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Abstract. We study Siegel disks in the dynamics of functions from the tangent family. In
particular, we prove that a Siegel disk is unbounded if and only if the boundary of its image
contains at least one asymptotic value. Moreover, by using quasiconformal surgery we also construct
functions in the above family with bounded Siegel disks.

1. Introduction

Let f be a transcendental meromorphic function in the plane. The Fatou set of
f is the set of points whose iterates are defined and form a normal family in the sense
of Montel. Its complement on the sphere is the Julia set. The Fatou set is open and
each component is called a Fatou component. Periodic Fatou components fall into
five possible categories: attracting domains, parabolic domains, Siegel disks, Herman
rings and Baker domains. The last possibility never happens for rational functions,
but may occur in the transcendental setting. For more details about the Fatou and
Julia sets, we refer to [Ber93] and [Mil06].

The dynamical behaviours of a meromorphic function f are, in some sense, de-
termined by the iterative properties of its singular values. A singular value of f is a
point near which at least one branch of the inverse f−1 is not well defined. The set
of singular values of f , denoted by Sing(f−1), coincides with the set of critical values
and asymptotic values. Recall here that a critical value is the image of a critical point

which has vanishing derivative and an asymptotic value is the limit of the image of
a curve tending to infinity. Note that we are including here ∞ as a possible singular
value. For detailed connections between various Fatou components and the singular
set, see [Ber93, Ber95, BFJK20] for instance.

On a Siegel disk of period q ≥ 1, the iteration f q is conjugate to an irrational
rotation. So Siegel disks contain no critical points. On their boundaries the forward
orbits of singular values are dense. However, the interplay between the singular values
and the boundaries of Siegel disks is not well understood and it has attracted a lot of
interest in recent years (see for example [Her85, Rog98, PZ04, Zha11, CR16, SY16]
for rational functions and [Rem04, Rem08, Zha08, BF10, Zak10, BF18, CE18] for
transcendental entire functions).

In this short paper, we study Siegel disks in the tangent family

F := {fλ(z) = λ tan z : λ ∈ C \{0}} .
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Each map fλ has exactly two asymptotic values ±λi and no critical values. Moreover,
the map fλ possesses neither Herman rings, Baker domains nor wandering domains,
see [DK89], [Ber93, Corollary 4] and [KK97, Proposition 5.10]. If fλ has a Siegel
disk, the symmetry fλ(−z) = −fλ(z) and the orbits of the asymptotic values imply
that it has no other types of periodic Fatou components, and hence each of its
Fatou components is simply connected. For more dynamics of fλ, we refer to [DK88,
DK89, BKL92, KK97]. We mention here that the family F is a paradigm of the class
in [FK20] consisting of transcendental meromorphic functions with finitely many
singular values for which ∞ is not an asymptotic value.

Unbounded Siegel disks. An irrational number is of bounded type if the co-
efficients in its continued fraction expansion are bounded. A result of Graczyk and
Światek [GS03] asserts that if a holomorphic function has a Siegel disk which is prop-
erly contained in the domain of holomorphy and has bounded type rotation number,
then the Siegel disk has a critical point on the boundary. It immediately implies that
every Siegel disk of fλ with rotation number of bounded type is unbounded. Indeed,
note that fλ is holomorphic away from its poles. Suppose that fλ had a bounded
Siegel disk with rotation number of bounded type. Then this Siegel disk would be
compactly contained in the complement of the poles and hence its boundary would
contain a critical point. This is impossible since fλ has no critical points.

For unbounded Siegel disks of the tangent family, we prove the following.

Theorem 1.1. Suppose that fλ ∈ F has a Siegel disk Ω. Then Ω is unbounded

if and only if ∂fλ(Ω) ∩ Sing(f−1
λ ) 6= ∅.

We remark here that there is no restriction on the period of the Siegel disk in
our Theorem 1.1. To see the existence of Siegel disks of higher periods, consider the
hyperbolic components (cf. “shell components” in [FK20]) in F . Note that for any
p ≥ 1, there exist hyperbolic components, each element of which has exactly one
attracting cycle of period 2p, and hyperbolic components, each element of which has
exactly two distinct symmetric attracting cycles of period p, see [KK97, Section 8].
Let H be such a component. Then H is simply connected, see [KK97, Proposition
8.5]. Considering the multiplier map on H, as functions in H move to ∂H, we have
that the attracting cycles degenerate to indifferent cycles. Applying [FK20, Theorem
6.13], we in fact obtain functions in ∂H possessing the aforementioned cycles whose
multipliers are e2πiα with Brjuno irrational numbers α. Moreover, those cycles have
the same period as the attracting cycles for functions in H; for, otherwise, they
would be parabolic. It follows immediately that such functions are linearizable at
those cycles, and hence they have Siegel disks of corresponding periods.

One direction of Theorem 1.1 follows easily from the fact that both asymptotic
values are actually omitted: if ∂fλ(Ω)∩ Sing(f−1

λ ) 6= ∅ and Ω is bounded, then there
exists a finite point in ∂Ω whose image is an asymptotic value, which is impossible.
The reverse implication is similar to Rempe’s result [Rem04] where he proved that
an unbounded Siegel disk in the exponential family contains the finite asymptotic
value on the boundary of its orbit. To prove the above result, we suppose, on the
contrary that ∂fλ(Ω) ∩ Sing(f−1

λ ) = ∅. Then consider two suitable disjoint closed
disks around the two asymptotic values. The preimage of the complement of these
disks is a horizontal strip containing the real axis. By constructing simple curves
connecting the boundaries of the two disks and considering their preimages, we can
reach a contradiction due to the unboundedness of Ω.
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A transcendental meromorphic function f with two singular values is of the form
M ◦ exp ◦A, where M is Möbius and A is linear (equivalently, one can also say that
f is of the form M ◦ tan ◦A), see Proposition 2.3. Combining our method here with
Rempe’s method in [Rem04], one can actually obtain the following theorem. Indeed,
if f has two singular values, at least one of them is finite. Our method deals with
the case that both singular values are finite, while Rempe’s method works in the
remaining case.

Theorem 1.2. Let f : C → Ĉ be a transcendental meromorphic function with

exactly two singular values. Suppose that f has a Siegel disk Ω of period q ≥ 1.

Then
⋃q−1
j=0 f

j(Ω) is unbounded if and only if
(⋃q−1

j=0 ∂f
j(Ω)

)
∩ Sing(f−1) 6= ∅.

Bounded Siegel disks. For the existence of bounded Siegel disks, we con-
struct a map in F having a bounded Siegel disk with quasicircle boundary. Using
quasiconformal surgery, we show

Theorem 1.3. There exists λ ∈ S
1 such that fλ ∈ F has a bounded Siegel disk

Ω around 0 with quasicircle boundary ∂Ω and ∂Ω ∩ Sing(f−1
λ ) = ∅.

2. Unbounded Siegel disks

In this section, we prove that the boundary of the image of an unbounded Siegel
disk for fλ(z) = λ tan z must intersect with the singular set. We will use the notations
D(a, r) (resp. D(a, r)) for the open (resp. closed) euclidean disk of radius r around
a. Let Dr := D(0, r) and write D = D1 for simplicity. For δ ∈ R, put H

δ :=
{z = x + iy : y > δ} and Hδ := {z = x + iy : y < δ}. Moreover, for R > 0, denote

SR := C \HR ∪H−R the horizontal strip of width 2R symmetric with respect to the
real axis.

First we prove the following basic result for fλ.

Proposition 2.1. Let W be a domain in C. If fλ(W ) ∩ Sing(f−1
λ ) = ∅, then

W is contained in SR for some R > 0.

Proof. By assumption, for some r > 0 we can choose two disks D1 := D(iλ, r)

and D2 := D(−iλ, r) with disjoint closures such that Dk ∩ fλ(W ) = ∅ for k = 1, 2.
It is clear that for each k, the domain f−1

λ (Dk) is an upper or lower half plane. This
can be seen by considering fλ = M1 ◦ exp ◦M2, where M1(z) = −λi(z − 1)/(z + 1)
and M2(z) = 2iz. Therefore, there exists R > 0 (depending only on r) such that

fλ

(
H
R ∪H−R

)
= D1 ∪D2. In particular, this implies that W ⊂ SR. �

Now we prove Theorem 1.1.

Proof of Theorem 1.1. As mentioned in Section 1, it suffices to show that
if Ω is unbounded, then ∂fλ(Ω) ∩ Sing(f−1

λ ) 6= ∅. Suppose, on the contrary that
∂fλ(Ω) ∩ Sing(f−1

λ ) = ∅. Note that Sing(f−1
λ ) = {iλ,−iλ}. Fix r > 0 sufficiently

small and set
D1 := D(iλ, r), D2 := D(−iλ, r)

such that D1 ∩D2 = ∅ and fλ (Ω) ∩ (D1 ∪D2) = ∅. Define

V := Ĉ \(D1 ∪D2) and U := f−1
λ (V ).

Since V ∩ Sing(f−1
λ ) = ∅ , the map fλ : U → V is a covering map. From the proof of

Proposition 2.1, there exists R > 0 such that U = SR.
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Let φ : D → Ω and ψ : D → fλ(Ω) be Riemann maps such that φ(0) = o and
ψ(0) = fλ(o), where o is the center of Ω. It follows that ψ−1 ◦ fλ ◦ φ(z) is an
automorphism of D fixing 0. Hence there exists ρ ∈ C with |ρ| = 1 such that

ψ−1 ◦ fλ ◦ φ(z) = ρz.

Pick 0 < r1 < 1 and consider W (1) := ψ(Dr1). It follows that W (1) ⊂ fλ(Ω) and
∂W (1) is a Jordan curve. Let a1 ∈ ∂D1 and a2 ∈ ∂D2 be two points. Then there
exists a simple curve Γ1 ⊂ C\(D1∪D2) connecting a1 and a2 such that Γ1∩W

(1) 6= ∅
and Γ1∩∂W

(1) contains exactly two points. Indeed, to obtain such a Γ1, we take the
image of a diameter line in Dr1 under ψ, and then continue it in C\ (D1∪D2∪W (1))
until reaching a1 and a2. See Figure 1.

Now consider the preimage f−1
λ (Γ1). There exists a bounded simple curve α0

connecting both boundaries of SR such that f−1
λ (Γ1) =

⋃
j∈Z αj with αj = α0+jπ. It

follows that αj ∩αℓ = ∅ for j 6= ℓ, and hence fλ is injective on αj . Set Ω(1) := φ(Dr1).
Then W (1) = fλ(Ω

(1)) and Ω(1) ∩ f−1
λ (Γ1) 6= ∅. Without loss of generality, we can

assume Ω(1) ∩ α0 6= ∅. By the choice of Γ1, we have fλ(Ω(1) ∩ α0) =W (1) ∩ Γ1. Then
Ω(1) ∩ αj = ∅ for all j ∈ Z \ {0} since fλ is injective on Ω.

Since Ω is unbounded, there exists r1 < r2 < 1 such that
(
Ω(2) ∩ α2

)⋃(
Ω(2) ∩ α−2

)
6= ∅,

where Ω(2) := φ(Dr2). Without loss of generality, we can assume Ω(2) ∩ α2 6= ∅. It
follows that Ω(2) ∩ α1 6= ∅. Set W (2) := ψ(Dr2). Note that W (1) ⊂ W (2) ⊂ fλ(Ω)
and ∂W (2) is a Jordan curve. We can choose a simple curve Γ2 ⊂ C \ (D1 ∪ D2)
connecting a1 and a2 such that Γ2 ∩ ∂W

(2) contains exactly two points and

Γ1 ∩W (1) = Γ2 ∩W (1) = (Γ1 ∩ Γ2) \ {a1, a2}.

Indeed, to obtain such a Γ2, we continue Γ1 ∩ W (1) in W (2) \ W (1) until reaching
points in ∂W (2), and then continue it in C \ (D1 ∪D2 ∪W (2)) until reaching a1 and
a2.

For the preimage f−1
λ (Γ2), there exists a bounded simple curve β0 connecting

both boundaries of SR such that α0 ∩ Ω(1) = β0 ∩ Ω(1) and f−1
λ (Γ2) = ∪j∈Zβj with

βj = β0 + jπ. Then αj ∩ βj 6= ∅ and βj ∩ βℓ = ∅ for j 6= ℓ. Moreover, fλ is injective
on βj .

We claim that βj ∩ αℓ ∩ SR = ∅ if j 6= ℓ. It suffices to show the claim holds
for ℓ = 0 since αℓ = α0 + ℓπ. Suppose that there exists j0 ∈ Z \ {0} such that
βj0 ∩ α0 ∩ SR 6= ∅. It follows that (βj0 \ αj0) ∩ α0 ∩ SR 6= ∅ since αj0 ∩ α0 = ∅. Pick
z ∈ (βj0 \ αj0) ∩ α0 ∩ SR and note that for all j ∈ Z,

fλ (αj ∩ βj ∩ SR) = fλ (α0 ∩ β0 ∩ SR) = Γ1 ∩W (1).

We have that fλ(z) ∈ (Γ2 \ Γ1) ∩ Γ1. It is impossible. Thus the claim holds.
To finish the proof, we can derive a contradiction by locating β1. The above

claim implies that β1 ∩ SR is contained in the interior of the quadrilateral bounded
by the α0, α2 and the two boundaries of SR. The choice of r2 and the properties
of β1 guarantee that β1 ∩ Ω(2) 6= ∅. However, note that fλ(β0 ∩ Ω(2)) = Γ2 ∩W (2)

by the choice of Γ2. Since fλ is injective on Ω, we have β1 ∩ Ω(2) = ∅. It is a
contradiction. �
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Figure 1. Construction of Γ1 and Γ2 and their preimages. As shown, Γ1 (black solid curve) is
a simple curve connecting a1 and a2 while Γ2 consists of the part of Γ1 in W

(1) and two blue simple
curves.

Remark 2.2. In principle, the only requirements of Ω in the proof of Theo-
rem 1.1 are that Ω is simply connected and f is univalent in Ω. In particular, if Ω
is a simply connected Fatou component of fλ in which f is univalent, Theorem 1.1
holds.

Our next result concerns the form of transcendental meromorphic functions with
exactly two singular values, which, as mentioned in Section 1, is used to prove The-
orem 1.2. It seems to be classical but is not easy to locate a reference. The idea
of our proof is suggested by Bergweiler. For a slightly different proof, see [AC20,
Theorem 2.1].

Proposition 2.3. Let f : C → Ĉ be transcendental and meromorphic with

exactly two singular values. Then f is of the form M ◦ exp ◦A, where M is Möbius

and A is linear.

Proof. Post-composing a Möbius transformation, we can assume that the singular
values of f are at 0 and ∞. Then f−1(exp) can be continued analytically in the whole
plane and thus equals to some entire function h. It follows that exp = f ◦ h. Thus,
to show the existence of A, it suffices to prove that h is linear.

Note that Sing(exp−1) = {0,∞}, and both 0 and ∞ are asymptotic values of
exp. Then f has at least two asymptotic values at 0 and ∞. Since f has exactly
two singular values, it follows that Sing(f−1) = {0,∞}. Note that h is non-constant.
By the little Picard theorem, the map h omits at most one point in C. If h has no
omitted values (i.e., h is onto), then f will omit 0 and ∞ as exp does. If h has exactly
one omitted value, say w0. Then f(w0) is equal to either 0 or ∞, since otherwise
f ◦ h, i.e., exp, will have a third singular value. By considering 1/f if necessary, we
may assume that f(w0) = 0. Then ∞ will be omitted by f . This is because any pole
of f will otherwise have a preimage under h, which is impossible since exp omits ∞.
It follows that f is an entire function. By the Denjoy–Carleman–Ahlfors theorem,
the order of f is at least 1/2. So h is a polynomial; for, otherwise, a result of Pólya
[Pol26], which states that for two entire functions f1 and f2, the composition f1 ◦ f2
has infinity order unless f1 is of finite order and f2 is a polynomial or f1 has order
zero and f2 is of finite order, implies that f ◦h will have infinity order, while exp has
order 1. Since exp is locally univalent in the whole plane, we in fact have that h is
linear. This completes the proof. �

Remark 2.4. Proposition 2.3 implies that there does not exist a meromorphic
function with exactly one critical value and one asymptotic value.
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3. Bounded Siegel disks

In this section, we prove Theorem 1.3. It is a standard application of quasiconfor-
mal surgery. For similar applications, we refer to [Rem03] for the exponential family
and [Zha08] for the sine family.

Proof of Theorem 1.3. Let θ0 be an irrational number of bounded type and set
λ0 = e2πiθ0 . Then fλ0 has an (unbounded) Siegel disk Ω0 around 0. On Ω0, the map
fλ0 is conjugate to an irrational rotation by a biholomorphic map ϕ : D → Ω0. Since
fλ0(−z) = −fλ0(z), the Siegel disk Ω0 is symmetric about 0 and hence ϕ is odd. Fix
some 0 < r < 1 and set K = ϕ(Dr). It follows that K is symmetric about 0.

Consider the Riemann map Φ: Ĉ\D → Ĉ\K fixing ∞. Note that ∂K = ϕ(∂Dr).
Then Φ extends to a C∞ map on Ĉ \D, see [BK87, Theorem A]. Moreover, the map
Φ is odd since K is symmetric about 0. Furthermore, the map Φ extends to an
odd quasiconformal map on Ĉ, see [BF14, Proposition 2.30], which we still call the
extension Φ. On C, define

G(z) := Φ−1 ◦ fλ0 ◦ Φ(z).

It follows that G|S1 is a C∞ circle diffeomorphism. By a result of Herman [Her86],
also see [BF14, Theorem 3.21], there exists λ1 ∈ S

1 such that (λ1G)|S1 is quasisym-
metrically conjugate to an irrational rigid rotation Rθ, but not C2 conjugate. Denote
this quasisymmetric conjugacy by h and post-compose with a rotation such that
h(1) = 1. Following from the proof of [Zha08, Lemma 2.6], we have that the map h
is odd. Let H : D → D be the Douady–Earle extension of h, see [DE86]. Then H is
also odd. Define

g(z) :=

{
λ1G(z), if z ∈ C \D,

H−1 ◦Rθ ◦H, if z ∈ D.

Now we pull back the standard complex structure by H and obtain a complex
structure in D denoted by ν0. Let ν be the complex structure on C defined as
follows. For z ∈ C, if the forward g-orbit of z intersects with D, then ν(z) is the
pull back of ν0 along the orbit. Otherwise, put ν(z) = 0. Then ν is g-invariant and
ν(−z) = ν(z). We claim that ||ν||∞ is bounded. Indeed, note that g(S1) = S

1. Then
any point z ∈ C whose g-orbit intersects with D is either in D or in C \D. From
the construction and the fact that g is holomorphic on C \D, we know that |ν| only
depends on H and hence has a uniform upper bound on C. Thus the claim holds.

Let ψ be a quasiconformal homeomorphism of the Riemann sphere which solves
the Beltrami equation given by ν and fixes 0 and ∞, see [Ahl06]. It follows that ψ is
odd, see [Zha08, Lemma 2.10]. Now set f = ψ ◦ g ◦ ψ−1. Then f is a transcendental
meromorphic function having a Siegel disk Ω1 centred at 0 and ψ(D) ⊂ Ω1. We claim
that ψ(D) = Ω1, and hence ∂Ω1 = ∂ψ(D) is a quasicircle and contains no asymptotic
values. Suppose ψ(D) ( Ω1. Then the map H ◦ ψ−1 extends to a conformal map on
Ω1. Since ψ(S1) ⊂ Ω1, it follows that (ψ ◦ λ1G ◦ ψ−1)|ψ(S1) is analytically conjugate
to Rθ. By the definition of ψ, we know that ψ is analytic on S

1. Hence λ1G|S1 is
analytically conjugate to Rθ. This contradicts with the choice of λ1.

Now we claim that there exists a, b ∈ C \ {0} such that f(z) = b tan az. Note
that from the construction, the map f is a meromorphic function with exactly two
singular values such that f(−z) = −f(z) and f(0) = 0. Then there exist a Möbius
transformation M and a linear map A such that f(z) = M ◦ tan ◦A(z). Note that
eαz+β = eβeαz for α ∈ C \ {0} and β ∈ C. We can assume A(z) = az for some



Siegel disks of the tangent family 599

a ∈ C \ {0}. Since f(−z) = −f(z), we have M(z) is odd. It follows that either
M(z) = bz or M(z) = b/z for some b ∈ C \ {0}. Since f(0) = 0, we have in fact
M(z) = bz. The claim holds.

Since a 6= 0, set L(z) = z/a and F (z) = L−1 ◦ f ◦ L(z). Then F (z) = ab tan z.
Note that L(0) = 0. The map F has a Siegel disk Ω := L−1 ◦ ψ(D) around 0.
Moreover, the multiplier of F at the fixed point 0 is ab. It follows that ab ∈ S

1. Set
λ := ab. Then fλ := F is a desired map. �
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