-dimension and co-dimension.

1. Introduction

In his solution to the Analyst’s Traveling Salesman Problem [Jon90|, Jones in-
troduced a local gauge of flatness which has been generalized by David and Semmes
[DS91]| to higher dimensions. These families of local gauges of flatness are called
the Jones [-numbers, and they have come to dominate the landscape in quantita-
tive techniques relating rectifiability, potential theory, and boundedness of singular
integrals. See, for example the landmark book [DS93].

Foraset E C R% 1 < p < oo, and an integer 1 < n < d—1, we write uy = H"LE
and define the Jones S-numbers as follows,

1

| dist (s, L)\ d) )
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We also write 8] (z,r) for 85 (z,7), when p = H" L E is understood. If p =
0o, the S-numbers are defined in terms of the sup-norm instead of the L°°-norm.
Various notions of “rectifiability” have been studied over the years and are frequently
characterized by g-numbers. We introduce them from most to least regular. The
original notion is for 1-dimensional sets in £ C R, It is said that E is rectifiable if
E can be contained in a curve of finite length. Thanks to [Jon90] in dimension d = 2
and [Oki92| for dimension d > 3, the following characterization is known:

o d
(1.2) E c R%is (finitely) rectifiable <= / / ﬁ,{;;oo(x,rf?r dH'(z) < .
EJo

In addition to generalizing the Jones S-numbers, [DS91] also introduced the no-
tion of uniform rectifiability. A set £ C R? is said to be Ahlfors n-regular if there
exists 0 < ¢ < C' < oo such that er™ < H"(EN B(z,r)) < Cr" for all x € E and all
0 < r < diam(E). An n-Ahlfors regular £ C R? is said to be uniformly n-rectifiable if
there exist finite constants 6, A > 0 such that for all x € F and all 0 < r < diam(FE)
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there is a Lipschitz mapping g: B(0,r7) C R® — R¢ with Lip(g) < A such that
H"(EN B(x,r)Ng(B(0,r))) > 6r™.

In [DS91] the authors show that an n-Ahlfors regular set £ C R, is n-uniformly
rectifiable if and only if the Jones S-numbers satisfy the following Carleson condition

2n
for some 1 < p < =%,

R
d
(1.3) Chy(r, R):= / / B (Y, 7’)2% du(y) < cR" forallz € E, R > 0.
B(z,R) J0O

A set E C R? is said to be countably n-rectifiable if there are Lipschitz maps
fi: R" = R% with i = 1,2,..., such that

H'(R\ U, fi(R") = 0.

Recently, Tolsa [Tol15] and Azzam and Tolsa [AT15] show, as a special case, that
E is countably n-rectifiable if and only if

1
(1.4) Jp(x,1) = / ﬁ,’%.Q(x,v")Qﬁ < oo for H"ae z€E,
o r

where Jp(z,1) is the Jones function at x and scale 1. See [Mat95] for more about
countably n-rectifiable sets and also [Paj97] and [BS16| for more about identifying
countably n-rectifiable sets and measures via S-numbers.

In this paper, we show that sets which satisfy (1.4) can fail to satisfy (1.3) as
dramatically as possible. We show this through two examples in the plane. The first,
Theorem 1.1, is connected and the second, Theorem 1.2, is Ahlfors regular.

Theorem 1.1. There exists a rectifiable curve (of finite length), Ko C R?, such
that for up = H'L Ky, for any x € Ky, and any § > 0

)
dr
/ /ﬁko;z(y,r)Z—du(y)zoo
Bs(z) J0 r

The set Ky arises from unions of modifications of approximations to snowflake-like
sets. Since K is a rectifiable curve, by the Analyst’s Traveling Salesman Theorem,
ie., (1.2), it follows

0 dr
/ / Bley ooy, 1) — du(y) < oo,
R2 Jo r

which indicates that Kj fails to be Ahlfors upper-regular at generic points.

We note that this example also gives rise to a curve of finite length (see Re-
mark 2.10) which has classical tangents nowhere. This is in contrast to the well-
known theorem that simple rectifiable curves have tangents almost everywhere, see
[Fal86], and also demonstrates the necessity of the “simple” assumption in the main
theorem of [CW16], which states that o-finite simple curves have classical tangents
on a set of positive measure.

Theorem 1.2. There is a 1-Ahlfors regular, countably 1-rectifiable set Ay con-
tained in the unit cube in R? such that for i = H' L Ay, for every x € Ay, and for

every 6 > 0,
P
dr
/ / By, )’ — du(y) = occ.
Bs(z) Jo r

The set Ay, whose construction was initially motivated by the machinery intro-
duced in [Toll7|, is created from scaled unions of approximations to the 4-corner
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Cantor set. Ultimately the presentation was simpler using the framework of self-
similar sets.

Remark 1.3. These examples can be used to create higher-dimensional ones by
taking Cartesian products with finite intervals. That is, if A € {K,, Ag} for any
positive integer n < d, define E' = A x[0,1]"~! ¢ R""'. Embedding £’ into the first
(n + 1)-dimensions of R? preserves the properties of A. In particular, it is standard
that defining S-numbers over cubes (with sides parallel to the axes in RY) instead
of balls leads to an equivalent definition of the g-numbers. Consequently finiteness
of Ck,(x, R) is equivalent to the finiteness of C'j,(2’, R) where 2’ is the orthogonal
projection of z into R2.

2. Proof of Theorem 1.1

To construct a 1-rectifiable set, Ky, that is connected (hence Ahlfors lower-
regular) for which the Jones function is locally non-integrable, we modify approx-
imations to the Koch snowflake. This set will not be Ahlfors upper regular, i.e.,
HY(B(z,r) N Ky) < Cr fails for all C and some (z,7). We begin with an informal
description of the technical construction which follows.

The construction splits into two parts. First, build a “base set” E., which satisfies
Cg..(0,0) = 400. The base set F, is designed from modified approximations of the
Koch snowflake, see Definition 2.2 and subsequent discussion. The goal is to build
the connected base set F,, so that within the triadic strips [377,37¢~1] x R the set
E looks like successive approximations to the Koch snowflake which arise from more
iterations of the “bumping process”. See Figures 1-3 for example sets that could be
scaled and set on the triadic intervals [371,2-371],[372,2-37%],[372,2 - 37%], as in
Figure 4, to begin creating the base set E.,. After doing this infinitely many times,
and taking care to balance the number of corners with the shallowness of the corners,
we create a connected set with finite length such that the infinitely many “bumps”
in any neighborhood of the origin give Cg_(0,§) = +oo for all 0 < .

After we have constructed the base set F.,, we build the desired final set K.
Roughly speaking, this happens by iteratively adding scaled copies of E., in a dense
way along F, itself.

For the remainder of this paper, we only consider £ C R? and the S-numbers
when p = 2. As such, we write g, 8, Cg, and C, in place of S5y, 8.0, Ch.y, and C,,
see (1.1), (1.3). Moreover, for any set L C R? we write B,(L) = {z: dist(z, L) < r}
and B, = B, ({0}).

We begin by stating two basic properties of the Jones S-numbers. The first, often
called “doubling” despite our choice to scale by a factor of 3, controls how fast the
S-numbers can shrink by relating the g-numbers at comparable scales. The second
shows how the S-numbers behave under rescaling.

Proposition 2.1. Let E C R? have dimy(FE) = 1.
(1) For any ball B,(y) C Bs.(z),

ﬁE<y7 T>2 S 336E(I7 37")2
(2) The -numbers have the following scaling property. If E*' = tE + z then

Bp=t(z,1)? = Bp (2, %)2 Consequently, Cg-(z,7) = tCg(0,t71r).

Next, for the reader’s convenience we record some facts about and give a con-
struction of the standard approximations to the Koch snowflake.
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Definition 2.2. Let I C R? be a line segment, and fix 0 < o < 7/2. Define
P(I) as the set which results from the following operation:

1. Divide I into three equal subintervals, lief; U Icenter U Lright-

2. Over the middle interval, I oner, construct an isosceles triangle with angles o
and base .epter-

3. Delete I enter, the base of the isosceles triangle.

We define
(2.1) S(I) =P(I)\ 1,

and call S(I) the bump. If ¢; is the orthogonal projection onto the line containing
I and g7 is the orthogonal projection onto I+, then height(S(I)) = diam{qi (S(I))}
and width(S(I)) = diam{m;(S(I))} = sH"(I). We shall abuse our notation slightly
by saying that for a collection of line segments, F, the set P(F) is obtained by
applying P to each maximal line segment contained in F.

If I =[0,1] x {0} and o = %, the standard approximations to the Koch snowflake
are given by {P*(I)}2°,, where P* denotes applying P iteratively k times. We
emphasize a few properties about deformations under the operation P.

Proposition 2.3. For any finite line segment I C R? and positive integer n,

(2.2) height(S(7)) = ta“ﬁ(o‘> 1],
(2.9 H(s(1) = 4Dy

sec(a) + 2

(2.0 () - (24

)n’Hl(E).

When T = 55 min {tar%(a), %}, there exists ¢o = ¢(«) such that for all lines L

(2.5) H' (S()\ B,(L)) = cH'(S(1)).

Figure 1. The set P3(I) when a = 7/3.
Note: despite the least iterations, this has
more length than the following two images.

ﬂ Figure 2. The set P4(I) when oo = 7/9.

Figure 3. The set P5(I) when a = 7/27.

P 5

Figure 4. Zoomed in and truncated picture of the 3rd approximation to a base set, made by
placing the sets from Figures 1-3 in their appropriate triadic intervals.

Proof. (2.2) and (2.3) follow from planar geometry. The n = 1 case for (2.4)
follows by adding back in the unchanged intervals lies and Iyigne, which have total
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length 2|7|. The geometric nature of the definition of P allows us to then iterate this
to achieve (2.4).

To verify (2.5) we proceed by contradiction. Suppose no such constant ¢ exists.
Then, there exists a sequence of lines intersecting S(/) such that

H'(S(1)\ B-(L)) < 27! (S(1).

After passing to a subsequence, L; converge to some line L with the property that
H' (S(I)\ B(L)) = 0. Since S(I) is connected this implies S(I) C By, (L). How-
ever, this contradicts the fact that 27 < <= min{height(S(1)), width(S())}. O

Definition 2.4. Define P; to be the set operation defined on line-segments by

Pi(1) =P (S| (I \ Leenter)

recalling the definition of S(I) can be found in (2.1). Loosely speaking, for any line
segment, I, P;(I) is the set that replaces the center of I with a jth approximation
of the Koch curve.

Remark 2.5. The Hausdorff distance between two compact sets A, F C R? is
defined by

disty (A, F') := max {Sup inf |z — y, sup 1nf |z — y|}
yeA zEF

In addition to metrizing the collection of all non-empty compact sets, the Hausdorff
distance generates a topology on the collection of non-empty compact sets that is
complete, since R? is complete.

Corollary 2.6. For any line segment I C R? and positive integer n

(2:6) W (Pu1) = 21 () 22) T sl

Moreover, if a < /3,

(2.7) disty (I, P"(I)) < tan( )

|1].
Proof. Equations (2.3) and (2.4) verify (2.6). Indeed,

(st = (FADE2) s - () 22) T sy

3 3

The restriction to o < 7/3 ensures the longest line segment of P*(I) has length at

most 37'. Consequently, (2.2) guarantees

tan(«)
12

disty (P"(1), 1) < zn: disty (P(I), PY(I)) < zn: 3 "height(S(I)) <

=1 =1

1],

We now define a sequence of sets Ej which will be instrumental in defining the
“base set” E, in our construction.

Definition 2.7. Now, we let n be a natural number to be chosen later and
Ey=1=10,1] x {0}. We define £y = P,(I). For k > 2 inductively define

(2.8) Ek:P,m<[ ~ (k= 1] x{O})U({[g (k=1) } xR}ﬁEk1>.
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Notably, for all integers j the operation P; applied to [0,3~*~V] x {0} leaves
the segment [0,37%] x {0} untouched. Consequently, the sequence of sets {E}} are
defined by replacing the “next” triadic interval with a scaled approximation of the
Koch snowflake. The fact that each triadic strip [37%,3=*~1] x R is only modified
once in the sequence of sets FEj is ensures the Hausdorff dimension of the final set
remains 1.

Lemma 2.8. (Base set) Fix a < /3 and any integer n satisfying'

(2.9) 37! (%)n <1<3! (w) 2

Then the sequence of sets Ej, from (2.8) converge to a compact and connected Borel
set . in the Hausdorff topology on compact subsets. Furthermore, E., satisfies:

(1) HY(Ey) < oo

(2) For all § > 0, Cg_(0,6) = +o00

Proof. Note that (2.7) ensure that disty(Egy1, Ex) ~ 37%. In particular, {Ey}
is a Cauchy sequence in the Hausdorff topology. Hence, the existence of the limiting
compact set F., follows from completeness of the Hausdorff topology on compact
sets, see Remark 2.5.

By construction each Ej, is connected. In fact, since By N By« = [0,37%] x {0} it
follows that Ej \ Bs-«(0) is connected for each k. Connectedness of E., now follows
since Fy, \ Bs-x = Ej, \ Bs-+. This demonstrates that outside every neighborhood of
the origin F, is connected. Consequently, F., is connected.

To see that E, has finite length we write the H!-measure of Ej, as the measure
of E} outside Bsi-» plus the measure of Ej inside the ball Bsi-x. The two key
observations being Ey\ Bsi—x = Ej,_1\Bsi—x and H'(Ey_;\ Bgi-x) = HY(Eg_;)—317F
Indeed, (2.6) and these observations imply,

HY(E}) = HY(E, N Byi—x) + H' (Ey_1 \ B3i-«(0))

= §|[0731’“] x {0} +3* (W) " @ N (Hl(E’H) B 34{) |

or, equivalently,

HYE)) — HY(E_) = 37" [(W)nk sec(a) — 1] .

Since H'(Fy) = 1, iteration yields

(2.10) WEy) = 1+Z3 i [(u)msec(a) - 1] .

In particular, limy_,., H!(E;) < oo whenever n satisfies the lower bound from (2.9).
Moreover H'(EL,) = limy_.oo H'(E}) since for all j > k,

H' (E;,AE) < Z (M) sec(a),

i=k+1

which decays to zero as k — oo. Hence, (2.10) holds for E,, and 0 < H'(E,) < oo.

INote that for instance, a = /3 and n € {2,3} satisfies (2.9).
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It only remains to show Cg_(0,8) = 400 for all § > 0. To this end, we first note
that when r = r(n,a) = 3-1 (SeC(§)+2> :
Pkl g=(k+1)
l—r 1-371

Indeed, by (2.10) and the trick used to prove (2.10)

H' (E, N Bs-x(0)) = 37F + i 37" lsec(a) (M)n — 1] .

3
i=k+1

(2.11) H' (Es N By-«(0)) = 37% + sec(a)

Claim. With 7 as in Proposition 2.3 and « < /3, there exists a constant ¢; and
integer j, independent of k such that for any line L, and all k such that nk—1—7jy > 0,

(2.12) MW ((EOO \B_z, (L)) N ng) > ¢ 37F (W)nklm .

Proof of Claim. Writing I' = [0,1] x {0}, we will in fact scale by 3* and show
the stronger result that

sec(a) + 2)"k1j° 7|

H! ((Pnk(l’)\Bzgo(Lg mBgo) > 30 ( 3

To do so, we find a line segment J C S(I') \ B-(L) such that J has an endpoint
in common with one of the two line segments of S(I') and |J| = 37H!(S(I"))/2,
where jy to be chosen later is independent of L. This specific choice of length and
endpoint ensure that P™*~1=70(J) C P, (I'). Moreover, the choice of j, will both
guarantee that |J| is large enough and that P™*~179(.J) remains outside of B, (L),
hence verifying the claim.

To find J, we note that the simple shape of S(I") guarantees that S(I') \ B,(L)
has at most 4 maximal line segments. Hence, there exists a maximal line segment
Ky, C S(I'")\ B;(L) with H'(Kp) > 1H' (S(I') \ B(L)). If K/, is parallel to L let
xy, denote either endpoint of K. Otherwise, let x; denote the unique endpoint of
K, that is not contained in B,(L). Define J to be the unique subset of K, of length

3_j0%|1 '| with endpoint z;. Now, define jy as the smallest integer such that

3-i0 < min c_o’ tan(a) sec(a)|l,| - T ’
4 12 6 2

where ¢q is as in Proposition 2.3. The first condition ensures that J C K and (2.5)
guarantees that the first constraint on jy is independent of L and k. The second
constraint combined with (2.3) and (2.7) ensure that disty (P !1790(J),J) < I.
Moreover, choosing j, to be the smallest admissible integer guarantees that |J| =

3‘j0$\1 "I > |I'| where ¢ is independent of L and k. Finally, (2.4) completes the
proof of the Claim since

nk—1—7jo
H' (Par(I')\ Brja(L)) = H'(P™7170()) > 4 (W) 7],

where ¢; depends only on a.
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Whenever nk — 1 — jo > 0, (2.12) implies

1 (5%’ sec(ar) + 2\
—k\2 2.3F —k
Br.(0,377)" > 3=k (F) <013 (T)

., (sec(o;)) + 2)”’“

(2.13)

Fix § > 0 and any integer ks such that 37% < § and nks — 1 — jo > 0. Then,
with u = H' L EL, repeated applications of Proposition 2.1, (2.13), and (2.11) yield

é 00
/ / Bu(, T)Qﬁdu(iﬁ) > In(3)372 Z 1(By-e12) B, (0, 3=(kt2)y2
Bs(0) Jo r

k=ks

© k41 3—(k+1) 9 nk
> In(3)372 Z <3k + sec(a) 17’_ — 1o 3_1> (c2 <+%c(a)> ) :

k=ks

Due to the lower bound in (2.9), this sum diverges if and only if

> rhtl 1 2 + sec(a) nk > 3ky2k+1 rk
Z lsec(a) 1—pr 3ktl _3k ( 3 ) = Z sec(av) 1—, 3_1
k=ks k=ks

diverges. Since the lower bound in (2.9) ensures r < 1, this diverges if and only if
ZZO:,%(?)TQ)’“ diverges which is equivalent to the upper bound in (2.9). O

Theorem 2.9. There exists a connected set, K, C R? of finite H'-measure such
that for any x € Ky and 6 > 0

Cky(z,0) = 00.

Proof of Theorem 1.1. Let {r;}52; be a sequence of positive numbers such that
Yo ri < 1. Let E*" C R? be the set E*" = rE,, + 2. We construct K; as the union
of a countable collection of nested sets {I';}.

Let I'g = E.. Now, let {a:l,j}j-v:ll be a maximal 271~ !-separated net in I'y. Let

Ny

R

I, =T,U U EV N
j=1

Suppose that we have defined I';_;, some positive integers {Ng}@j and a collection
of points {z,; € 5 |1 < ¢ <i—1,1<j < N,} that form a maximal 2-¢~D~L
separated net for I';_5. Then choose N; € N and points {z; ; }1<j<n, C ;=1 so that
{@p; €T )1 <€<i,1<j<N,}isamaximal 27" '-separated net in I';_;. Then
define I'; by

N; N
;=T ,U (U ExN)

Jj=1

We claim that Ky = U;’io I'; is the desired set. First note that since each I; is
countably rectifiable, then K is countably rectifiable. Moreover, {z; ; }jvzl C I';_q for
all ¢ ensures K inherits connectivity from F.,. Furthermore, since {I';} is a nested
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sequence increasing to Ky and ) .r; <1,

oo N; ) oo
HU(Ko) = H' | B« U E™ ™ | < H (Bo) |1+ 1 | < 2HN(Bw).
=1

i=1j=1

It only remains to show that for z € Ky and § > 0 that Ck,(z,d) = co. To
this end, fix x € Ky, and § > 0. By definition of Ky, there exists ¢y such that
x € I'y;. Then, by the net property of the points {x; ;}, it follows that for £ —1 > ¢,
large enough that 27! < §/4, there exists i < ¢ with z;; € I',_y N B(z,§/2) C
Ko N B(x,6/2). Writing p = H'L Ky and p;; = H' L E™~ it follows from
monotonicity of the integral that

5/2

0 odr dr
(2.14) Bro2(y, )" — duly) = Bus 2y, 1) — dpi j (),
Bs(z) J0 r Bsa(zi,5) J0 r

or equivalently C,(z,0) > C, (%;;,0/2). Recalling that E*' = tE, + z, we use

(2.14), Proposition 2.1(2), and Lemma 2.8 to conclude

d Ti ON;
> T wiso | = A7 Yo ) T
Ck,(z,0) > OE”J’W (x J 2) NZ-OEOO (0 2”) 00

Since x € Ky and 6 > 0 are arbitrary this finishes the proof. 0

Remark 2.10. Since K from Theorem 1.1 is ConnecteiHl(Fo) = H'(Kp) <
oo and Ky is compact, see [Sch07, Lemma 3.4, 3.5]. Thus K| is a rectifiable curve
by Wazewski’s theorem, see [Sch07, Lemma 3.7| or [AO17, Theorem 4.4].

The authors thank Matthew Badger for pointing out that K, coincides with
the Hausdorff-limit of {I';}. So, Golab’s semi-continuity theorem and Wazewski’s
theorem suffice to ensure Kj is a rectifiable curve. See, for instance, [AO17| or
|[Fal86| for relevant theorem statements.

3. Proof of Theorem 1.2
The unique compact set fixed by the iterated function system (IFS),

{F;: R®* > RYF,;(E)=2"%(E+(i,7)), i,j€{0,3}}

is called the 4-corner Cantor set, C. The 4-corner Cantor set is an Ahlfors regu-
lar set with positive and finite H!'-measure and is purely unrectificable. That is,
H' (CN f(R)) = 0 for all Lipschitz functions f: R — R

Typically, one approximates the 4-corner Cantor set by beginning with the “initial
set” [0,1]% in their iteration scheme. However, our motivation for the construction of
Ay arises from considering the initial set [0, 1) x {0}. Beginning with a 1-dimensional
set allows every approximating set to have positive and finite H!-measure. This is
also critical to produce estimates on the S-numbers of each approximation.

The general strategy for producing the desired set A in Theorem 1.2 is as follows.
We produce a base set X such that within successive tetradic strips [27%, 2722 x R
the set 2o ([27%,272+2] x R) is a scaled version of a higher-iteration approximation
to the 4-corner Cantor set. This allows for precise control on the S-numbers in every
neighborhood of the origin. Then, following the strategy for Theorem 1.1 we carefully
iterate this set “on itself” in a dense way, taking care to preserve Ahlfors regularity.



562 Max Goering and Sean McCurdy

3.1. Approximations to the 4-corner Cantor set. Consider the following
sequence of approximations to the 4-corner cantor set, by sets of positive and finite
H!-measure. Let Ey = [0,1) x {0} and inductively define

_ g
(3.1) E.= Y py+27E,; where p;= (gg)
(i.4)€{0,3)2

The word similarity is used to refer to any mapping that can be written as a
composition of scalings, rotations, reflections, and translations. Throughout the rest
of the paper, we say that two sets are similar if one is the image of the other by a
similarity. In reality the similarities we discuss can always be written as a scaling
and translation, as in (3.1).

We let A denote the collection of tetradic half-open cubes in R?, that is

A ={[a27% (a+1)27%) x 272, (b+ 1)27%%) | a,b,k € Z}.

For some @ € A, we let £(Q)) denote the sidelength of @). We partition the tetradic
cubes into cubes of fixed sidelength by defining A* = {Q € A | £(Q) = 27%}.
In general, for a set £ C R? we respectively denote the length of E and the height
of E by
((F) = diam{m,(E)} and h(E) = diam{m,(E)}

where 7, and m, denote the orthogonal projection onto the horizontal and vertical
axes. In particular, for a cube ) with axis-parallel sides, this notion of length coin-
cides with the cubes sidelength. Hence no confusion with the earlier convention that
0(Q) is the sidelength of @ will arise.

Definition 3.1. (Clusters and sub-clusters) Any set which is similar to any Ej
or By U|0,1) x {0} for k € N will be called a cluster. Moreover, for fixed k € N, we
will call Ej, the 0th sub-cluster of Ej, and the 22* line segments that make up Ej, are
called the kth -subclusters of Ey. For £ € {1,..., k — 1}, the 2%-sets contained in E},
which are similar to Ey_, are called the (th sub-clusters of Ej.

Definition 3.2. (Root points) We associate to each cluster and each cube a
root point. The root point of a cluster F is the lower-most and left-most point in the
cluster. Since a sub-cluster is itself a cluster, the notion of a root point extends to
sub-clusters. For a cluster E, we let xg denote its root point. For a tetradic cube
Q) € A we let zg denote the lower-most and left-most point of @) and call z¢ the root

point of Q.
Proposition 3.3. For fixed non-negative integer k, the set E has the following
properties.

(1) Each E} is a finite union of 2% intervals each of length 272*. In particular,
H'(E)) = 1 and Ej is countably 1-rectifiable. Moreover, each connected
component I of Ey, has 0I C ((I)Z* = 27**Z? and consequently is contained
in a line R x {a27?*} for some a € Ny.

(2) If j > 0 is an integer and if Q € A7 is such that Q N E} is non-empty, then

Tg + [ng(Q)) X {0}7 J= k7

3.2 NE, = ,
( ) Q k {xQ 4 2_2jEkfj7 j S k

(3) Each Ey is Ahlfors regular with regularity constant independent of k.
(4) For 0 < j < k an integer, each jth subcluster of Ej, has H'-measure 2.
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(5) For 1 < j < k an integer, the jth subclusters of Ej are 2 - 2% -separated
horizontally and at least 2 - 2~ % -separated vertically. In fact, they are (3 —
3 Zk J 9= 21) . 2% _separated vertically.

(6) If J C Ej is a connected component, then J is a vertical distance of 3 -
from the nearest connected component J' of Ej,.

(7) There exists a universal constant ¢ > 0 such that if k > 2 and u, = H'L Ey,
then for all x € Fj,

/1 ﬁ“k(x,'r’)2ﬂ > c(k —2)
6 r

,272k

272]6

Proof. (1) follows immediately from (3.1) since each p;; € 272Z2.

To see (2), we first note that the case j = 0 is clear for any & € N. Further,
the case k = 0 is clear for all j € N. To procede inductively suppose that (3.2)
holds for all £ € N when 57 = ¢ — 1. We will show it holds for all £ € N when
j = (. Indeed, suppose that @ € A’ has non-empty intersection with Ey,. Let xq
be the root of Q. Choose p € {pi;}; )€{0,3)2 such that @ C p+ [0,272)2. Then,

4QNEy —p) = (4Q — 4p) N (4B, — 4p) = QN Ey_y where Q := 4Q —4p € A“"!. By

the inductive assumption,

i 5+ [0, £(Q 0 (—1>k—1
B (e Y IR N TSt
CUQ—|—2 ! E(f—l)—(i—l); (—1<k-1.

Translating and scaling this back to what this means about @) N Ej verifies the
induction.

(3) follows from (1) and (2) since these imply that %E’“) = 1 for tetradic cubes
Q) with £(Q) < 1 that intersect Fj. This suffices since any ball contains a tetradic
cube of comparable sidelength and is contained in 42 tetradic cubes of comparable
sidelength.

(4) is equivalent to showing that Fj is made of 2°* intervals, each of length

(5) The horizontal separation is verified by an argument similar to the vertical
separation. For the vertical separation, we only verify that the vertical separation
is at least 2 - 272, Indeed, this follows since E; is contained in the horizontal strips
R x [0,1/4] U [3/4,1] for all ¢. Then, the scaling from (3.1) ensures that the jth
subclusters, which arise by applying (3.1) j times to the sets Ej_; are vertically 2 -
272 = %2*2(3' ~D_separated. The reason the height-bound can be improved, is because
the jth subclusters are actually contained in smaller strips. See for instance, Ej,
where the first subclusters are contained in lines, and Fy where the first subclusters
are contained in the strips R x [0, 2] U [12, 12].

(6) follows from the fact that vertically-closest connected components in Ej come
from the connected components of E; which are 3-272 separated. After being scaled
by 272 in (3.1) another (k— 1) times the separation is reduced to a distance of 3-272%
as claimed. This coincides with the precise formula in (5) and could be considered
as a base case for induction on j for the interested reader.

(7) Throughout the proof of (7), we fix integers 1 < 7 < k and k > 2.

22k 2—2k.

Claim 1. For all z € Ej, there exists some ' € E; with
(3.3) dist(x,2') < 27%.

Proof of Claim 1. Note that the scaling in (3.1) ensures that for some ¢, we know
that every x € Ey,; is within a distance 3272+ of a point in E,. Iterating verifies
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the claim by showing for € Ej, there exists 2’ € E; such that

dist(x, ') 2322@<322% 4 .92+,

{=j+1 l=j+1
Claim 2. There exists ¢ independent of j such that for all 5-27% <r < 11.27%
and all 2’ € L,
Bia(ar)? > c.
Proof of Claim 2. Let J C E; be the connected component containing z'. By
(4)-(6) of this proposition, it follows that for r > 5-27% = \/(3 L2722 4 (4. 27%)?,
the ball B,(2') contains J and 3 other connected components of E;. Consequently,

there are two horizontal lines, L* and L9, such that B,(z') N (L* U L?) contains at
least 4 connected components of E;. Part (1) of this proposition ensures,

(3.4) min{p; (L* N B.(2)) , 1 <Ld N Br(g:’)>} >9.972%

Moreover, part (6) ensures that the distance between L* and L% is 3 - 272 which
combined with (3.4) forces that any line L satisfies,

(3.5) [ ({y € B,( }dlst y, L) >3- 2_2j_1}) >2.27%

Finally, recalling 5-27% <r < 11-27% (3.5) implies

—a25\ 2 .
nf / dist(y, L)\ * dp;(y) - 2 2:27% .
L By (a') r r - r T -

which verifies Claim 2.

Claim 3. There exists ¢ such that for all x € E,, and all integers 1 < j < k and
p such that 6-27% < p <12-27%,

(3.6) ;1% o, p)? >

Proof of Claim 3. Claim 1 ensures that for all 5-27% < r < 11-27% there exists
2’ € E; such that B,(2') C B,(x). As in Claim 2, fix lines L and L" such that
B,(z)N (L* U L") contains at least 4 connected components of E;. Choose a so that
LY=Rx{a} and L* = {a+(0,3-27%)} + R x {0} . Moreover, suppose the left-most
connected component of L" has right-most endpoint with xz-value equal to ¢;. Define
L,={c1+27%}xRand L, = a+27%. By Proposition 3.3(5,6), the neighborhoods
N, = By—2;(L,) and Nj, = By—2;(Ly,) are disjoint from E, for all £ > j. See Figure 5.

Consequently, for any line L the nieghborhood B,-2;-1(L) can intersect at most
4 of the “quadrants” made by the neighborhoods of N, and N;. Making a generous
estimate since the ball may cut-off part of one of the quadrants in Figure 5, we
conclude

(3.7) ok ({?J € B,(2) | dist(y, L) > 2_2j_2}> > 9212

where the measure-bound comes Proposition 3.3(1). Since B,(z') C B,(x) and 1 <
£ < C < oo, Claim 3 follows from (3.7) analogously to how Claim 2 followed from
(3.5).
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Finally, we verify (7) because

k

(3.8) /6 B (2, p) ?pzZ/G o9 :c(k—2). O

—23 23
2—4] ]:2 2—2J

Figure 5. When j = k£ — 2, the picture displays a subclusters of equal length for F; and Ej, on
the left and right respectively. In Ej, the line L, and its neighborhood N, are in green, whereas
the line Lj; and its neighborhood NN}, are drawn where it would pass through both E; and Fj.

We construct the base set ¥ from approximations to the 4-corner Cantor set by
first defining

(3.9) E(n):=(272",0)+2 ™ Ep. and Yo:=| JE(n)U ([0,1) x {0}).

D C

__DB - 4

Figure 6. Here we see ¥ and several examples of @ € A. The cube D illustrates the first case
in Equation (3.10). The cube A illustrates an example of the second case in Equation (3.10). The
cubes B and C illustrate examples of the last case in Equation (3.10).

Proposition 3.4. >, has the following properties.

(1) 0 < H'(3g) < 0o and ¥ is countably 1-rectifiable.
(2) If j > 0 is an integer and Q) € A7 is such that Q N'Xg # 0, then

EO N [ng(Q))Qa rQ = (07 0)7
(3.10) QNXg=< xg+ 2 ¥E) for some k , zg # (0,0) and m,(zg) # 0,
o+ 2 HE,U0,0(Ey)) x {0}, zg # (0,0) and m,(xg) = 0.

(3) Cx,(0,6) = +oo for all § > 0.
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Proof. (1) ¥, has positive and finite mass due to Proposition 3.3(1) and the
geometric scaling in (3.9). It is also the countable union of countably 1-rectifiable
sets by Proposition 3.3(1).

(2) The case when zg = (0,0) is clear. Suppose zg # (0,0). There exists unique
a, b such that

(3.11) vg = <a2_2j,62_2j> .

Ifj =0, QN # 0, and Xy C [0,1)? forces a = b = 0. Therefore, ;7 > 1. Since
h(FEg2n) < €(Fy2n) and the F(n) only use a translation in the positive horizontal
direction of Es2» and a homogeneous scaling, it follows that Yo N Q # 0 implies
0 <b < asothat a > 1. Since, £(Q) = 27% it follows that a27% > ¢(Q). Comparing
the translation and scaling sizes in (3.1), a > 2%¢(Q) implies

_fQnEMm), b>1,
(3.12) ZO“Q‘{@M B(n) U0, () x {b}), b=0,

for some specific n < j. For simplicity of writing, assume we are in the first case.
Then, 22"(Q N E(n) — (2727,0)) = (22"(Q — (272",0))) N Ey2n or equivalently

(3.13) QN E(n) = (2727,0) + 272 (22" (Q — (27, 0)) N E22n> .

In light of (3.13), it follows that (3.2) implies the 2nd case of (3.10) since 22"(Q —
(2727,0)) € A7~" and n < j. Analogously the b = 0 case corresponds to the 3rd case
of (3.10).

(3) Fix 6 > 0. Choose N large enough that 11-272¥ < §/2. In particular, for all
n > N, E(n) C B;(0). Then, with p = H'L Xy and p, = H'L E(n), it follows from
Proposition 3.3 (1,7), Proposition 2.1 (2), and the scaling in (3.9) that

SCEEW / P () 2 3 e(22 — 2 (B(w)),

n>N n>N

which diverges and completes the proof. O

We wish to iterate X densely along itself while being careful to maintain Ahlfors
upper- and lower-regularity. This is attained by scaling, and being careful where we
iterate.

Definition 3.5. (Tail points) We say a point y is a tail point of Eif 0 < H'(E) <
oo and there exists a tetradic number r and § > 0 such that

y—l—rEOﬂB(;gE.

Note, if y € Bs(x) is a tail point of a set E, then Cg(z,d) = co. See Claim 1 from
the proof of Theorem 1.2.

Definition 3.6. (Iterative construction) Let ¥, be as above. Supposing that
Y;_1 has been defined, we define a (possibly empty) special collection of tetradic
points,

(3.14) D' = {x € 277>

(4 Do) as o027 x 0.
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and define ¥; by

(315) 22 = Ei—lU U T+ 2_8i20
xeD?
Define,
JEN

Proposition 3.7. The sets {¥;}52, and {D7}32, as in Definition 3.6 have the
following properties:
(1) Zj—l C Z] for aH] 2 1.
(2) ¥, is contained in countably many horizontal line segments with tetradic
heights.
(3) There are infinitely many j so that D’ is non-empty.
(4) If I is a connected component of ¥; then 01 C ¢(I)Z?.
(5) X; contains no connected component of length at least 272 that contain no
tail point.

Proof. Indeed, (1) follows from (3.15).

(2) Follows by induction. For ¥ it follows from Proposition 3.3 (1) combined
with the scaling in (3.9). For general ¥; induction holds due to the fact that each
scaled copy of ¥y in (3.15) has a tail point on the dyadic lattice D* which is coarser
than the tetradic scaling factor of .

(3) follows from (2). (5) follows from (4) and the definition of D7 in (3.14).

(4) If T is a connected component of 3; then there exists y € D’ some i < j
such that I is a connected component of y + 27%%,. But then, 2%(I — y) is a
connected component of Xg. Since y € 27%Z2, Propositions 3.3(1) and 3.4(2) ensure
9 (2%(1 —y)) € 2%¢(I)Z* which verifies (4). O

Definition 3.8. (Associated cubes) Any cluster (or subcluster) E has associated
to it the dyadic cube Qp = zg + [0,£(F))?. In particular, by Proposition 3.3 (5) it
follows that if clusters F, £’ are disjoint with ¢(E) = ((FE’), then Qg, Qg are disjoint
cubes. Moreover, for some cluster E, the root point of Qg and the root point of
coincide.

Definition 3.9. We associate to the base set ¥y the following family of cubes
(3.17) QOs, ={[0,27%)%:i >0} U{Qg: F is a subcluster of E(n) C g,n>1 }

By similarity, for any y € D! we associate to y + 2783 the family of cubes

(3.18) Q, = (y+2%0s, ) U (v + 102720 < k}).
We will let

(3-19) Q= UiZO UyeDi Qy

which we stratify by scale in the following sense

(3.20) Q' ={QeQlUQ)=27"}

and we enumerate the elements Q' so that

(3:21) Q' = {1,
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Finally, for @ € Q and any positive integer ¢ we let C,(Q) = {Q' € Q | @ C
Q, 0(Q") =272(Q)}, and call Cy(Q) the (th descendent cubes of Q.

Lemma 3.10. For all i > 0 and all cubes, Q} € Q*, ¥, N Q) is similar to one of
the following:

(1) (27%*%9U[0,1) x {0}) N [0,1)? for some integer k.

(2) EN Qg for some sub-cluster E C E(n) for some integer n > 1

This follows immediately from the explicit definition of cubes.
Lemma 3.11. @/ C A7 and for all Q € A7, then either QNY; =0 or Q € Q.

This follows from an induction argument similar to the proofs of Propositions 3.3
(1) and 3.4 (2). The key observation in the induction is that the scaling in (3.15)
ensures that all tail points added in the jth stage have root points in tetradic lattices
that are coarser than the length of the scaled copy of ¥y being added.

Corollary 3.12. The cubes Q have the following nice properties:

(1) Each collection Q; is a disjoint collection of cubes, and for any ) € Q and
any integer ¢ > 0, C,(Q) is a disjoint collection of subcubes of Q.
(2) For all non-negative integers i and j,

(3.22) %i € Ugeg, @
(3) In particular, for any Qo € Q;
(3.23) YiNQo =X ﬂ (UQecl(Q) Q)

Proof of Theorem 1.2. By Lemma 3.4 (1), ¥y is l-rectifiable, and A, is a
countable union of scaled translations of ¥y so Ay is 1-rectifiable .

Next, we show that Ay is 1-Ahlfors regular. Indeed, it suffices to show that there
exists 0 < ¢ < C < oo independent of i such that for for any j > 0, Q € A7, and

Q N AO 7é ®7
(3.24) cl(Q) < HN QN Ay) < CUQ).

We do this by showing similar bounds for Hl;?g)zj) for cubes () € A/ that intersect
¥;, and then proving that not too much additional mass is added to the cube Q.

Due to Lemma 3.11 the condition that @ € A7 and Q N A; # () is equivalent to
Q € Q;. Since ) € Q; Lemma 3.10 characterizes what ) N X, looks like and we
conclude

(3.25) (Q) <HN(QNZ,) <30(Q),

by considering each of the three cases in Lemma 3.10. Indeed, each cube either
contains its entire bottom portion, or contains a cluster £ with /(E) = ¢(Q). In
either case this implies the lower bound in (3.25). On the other hand, we know that
a rough upper-bound is to assume that () N Y¥; contains a cluster with a line segment
at the bottom, and contains Y, scaled by 272%, then by Proposition 3.3, the upper
bound in (3.25) follows.

It remains to show that (3.25) implies (3.24). Due to Proposition 3.7 (1), the
lower-bound in (3.24) is inherited directly from (3.25). The upper-bound follows with
the additional observation that for ¢ > j,

H'(Q N Sep1 \ Se) < #|Dpia|278EFVH () < 274DV (S).
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Summing over ¢ > j verifies (3.24). It is a standard argument to go from Ahlfors
regularity in tetradic/dyadic cubes to in balls, see for instance the brief description
in the proof of Proposition 3.3(3). Since the cubes in Q are all the tetradic cubes
with non-empty intersection with Ay, we have regularity in tetradic cubes.

Finally, to see that Cy,(x,d) = oo it suffices to show the following claim.

Claim 1. Ifx € Ay and § > 0, then there is a tail point in Ay N Bja(x).

Briefly assuming that Claim 1 holds, the fact that Cy,(x,d) = oo for all z € Ay
and § > 0 follows since if y is the tail point in Bs/(x) then, by Proposition 3.4 (3)
and monotonicity of integrals of non-negative functions:

OAO (:L“, 5) > OAO (yv 5/2) > 020(07 Ey) = 00,

where €, > 0 is some scale dependent on which D’ the tail point y is in.

To verify Claim 1, fix  and ¢ as in the claim. Adopting the convention that
Y =0 fix 4y such that x € ¥, \ X;,_1. Choose k to be the smallest natural number
such that diam (278%,) < §/4.

Case 1. Bjs(x) N Xy, contains a tail. Since X C A in this case the claim holds.

Case 2. Otherwise, choose kg > k such that

(Eko—l \ Ek) N Bg/4(l‘) = @,
(Eko \ Ek) N B5/4(l’) 7é @,
that is ko is the first stage after & where something new is added to the ball Bj/4(x).

The way something new is added to the ball 35/4(33) in the koth stage is if there
exists y such that,

{y+ 2750} N {Sk, N Bsja(z)} # 0.
But then, y is a tail point of ¥, and consequently of Ay. By our choice of £k, we
conclude
|z —y| < diam(27*0%,) + §/4 < 6/2.
Hence the tail point y is indeed in Bs/s(x). So, by Proposition 2.1(2)
Cay(2,0) > Ca(y,06/2) > cCs,(0,0") = 0.

This completes the theorem. 0]
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