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Abstract. Suppose that G C F and G’ C E’ are domains, where E and E’ denote real Banach
spaces with dimension at least 2, and f: G — G’ is a homeomorphism. The aim of this paper is to
prove the validity of the implications: f is M-bilipschitz = f is locally M-bilipschitz = f is M-QH
= f is locally M-QH, and the invalidity of their opposite implications, i.e., f is locally M-QH » f
is M-QH = f is locally M-bilipschitz # f is M-bilipschitz. Among these results, the relationship
that f is locally M-QH = f is M-QH gives a negative answer to one of the open problems raised
by Vaiisila in 1999.

1. Introduction

Throughout the paper, we always assume that E and E’ denote real Banach
spaces with dimension at least 2, G C E and G’ C E’ are domains (open and
connected sets). The norm of a vector z in F is written as |z|, and for every pair of
points 21, z9 in E, the distance between them is denoted by |27 — 23]

The quasihyperbolic length of a rectifiable arc or path « in the norm metric in G

is the number
|dz|
/ —
k(a) /a dG(Z) )

where dg(z) denotes the distance from z to the boundary 0G of G in E. For each
pair of points z1, 2o in G, the quasihyperbolic distance kg (21, z2) between z; and zy
is defined in the usual way:

kG(z1, z2) = inf l (),

where the infimum is taken over all rectifiable arcs « joining 2z; to z; in G.
Suppose that f: G — G’ is a homeomorphism and M > 1 denotes a constant.
The mapping f is said to be

(1) M -bilipschitz if

1
M|Zl — 2| < |2 — 2| < M|z — 2
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for all 21,29 € GG. Here and hereafter, the primes always denote the images
in G’ of the points in G under the mapping f;
(2) locally M -bilipschitzif each point z € G has a neighborhood D in G such that
the restriction f|p of f in D is M-bilipschitz;
(3) M-QH if it is M-bilipschitz in the quasihyperbolic metric, i.e.,
1
MkG(Zlv 22) < kG'(Ziv Zé) < MkG(Zlu Zg)
for all zq, 25 € G,
(4) locally M-QH if f is locally M-bilipschitz in the quasihyperbolic metric.

A mapping f is said to have fully a given property if for every subdomain 2 of G,
the restriction f|q of f has this property in €2. For example, we obtain fully M-QH
mappings, fully ¢-solid (briefly, p-FQC) mappings etc (see [6], for example, for the
definitions of solid mappings and FQC mappings).

The class of QH mappings is useful in the quasiconformal (briefly, QC) theory
of R". For example, the Beurling—Ahlfors extension of a quasisymmetric (briefly,
QS) mapping of R! to a half plane is QH [2]. This property was used by Ahlfors to
obtain a bilipschitz reflection across a quasicircle through oo [1|. When n # 4, the
classes of QH mappings, QC mappings and solid mappings are rather close to each
other (cf. |5, Theorem 7.4]). The class of QH mappings also plays an important role
in the freely quasiconformal (briefly, FQC) theory of Banach spaces. For example,
in [6], Viisald proved that the concepts M-QH and fully M-QH are quantitatively
equivalent (|6, Theorem 4.7]). This leads to the quantitative implications: M-QH =
-FQC = p-solid.

In (3|, Heinonen and Koskela considered the problem whether the global QS
structure of a space can be recaptured from a local or infinitesimal QC structure.
Note that every QS mapping is FQC (QC in R"™) and every QH mapping is FQC (QC
in R™). Obviously, every M-QH mapping is locally M-QH. By analogy, a natural
problem is whether the opposite implication is true or not. In fact, this problem was
raised as an open problem by Véisila in [7].

Open Problem 1.1. |7, Problem 13.2.13] Suppose that f: G — G’ is a home-
omorphism and each point has a neighborhood D C G such that f|p: D — f(D) is
M-QH. Is f M'-QH with M' = M'(M)?

In [6], Viisdld obtained the following relationship between locally bilipschitz map-
pings and fully QH mappings.

Theorem A. [6, Theorem 4.8] If a homeomorphism f: G — G’ is locally M-
bilipschitz in the norm metric, then f is fully M?-QH.

In this paper, we discuss the relationships among (locally) bilipschitz mappings
and (locally) QH mappings. Our results are as follows.

Theorem 1.1. Suppose that f: G — G’ is a homeomorphism. Then

(1) the following implications are quantitatively true: f is M-bilipschitz = f is
locally M-bilipschitz = f is M-QH = f is locally M-QH.

(2) the opposite implications are invalid, i.e., f is locally M-QH # f is M-QH
+ [ is locally M-bilipschitz # f is M-bilipschitz.

Here, for two conditions, we say that Condition A implies Condition B quantita-

tively if Condition A implies Condition B and the data v(B) of Codition B depends
only on the data y(A) of Condition A.
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By the statement (2) of Theorem 1.1, we see that the local quasihyperbolicity fails
to imply the global quasihyperbolicity, quantitatively. This shows that the answer
to Open Problem 1.1 is negative.

Theorem 1.1 is proved in the next section.

2. Proof of Theorem 1.1

We start this section with three examples.

ny

227\ = 1{

22(n—1))\ s

16X | -
4N 1
)\' i i i
O HF2u 4dp 21y
1 1
(=5, A= 5)

Figure 1. The graph of g,.

2”//[/: 1>t

Example 2.1. Let n > 3 be an integer,

() = gn;(t) = 527t — g7, i € [T, 5), where j€{0,1,...,n—1},
" Gnn (1) = 55t if tel0,5)

(see Figure 1), and let

~Jon(lz) 5, if 2 € D\{0},
h@)_{a . it =0,

where D = {z € C: |z| < 1}, the unit disk in the complex plane C, and 0 = (0, 0),
the origin. Then we have the following:

(1) gn:10,1) = [0,1) is a homeomorphism with g,(0) = 0 for each n.

(2) fn: D — D is a radial homeomorphism for each n.

(3) For each n and every point zg € D, there is a neighborhood © C D of 2, such
that the restriction f,|q is 2—SG—QH.

(4) For any constant M > 1, there exists a large integer N > 3 such that for all

n > N, f, are not M-QH.

Proof. For notational convenience, let

D(zp,r) ={z€ C: |z — 2| <r}
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denote the open disk with center zy and radius » > 0. In particular, let D(r) =
D(0,r). Then D = D(1). Also, we use the notation:

A(’f’l, 7"2) = D(T’l)\ﬁ(’f’g)

for 0 < ry < r; <1, where D(ry) denotes the closure of D(ry).

The first two assertions of the example directly follow from the definitions of g,
and f,. To prove the last two assertions, we need some preparation which consists
of the following three claims.

Claim 2.1.1. For each n > 3, the restriction f”|A(1,i) is ?—bilipsehitz.

Proof. Let z1, z5 € A(1, i) with 27 # 2. We divide the proof into the following
three cases.

Case 1. Suppose that 21,20 € A(1,3) US(3), where S(3) = {z € C: |z| = 1}.
By definition, we have that for k € {1,2},

’ 2k 1 2k
= JIn = (gp, _ = — 3 — 1 —,

and so,

1 21 Z2
2.1 2 — 2l ==13(2 — 2 ————‘.
( ) | 1 2‘ 2 (1 2) (‘Zl‘ \zg\)
If |21 = |22, then (2.1) implies

1

(2.2) §\Z1—22| < 2y — 2] <z — 2l

since 1 < |z| < 1.
If arg z; = arg 29, then 2 — 22 =0, and thus, by (2.1), we have

1] Tzl
/ / 3
(2.3) \zl—z2|:§|zl—z2\.
Next, we consider the remaining case, that is, |z;| # |22| and argz; # argz.
Without loss of generalization, we assume that
|21] < [22].

Let € € [0, 23] be such that || = |z1|, where [0, 23] denotes the segment in D with
the endpoints 0 and 2. Obviously, for k € {1, 2},

2 =& <o —zen| and [z =& <[z — 2],

where z3 = z;. Then we infer from (2.2) and (2.3) that

)
(2.4) 21— 2l <o = &+ [ — 2] < Sla = 2,
and

8
(2.5) |21—Z2|§|Zl—§|+|§—22|§§|zi—2§~

We conclude from (2.2)—-(2.5) that
3 8
(2.6) §|21—Z2| <lep— 2] < §|21—Z2|-

Case 2. Suppose that z1, 2y € A(%, i)
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Under this assumption, we have that for k& € {1,2},

= Faler) = g () 25 = £ (6] = )

2
|2k '

|2k
This leads to

1
-4l = g ot =20 - (- 2 )|

Similar arguments as in Case 1 ensure the following: If |z;| = |23, then

1 1
(2.7) Azl s |21 — 23] < 5l =zl

If arg z; = arg 25, then

and if |z1| # |22| and arg z; # arg zs, then

3 , , D
1_6|Zl — 2| <z — 2 < Z'Zl — 2.

Hence, in this case, we have
3 16
(2.8) 1—6\31—Z2| < o1 — 2] < g\zl—zﬂ.

Case 3. Suppose that z; € A(3, 1) and 2, € A(1,3) US(3).
In this case, we know that

22 22

1 21 1
2= g (|21 7 = g(6l=1] = 1)@ and  z) = gno(|22l)|22| =506l =1~

21
| 1] | 22|

If arg z; = arg 25, then
(2.9) |21 = 23] = [gny (|21]) = Gno (| 22])]-
Since

|9y (21]) = gno (|22])]
\Zl —Z2|

3 3

4~ -2

we know from (2.9) that

3 _la—=[_3
2.10 - <
( ) 4~ |Zl - 22| -2
In the following, we assume that arg z; # arg z;. Let ¢ € [0, 23] be such that
¢ = [zl.
Obviously, for k € {1,2},
|2 — ¢l < law = 2| and [z — ¢ < [z — 25,

where z3 = 2. Then we deduce from (2.7) and (2.10) that

(2.11) |2y — 25| < |2y — (|4 |¢" — 2] < 2|21 — 2,
and

16,
(2.12) |21 — 22| <21 — ¢+ [¢ — 2] §§|21_Z2|'

We conclude from (2.10)—(2.12) that

3 16
(2.13) 1—6|zl—22| < |2 — 2] < §|Zl—2’2|.

775
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Now, we know from (2.6), (2.8) and (2.13) that the restriction f,|, (1,1 is 8.

bilipschitz. O
Let j € Z, where Z is the set of all integers, and let
Ty(2) = 202
in C. Define
po Ofn|A2_Jﬁ)OT if j€{0,1,...,n—2},
n,) —

Tn—lofn‘D( 1 )7 lfj:n_l

e

Note that f,,,—1 is a self-homeomorphism of D(zn%l)

By a similar reasoning as in the proof of Claim 2.1.1, we have the following claim.

Claim 2.1.2. f,,_ is 4-bilipschitz.

Claim 2.1.3. For each j € {0,1,...,n — 2}, the following statement holds:
falaq,ny = fns-

Proof. Let z € A(1, 7). For the proof, we consider two possibilities: z € A(1, 1)U
S(3) and z € A(3, 1) For the first possibility, we get

z z
a1y (2) = gno (12]) = = =(3]2| — 1) =
Fla () = 32D 75 = 561 = D

Moreover, since
1 1 1
T_j( )—2 ]Z€A<2J 2]+1)US<F),
2 1 z
=T (1277 —(3lz| = 1)—,
s (0 Dpﬂd) 561l = 1)

it follows that
fn,j(z) =Ty 0 fn|A(

and so,
fn | A(1,3)US(3) = Jn g
For the remaining possibility, that is, z € A( ) we obtain

Flaa, (=) = ga (12D

On the other hand, since

_ 1 1
T_](Z) =2 ]Z c A (ﬁ’ W) s

(6|Z\ — 1)

El 2|

we deduce that
fi(2) = To50 fulacy 2M)(T—j(z))

Iz

o2 1 z
- T2j (gnj+1(‘2 ]Z|> |2_j2‘) = §(6|Z‘ - 1)7‘7

from which it follows that

Hence the claim is proved. O
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Now, we are ready to prove the third assertion of the example. Let zy € D. Then
there is an integer j € {0,1,...,n — 2} such that zg € A(5, 5+3) or 29 € D(5:).

If zg € A(m’ 2J+2) then by Claims 2.1.1 and 2.1.3, we know that f,; is ?—
bilipschitz, and so, Theorem A ensures that f, ; is fully =5 20 -QH. Since

fn,j Ofn‘A(zj 2112)OT
and since both T; and 7., are stretchings, we know that f,| A ) is also fully =5 6.
27

QH. Therefore, there is a neighborhood  C A(55, 57+) of 2 such that the restriction
fn|Q is 256 QH

If 2 E D(2n,1), then it follows from Claim 2.1.2 and Theorem A that f, ,,—1 is
fully 16-QH. Thus, it follows that there is a neighborhood 2 C D(zn%l) of 2y such
that f,|q is 16-QH. These prove the third assertion of the example.

To prove the fourth assertion of the example, let z; = 0 and z; = 2% Then

1
2= fu(z1) =0 and 25 = fu(2) = o
Since In(21) )
21 "
kp (21, 23) = ‘ log £2 ‘ —1
D(Zl 22) 0g dD(ZQ) 0og on _ 1
and o () )
kp(z1,2) = ’ log in(2) 08 530 1
we get
ko(#1,2)
kp(z1, 22)
as n — +o0o. This shows that the fourth assertion of the example is true, and hence,
the example is proved. O]

Example 2.2. Define the mapping f: G — G’ by
f(z) = ¢,
where G = {z € C: —§ <Imz < §} and G' = {#z € C: Rez > 0}. Then we have
the following assertions.

(1) fis fully #2-QH.

(2) For any constant M > 1, f is not locally M-bilipschitz.

Proof. It follows from [6, Example 4.11] that the mapping f is 5-QH, and so,
|6, Theorem 4.7] implies f is fully m2-QH. This shows that the first assertion of the
example is true.

Suppose on the contrary that there is an M > 1 such that f is locally M-
bilipschitz. For each positive integer n, let 2, = n. Then there is a neighborhood
2, C G of z, such that the restriction f|q, is M-bilipschitz. Let {e,}32, be a
sequence such that (i) €, > 0 for each n, (i7) ¢, — 0 as n — oo, and (iii) z, =
n+¢e, € Q,. Then

r_
(2.14) len =2l
|20 — Z]
holds for any n, where z/, = f(z,) and z/, = f(Z,). But
— n __ pnten
(2.15) 2, — 2| |e"—e e

|20 — Zn|  In— (n+ &)



778 Yuehui He, Manzi Huang and Xiantao Wang

as n — +00, which is the desired contradiction. Hence the second assertion in the
example is also true. O

We borrow the following example from [6, Example 4.12].

Example 2.3. Let E be an infinite dimensional separable Hilbert space, and let
{e;}jez be an orthogonal basis of £ indexed by Z. Set

y=Un and v =Jv,

jEZ j€Z

where v, = [a;, aj11] with a; = j v/2e1, which denotes the segment with the endpoints
a; and aji1, and 7; = [ej, ej11]. Let G = o, B(z,r), where B(z,r) = {w €
E:|w—z| <r}and 0 <r < 5. Then there exist a constant M > 1, a neighbourhood
G’ of 4/ and a homeomorphism f such that

(1) f: G — G’ is locally M-bilipschitz.

(2) f maps each v; isometrically onto 7.

(3) f is not M’-bilipschitz for any constant M’ > 1.

Proof. The first two statements in the example are from |6, Example 4.12]. From
the first two statements, the third one follows because 7 is unbounded, but 7' is
bounded. 0

Proof of Theorem 1.1. The first implication in Theorem 1.1(1) is obvious. By
Theorem A, we know that every locally M-bilipschitz mapping is M?-QH. It follows
from [6, Theorem 4.7] that each M-QH mapping is fully 4M?2-QH. Of course, it is
locally 4M2-QH. These show that the rest two implications in Theorem 1.1(1) are
also true. Theorem 1.1(2) easily follows from Examples 2.1—2.3. Hence the theorem
is proved. O
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Added information. After the acceptance of this paper, we found three related
references, see [4, 8, 9]. The main aim of these papers is to investiage Viisild’s open
problem discussed in this paper. The authors answered the problem under certain
additional conditions. Our result, Theorem 1.1, in this paper shows that the related
conditions in [4, 8, 9] cannot be removed.
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