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Abstract. In the present article, we develop Fourier series for a family of classes of Romieu
type of ultradifferentiable functions and ultradistributions on the torus, usually known as Denjoy—
Carleman classes. In this setting, as applications, we extend the Greenfield-Wallach Theorem and,
through a conjugation, we characterize global hypoellipticity for a class of systems of real vector
fields of tube type.

1. Introduction

There has been a great development in the field of global analysis in the last
decades, especially for problems on the torus TV = RY /27Z". An immense amount
of results concerning solvability and hypoellipticity for operators and systems (see
for instance [AJ, BCP, DGY, WC]| and references therein) has been obtained in a
variety of frameworks.

Two of those frameworks that stand out are the spaces of real analytic and
Gevrey functions (see for example [AZ, Ber, Him, Tar| and references therein). In this
context, one of the most important tools is the characterization of ultradistributions
and functions via their Fourier series (see for instance [AP, BCCJ, BGS, CC, HP,
JKM, PZ]).

An important fact regarding Gevrey spaces is that they generalize the concept
of real analytic functions (recall that G1(TY) = C¥(TY)) and allow us to better
understand the gap between smooth and real analytic functions. Nevertheless, they
are not sufficient in that sense; In fact, it is possible to show that

C(TY) ¢ () G4(TY).

Furthermore there exist subspaces of C*°(T?) whose elements are nowhere analytic
and satisfy the following condition:

zo € TV and D*f(x) =0, Va € N, = f =0,

a property that does not hold for any G*(T") with s > 1.
Those facts lead us to the study of Denjoy—Carleman classes; in few words, given
a sequence of positive numbers {m,, } we work with the space of the functions

f € C°°(T") such that
|D*f(x)] < C-hlelmyy - afl, Vo e TV, Ya € NYY,

which provides a much wider range of classes of ultradifferentiable functions.

n€Ng?

https://doi.org/10.5186 /aasfm.2021.4655

2020 Mathematics Subject Classification: Primary 35-02, 42A16, 35H10.

Key words: Ultradifferentiable classes, Fourier series, global hypoellipticity.

This study was financed in part by the Coordenagao de Aperfeicoamento de Pessoal de Nivel
Superior - Brasil (CAPES) - Finance Code 001.



870 Bruno de Lessa Victor

Once we have highlighted the importance of Denjoy—Carleman classes and Fourier
analysis, the interest in the development of the latter’s techniques in the former’s
context naturally shows up. That is the principal goal of the present work.

In Section 2, we describe our classes of ultradiferentiable functions, starting with
the definition of weight sequences, which characterize the growth of functions and its
derivatives. Important examples are presented and we make a brief comparison with
the sequences defined by Komatsu in [K1].

Next we endow those classes with a inductive limit topology, which make them
DF'S spaces and allows us to define the spaces of ultradistributions. In Section 4
we develop Fourier Series for functions and ultradistributions, characterizing both in
terms of the decay of their Fourier coefficients.

Finally, Section 5 is destined to the study of global hypoellipticity in the Denjoy—
Carleman setting. It is divided in three subsections: in the first one it is proved for
any class an extension of the Greenfield Theorem |Gr| for systems with constant
coefficients. Next we prove a version of the Greenfield-Wallach Theorem [GW]| and
generalize a construction done in [GPY]| which exhibits vector fields that “separate
classes” in terms of global hypoellipticity. In the last subsection, inspired in works like
[BCM], [BP] and [Hou|, we characterize global hypoellipticity for a class of systems
of real vector fields of tube type through a conjugation to a system of constant
coefficients.

2. Denjoy—Carleman classes on torus

In this section we consider a class of weight sequences and give some examples.
We also prove conditions which they satisfy and how those properties have impact
on the related classes of functions.

Definition 2.1. A weight sequence is a sequence of positive real numbers .# =
{mn}hen, satisfying the following conditions:

1. mg =my =1; (initial conditions)

2. m2 < my_1-muy1, Vn €N; (logarithmic converity)

_ 1/(G+k)
3. sup (M) < H, for some H > 1. (moderate growth)
gk N5 = M,

Example 2.2. Given s > 1, G° = {(n!)*™'}, .y, is a weight sequence. In fact,
|. — | s—1 s—1 - | s—1 '
(n+ - (=1 [n+1 S 1 and Q+@. < (25 1yith,
(n!)? n gt k!
Example 2.3. Let 0 > 0 and put £, = [log(n +e — 1)]”". Then
ﬁmu-&Pl__<[bg0%+€ﬂm+” [bgﬁk%e—Qﬂ“’”)a__< fn) \°
- -1/ 7

2 log(n+e—1)]* [log(n+e— 1) n—1

ifweset f: [1,+00) = R; f(z) = %. By analyzing its derivative, we prove
that f is nondecreasing and hence logarithmic convexity holds up. Furthermore, given

J, k € N we have

Ciye  [log(j+k+e—1) Uj. log(j +k+e—1)]"
Ci- by | log(j+e—1) log(k +e—1)

L oj j ok ()
<14+ —] 14+ — <elt
_{+j+e—1] {ij—l—e—l} = ’
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which proves moderate growth.

Example 2.4. Consider m, = [log (log(n + ¢¢ — 1))]°", with 3 > 0. Analo-
gously to Example 2.3 we study the derivative of ¢: [1, +00) — R;
log (log(z + €°))] =V
(o) = Jomlos(z + )+
[log (log(z + e® —1))]

to confirm logarithmic convexity. On the other hand,

mjex__ [log(log(j + ki + ¢ - 1))}51 _ [log (log(j + k + ¢ - 1))}5’“

mj-my | log(log(j + e —1)) log (log(k + e — 1))
[log(j + k+e®—1) ﬁj' log(j + k + e® — 1)1

log(j + e —1) log(k 4+ e —1)

- k oj j ok G4+8)
<1+ ——] |1+ ——| <e”Ut
<] ] se

<

checking moderate growth.

Remark 2.5. Given £ = {{}}, ., and A = {my.}, ., Weight sequences, their
product given by " = {{i - my.},cn, is also a weight sequence.

Proposition 2.6. Let .# = {m,},.n, be a weight sequence. Then following
properties hold:

1. A is non-decreasing.
2. The sequence given by (3, := (mn)%, for n > 1, is non-decreasing.
3. Let k,n € Ny such that k < n; then

M+ My < My
4. For any k € N there exists Cy) > 1 such that:

l.
(2.1) sup (m”k) < Cuy

i=1 \ My

Proof. Let w, = logm,; from the definition of weight sequence, we show by
induction that

J .
< —— -wiik, Vk €Ny, VjeN,
Wj_j_l_k Witk 0, VJ

which implies that
Wn+1

“n

< and w; +wp < Wik
n ~ n+ ! I

proving 1, 2 and 3; on the other hand, since

(—m’“) < H¥, Vj €Ny,
m;

it follows that

(M) _ (%) (M) < HAAHGHD A G-I < 2020 s

m; m; Myjtk—1

Thus 4 is proved by taking Cy = [2(K4k) O
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Remark 2.7. By applying Proposition 2.6 for the particular case where s = 2
in Example 2.2, we obtain for each k& € N the existence of By such that

1
R\
(2.2) (O j, >) < Buy.
Definition 2.8. Let .# = {m,}, .y, be a weight sequence; we say that f €

C>=(TY) is ultradifferentiable of Romieu Class .4 if there exist constants C,h > 0
such that

|D*f(2)| < C-hl*lmyy - Jafl, Va e N, Vo e TV,

Definition 2.9. We denote the space of ultradifferentiable functions of Romieu
class A as € 4(TN). € 4(TV) is called the Denjoy—Carleman class on TV associated
to A .

Remark 2.10. Let us analyze the difference between our sequences and the ones
introduced by Komatsu in [K1|. In comparison, we have M,, = m,,-n!; although initial
conditions do not exist in [K1], they are essentially imposed to facilitate computations
and are not a real obstruction for the theory.

Proceeding to logarithmic convexity, note that

Mn—l . Mn+1 . Mpy1 - Mp_1 - (n — 1)' . (n + 1)' . Mpt1 - Mp_1 N +1
M? B m2 - (n!)? B m2 n
Hence condition 2 in Definition 2.1 is slightly stronger than (M.1) established in [K1].
The reason for requiring it becomes evident in Proposition 2.6 and Lemma 5.10.
Finally, Property 3 in Definition 2.1 is named “stability under ultradifferentiable
operators” in |[K1]. It implies the result stated in Lemma 4.17, which is crucial in
the proofs of Theorems 4.18, 5.2, 5.9 and 5.12. In the ultradifferentiable context,
it implies the associated function (Remark 4.6) is a weight function (see |[BMM],
[BMT]), relating two different ways of defining ultradifferentiable functions.

It is not difficult to check that £ ,(TY) is a vector subspace of C*°(T¥). More-
over, each statement proved in Proposition 2.6 has a direct consequence on the
classes associated. The fact that a weight sequence is non-decreasing (1) means
that C<(TV) C € 4(TV). It follows from 2 that & ,(T%) is always closed for com-
position and inverse-closed (see [BM], [Rudl]). As implications of 3 and 4, it is
possible to show that any class is a subalgebra of £(T) and closed by differentiation
respectively.

Another important subject related to those spaces of ultradifferentiable functions,
the one which actually originated its study, is the existence of elements which are
flat at some point.

Definition 2.11. Let .# be a weight sequence; we say that £ ,(TY) is quasi-
analytic if

fe&q(TY), mye TV | Df(z9) =0, Va e N) = f=0.

The characterization for quasianalyticity was first given partially by Denjoy
(|[Den]) and then completely by Carleman ([Car|). For more details, we recommend
[Hor|, [RudII].

Theorem 2.12. £ ,(TY) is quasianalytic if and only if

+o0
m;

=0 mj+1 : (] + 1)

= +o0.
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We now go back to the examples given previously. The classes associated to
the sequences set in Example 2.2 are the famous Gevrey classes, which are denoted
as G*(TY). When s = 1, we obtain the class of real analytic functions, which is
quasianalytic. If s > 1, they are non-quasianalytic.

Example 2.3 is very important for comprehension of the gap between smooth
functions and real analytic functions, since the particular case where o = 1 represents
the intersection of all inverse-closed non-quasianalytic classes [Rudl]. Besides, it is
quasianalytic for 0 < ¢ < 1 and non-quasianalytic for 1 < ¢ [Th]. Example 2.4 is
historically relevant, since the case where § = 1 was introduced by Denjoy in [Den]
as the first example of class of quasianalytic functions which are nowhere analytic.

Before the end of this section, we discuss about inclusion of classes and how this
subject is related to the asymptotic behavior of their associated sequences.

Definition 2.13. Let .Z, .# be weight sequences. We denote
0\ F
(2.3) LM = sup | — | < +oo.
keNg mg
Besides, we write £ ~ .# when & <X . # and 4 < Z.
It is possible to prove (see |Th|) that
(2.4) Es(TNYCEHQTN) & L = M.

In particular, E¢(TY) = € ,(TV) if and only if £ ~ .#. This shows for instance that
r < s implies G"(TY) C G5(TV) and C¥(TV) = £ 4(TV) © sup;s, (mj)% < 400.

3. The topology of € ,(TN) and its dual space

From now on .# represents an arbitrary weight sequence fixed, since all the
results stated only rely on conditions established in Definition 2.1.

Definition 3.1. For any h > 0, we set

Eun(TV) = {f c E4(TY); sup [ 1D° lloe } < oo}.

aeny LA -myg) - fa!

Moreover, we denote for f € € 4 ,(TV),

I/l = sup
aGN(I)V

i

hlel . Mol la|!

If € 4 1(TY) is equipped with ||.|| ,,, which in that case is a norm, it becomes a
Banach space.

Proposition 3.2. Let hy, hy € Ry, with hy < hy; then & 45, (TY) C & 4.1, (TY)
and the inclusion & 4, (TY) < &€ 4 1,(TY) is compact.

Proof. Since the inclusion is trivial, we only prove the compactness: let {f,},cn
be a bounded sequence in & 45, (T"). Thus there exists Cy > 0 such that

1D fo(z)| < Co- B o - 0!, Vz e TV, Va e NY, VneN,
and consequently for every k € Ny we are able to find C} > 0 such that
> sup [DPfu(x)| < Cr, Yn €N,

N
18<k *€T
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By Arzela—Ascoli Theorem there exists a subsequence {f,, },.n converging to f
in C=(T?"). Besides, for any x € TV, v € N7,

D7 f(@)| = lim | D7 fo (2)] < Co- by mpsy - L,

which allows us to conclude that f € € 4 4,(T"). It remains to prove that f, — f
in 51///7h2(TN).

h p
Given ¢ > 0, we take p € N such that = Siand
ho 2C)
C = _ :0<qg<
1 1= max gt <qg<ppy.

Due to the fact that f,,, — f in C°°(T¥), it is possible to find k; € N such that

€
sup }Dkfnk(x) — DAf({K)‘ < o A <p, k>k.
zeTN 1

Let k > ky; if |A\| < p,

su ‘DAfnk(x) _ D’\f(a:)‘ <t .0 —:
5 N oo | T T
zeT h2 LU |)\| 1
When |A| > p,
| D fo, () — D f ()] | D fo, () — D f(2)| hi\”
i R < sup D "\
z€TN h2 Ty |>\" z€TN hl Ty ‘)\|' 2

9
< [l + 1] - 57 < &

Therefore || f,, — fll 4, < € for all k > ki, which shows that f,, — fin Euny(TV).
O

Let {hy},cn be a strictly increasing sequence of positive real numbers such that
h, — “+oo. It is not difficult to see that

Ex(TY) = Enn, (TV).

neN

We endow & ,(T") with the inductive limit topology given by the family of € 4 5, (TV).
That is,
E (TY) = lim E um, (TN,
neN
It is possible to prove that such topology does not depend on the choice of {h,}, .-
Moreover, it follows from Proposition 3.2 that &€ ,(T¥) is an injective limit of a
compact sequence of locally conver spaces, also known in the literature as a DFS
space. For more details, we recommend [K2].
Now that we have established a topology for £ ,(T¥), it is possible introduce the
space of ultradistributions, which is absolutely fundamental for the theory of linear
partial differential equations.

Definition 3.3. We define 2',(T") as the topological dual space of & ,(TN).
That is, the space of continuous linear functionals u: € ,(TV) — C .

Theorem 3.4. Let u: € 4(TY) — C be a linear functional; the following condi-
tions are equivalent:
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l.ue 2 ,TV).
2. For every € > 0, there exists C. > 0 such that

o . E‘C“|
(3.1) el < s (W20 25) v e e n)
aeNy \ Ml - |
3. If {¢n}en € E4(TYN) converges to 0 in € 4(TY), then (u, ¢,) — 0.
Proof. 1 = 2: If 2 does not hold, there exist g9 > 0 and {p,}, .5 C E#(TY)

such that )
%ol el
|(u, on)| > n - sup <w) .

aeNy \ Mol - |a]!

By putting ¢, = ﬁ, we get that

o« " . || o« " . |ov| 1
e s (n Yallos - b ): . (H Unllog =gt 1
n

aeNY Mia| - |Oé|' aeNY M)a| |CM|'
which implies that
lov]
1
|0%y, (z)| < (E—) Mo - al!, Vo e TV, Vae NY.
0
Therefore {tn},cn C En1/2(TY) and
|<u7wn>‘ Z n ||¢n||///’1/€0 5 Vn - N’

which shows that u‘ N is not continuous and hence u is not continuous.
gﬂ,l/so (T )

2 = 3: Let {¢n},en C E#(TY) a sequence that converges to 0. By a property
of DFS spaces, there exists h > 0 such that (¢,)nen C E2n(TY) and (¢ )nen — 0

1
in € 4 5(TYN). If we set e = —, one can find C' > 0 satisfying

h
10%Pnl| o
el < sup (G2l ) < C ol
aeNp o]
Since [[nll 4, — 0, it follows that |(u, ,)| — 0.
3=1:Ifué¢ 2 ,(TV), there exists h > 0 such that u‘gﬂ (v 18 not continuous.
Thus for every j € N we may obtain ¢; € € 4 4(TY) such that |(u, p;)| > j H‘Pj”///,h'
Pj
Let ¢; := ; then
T s )]
@il on 1
[{(u,)| =1 and ||¢y]| ,, = — <=, VjeN.
’ PR a0 g

Thus {¢j};cn — 0 in E 4 (TY) whereas (u,;) # 0, which proves our claim by
contradiction. O]

The notion of convergence here, analogously to other spaces of distributions, is
the pointwise convergence. That is,

Definition 3.5. Let {u,}, . be a sequence in 2',(T") and u € 2',(T"). We
say that u, — wu if

<un7 90) - <u7 30>7 VQP S g///(TN)

We also have the following completeness condition:
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Lemma 3.6. Let {u,},.n be a sequence in 9',(TV) such that (u,,¢) is a
Cauchy sequence for every ¢ € € 4(TN). Then there exists u € 9',(TY) such that

lim(u,, 0) = (u, 9), Vi € E4(TY).
Proof. Set u: £4(TY) — C; (u, ) = lim(u,, ). We claim u is continuous; in
fact, let {pr}en e a sequence in € 4 (TY) converging to 0. Then there exists h > 0
such that ¢ € € 41 (TY) for every k € N and lexll 4 n — O

For any ¢ € &€ 4,(TV), sequence (u,,) is bounded. Since u, is con-

tinuous for each n, it follows from Uniform Boundedness Principle ‘ajlfghgc]ivs)tence of
M > 0 such that
[, V)| < M 1Yy, Y €N, VO € € 4 (TY).
Given € > 0, we choose kg € N such that
[(uny )| € 5, ¥ € N, VE 2 ko.

Because (u, ¢x) = lim(u,, @), for each k > ko we are able to find n; € N satisfying

DN ™

[(u; 1) = iy, or)| <
Therefore for every k > kg, we have

[(w, i) < s or) = (uny, oi)| + [y )| < e,

which proves our assertion, by Theorem 3.4. O

4. Fourier series for € ,(T") and 2’,(T")

4.1. Fourier series. We begin the subsection setting Fourier coefficients for
elements of &€ ,(TY) and showing that any ¢ € £ ,(T%) is completely described by
its Fourier Series.

Definition 4.1. Let ¢ € £ 4(TY); for each € € Z" we define its Fourier coeffi-
cient as:

5(E) = L e () dx
HE) = oy | el

Theorem 4.2. For every ¢ € € ,(TY) we have

plx) = @(¢) e, VreTh,

¢ezZN

with convergence in € ,(TY). Furthermore, there exist constants C,§ > 0 such that
My - 1!

4.1 PO <O inf | —————— ), VeeZV.

(a.1) polc i (i), v

Proof. We start by proving (4.1); when £ = 0 the estimate is obvious for § = 1,
so we may consider £ # 0. It is easy to see that |p(&)| < |l¢|,.; for any non-zero

a e NY, 5@(5) = &% p(§). Hence there exist Cy, h; > 1 such that

€] - 1p(E)] < Cy - By - Jal.
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|
Since [¢[lo < Z % -1€], it follows that
Bl=lal "

€l @] < G- bt mygy - Jalt- Y
18]=|c

<y (b Ny - Jall.

!

K

Because ¢ # 0, we infer that

(L+ D™ 1@(&)] < Cr- (2 by - N) - myy - L,
1

2-hy-N’
Proceeding to the proof of the first statement, note that since ¢ is smooth, the
convergence holds in C*(T%). For each k € N, consider the partial sum

Srp(x) =Y (&) - €.

€<k

which proves the estimate if we take C'= max {||¢||,C1} and § =

Observe that Sy is real analytic and consequently an element of £ ,(TY). Besides,
for any o € N

Dp = Spp)la) = D p() €

|§|=k+1
Thereafter it follows from (4.1) that for any z € TV, a € N,

|| +2N
D= SA@I<C(3)  miay- Gl +20! 5 (41
|€|>k+1

1 |a|+2N N N ~
<o3) marCihy) ol Bk 3 A+l
§1=k+1
< Cl . hll‘od * Mg - |a|'
by applying (2.1), (2.2) and setting
i 1 N —2N I 1
C'=C{5) > 0+h™, m={(5)BemCen.
gezN

Since hy < hj and @, (¢ — Spyp) belong to € 4 (TV), the same holds for every
Skp. In addition,

2N

C _
D = Siela)l < | () S0+ 16| 06 m-lalt, v € T, va € N
§1=2k+1
Thus klirf I = Skell gy, = 0 and Spp = @ in E.4(TV). O
—+00 ’

We now prove the converse of Theorem 4.2:

Theorem 4.3. Let {bi}gezN be a sequence in C and assume the existence of
C,d > 0 satisfying

m,, - n!
bl <C- inf [ ——2 " VAR
<o ot (5 g ) e
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Then there exists 1 € € 4(T") such that

with convergence in € ,(TY). In addition, 12(5) = b.

Proof. Let ¢: TV — C given by ¢(z) = Z be - €™%; it follows from hypothesis
gezZN
that 1 is smooth, with its sequence of partial sums converging to v in C>°(T¥). For
any a € N,

[D(a)| < Y (1 +[ED" - [be)

£ezZN
m‘a|+2N-(|Oz|—|—2N)! 1
< . .
) gZ <C pler 2N (1+ (€)Y
1\ Y 1 Ciny - Bany ol
<(¢(5) X v ) (F252) o

cezZN

which shows us that ¢ € £ 4(TV). By setting S;¢(z) = Z be - € for each j € N,

|€1<
we obtain

o 1\ *" 1 Ciany - Brany )
o= s <o () pay T () el

Cpn - B
So lim ||y — Sl ,, = 0 for hy = N} PN} which implies that Sji) — 9 in
j—ro0 1 )

8///(TN). O]

Next we extend the concept of Fourier coefficient and prove versions of Theorems
4.2 and 4.3 for ultradistributions.

Definition 4.4. Let u € 2 ,(T"); we define its Fourier Coefficient @(¢) as

1
E) = oy

u, e, vE e ZN.

Theorem 4.5. Let u € 2',(TV); then for every ¢ > 0, there exists C. > 0 such
that

i) < e sp (UEEE) v
neNg n T

Proof. For every € > 0, £ € Z" it follows from (3.1) the existence of C. > 0

satisfying
R 8? e_ixf . g‘a|
4(6)] < C: sup (' ) )

zeTN m|0¢\ ’ ‘Oé|'
erNéV
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which implies that
?)) - gl lal . lof
|@(€)] < C. sup ((1+|§ AR )gce sup <(1+|€|) € )

aeNy \ Mol - |af! aeNy \ Mol - |
En . 1 + é‘ n
.y (2L,
n€Np My - N
as we intended to prove. O

Remark 4.6. Note that the functions inf,en, (m""') and sup,,cn, (=) nat-

tn My 1!
urally show up in Theorems 4.2, 4.3 and 4.5. There is actually a strong connection
between them.

In fact, for any ¢t > 0 we have lim,,_, (L) = 0. Since sup,,¢n, (L) > 1,

My 1! My -n!

it follows that sup,,cn, (#nn,) is always assumed by some ny and a similar argument

shows the same holds for inf,cn, (m:,;"!). Therefore

e ()] = ()
sup = inf )
neNg \ My, + 1! n€Np tr

For a full description of the properties of ¢ +— sup,,cn, (m), which is called asso-

ciated function, we recommend the section with similar title in [K1].

Remark 4.7. For the Gevrey case, Theorems 4.2 and 4.5 may be rewritten in
the following way: if u is a s-Gevrey ultradistribution, then

Ve,3C. > 0; [Q(6)| < C.- e ve e zZV.
In addition, if ¢ is a s-Gevrey function, then
3C,0>0; |38 <C-e 8 weezN.

n 1/s
t—) and et

n!s

In fact, it is not difficult to show that chacterizations using sup,cx;, (
are equivalent.

After these two brief remarks, we turn back to the previous goal.

Theorem 4.8. Let {aﬁ}gezN be a sequence of complex numbers satisfying the
following condition: for every ¢ > 0 there exists C. > 0 such that

em- (1 +[¢)"

My, - N!

lag| < C. - sup (

n€Np

), Ve e ZN.

Then u = Z ag - € belongs to 2',(TN) and u(¢) = ag.

cezN

Proof. Put s;(z) = Z ag - €™, for every j € N. For any ¢ € € 4(TV), we claim

|€]<j
that
<%@:/ X%ewmeZEMe/emwmm
TN . . TN
€] <y €] <y

is a Cauchy sequence in C. In fact, by taking m, k € N with m > k,

(sm —smp) = 2mY > ag-@(=¢).

k+1<[€]<m
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By Theorem 4.2, there exist C,d > 0 such that

. . my, - n! N
9| < Ch .nleano <m) , VEeZ”.

Thus, for some € > 0 which will be chosen later, we have

(DY . My, - N
Sm — Sk, )| < (2m)NC,C. sup <L inf [ ———— ).
o —sealsemiac. . we () Farar

On the other hand, it follows from (2.1), (2.2) and Remark 4.6 that

sup <5"-(1+|§|)") g < My, - 1! ) _ (5”O~(1+\£\)”O> inf < My, - 1! )
neNo my - n! neNo \ 07(1 + |&|)» Mgy * No! neNp \ 0"(1 + |¢]|)"
<<&”Q+WW)<WWWYWMQM3

My no! 6710+2N . (1 + |€|)no+2N
o b (e Bpyy-Com\™ 1
-0 6 (1+ €)Y

)

Con Boany the dependence

for ng depending on ¢ and €. However, if we choose € =

- (27r)N'Cg'Cl
= 52N

on ng disappears. Hence, if Cy , we obtain

1
|<Sm_5ka§0>| §C2 Z T eNaN
wiragem (LHIED

Since the series on the right-hand side converges, limy o [(Sm — Sk, ©)| = 0,
which proves that (s;, ) is a Cauchy sequence for every € € ,(T"). By Lemma 3.6,
U= eeqn Qg ' is an element of 2',(T") and it is immediate that () = ac. O

Theorem 4.9. Let u € 2',,(T"). Then u =Y.~ 0(§) - €™, with convergence
in 7/, (TV).
Proof. By Theorems 4.5 and 4.8, @ := Y .. v u() - € satisfies conditions

stated. Thus it is sufficient to show that u = @. Given ¢ € & 4(TV), it follows
from Theorem 4.2 that p(z) = Y czn P(§) - €5, If we define once again Syp(z) =

> iel<k PE) - e by using that Sy — ¢ in € 4(TY) it is not difficult to check that
(u, ) = (1, p). Therefore u = @, which ends the proof. O

By associating Theorems 4.3 and 4.9, we are able to characterize precisely when
u € 9',(TV) is actually an element of £ ,(T") through its Fourier coefficients.

Corollary 4.10. Let u € 2',(T"); if one can find C,§ > 0 such that

. ) my, - n! N
|u(£)‘ <C- nlenl\fl‘o (m) s V§ €Z )

then u € € 4(TV).

Remark 4.11. The property of moderate growth (Definition 2.1) was not di-
rectly used for proofs in this subsection. Only the weaker condition (2.1), proved in
Proposition 2.6, was necessary. This fact suggests that those results remain valid for
even more general classes of ultradifferentiable functions.



Fourier analysis for Denjoy—Carleman classes on the torus 881

4.2. Partial Fourier series. Given R, S € N such that R+ 5 = N, we set
TN = TE x T, For any ¢ € € 4(TV) and t € T# fixed, let

o T = C; gu(w) = p(t, ).
Then ¢; € € ,(T?) and it follows from Theorem 4.2 that

(42) olta) = o) = 3 Blt.m) - e

nezZs

1 .
with convergence in € ,(T®) and §(t,n) = / o(t,x) - e “dux.
(2m)5 Jps
Theorem 4.12. Given ¢ € € ,(TY), there exists C,h,§ > 0 such that
(4.3)

o N my - p!

Moreover, we have the identity (4.2) with convergence in € ,(TY).
Proof. Since 0%p(t,n) = 8/;3‘Tp(t 1), we have 0*DE(t,n) = n° - 9°3(t, 1) and

0”973t n)| < sup |9FDI(t, )|
(t,x)eTN

< el gp - BT myaigs - (ol + 18))!
<l yn, - [RhH) - mypg - 1] - [0 H)P - myg - 18]

for some h; > 0. Given n # 0 and p € Ny, take 3 € N3 such that || = p and
[nlP < N*?[p°| . Then

(L4 P - 183 M < ol - [0 H) g - Jalt] - [(4h HVNY -y -]

-1
. . mp-p!
Therefore, by taking h = 2h1H, § = 4h11—11\/ﬁ and C = ¢l 44, - [mfpeNo (é—pp)} :

we also include case n = 0 and prove (4.3).
Proceeding to the second statement, put Sjp(t, ) =3, _; @(t,n) - ™. For any

a; € NF and ay € N3, it follows from (2.1), (2.2) and (4.3) that
1071972 (0 = S;9) (¢, 2)]
o : my - p! o
< S Cn ol ing (5t )

N - (1 D
In|>j p&ENo ( + \77\)
Bis1Casy | ™
pleal {25} {25}
§y¥;+m 1GTT% M #ieal ] + fa])!
< 525 Z \2a1|+\a2| “May|+]as) * (o] + Jaz])!,
sy (L |n|

3{25}50{25} } Therefore Sjo — ¢ in € 4 4,(TY) and consequently
in &,4(TV). D

Now we show the converse of Theorem 4.12.

with hy = max {h,
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Theorem 4.13. Consider {¢,}, .55 a sequence in E #(TH) and suppose the ex-
istence of C, h,d > 0 such that

.l
o < -l - lall- i _ My P R R 5
1070y ()] < C-hmyq - |a plerll\flo <5p AT Vt e T" Vae Ny, VneZ

Then ¢: TV — C; o(t,z) = D ez Pn(t) - € E (TN), with convergence in the
same space.

Proof. Tt is immediate that ¢ is well defined. For any a; € N and ay € NJ, we
have

0710520 (t, )| < D |07y (B)] - (1 + [n])/
nezZs

< & o (Bm Cas)

|az|
525 5 ) May|+laz| * (|| + |az])!

1
2 (1 + [n])?*

neZs
<Oy - h\1a1\+|a2\ Mas | +las] - (‘a1| + |042D!

h-Biany-Crany
5

Y

by applying (2.1), (2.2), and setting C1 = g5 >, czs W, hy =
which shows that ¢ € € 4(TY). Convergence in € 4(TV) is proved just like in
Theorem 4.12. O]

We now aim to obtain versions of Theorems 4.12 and 4.13 for ultradistributions.
Although it is not possible to talk about fixzing variables in this context, we can
proceed analogously by fixing test functions defined on some variables. Given u in

2 ,(TV) and ¢ € € 4(TH), set
uy: T = C, o (u,9 @ @),
where ¢ @ (t,z) = ¥(t) - p(x).
Lemma 4.14. For every u € 2,(TN), ¢ € €,4(T"), we have that u, €
2 ,(T9).
Proof. Let {¢,},cn be a sequence in & ,(T*) converging to 0. Because u is

continuous, it is sufficient to show that ¢ ® ¢,, — 0 in € ,(T¥). By our assumption,
one can find hg > 0 such that

©n € &///JLS(TS), Vn € N; ||S0"||<//l,hs — 0.
On the other hand, there exists hg > 0 such that ¢ € € 45,(T%). Hence

sup |0707 (U (t) - p(@))] < sup [979(1)] - sup |07¢p(x)]
(t,x)eTN teTh z€TS

B
<Nl yny - B 0l 1! 0nll g ng - Pl - 51 - 18]

If we set h = max {hg, hs}, it follows from inequality above that

Y®pn € gffl,h(TN)v Vn €N, and [¢® QOnH//z,h < H¢||//z,hR HSDnH(//ahS — 0,
as we intended to prove. O

As a consequence of Lemma 4.14 and Theorem 4.9, we can write :Znezs Uy (n)-
e with uy(n) = ﬁ(u, Y(t)e=™) and convergence in 2/, (T"). For each n € Z°,
we define the functional

(u(t,m), vy = uy(n) = o) (u, Y(t)e™").
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It follows once again from Lemma (4.14) that u(¢,n) € 2, (TH) for every n € Z°.
Theorem 4.15. Let u € 9.,(TY). Then
o= St
nezZs

with convergence in 9',(TY). Moreover, for every e, h > 0 there exists C.;, > 0 such
that

~ e’ (14 [nf)?
(44) 1@t )] < Conllil e sup (LT
peNo mpy - p:
Proof. Fix A(t,z) € € 4(TN); it follows from Theorem 4.12 that
_ : N X wn
<u> )‘> - kl—lf—i{loo Z <u> )‘(ta 77) € >

In|<k

) ,Vn € Z°, Y € E 40 (TH).

= lim Z(ﬂ(t,n),/ A(t, x) - e™dx)

k——+oc0 S
In|<k T

_ : ~ . i
In|<k

Next we proceed to the proof of (4.4). Given e, h > 0; it follows from Theorem 3.4
the existence of C, such that

sup |97 ((t) - e=)| - gl

=R C. (t,z)eTN
|(u(t,n), v)| < sup
(27)% (a,8)eny Miatpl - (la+ B])!
C. hlel . (1 4 |p))I8l - elel . 18l
<% 1wl sw ( ) |
(2m)S A (o, B)ENY myg - | B!

1
When ¢ < 7w we obtain

. C Bl (1 + |n|)#!
(@t o) < 1o 10 llaw sup ( my - |B]! )

Ce er- (14 |77|)p)
= — su Ee— .
2m)s 1Vl S0 ( m )
Otherwise,
. Ci/n < (1 + Inl) )
u(t,n), )| < sup | ———
(1) 9] < 505 Wl s (i
Ci/n (57” (1+ |77|)p>
< su .
~ (27T)S ||Q/)||,//[,hpel\1?0 mp . p|
Therefore (4.4) holds by taking C}, . = max {—(2% . —g;r/)’; } O

Remark 4.16. The notation set is chosen to be analogous to the one applied
for ultradifferentiable functions; if u € 2/, (TV), u(t,n) is not necessarily a function.

Before we exhibit the reciprocal of Theorem 4.15, it is necessary to state a result
which is a consequence of moderate growth condition and will be of great relevance
from now on.
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Lemma 4.17. K1, Proposition 3.6] Let H be as in condition 3 of Definition 2.1;

then
2
[sup < P )} < sup <u>, Vp > 0.
neNg \Mn * n' n€Np My - n'

Theorem 4.18. Consider {u,}, ;s a sequence in 2',(TR) satistying the follow-
ing condition: for every €,h > 0, we can find C.j, > 0 such that

P. (] p
)] < Con ol gy sp (O vy e 28, v e e ar®)

pENp mp - P!

Then u := Z u, - €™ is an element of 9',(TV).

neZs
Proof. Put s; = Z u, - € if A(t,x) € E45(TV), we have
In|<j
(55, A) = ) {uy - €7, 0) = (u, / At, x) - ed).
In|<j In|<j T

Hence, if £ € N it follows from hypothesis and Theorem 4.12 that

[(sps =5 N < 20 30 [, At =)

J<Inl<i+k
~ I<LP~ 1+ p
< () Z Cﬁ’zhHH)\(.’_n)H//l%H 2 (%)
J<Inl<i+k 2 peN p D!
m, - p! K- (1 + |n|)P
= Z Crony inf (”—) sup (—
< . . al |
i<Inl<i+k peNo \ 07 - (14 [1])? / penty my - p!

with x > 0 which has yet to be defined.

1
By taking k = 3705 it follows from Lemma 4.17 that

m, - p! 1/2
(snes =5 M= D Clonm inf (W)

J<Inl<j+k
myn - 4N')1/2

< Z 2hH< 2N | 2N

e 0N - (1 +[n|)

1
< C//
2R Z (1 + [nl)*
Ji<|nl<i+k

Hence lim;_,o [(Sg+; — S5, A)| = 0, which shows that (s;, ) is a Cauchy sequence for
every ¢ € € 4(TY). By Lemma 3.6, we conclude that lim; s; =u € 2,,(TV). O

5. Applications

5.1. Systems of constant coefficient operators. Generalizing real analytic
|Gr| and Gevrey |HP]| cases, we show in this subsection that global hypoellipticity for
systems of constant coefficient operators is described by the assymptotic behavior of
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their symbols. Let Py(D), Py(D),- -, Py(D) be linear partial differential operators
with constant coefficients acting on TV and consider the system P given by

(5.1) Pu=f;, uwe2,TY), fe€2,TY), j=1,2,... k.
Definition 5.1. We say that P is globally .# -hypoelliptic if
ue 2 ,TV), f; €E4(TY) and Py(Dyu=f;, j=12,....k =u€c&,TY).
Theorem 5.2. A system in the form (5.1) is globally .# -hypoelliptic if and only
if for every € > 0, there exists R. > 0 such that

. mp -n! N,
(5.2) lfgi;ﬂpj(f)‘ 2 nlen1\fro <W) . VEEZ; €] = R,

where P;(€) denotes the symbol of Pj(D).
Proof. We start by proving the sufficiency: let u € 2, (T") such that
Py(D)u = f; € E4(TY), forj=1,2,... k.
It follows from Theorem 4.2 the existence of C, ¢ > 0 satisfying

~ my, - n!
; <C-inf | ———— ZN. j=1,2,... k.
|f](€)| —C nlenNo ((5“(1—'—‘5‘)")’ v§€ ) ] )< >k

By Theorem 4.9, u ="y~ u(€)e'™s. Put € = 52; it follows from Lemma 4.17 and
(5.2) that

(01 < 0 () sup (20D

neNg \ 0" - (1 + |€|)" neNy My, - N

my - n!
<(C inf | —2 " >R .
B nlenNo (5"(1 + |§|)n) ) |§| = 1i5/2H

Thus by possibly increasing C we conclude that

N ) my, - n! N
[u(€)] < C- nlenl\ro (W) , VEeZ,

which allows us to infer (Corollary 4.10) that u € € ,(TV).
On the other hand, if (5.2) does not hold there exist £ > 0 and {&}, . in ZV
such that

.n)
max |P;(&)| < inf (I{nmn—n) and || > ¢, ¥l e€ N.

1255, ot R (LT &
Put u := Zem'& , which is an ultradistribution (Theorem 4.8), but not a smooth
(eN
function. Then f; := P;(D)u = ZP](&) e and
(eN
IPy(&)] < max [Py(&)] < inf (=2 ) W eN, j-L2...k
J l _1123536 q l nlenNO H”.(l—'—‘ggDn ) 9 j— g Ly eee gy lu.
It follows from Corollary 4.10 that f; € £4(TY) for j = 1,2,...,k, as we intended
to prove. O]

Corollary 5.3. Suppose that P described in (5.1) is globally C*°-hypoelliptic.
Then it is also globally .# -hypoelliptic.
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Proof. By Greenfield-Wallach’s condition ([GW]), global smooth hypoellipticity
of P implies the existence of L, ¢, R > 0 such that

wax |P;(£)] >

1<j<k (1+1[E)e 6= &

Note that we may consider ¢ € N. Given ¢ > 0, we take R. = max {R, ’”T&iﬁﬁ”'}
and obtain

L L-(1+¢))
€= B = s 1ROV Ty = ey

> inf (m—"')
= neNo \ & - (1 + €))7 )

which ends our proof. U

Meyq - (£ + 1)'
5£+1 . (1 -+ |£|)£+1

Corollary 5.4. Let .# and £ be weight sequences such that € ,(TY) C E4(TV).
If the system (5.1) is globally -£-hypoelliptic, it is also globally . -hypoelliptic.

Proof. By (2.3) and (2.4), there exists C' > 1 such that
my < Ck 'Ek, Vk € Ny.

By hypothesis, for any € > 0 we are able to find R, satisfying
c" -l -nl my, - n!

P> inf (————)> inf [————], VE€Z"; |¢{| >R
pes 2012 ¢ () 2 0 (o gy ) Yee s iz v
which proves our assertion. U

5.2. Greenfield-Wallach vector fields. Similarly to what was done in [Gr],
[GW]| and [GPY], we may apply Theorem 5.2 to study global .Z-hypoellipticity for
the following vector field acting on T?:

0

_— a_
ot oz’
If « is not a real number, P, is elliptic and it follows from Corollary 5.3 that it is

globally . -hypoelliptic for any weight sequence .#. Hence the interesting cases
occur when o € R.

Definition 5.5. We say € R\ Q is . -exponential Liouville if there exists
€ > 0 such that inequality

. My, - 1
c—anl< i (5n) €nezxa

n€Np

(5.3) P, = aeC.

has infinite solutions.

Proposition 5.6. Let o be a real number; then P, is globally .# -hypoelliptic
if and only if « is irrational and not .4 -exponential Liouville.

Proof. Since P,(§,n) = —i (£ — an) for (§,n) € Z x Z, when a € Q it is possible
to obtain a sequence {&m;Mm}en Such that Po(&m,1m) = 0 for every m, which
implies that P, is not globally .#-hypoelliptic, by Theorem 5.2.

We proceed to the case where « is irrational; if « is not .#-exponential Liouville,
for every € > 0, one can find R, > 0 such that

my, - n!
5.4 —an| > inf " , +In|l > R.,
GO lemanlz i (S ) K




Fourier analysis for Denjoy—Carleman classes on the torus 887

proving that P, is globally .#-hypoelliptic (Theorem 5.2).
On the other hand, suppose P, globally .#-hypoelliptic; it follows from Theo-
rem 5.2 that the right-hand side in (5.4) holds. For any § > 0, put ¢ = —2—; when

5
(laf+3)°
|€ —an| > 1, we have
my, - n!
—an|>1> inf | ———— .
el > 12 i (i )

Otherwise |£| —|a|-|n| <1 = |£] < |al-|n|+1. Hence when [£]| +|n| > R., it follows
that

—an| > in 2 ml |,
neNo \ (€ - (laf +3))" - ([n))* ) — neNo \ 0™ - (14 [n])"
since we may consider 1 # 0, showing that « is not .#Z-exponential Liouville. U
It was proved in Corollary 5.4 that if .#, £ are weight sequences, then
E(TYN) C E4(TY) and P, is globally .#Z-hypoelliptic, then P, is also globally .#-
hypoelliptic. On the other hand, it is demonstrated in [GPY] that for any 1 <r < s

there exists @ € R\ Q such that P, is globally G"-hypoelliptic, but it is not globally
G®-hypoelliptic. Next we extend those results.

Definition 5.7. Let & = {{,}, N, »# = {Mn},cn, Pe weight sequences. We
denote

o\
M <L = lim (—’“) —0.

k—+oc0 ﬁk

By notation set in (2.3), when .Z < .Z it implies that # < £ and £ £ 4.
We now prove a technical result related to the associated functions of .Z and .Z .

Lemma 5.8. If # < &,

tP - pl
lim | sup Cinf (D2 P =0 forany 0 > 0.
t—=+00 | peNy ﬁp - p! pENg \ OP - P

Proof. Given § > 0, take H as in Definition 2.1 and ¢ € N satisfying ﬁ <.

1/k
By hypothesis, limg_, (Z—’“) = +o00; thus there exists ky € N such that

mg
A 1/k
(5.5) <—) > (2H)", Yk > k.
my,
Suppose that t > ¢y, - ko!. When s < ky we have
tho ts ly - 5!
5.6 = = tho—s. =2 > [l - koo™l - sl > 1.
66 i T T gl = Lo Kol 7=

Hence, if t > £, - ko! it follows from (5.5) and (5.6) that

o e (o) - () = 2 (@)
. sup = sup < sup .
peNo \ £p - P! p>ko \Cp - D! peNy \ ((2H)eH1)P - my, - p!

By Lemma 4.17, we obtain

(o) < L2 ()]
sup < | sup
peNo \ ((2H)7+1)P - my, - pl eNo \ ((2H)?)? - my, - p!

5P . p \ 1Y/?
Sl
eNo \"Mp - P

(5.8)
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By associating (5.7) to (5.8), we deduce that

" ) 5P .\ 12 .
sup inf (e P2 < sup inf (ZeP
peNp ﬁp -pl ) peNg \ 0P - tP €No \ Mp - p! peNg \ 0P - tP

if ¢ > 0, - ko,

which proves the assertion. U

Theorem 5.9. Let &, .# be weight sequences such that # < £ and P, a
vector field as in (5.3).

1. When P, is globally .Z-hypoelliptic, it is also globally .# -hypoelliptic.
2. There exists § € R\ Q such that Pg is globally .# -hypoelliptic, but it is not
globally £-hypoelliptic.

Proof. The proof of 1 follows immediately from Corollary 5.4. In order to prove
2, we use [HW] as a reference for theory of continued fractions. We will exhibit
B = lag,a1,...,an,...] in the interval (0, 1) satisfying the conditions required.

According to Theorem 149 im [HW], we introduce {pn},cn, » {0n ) nen, 25

bo = 07 b1 = ]-7 Pn = Gy - Pp—1 + Ppn—2 (2 < TL)

5.9
(5.9) w=1 @a=0, =0, @1+ q-—2 (2<n).

We also denote (see Section 10.9) {a,},cn, a8
CL/n = [an, Apiiy - - .], Vn € No.

Next, we list some results in [HW]:

(i) (Theorems 155 and 156) For n > 3, gn41 > ¢, > n. Thus lim ¢, = +oo.

n—oo
(ii) (Theorem 168) For every n € Ny, |al,| = a,, where |.| is the floor function.

(iii) (Theorem 171) For every n > 1, |p, — - qn| = 1 . Hence |p, — B ¢y

a{,LJrl'Qn‘l'anl
is strictly decreasing and goes to 0 as n — +00.

(iv) (Theorem 182) Let p € Z, ¢ € N such that ged (p,q) =1 and ¢ < ¢ < Qr1-
Then

p—q-B] > vk — qx - B] > [Pet1 — @es1 - Bl

Put ap = 0 and assume a; set for 0 < j < n — 1. It follows from (5.9) that p;, g;
are well defined for 7 < n — 1. Take then

1)
g (S200) [ g
Ay = r€Np

1, n=2.

We claim that if 8 = [ag,aq,...,an,...], then Ps is globally .#-hypoelliptic. Let
p € Z, ¢ € N such that ged (p,q) = 1. By (i), there exists kg € N such that
ko < q < Qror1- From (iii) and (iv), we obtain:

1

5.10 P—q- Bl > |pry — Qi - Bl = :
(5.10) \ | > [Pko — Gko - B g T B
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On the other hand, if ¢ > g5, we infer from (ii) and definition of {a,}, .y, that

(g, + 1)
a20+1 iy T Qro—1 = {SUP (;7 /C_Iko “Qro T Qo1

rENp
"
rENp gr -7l

Hence, it follows from (5.10) that

1 l, !
5.11 > — inf . .
(5.11) a8l g i ()
We now fix 0 > 0; by Lemma 5.8 there exists s € N, which we may consider
greater than gs, such that

my - ! 1 0!

12 inf (— <. inf (2 t>s.
(5.12) rlerll\lo<(5T-tr)_3 rl&o< r ) =7
By associating (5.11) to (5.12), we get

my - !

0.13 > inf (| ———— Vg > s.

(5.13) p—q-Bl 2 inf (5,,(1+q)f), q>s

Suppose then that |p| + |¢| > 2s. If ¢ > s, we apply (5.13). Otherwise,
m, - r!

—q-6]>|p|—lq| > H—(s—1)=2>inf [ ———+ ).

= A2 b~ 2 (5 1) = (- ) =25 ing (70

Therefore it follows from Proposition 5.6 that Ps is globally .#-hypoelliptic.
In order to check that Pj is not globally .Z-hypoelliptic, we estimate |pg, — i, ]
from below:

(gro + 1)
Upos1 " ko T Qo1 = {Sup (;7 /Qko ko T Qro—1

reNp
1
(5.14) > sup (M) — Qky-
reNp 67« -7l

With a very similar argument to the one applied in Lemma 5.8, one can prove that

. t"
tl}gloo Lseul\II)o (67« . 7") . 1/4 = teo

Thence it follows from (i) and (5.14) the existence of d € N such that

1 +1)

(5.15) ko >d = azoﬂ CQry + Qo1 > 3 sup (Q]'Z)i')) )

reNp r- T
By (iii) and (5.15), we obtain

0!

5.16 n <2 inf { ———), Vn>d.
(5.16) [Pn — qn - B] rlerll\ro((1+qn)r) n>
It is not difficult to see that (5.16) implies 3 is Z-exponential Liouville, as we in-
tended to prove. O

5.3. Global .Z-hypoellipticity for a class of systems of real vector fields.
Let N € N and £ be the system of N vector fields acting on the (/N +1) dimensional
torus T x T, given by

0 0
= J )| =
(517) L] at +a (t)alj (] 172aaN)a
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where each a’ is a real-valued element of &€ ,(T") and

da?  Oa*

5.18 —=— V5, k 1,2,...,N}.
( ) 8tk 8t] 7 j7 e { Y ) ) }
That is, the 1-form a = Z;VZI a’dt; is closed.

Given f € &€ 4(TY), consider

27
(519) fjo :/ f(O,...,O,tj,O,...,O)dtj.
0

We prove in this subsection that £ is globally .#-hypoelliptic if and only if the same
holds for the system £ composed by the vector fields

(5.20) L= ot TG

with aj:o as in (5.19). Since L has constant coefficients, it follows from Theorem 5.2
that we have covered global .Z-hypoellipticity for L.
Set a(t) = (a(t),...,aN(t)), where

o TV 5 R; (t)=d'(t)—d, for j=1,2,...,N.

Jo’?
Note that (5.18) still holds for «; furthermore, we have
o =0, Vje{l,2,...,N}.
Therefore there exists € 4(TY; R) such that

(5.21) OA ) Zanlt), k=1,2,.. N
ot

We now move on to describe an important inequality in this subsection. Before
that, we need a technical result related to weight sequences.

Lemma 5.10. [BM, Corollary 4.5] Let ky,...,k; € NP\ {0} and 6;,...,d, in
N"\ {0}, with £,p,n € N. Set 8 =k + ...+ k; and v = |k1|61 + ... + |ke|ds. Then

k1] ke

1 \
Mg MYsy| - MYs,| S My

Proposition 5.11. Let A be as in (5.21); for every € > 0, there exist C., h. > 0
such that

- pl .

inf (—— 2 ) |grem A0 < bl oy - Jall, V€ TN, Wy € Z, Yo € NY.

peNo \ e - (1 + |n[)?

Proof. Tt is immediate that A € € 4(T%); hence one can find C, h > 1 satisfying
02At)] < C - bl myy - |al!, Vte TN, Vae Ny.

In order to estimate the derivatives of e”4(®) we need Faa di Bruno’s formula, which
will be applied following Proposition 4.3 of [BM]. If f,: R — R; f,(z) = ™, it
follows that

Dta (einA(t))

(5.22) o (vt DI A\ D A(t) ke
:Zkll-...-ke!'f"++ (A(t))( 5! ) A ’
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with the sum being taken over sets {d;,...,d,} of ¢ distinct elements of NV \ {0}
and (ky,...,k;) in N with £ =1,2,3,... and such that

)4
a = Z ]{Zjéj.
j=1

Next we estimate the absolute value of (5.22):

|Df (6"”“‘(”) \

k k
<> T \<’f1+ gy (R s [0\ (CRPyg, [0 ™
- ki!- 01! o Op!
(523) < Z W P C|77|)(k1+ A+ky) hk1|51|+--.+k2|5e\ .m|k511|><
% m‘(; | Nk1\51\+ Akp| S

< (R Jaft- > m [C A )R g

Let € > 0 and (%) := inf (mp—p) |0e mAW®| . it follows from (5.23) and

(1 +[nl)
Lemma 5.10 that

X 1 e 1
() < (R ot 3 gy [+ I

ke s mf”—'p!
X g, plerll\go <5p 1+ |77|)p)
. 1
< (Vh)lalt Y s [O( & D] * - 0m

ok Ukt (k1 + ...+ k)
|0e] 5(k1+...+kg)(1 + |77|)(k1+...+kg)

@ (ki+ ...+ k) (C (k1+...+ky)
< (Nh)¥ljalt- 3 kla!n..w;z! - y

(5.24)

kl k‘e
8 (m<’“+---+’w> T My

o kit k)l (Ot
SWh)"mal'|a\!'z(z;!.....k;gf)( ) |

g

(B)

€

-

As consequence of Lemma 4.8 of [BM], there exist M, A > 0 depending on C and &
such that

(A) < M-\,
Therefore it is sufficient to take C. = M and h. = N - h - A to finalize the proof. [

Theorem 5.12. Let T: 2',(TV*™') — &', (TN ™) be the operator given by

T(Zﬂ(tn)eim) = St e,

nez neZ

Then T is an automorphism. Furthermore, the same holds for T £ 4 (TN+1)"
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Proof. We begin by verifying that T is well defined. By Theorem 4.18, given
e,h > 0, one has to find C. ), > 0 such that

o e (L4 )
\MMWM>K@mwMam@————

neN My, - n!

) , Vn € Z, Yo € Eyn(TV).

Fix ¢ € € 4 1(TY); for § > 0 that will be chosen later, we denote

*¥) = In mp—p' .| Ax 6inA(t) .
(*) pe1\§0<5p-(1+|77|)p) [0 ( ()]

It follows from Proposition 5.11 that
<Z()@w¥mwwW@mmwwwmwwmwwm
B<a
< Cs el B el - lal!
where hy = 2 - max {hs, h}. Hence
. m p' o [ _inA /|a\
(525 5 (ﬁ) [0 (@49 p(0)] < Co - llel g W - ma-al

On the other hand, by Theorem 3.4, for every p > 0 there exists C,, > 0 such
that

‘(u, f>| < Cp. sup (W) 7 Vf c 51///(TN+1),

'yENé\r+1 m|’Y| ’ |7|'

which implies that
[ (@(t, n)e™ @, (1))
CW%M )H|W_WMWW”>
sup

A
Sk

(5.26) My 1| - (7] + [72])!

(Hai“ (" Op(0) || - (1 + )" - p“'*”)

(v1,72)ENY xNg

sup
(v1,72)ENY xNg

A
FI8

My 4ve| - (72| + [72])!

Let (1) := Ha;n (emA(t)SD(t))HOO (1 |n|)hel - phralthel if § = 577, it follows from
Lemma 4.17 and (5.25) that

) 2
YL (AN (4 Cinf (P
H8 ( "o( >)Hoo peNo <5p TENE
1+ )P sup (M) b

IS mpy - n'
Mo~ 72]! - (2H)
5‘72‘

g»wwﬁwﬂmwmw(

- sup (w) . bt

n€Np my - n'

W, 2H - p Ival+lyal
<Cs-|lellgn (%)

e (L+n)"
. . |. - v
M 41l * (2] 4 [2])! (:6111% pr— :

(5.27)
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since we may suppose € < 2H. By taking p = 755 and applying (5.26) and (5.27),
5

we obtain
R . C e (LA |n)"
£m)emAD o)y < 22 - : — ).
@t e o)) < 2 Cs - ¢l s T

Note that both p and § depend only on ¢, h and thus first part of the proof is complete.
Now let ¢ € € 4(TN*1); by Theorem 4.12, there exist C, h,d > 0 such that

N R (P TR S0 L N
07Dl < C g Bl it (TS e T e N,

which implies that
o (Dt m) - e47)

- p!

B<a

(5.28) afc—ﬁ(eiA(t)n)

We apply once again Lemma 4.17 and (5.25):

ft—ﬁ (eiA(t)n)

) my, - p!
fl—r
5, (7o)

o ((2H)P -my, - pl\ e
< —_— | - . . _ I
=G ( o) ™ Myl - (la] = [B])

By associating (5.28) to (5.29), setting Cy = C'C} and hy = 2max {hy, h}, we deduce
that

(5.29)

(6% - 3 o . (2H)pm .p'
or (Dt -e0)| < ool ing (S,

Therefore T'(v)) € € 4(TY), by Theorem 4.12.
To see that T" is an automorphism, it is easy to check that same properties proved
for T" also hold up for T7": &,,(TN*1) — &' ,(TN+1) given by

T (Z u(t, 77)6”") = Zﬂ(t, n)el-AbFom,

nez neZ
Moreover, T" is the inverse of T O
Theorem 5.13. The system of real vector fields L described in (5.17) is glob-

ally ./ -hypoelliptic if and only if the same is valid for the system with constant
coefficients L defined in (5.20).

Proof. It follows immediately from Theorem 5.12 and the fact that I~Lj =TolLjo

Tt 0J
Corollary 5.14. Let P be a system of N vector fields acting on TN x T, given
by
0 0
Pi=—+0bitj)=—, 7=12,...,N
J 8?1_F J(J)axv J ) &y s 4V

where each b; € £ ,4(T;R). Then P is globally .# -hypoelliptic if and only if the
same holds for P, whose equations are

~ 0 0
Pj = —+bjo%>

=1,2,...,N
a%_ ] » ) )
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and bj() =L - bj (t]) dt]

2w JO

Proof. It follows from the fact that the functions b; trivially satisfy (5.18). O
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