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Abstract. We construct an example of a purely unrectifiable measure µ in R
d for which the

singular integrals associated to the kernels K(x) = P2k+1(x)/|x|2k+d, with k ≥ 1 and P2k+1 a

homogeneous harmonic polynomial of degree 2k + 1, are bounded in L2(µ). This contrasts starkly

with the results concerning the Riesz kernel x/|x|d in R
d.

1. Introduction

The purpose of this note is to give an example of a purely unrectifiable measure
µ in Rd for which some singular integrals are bounded in L2(µ). Let µ be a finite
measure and consider the singular integral operator T associated with the kernel
K : Rd \ {0} → Rd, so that

Tµ(x) =

ˆ

K(x− y) dµ(y),

when x is away from supp(µ). Given a function f ∈ L1
loc(µ), we set also

Tµf(x) = T (f µ)(x) =

ˆ

K(x− y)f(y) dµ(y),

and, for ε > 0, we consider the ε-truncated version

Tεµ(x) =

ˆ

|x−y|>ε

K(x− y) dµ(y).

We also write Tµ,εf(x) = Tε(fµ)(x). We say that the operator Tµ is bounded in
L2(µ) if the operators Tµ,ε are bounded in L2(µ) uniformly on ε > 0.

There is a well-known problem in harmonic analysis, the David–Semmes problem,
that deals with the connection between singular integral operators and rectifiability.
Recall that a set E ⊂ Rd is called n-rectifiable if there are Lipschitz maps fi : R

n →
Rd, i = 1, 2, . . ., such that

Hn
(
E \

⋃

i

fi(R
n)
)
= 0.

https://doi.org/10.5186/aasfm.2021.4613
2020 Mathematics Subject Classification: Primary 42B20; Secondary 28A75.
Key words: Purely unrectifiable set, singular integral operator, Cantor type set, T (1)-theorem.
All the authors were partially supported by 2017-SGR-0395 (Generalitat de Catalunya). J. M.

was also partially supported by MTM2016-75390 (MINECO, Spain). L. P. was also partially sup-
ported by MTM-2016-77635-P (MINECO, Spain).



188 Joan Mateu and Laura Prat

A set F ⊂ Rd is called purely n-unrectifiable if Hn(F ∩E) = 0 for every n-rectifiable
set E. As for sets, one can define a notion of rectifiabilty for measures: a measure
µ is said to be n-rectifiable if it vanishes outside an n-rectifiable set E ⊂ Rd and,
moreover, it is absolutely continuous with respect to Hn|E (the n-dimensional Haus-
dorff measure restricted to the set E). A measure µ is said to have (d− 1)-growth if
there exists C > 0 with µ(B(x, r)) ≤ Crd−1 for all closed balls B(x, r) ⊂ Rd.

In what follows, µ will be a (d−1)-dimensional measure, that is, a finite measure
with Hd−1(supp µ) < ∞ and (d−1)-growth. This paper is concerned with the David–
Semmes problem, more concretely with the problem of characterizing the kernels K
such that the boundedness of Tµ in L2(µ) implies the (d − 1)-rectifiability of the

measure µ.
In 1999, David and Léger [Le] showed that the Cauchy kernel K(z) = 1

z
, z ∈

C \ {0}, is one of the kernels for which the property in bold holds (for d = 2),
and it even holds for its coordinate parts x/|z|2 and y/|z|2, z = x + iy /∈ C \ {0}.
This was proven by using the connection between Menger curvature and a special
subtle positivity property of the Cauchy kernel (see also [MMV]). In [CMPT] the
result is extended to the kernels x2n−1/|z|2n, n ∈ N, so there are other examples
of 1-dimensional homogeneous convolution kernels whose L2(µ)-boundedeness also
implies the rectifiability of µ, again because of the symmetrization method (see also
[CP] for the extension of the result to any dimension d). It is also worth mentioning
the paper [Ch] where other kernels with the above-mentioned property are given.

The case in the David–Semmes problem when K is the codimension 1 Riesz
kernel K(x) = x/|x|d, x ∈ Rd \ {0}, was solved by Nazarov, Tolsa and Volberg (see
[NTV1] and [NTV2]) by different methods relying on the harmonicity of the kernel.
The analogous result for dimensions n ∈ [2, d− 2] in Rd remains still open.

The David–Semmes problem also makes sense for solutions of elliptic equations
and for the elliptic measure. Very recently Prat, Puliatti and Tolsa, [PPT], extended
the solution of the David–Semmes problem to gradients of single layer potentials,
which are the analogues of the Riesz transform in the context of elliptic PDE’s.

On the other hand, in 2001, Huovinen [Hu] gave an example of a purely un-
rectifiable Ahlfors–David regular set E for which the singular integral associated

to the kernel K(z) = xy2

|z|2
, z = x + iy ∈ C \ {0}, is L2(H1

|E)-bounded. He also

proved that the principal values of the associated singular integral operator exist
H1

|E-almost everywhere. In 2013, Jaye and Nazarov [JN] showed that for the kernel

K(z) = z̄
z2
, z ∈ C \ {0}, the above-mentioned in bold property does not hold either.

Moreover, for the measure µ constructed in [JN], they showed that Tµ1 fails to exist
in the sense of principal value µ-almost everywhere.

Very recently, in [JM], sharp sufficient conditions on a (locally finite, non-negative
Borel) measure µ are given, that ensure the existence of a Calderón–Zygmund oper-
ator in the principal value sense, provided that the operator is L2(µ)-bounded.

To state our main result, let P2k+1 be a homogeneous harmonic polynomial of
degree 2k + 1 ≥ 3 in Rd. In this paper we will consider the family of kernels

(1.1) K(x) =
P2k+1(x)

|x|d+2k
, x ∈ Rd \ {0}.

So, from now on, the kernel K will be fixed as in (1.1) and Tµ will denote its associated
operator. Taking into account that the class of kernels K for which the boundedness
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of the operator Tµ in L2(µ) implies the rectifiability of µ does not change if one re-
places the L2(µ)-condition by the finiteness of ‖Tµ(1)‖L∞(Rd\supp(µ)) < ∞ (see [NTV]
for example), we can now state the main result of this paper. It reads as follows:

Theorem 1. There exists a (d− 1)-dimensional purely unrectifiable probability

measure µ with ‖Tµ(1)‖L∞(Rd\supp(µ)) < ∞.

It is worth pointing out that if one takes a homogeneous polynomial Q2n+1 of
degree 2n+ 1, n ∈ N, and decomposes it into spherical harmonics, then one gets

(1.2)
Q2n+1(x)

|x|d+2n
=

P2n+1(x) + P2n−1(x)|x|2 + · · ·+ P1(x)|x|2n
|x|d+2n

=
n∑

k=0

P2k+1(x)

|x|d+2k
,

with P2k+1 being homogeneous harmonic polynomials of degree 2k + 1. Notice that
if the homogeneous polynomial Q2n+1 we consider has P1 ≡ 0 in the decomposition

(1.2), then Theorem 1 applies also to the operator associated to the kernel Q2n+1(x)
|x|d+2n ,

x ∈ Rd \ {0}. Observe that, in dimension 2, for example, due to the result in
[CMPT], the L2(µ)-boundedness of the singular integral operator associated to the
kernel x3/|z|4, z ∈ C \ {0}, implies the rectifiability of the measure µ. On the other
hand, this kernel x3/|z|4 is not an admissible kernel for Theorem 1 because

4
x3

|z|4 =
x3 − 3xy2

|z|4 +
3x

|z|2 ,

which means that in the decomposition (1.2) the term P1 is not zero.
The paper is organized as follows: the next section is devoted to the proof of two

lemmata that turn to be very useful for the construction. In Section 3 we construct
the purely unrectifiable Cantor type set and the measure µ. This construction and
the structure of the proof follow the paper [JN], but we have extended it to our family
of (d− 1)-dimensional kernels in Rd. In Section 4, we finish the proof of Theorem 1.
We include an appendix with a different proof of the reflectionless property (i.e.
Lemma 1) in dimension 2. The proof in the appendix is a computation based on
Lemma 3.1 in [JN] but adapted to our family of kernels, while the proof of Lemma 1
in Section 2 uses the Fourier transform and holds for any dimension d.

2. Two useful lemmata

We first introduce some notation. Let md denote the d-dimensional Lebesgue
measure, normalized so that md(B(0, 1)) = 1. Then, if κd = πd/2/Γ(d

2
+ 1), a d-

dimensional cube Q ⊂ Rd of sidelength ℓ(Q) = d
√
κd has md(Q) = 1.

In this section, we will consider the kernel K(x) =
P2k+1(x)

|x|d+2k for x ∈ Rd \ {0} and

k ≥ 1, where P2k+1 is a homogeneous harmonic polynomial of degree 2k + 1. We
will show a reflectionless property of the measure md and our kernel K. It reads as
follows.

Lemma 1. Let x0 ∈ Rd, r > 0. For any x ∈ B(x0, r),
ˆ

B(x0,r)

K(x− y) dmd(y) = 0.

Proof. Let B = B(x0, r). We will show that for any x ∈ B, (K ∗ χB)(x) = 0. For
this, we claim that for x ∈ B one can write

(2.1) (K ∗ χB)(x) = cP2k+1(∂)
(
A0 + A1|x|2 + · · ·+ Ak+1|x|2k+2

)
,
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for some appropriately chosen constants A0, · · · , Ak+1 . To show (2.1) we will com-
pute the Fourier transform of our kernel. It is well known that (see [St, p. 73, Theo-
rem 5])

(2.2)
̂

(
P2k+1(x)

|x|d+2k

)
(ξ) = c

P2k+1(ξ)

|ξ|2k+2
= cP2k+1(ξ)

1

|ξ|2
k+1)· · · 1

|ξ|2 ,

for some constant c. Let

E(x) =

{
− 1

2π
log |x| for d = 2,

1
d(d−2)κd

1
|x|d−2 for d ≥ 3,

be the fundamental solution of the Laplacian, that is ∆E = δ0, δ0 being the Dirac
delta at the origin. The expression on the right hand side of (2.2) coincides with the
Fourier transform of

cP2k+1(∂)

(
E ∗ k+1)· · · ∗ E

)
.

Therefore, claim (2.1) will be proved if we can show that for x ∈ B, there exist
constants Ã0, Ã1, · · · , Ãk+1 such that

(2.3)
(
E ∗ k+1)· · · ∗ E ∗ χB

)
(x) = Ã0 + Ã1|x|2 + · · ·+ Ãk+1|x|2k+2.

We will show (2.3) by induction on k. Notice that one can choose A1 in order that

∆
((
E ∗ χB

)
(x)− A1|x|2

)
= 0, x ∈ B.

Hence, this difference of functions, is a radial harmonic function and by the maximum
principle, it is constant. Choosing A0 appropriately, one proves the first step in the
induction process, namely that for x ∈ B,

(
E ∗ χB

)
(x) = A0 + A1|x|2.

Assume that there exist constants A0, · · · , Ak such that for x ∈ B,

(
E ∗ k)· · · ∗ E ∗ χB

)
(x) = A0 + A1|x|2 + · · ·+ Ak|x|2k.

We want to show (2.3). One can easily choose constants Ã1, · · · , Ãk+1 such that for
x ∈ B,

∆

((
E ∗ k+1)· · · ∗ E ∗ χB

)
(x)− Ã1|x|2 + · · · − Ãk+1|x|2k+2

)

=
(
E ∗ k)· · · ∗ E ∗ χB

)
(x)− A0 −A1|x|2 − · · · − Ak|x|2k = 0,

where the last equality is due to the induction hypothesis. Applying again the max-
imum principle to the radial harmonic function

(
E ∗ k+1)· · · ∗ E ∗ χB

)
(x)− Ã1|x|2 + · · · − Ãk+1|x|2k+2,

one can see that this function is constant and hence (2.3) holds, by choosing Ã0

appropriately. Therefore, claim (2.1) is shown.
To complete the proof of the lemma, we are only left to show that

(2.4) P2k+1(∂)(|x|2j) = 0, 1 ≤ j ≤ k + 1.
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In fact, (2.4) holds for 1 ≤ j ≤ 2k. One can find a proof of this fact in [MOV,
p. 1437], but we include it here for completeness. Taking the Fourier transform in
expression (2.4), we obtain

̂P2k+1(∂)(|x|2j)(ξ) = cjP2k+1(ξ)∆
jδ0,

where cj is a constant depending on j. Take a test function ϕ. Since P2k+1 is
harmonic,

〈P2k+1(ξ)∆
jδ0, ϕ(ξ)〉 = 〈∆j−1δ0,∆(P2k+1(ξ)ϕ(ξ))〉

= 〈∆j−1δ0, 2∇P2k+1(ξ) · ∇ϕ(ξ) + P2k+1(ξ)∆ϕ(ξ)〉
= 〈δ0,D(ξ)〉 = D(0),

where D is a linear combination of products of the form ∂αϕ(ξ)∂βP2k+1(ξ), with
multi-indices β of length |β| ≤ j ≤ 2k. So, ∂βP2k+1 is a homogeneous polynomial of
degree at least 2k + 1 − j ≥ 1. Hence ∂βP2k+1(0) = 0, which implies D(0) = 0 and
completes the proof of (2.4). �

The second important lemma for the proof of Theorem 1 is the following one.

Lemma 2. Let x0 ∈ Rd. Fix r, R ∈ (0, 1] with r much smaller than R. Let

Q ⊂ Rd be a cube centered at x0 with sidelength ℓ(Q) = d
√
κdRrd−1 and let B =

B(x0, 2r). Assume that ν1 and ν2 are Borel measures with supp ν1 ⊂ Q, supp ν2 ⊂ B
and ν1(R

d) = ν2(R
d). Then, for any x ∈ Rd with dist(x,Q) ≥ d

√
κdrd−1R/8, we have

∣∣∣∣
ˆ

Q

K(x− ξ) dν1(ξ)−
ˆ

B

K(x− ξ) dν2(ξ)

∣∣∣∣

≤ C

(
d
√
Rrd−1

ˆ

Q

dν1(ξ)

|x− ξ|d + r

ˆ

B

dν2(ξ)

|x− ξ|d
)
,

for some constant C = C(k, d).

Proof. Without loss of generality set x = 0. We claim that it is enough to show
that for any ξ ∈ Q and x such that dist(x,Q) ≥ d

√
κdrd−1R/8, we have

(2.5) |K(x− ξ)−K(x)| ≤ C
|ξ|

|x− ξ|d ,

for some constant C depending on k and d. In what follows, the constants C may
depend on the fixed parameters k and d, although we don’t write this dependence.
Assume (2.5) holds. Using that ν1(R

d) = ν2(R
d) and plugging the claimed estimate

into the integral we get the desired inequality as follows:
∣∣∣∣
ˆ

Q

K(x− ξ) dν1(ξ)−
ˆ

B

K(x− ξ) dν2(ξ)

∣∣∣∣

=

∣∣∣∣
ˆ

Q

(K(x− ξ)−K(x)) d(ν1 − ν2)(ξ)

∣∣∣∣

≤ C

ˆ

Q

|ξ|
|x− ξ|d dν1(ξ) + C

ˆ

B

|ξ|
|x− ξ|d dν2(ξ)

≤ C

ˆ

Q

d
√
Rrd−1

|x− ξ|d dν1(ξ) + C

ˆ

B

r

|x− ξ|d dν2(ξ).
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To show claim (2.5), write

|K(x− ξ)−K(x)| =
∣∣P2k+1(x− ξ)|x|d+2k − P2k+1(x)|x− ξ|d+2k

∣∣
|x− ξ|d+2k|x|d+2k

≤ |P2k+1(x− ξ)− P2k+1(x)|
|x− ξ|d+2k

+
|P2k+1(x)|

∣∣|x− ξ|d+2k − |x|d+2k
∣∣

|x|d+2k|x− ξ|d+2k
.

|ξ|
|x− ξ|d ,

by the mean value theorem and the fact that |x| ≈ |x− ξ|. To see this, notice that
|x− ξ| ≤ |x|+ |ξ| ≤ 2|x| and

|x− ξ| ≥ dist(x,Q) ≥ d
√
κdrd−1R/8.

Therefore,

|x| ≤ |x− ξ|+ |ξ| ≤ |x− ξ|+
√
d

2
d
√

κdrd−1R ≤ |x− ξ|
(
1 + 4

√
d
)
.

This shows (2.5) and the lemma. �

3. Construction of the purely unrectifiable

Cantor type set and the measure µ

We need a lemma telling us how to pack cubes into balls. Let r, R ∈ (0,∞) such
that R

r
∈ N.

Lemma 3. One can pack
(
R
r

)d−1
pairwise essentially disjoint cubes of side length

d
√
κdrd−1R into a ball of radius R

(
1 +

√
d d

√
κd

rd−1

Rd−1

)
.

Proof. Without loss of generality assume that the ball is centered at the ori-
gin. Consider the cubic grid of mesh size d

√
κdrd−1R. Let Q1, · · · , QM be the

cubes intersecting B(0, R). Since the main diagonal of each of these cubes measures√
d d
√
κdrd−1R, we have

R +
√
d d
√

κdrd−1R = R

(
1 +

√
d d
√
κd

d

√
rd−1

Rd−1

)
.

Hence, these cubes are clearly contained in the ball B

(
0, R(1 +

√
d d

√
κd

rd−1

Rd−1 )

)
.

Since

Mrd−1R =

M∑

j=1

md(Qj) > md(B(0, R)) = Rd,

we have M >
Rd−1

rd−1
. �

The construction of the Cantor set follows the paper [JN], where they do the
construction on the plane. We consider a sequence {rk}k≥0 that tends to zero quickly
and such that:

(1) r0 = 1.

(2) rk+1 <
rk
C

, for some big constant C (depending on d) to be chosen later.

(3)
rk
rk+1

∈ N and
1

rk
∈ N.
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Set B̃0
1 = B(0, 1). We will construct the set iteratively. Given the k-th generation

of 1/rd−1
k balls B̃k

j of radius rk, we proceed to the (k + 1)-st generation as follows:

for each ball B̃k
j we apply Lemma 3 with R = rk and r = rk+1, so we find ( rk

rk+1
)d−1

pairwise essentially disjoint cubes Qk+1
ℓ of sidelength d

√
κdr

d−1
k+1rk contained in the

ball
(
1 + A d

√
rd−1

k+1

rd−1

k

)
B̃k

j , here A =
√
d d
√
κd. Set B̃k+1

ℓ = B(z
(k+1)
ℓ , rk+1), where z

(k+1)
ℓ

denotes the center of the cube Qk+1
ℓ . We carry out this process for each ball B̃k

j from

the k-th generation. In total, we get 1/rd−1
k+1 balls Bk+1

ℓ in the (k+1)-st level. We do
this for each k ∈ N. Set

δk+1 = A d

√
rd−1
k+1

rd−1
k

, Bk
j = (1 + δk+1)B̃

k
j and Ek =

⋃

j≥1

Bk
j .

Notice that:

(1) For all k ≥ 0,
⋃

ℓ

Qk+1
ℓ ⊂ Ek.

(2) For each k ≥ 1, Bk
j ⊂ Qk

j .

(3) For each k ≥ 1, dist(Bk
j , ∂Q

k
j ) ≥ d

√
κdr

d−1
k rk−1/4, choosing C appropriately

(depending on d).

dist(Bk
j , ∂Q

k
j ) =

d

√
κdr

d−1
k rk−1

2
− (1 + δk+1)rk

= d

√
rd−1
k rk−1




d
√
κd

2
− d

√
rk
rk−1

− A d

√
rd−1
k+1

rd−1
k

rk
rk−1





>
d

√
rd−1
k rk−1

(
d
√
κd

2
− d

√
1

C
− A

C

)
≥

d
√
κd

4
d

√
rd−1
k rk−1.

(4) For each k ≥ 1 and i 6= j, dist(Bk
j , B

k
i ) ≥ d

√
κdr

d−1
k rk−1/2.

Notice that Ek+1 ⊂ Ek for each k ≥ 0. Now, set

E =
⋂

k≥0

Ek.

Lemma 4. If
∑

k δ
1

d

k < ∞, the set E defined above is purely (d−1)-unrectifiable.

Proof. We will show that Hd−1(E ∩ F ) = 0 for any (d − 1)-rectifiable set
F . Let F be a (d − 1)-rectifiable set. Then it can be covered by balls Bj =

B
(
zj ,

1
8

d

√
κdr

d−1
k rk−1

)
, 1 ≤ j ≤ N , satisfying

N∑

j=1

rd−1(Bj) =

N∑

j=1

1

8d−1
(κdr

d−1
k rk−1)

(d−1)/d ≤ Hd−1(F ),

i.e. N ≤ 8d−1Hd−1(F )/(κdr
d−1
k rk−1)

(d−1)/d.
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Recall that the balls Bk
j have radius (1+δk+1)rk ≤ 2rk, if we choose the constants

A and C apropriately. Then, since for each z ∈ Rd and k ≥ 1, B
(
zj ,

1
8

d

√
κdr

d−1
k rk−1

)

can intersect at most one of the balls Bk
j ,

Hd−1(E ∩ F ) ≤
N∑

j=1

Hd−1

(
E ∩ B

(
zj,

1

8
d

√
κdr

d−1
k rk−1

))

≤ 2d−1
N∑

j=1

rd−1
k = 2d−1Nrd−1

k ≤ 16d−1 d

√
rd−1
k

κdr
d−1
k−1

Hd−1(F )

=
16d−1

d
√

κ2
d

√
d
Hd−1(F )δk −→ 0,

as k → ∞, since
∑

k δ
1

d

k < ∞. �

We define now the measure µ as follows. Set

µk
j =

1

rk
χB̃k

j
md and µk =

∑

j

µk
j .

Notice that supp(µk) ⊂ Ek and µk(Rd) = 1 for all k. Hence, there exists a subse-
quence of µk

j that converges weakly to a measure µ with supp(µ) ⊂ E and µ(Rd) = 1.

From the construction, we can deduce that our measures µk satisfy the following
properties:

(1) supp(µk) ⊂ ⋃j B
m
j if k ≥ m.

(2) µk(Bm
j ) = rd−1

m for k ≥ m.

(3) The measure µk has (d − 1)-growth, that is, there exists C0 > 0 such that
µk(B(z, r)) ≤ C0r

d−1 for any z ∈ Rd, r > 0 and k ≥ 0.

To show the (d − 1)-growth, notice that for r ≥ 1, the property is clear because
µk is a probability measure. If 0 < r < 1, then r ∈ (rm+1, rm) for some m ∈ N. In
case m ≥ k, we have rm ≤ rk. Hence, the disc B(z, r) intersects at most one Bk

j ,
therefore

µk(B(z, r)) =
1

rk
md(B(z, r) ∩ B̃k

j ) ≤
rd

rk
≤ rd−1.

If m < k, by property (4) we have dist(Bm+1
j , Bm+1

i ) ≥ d

√
κdrmr

d−1
m+1/2. So, the disc

B(z, r) intersects at most 1 + C rd

rmrd−1

m+1

discs Bm+1
j , for some constant C depending

on d. Applying property (2) above, we get

µk(B(z, r)) =
∑

j

µk(B(z, r) ∩ Bm+1
j ) ≤

(
1 + C

rd

rmr
d−1
m+1

)
rd−1
m+1 ≤ Crd−1.

From property (3) and the weak convergence we deduce that for any disc B(z, r),
µ(B(z, r)) ≤ C0r

d−1 .

4. Boundedness of Tµ(1) out of the support of µ.

We begin this section with some notation: since each x ∈ Ek is contained in a
unique disc Bk

j and in a unique square Qk
j , we shall denote them by Bk(x) and Qk(x)

respectively.



L
2-bounded singular integrals on a purely unrectifiable set in R

d
195

The boundedness of ‖Tµ(1)‖L∞(C\supp(µ)) will follow from the weak convergence
of µk to µ and the following proposition.

Proposition 1. Suppose that dist(x, supp(µ)) = ε > 0 and
∑

k≥1 δ
1

d

k < ∞. Then

for any m ∈ N with rm <
ε

2d
,

∣∣∣∣
ˆ

C

K(x− ξ) dµm(ξ)

∣∣∣∣ ≤ C,

where C is a constant that depends on the dimension d.

Proof. Let x∗ ∈ supp(µ) be such that dist(x, x∗) = ε and fix m with rm < ε
2d

.
Let q be the least integer with rq ≤ ε (hence m ≥ q). Write

ˆ

K(x− ξ) dµm(ξ) =

ˆ

Bq(x∗)

K(x− ξ) dµm(ξ)

+

q∑

k=1

ˆ

Bk−1(x∗)\Bk(x∗)

K(x− ξ) dµm(ξ) = I1 + I2.

To estimate term I1, notice that for any ξ ∈ supp(µ), we have supp(µm)∩Bm(ξ) 6= ∅.
Therefore

(4.1) |x− ξ| ≥ dist(x, supp(µm)) ≥ ε− (1 + δm+1)rm ≥ ε− ε

d
≥ ε

2
.

So, using property (2) of the previous section, we get

|I1| =
∣∣∣∣
ˆ

Bq(x∗)

K(x− ξ)dµm(ξ)

∣∣∣∣ .
(
2

ε

)d−1

µm(Bq(x∗)) =

(
2

ε

)d−1

rd−1
q ≤ 2d−1.

To estimate term I2, we claim that there exists C = C(d) > 0 such that for any
k ∈ N with 1 ≤ k ≤ q,

(4.2)

∣∣∣∣
ˆ

Bk−1(x∗)\Bk(x∗)

K(x− ξ)dµm(ξ)

∣∣∣∣ ≤ Cδ
1

d−1

k + C d

√
ε

rk−1
.

If claim (4.2) holds, then since δk =
√
d d
√
κd(rk/rk−1)d−1 and by the definition of

q, we have rq ≤ ε and rk > ε for 1 ≤ k ≤ q − 1,

|I2| ≤ C

q∑

k=1

δ
1

d−1

k + C




q−1∑

k=1

d

√(
rk
rk−1

)d−1

+ d

√
ε

rq−1


 ≤ C

(
q∑

k=1

δ
1

d−1

k + 1

)
≤ C.

Let us mention again that all the constants, that appear in the proof, may depend
on d although sometimes we do not write the explicit dependence.

To show claim (4.2), we will use Lemma 2. Set

A = {j : Bk
j 6= Bk(x∗) and Bk

j ⊂ Bk−1(x∗)}.
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If j ∈ A and dist(x,Qk
j ) ≥

1

8
d

√
κdrk−1r

d−1
k , then we apply Lemma 2 with ν1 = χQk

j

md

rk−1

,

ν2 = χBk
j
µm, R = rk−1, r = rk and x0 = xQk

j
. Hence,

∣∣∣∣∣

ˆ

Qk
j

K(x− ξ)
dmd(ξ)

rk−1
−
ˆ

Bk
j

K(x− ξ) dµm(ξ)

∣∣∣∣∣

≤ C




d

√
rk−1r

d−1
k

rk−1

ˆ

Qk
j

dmd(ξ)

|x− ξ|d + rk

ˆ

Bk
j

dµm(ξ)

|x− ξ|d


 .

(4.3)

Otherwise, namely if j ∈ A and dist(x,Qk
j ) ≤

1

8
q

√
κdrk−1r

d−1
k (notice that there are

at most 2d pairwise disjoint cubes Qk
j in this situation, and it can only happen for

k = q), then using (4.1), property (2) of the previous section and the fact that for
sets E with finite measure,

(4.4)

ˆ

E

|K(ξ)| dmd(ξ) ≤ C d
√
md(E),

we get

∣∣∣∣∣

ˆ

Qk
j

K(z − ξ)
dmd(ξ)

rk−1
−
ˆ

Bk
j

K(z − ξ) dµm(ξ)

∣∣∣∣∣

≤ C

rk−1

d

√
md(Q

k
j ) +

(
2

ε

)d−1

µm(Bk
j ) ≤ Cδk,

(4.5)

the last inequality coming from the fact that since

1

8
d

√
κdrk−1r

d−1
k ≥ dist(x,Qk

j ) ≥ dist(x∗, Qk
j )− dist(x, x∗) ≥ 1

4
d

√
κdrk−1r

d−1
k − ε,

we have ε ≥ 1

8
d

√
κdrk−1r

d−1
k .

Now write,

∣∣∣∣
ˆ

Bk−1(x∗)\Bk(x∗)

K(x− ξ) dµm(ξ)

∣∣∣∣ ≤ I3 + I4,

where

I3 =

∣∣∣∣∣

ˆ

Bk−1(x∗)\Bk(x∗)

K(x− ξ) dµm(ξ)−
ˆ

⋃
j∈A

Qk
j

K(x− ξ)
dmd(ξ)

rk−1

∣∣∣∣∣

and

I4 =

∣∣∣∣∣

ˆ

⋃
j∈A Qk

j

K(x− ξ)
dmd(ξ)

rk−1

∣∣∣∣∣ .
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Using (4.3) and (4.5) we obtain

I3 ≤ C

(
δk +

d

√(
rk
rk−1

)d−1 ˆ

B(x,2rk−1)\B(x, 1
8

d
√

κdr
d−1

k
rk−1)

dmd(ξ)

|x− ξ|d

+ rk

ˆ

C\B(x, 1
8

d
√

κdr
d−1

k
rk−1)

dµm(ξ)

|x− ξ|d

)

≤ C


δk +

d

√(
rk
rk−1

)d−1

log(
rk−1

rk
) +

rk

d

√
rd−1
k rk−1




≤ C

(
δk + δk log(

1

δk
) + d

√
rk
rk−1

)
≤ Cδ

1

d

k .

To estimate I4, let B̃k−1(x∗) denote the ball B̃k−1
j containing x∗ and write

I4 ≤
∣∣∣∣∣

ˆ

⋃
j∈A

Qk
j

K(x− ξ)
dmd(ξ)

rk−1

−
ˆ

B̃k−1(x∗)

K(x− ξ)
dmd(ξ)

rk−1

∣∣∣∣∣

+

∣∣∣∣
ˆ

B̃k−1(x∗)

K(x− ξ)
dmd(ξ)

rk−1

∣∣∣∣ = I41 + I42.

Notice that x ∈
(
1+ ε

rk−1

)
Bk−1(x∗). Then, by the reflectionless property in Lemma 1

and (4.4),

I42 =

∣∣∣∣∣

ˆ

(
1+ ε

rk−1

)
Bk−1(x∗)\B̃k−1(x∗)

K(x− ξ)
dmd(ξ)

rk−1

∣∣∣∣∣

≤ C

rk−1

md

((
1 +

ε

rk−1

)
Bk−1(x∗) \ B̃k−1(x∗)

)1/d

≤ C d

√
δk +

ε

rk−1

.

To estimate term I41, we use (4.4). Hence,

I41 ≤
C

rk−1
md

(
⋃

j∈A

Qk
j△B̃k−1(z∗)

)1/d

≤ C d
√

δk.

This finishes the proof of claim (4.2) and the proposition. �

5. Appendix

For n ∈ N, n ≥ 2, and z ∈ C \ {0}, we consider the family of kernels

Kn(z) =
P2n−1(z)

|z|2n ,

where P2n−1 is an homogeneous polynomial of degree 2n− 1.
Decomposing the homogeneous polynomial P2n−1 in spherical harmonics we get

Kn(z) =
Q2n−1(z) +Q2n−3(z)|z|2 + · · ·+Q1(z)|z|2n−2

|z|2n =

n∑

j=1

Q2j−1(z)

|z|2j ,(5.1)



198 Joan Mateu and Laura Prat

where the Q2j−1 are harmonic polynomials of degree 2j − 1. We consider now the
family of kernels

K∗
n(z) =

n∑

j=2

Q2j−1(z)

|z|2j ,

that is the ones for which the term Q1 does not appear in the decomposition (5.1).
Since we can write each polynomial Q2j−1 as

Q2j−1(z) = Ajz
2j−1 +Bj z̄

2j−1,

for some constants Aj and Bj, we have

K∗
n(z) =

n∑

j=2

(
Aj

zj−1

z̄j
+Bj

z̄j−1

zj

)

Let Tn and T be the operators related to the kernels K∗
n(z) and K(z) = z̄n−1

zn
,

for n ∈ N, n ≥ 2 and z ∈ C \ {0}, respectively. Clearly, Theorem 1 applies to both
operators, and the proof follows the same scheme as in [JN], as we did in the previous
sections for the higher dimensional case. We want to include a different version of
the proof of the reflectionless property in lemma 1 for this case, without using the
Fourier transform. This proof is based on Lemma 3.1 in [JN] but adapted to our
family of kernels. We find it interesting to include it here because in the plane it is
not necessary to use the Fourier transform, the proof is just a short computation.

5.1. Proof of Lemma 1 for the kernels K(z) = z̄n−1/zn, z ∈ C \ {0}.
Recall that we want to show that for z ∈ C, r > 0 and any ω ∈ B(z, r),

ˆ

B(z,r)

K(ω − ξ) dm2(ξ) = 0.

Without loss of generality, we may assume z = 0 and r = 1. Notice that

K(ω − ξ) =
(ω − ξ)n−1

(ω − ξ)n
=

(−1)n(ω − ξ)n−1

ξn
1(

1− ω
ξ

)n .

Hence, for |ω| < |ξ|,

K(ω − ξ) =
(−1)n(ω − ξ)n−1

(n− 1)! ξn

∑

k≥n−1

k(k − 1) · · · (k − n + 2)

(
ω

ξ

)k−n+1

=
(−1)n(ω − ξ)n−1

(n− 1)! ξn

∑

m≥0

(m+ n− 1)(m+ n− 2) · · · (m+ 1)

(
ω

ξ

)m

= (−1)n
n−1∑

k=0

ωn−1−kξ
k

k!(n− 1− k)!

∑

m≥0

(m+ n− 1)(m+ n− 2) · · · (m+ 1)
ωm

ξm+n
,

which implies
´

|ξ|=t
K(ω− ξ) dm1(ξ) = 0 for |ω| < t, due to the fact that for k 6= l in

Z, we have

(5.2)

ˆ

|ξ|=t

ξ̄kξl dm1(ξ) = 0.
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For |ω| > |ξ|, we write

K(ω − ξ) =
(−1)n(ω − ξ)n−1

(n− 1)! ωn

∑

m≥0

(m+ n− 1)(m+ n− 2) · · · (m+ 1)

(
ξ

ω

)m

=
n−1∑

k=0

(−1)n+kξ̄kω̄n−1−k

k!(n− 1− k)! ωn

∑

m≥0

(m+ n− 1)(m+ n− 2) · · · (m+ 1)

(
ξ

ω

)m

.

Integrating for t < |ω| and using (5.2) we obtain
ˆ

|ξ|=t

K(ω − ξ) dm1(ξ)

=

n−1∑

k=0

(−1)n+kω̄n−1−k

k!(n− 1− k)! ωn+k
(k + n− 1)(k + n− 2) · · · (k + 1)

ˆ

|ξ|=t

|ξ|2k dm1(ξ)

= 2π
n−1∑

k=0

(−1)n+kω̄n−1−k

k!(n− 1− k)! ωn+k
(k + n− 1)(k + n− 2) · · · (k + 1)t2k+1.

Therefore,

ˆ |ω|

0

ˆ

|ξ|=t

K(ω − ξ) dm1(ξ) dt =
πω̄n

ωn−1

n−1∑

k=0

(−1)n+k(k + n− 1)(k + n− 2) · · · (k + 2)

k!(n− 1− k)!
.

So, the desired conclusion follows if we show that

(5.2)
n−1∑

k=0

(−1)k(k + n− 1)(k + n− 2) · · · (k + 2)

k!(n− 1− k)!
= 0.

Consider the function

G(x) =
n−1∑

k=0

(−1)k(k + n− 1)(k + n− 2) · · · (k + 2)

k!(n− 1− k)!
xk+1.

We will show that G(1) = 0 and therefore (5.2) holds. Let

f(x) =
xn−1(1− x)n−1

(n− 1)!
=

n−1∑

k=0

(−1)k

k!(n− 1− k)!
xk+n−1.

Then, clearly f (n−2)(x) = G(x) and hence G(1) = 0. �
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