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Abstract. Our aim in this paper is to establish Hardy–Sobolev inequalities for Sobolev func-

tions and generalized Riesz potentials in central Herz–Morrey spaces on the unit ball. As an

application, we obtain norm inequalities for Green potentials.

1. Introduction

The classical Hardy inequality says that if u ∈ C1(RN) is a function such that
u = 0 outside the unit ball B, then

(1.1)

ˆ

B

|u(x)|p(1− |x|)−p+β dx ≤
(

p

p− 1− β

)p ˆ

B

|∇u(x)|p(1− |x|)β dx,

where p ≥ 1 and β < p− 1. When β = p− 1, (1.1) is replaced by
ˆ

B

|u(x)|p(1− |x|)−1(log(1/(1− |x|)))−p dx

≤
(

p

p− 1

)p ˆ

B

|∇u(x)|p(1− |x|)p−1|x|1−N dx

(1.2)

for u ∈ C1(B) such that u(0) = 0; see e.g. [9, 11, 12, 13]. The proofs of those facts
can be done by the fundamental theorem of calculus and Hölder’s inequality (see the
Appendix).

Let B(x, r) = {y ∈ R
N : |y − x| < r}, B = B(0, 1) and A(r) = {y ∈ B : r ≤

1 − |y| < 2r} for x ∈ R
N and r > 0. To obtain general results, as an extension of

the Lebesgue Lp space, for p ≥ 1, q > 0 and a weight ω, we consider the central
Herz–Morrey space

Hp,q,ω(B) = {f ∈ L1
loc(B) : ‖f‖Hp,q,ω(B) < ∞},

where

‖f‖Hp,q,ω(B) =

(
ˆ 1

0

(

ω(r)‖f‖Lp(A(r))

)q dr

r

)1/q

in case q < ∞ and
‖f‖Hp,∞,ω(B) = sup

0<r<1
ω(r)‖f‖Lp(A(r))

in case q = ∞. When ω(r) = rβ, we write Hp,q,β(B) for Hp,q,ω(B). It is well known
that Morrey spaces and Herz spaces play an important role in harmonic analysis
and PDE; see e.g. [6, 10, 19]. Further, see [2] for Morrey spaces, [3, 4, 21] for

https://doi.org/10.5186/aasfm.2021.4662
2020 Mathematics Subject Classification: Primary 46E30; Secondary 31B15, 26D10.
Key words: Hardy–Sobolev inequality, central Herz–Morrey spaces, Riesz potentials.



1032 Yoshihiro Mizuta and Tetsu Shimomura

local Morrey spaces, [7, 8] for complementary local Morrey-type spaces, [15, 16, 17]
for Herz–Morrey spaces, [5] for the summability of Fourier transforms, [20] for the
regularity theory for elliptic equations in divergence form and so on.

Our first aim in this paper is to extend (1.1) to the central Herz–Morrey case.
In fact, we shall show that u ∈ Hp,q,−1+β(B) when p ≥ 1, β < (p − 1)/p = 1/p′

and u ∈ C1(RN) is a function such that u = 0 outside B and |∇u| ∈ Hp,q,β(B)
(Theorem 2.2). We also treat the case when β = 1/p′ (Theorem 2.3).

In Section 3, we give Hardy–Sobolev inequalities for Sobolev functions in C1
0(B)

(Theorems 3.1 and 3.4).
Following [18], for m ≥ 0 let us consider

Kα,m(x, y) = c(α,N)×



















|x− y|α−N when y ∈ B(0, 1/2),

|x− y|α−N −
m
∑

ℓ=0

(1− |y|2)ℓφα,ℓ(x, y
∗)

when y ∈ B \B(0, 1/2),

where 0 < α < N and c(α,N) = 1/((N − α)ωN−1) with ωN−1 denoting the area
of the unit sphere; for the precise definition, see Section 4. For f ∈ L1

loc(R
N), we

consider the Riesz potential

Iα,mf(x) =

ˆ

B

Kα,m(x, y)f(y) dy

whenever the integrals are well-defined.
Our second aim is to establish norm inequalities for the operators f → Iα,mf

from one central Herz–Morrey space Hp,q,β(B) to another central Herz–Morrey space
Hpλ,q,λ−α+β(B) when 0 ≤ λ ≤ α, 1/pλ = 1/p − λ/N (see Theorems 4.9 and 4.13
below). The case λ = α and λ = 0 give (weighted) Sobolev’s inequality and Hardy’s
inequality, respectively. For Riesz potentials Iαf(x) =

´

B
|x − y|α−Nf(y) dy, see

Corollaries 4.11 and 4.12.
Let G(x, y) be a Green kernel on B (N ≥ 3). We define the Green potential for

f ∈ L1
loc(B) by

Gf(x) =

ˆ

B

G(x, y)f(y) dy.

As an application, we shall show norm inequalities for Green potentials Gf in our
settings (Corollary 4.15).

2. Hardy’s inequality

Throughout this paper, let C denote various positive constants independent of
the variables in question.

If u ∈ C1(RN) is a function such that u = 0 outside B, then

u(x) = −
ˆ ∞

1

d

dr
u(rx) dr,

so that

(2.1) |u(x)| ≤
ˆ ∞

1

|x||∇u(rx)| dr.

Lemma 2.1. Let p ≥ 1 and β < 1/p′. Then there exists a constant C > 0 such

that
ˆ

B

|u(x)|p dx ≤ C
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when u ∈ C1(RN) is a function such that u = 0 outside B and ‖|∇u|‖Hp,q,β(B) ≤ 1.

Proof. Let u ∈ C1(RN) be a function such that u = 0 outside B and ‖|∇u|‖Hp,q,β(B)

≤ 1. If p > 1, for x ∈ B, we have by (2.1) and Hölder’s inequality

|u(x)| ≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

(

ˆ 1/|x|

1

(1− r|x|)−ap′dr

)1/p′

≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p(

1

1− ap′
(1− |x|)−ap′+1

|x|

)1/p′

≤ c1|x|1/p
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

when 1− ap′ > 0, where c1 = (1− ap′)−1/p′ . Hence we obtain by Fubini’s theorem

‖u‖Lp(B) ≤ C

(
ˆ ∞

1

(
ˆ

B

|∇u(rx)|p|x|(1− r|x|)ap dx
)

dr

)1/p

≤ C

(
ˆ ∞

1

(
ˆ

B

|∇u(y)|p(1− |y|)ap|y|r−1−Ndy

)

dr

)1/p

≤ C

(
ˆ

B

|∇u(y)|p(1− |y|)ap
(
ˆ ∞

1

r−1−Ndr

)

dy

)1/p

≤ C

(
ˆ

B

|∇u(y)|p(1− |y|)apdy
)1/p

≤ C
∞
∑

j=0

(2−j)a‖|∇u|‖Lp(A(2−j)).

This remains true for p = 1.
If 1 < q < ∞, for β < a < 1/p′, we obtain by Hölder’s inequality

‖u‖Lp(B) ≤ C

(

∞
∑

j=0

(2−j)(a−β)q′

)1/q′ ( ∞
∑

j=0

(

2−jβ‖|∇u|‖Lp(A(2−j))

)q

)1/q

≤ C

(
ˆ 1

0

(

sβ‖|∇u|‖Lp(A(s))

)q ds

s

)1/q

.

This is also true when 0 < q ≤ 1. The proof is now completed. �

Let us begin with Hardy type inequality in central Herz–Morrey space, as an
extension of (1.1).

Theorem 2.2. Let p ≥ 1 and β < 1/p′. Then there exists a constant C > 0
such that

‖u‖Hp,q,−1+β(B) ≤ C‖|∇u|‖Hp,q,β(B)

for u ∈ C1(RN) such that u = 0 outside B.

Proof. Let u ∈ C1(RN) be a function such that u = 0 outside B and ‖|∇u|‖Hp,q,β(B)

≤ 1. We show only the case when p > 1 and 1 < q < ∞, as before. By (2.1), Hölder’s
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inequality gives

|u(x)| ≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

(

ˆ 1/|x|

1

(1− r|x|)−ap′dr

)1/p′

≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p(

1

1− ap′
(1− |x|)−ap′+1

|x|

)1/p′

≤ c1|x|1/p(1− |x|)−a+1/p′
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

when 1 − ap′ > 0, where c1 = (1 − ap′)−1/p′. Hence for 0 < t < 1/4 we obtain by
Fubini’s theorem

‖u‖Lp(A(t)) ≤ Ct−a+1/p′
(
ˆ ∞

1

(
ˆ

A(t)

|∇u(rx)|p(1− r|x|)ap dx
)

dr

)1/p

≤ Ct−a+1/p′
(
ˆ ∞

1

(
ˆ

{y∈B:y/r∈A(t)}

|∇u(y)|p(1− |y|)apr−1−Ndy

)

dr

)1/p

≤ Ct−a+1/p′

(

ˆ

B\B(0,1−2t)

|∇u(y)|p(1− |y|)ap
(

ˆ |y|/(1−2t)

|y|/(1−t)

r−1−Ndr

)

dy

)1/p

≤ Ct−a+1/p′
(
ˆ

B\B(0,1−2t)

|∇u(y)|p(1− |y|)ap(t/|y|) dy
)1/p

≤ Ct−a+1

(
ˆ

B\B(0,1−2t)

|∇u(y)|p(1− |y|)apdy
)1/p

≤ Ct−a+1

∞
∑

j=0

(2−jt)a‖|∇u|‖Lp(A(2−j t)).

For 0 < ε < a− β, we obtain by Hölder’s inequality

‖u‖Lp(A(t))

≤ Ct−a+1

(

∞
∑

j=0

(2−jt)(a−ε−β)q′

)1/q′ ( ∞
∑

j=0

(

(2−jt)β+ε‖|∇u|‖Lp(A(2−j t))

)q

)1/q

≤ Ct1−(ε+β)

(
ˆ t

0

(

sβ+ε‖|∇u|‖Lp(A(s))

)q ds

s

)1/q

.

Consequently,

ˆ 1/4

0

(

t−1+β‖u‖Lp(A(t))

)q dt

t
≤ C

ˆ 1/4

0

t−εq

(
ˆ t

0

(

sβ+ε‖|∇u|‖Lp(A(s))

)q ds

s

)

dt

t

≤ C

ˆ 1/4

0

(

sβ+ε‖|∇u|‖Lp(A(s))

)q

(

ˆ 1/4

s

t−εq dt

t

)

ds

s

≤ C

ˆ 1/4

0

(

rβ‖|∇u|‖Lp(A(r))

)q ds

s
.
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Finally we find from Lemma 2.1
ˆ 1

1/4

(

t−1+β‖u‖Lp(A(t))

)q dt

t
≤ C

(

‖u‖Lp(B(0,3/4))

)q
ˆ 1

1/4

dt

t
≤ C,

which completes the proof. �

Theorem 2.3. Let p ≥ 1 and set ω(r) = r−1/p(log(e/r))−γ for 0 < r < 1, where
{

γ = 1 when q ≥ p;

γ = 1− 1/p+ 1/q when 0 < q < p.

Then there exists a constant C > 0 such that

‖u‖Hp,q,ω(B) ≤ C‖|∇u|‖Hp,q,1/p′(B)

for u ∈ C1(B) such that u = 0 on B(0, 1/2).

Proof. Let u ∈ C1(B) be a function such that u = 0 on B(0, 1/2). Then

u(x) =

ˆ 1

0

d

dr
u(rx) dr,

so that

(2.2) |u(x)| ≤
ˆ 1

0

|x||∇u(rx)| dr.

By Hölder’s inequality, we obtain

|u(x)| ≤ |x|
(
ˆ 1

0

|∇u(rx)|p(log(1/(1− r|x|)))ap{(1− r|x|)/|x|}p/p′dr
)1/p

×
(
ˆ 1

0

(log(1/(1− r|x|)))−ap′{(1− r|x|)/|x|}−1dr

)1/p′

≤ C|x|(log(1/(1− |x|)))−a+1/p′

×
(
ˆ 1

0

|∇u(rx)|p(log(1/(1− r|x|)))ap{(1− r|x|)/|x|}p/p′dr
)1/p

when 0 < a < 1/p′. Hence for 0 < t < 1/4 we obtain by Fubini’s theorem

‖u‖Lp(A(t)) ≤ C(log(1/t))−a+1/p′

×
(
ˆ 1

0

(
ˆ

A(t)

|x|p|∇u(rx)|p(log(1/(1− r|x|)))ap{(1− r|x|)/|x|}p/p′ dx
)

dr

)1/p

≤ C(log(1/t))−a+1/p′

×
(
ˆ 1

0

(
ˆ

{y:y/r∈A(t)}

|∇u(y)|p|y|(log(1/(1− |y|)))ap(1− |y|)p/p′r−1−Ndy

)

dr

)1/p

≤ C(log(1/t))−a+1/p′

(

ˆ

B(0,1−t)

|∇u(y)|p|y|(log(1/(1− |y|)))ap(1− |y|)p/p′

×
(

ˆ |y|/(1−2t)

|y|/(1−t)

r−1−Ndr

)

dy

)1/p
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≤ C(log(1/t))−a+1/p′

×
(
ˆ

B(0,1−t)

|∇u(y)|p|y|(log(1/(1− |y|)))ap(1− |y|)p/p′(t/|y|) dy
)1/p

≤ C(log(1/t))−a+1/p′t1/p
(
ˆ

B(0,1−t)

|∇u(y)|p(log(1/(1− |y|)))ap(1− |y|)p/p′dy
)1/p

≤ C(log(1/t))−a+1/p′t1/p

(

∞
∑

j=0

(

(log(1/(2jt))))a(2jt)1/p
′‖|∇u|‖Lp(A(2j t))

)p
)1/p

,

so that
(

t−1/p(log(1/t))−1‖u‖Lp(A(t))

)q ≤ C(log(1/t))(−a+1/p′−1)q

×
(

∞
∑

j=0

(

(log(1/(2jt)))a(2jt)1/p
′‖|∇u|‖Lp(A(2j t))

)p
)q/p

.

If q < p, then
(

t−1/p(log(1/t))−1‖u‖Lp(A(t))

)q ≤ C(log(1/t))(−a+1/p′−1)q

×
∞
∑

j=0

(

(log(1/(2jt)))a(2jt)1/p
′‖|∇u|‖Lp(A(2jt))

)q

≤ C(log(1/t))(−a+1/p′−1)q

ˆ 1

t

(

(log(1/s))as1/p
′‖|∇u|‖Lp(A(s))

)q

s−1ds

and hence
ˆ 1/4

0

(

t−1/p(log(1/t))−1+1/p−1/q‖u‖Lp(A(t))

)q dt

t

≤ C

ˆ 1/4

0

(log(1/t))−aq−1

(
ˆ 1

t

(

(log(1/s))as1/p
′‖|∇u|‖Lp(A(s))

)q

s−1ds

)

dt

t

≤ C

ˆ 1

0

(

s1/p
′

(log(1/s))a‖|∇u|‖Lp(A(s))

)q
(
ˆ s

0

(log(1/t))−aq−1dt

t

)

ds

s

≤ C

ˆ 1

0

(

s1/p
′‖|∇u|‖Lp(A(s))

)q ds

s
.

If b = q/p ≥ 1 and 0 < ε < 1/b′, then
(

t−1/p(log(1/t))−1‖u‖Lp(A(t))

)q ≤ C(log(1/t))(−a+1/p′−1)q

×
(
ˆ 1

t

(

(log(1/s))as1/p
′‖|∇u|‖Lp(A(s))

)p

s−1ds

)q/p

≤ C(log(1/t))(−a−1/p)q

(
ˆ 1

t

(log(1/s))−εb′ds

)b/b′

×
ˆ 2t

0

(

(log(1/s))a+εb/qs1/p
′‖|∇u|‖Lp(A(s))

)q

s−1 ds
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≤ C(log(1/t))(−a−1/p)q+(−ε+1/b′)b

ˆ 1

t

(

(log(1/s))a+εb/qs1/p
′‖|∇u|‖Lp(A(s))

)q

s−1 ds

and hence
ˆ 1/4

0

(

t−1/p(log(1/t))−1‖u‖Lp(A(t))

)q dt

t

≤ C

ˆ 1/4

0

(log(1/t))−(a+εb/q)q−1

(
ˆ 1

t

(

(log(1/s))a+εb/qs1/p
′‖|∇u|‖Lp(A(s))

)q

s−1ds

)

dt

t

≤ C

ˆ 1

0

(

s1/p
′

(log(1/s))a+εb/q‖|∇u|‖Lp(A(s))

)q
(
ˆ s

0

(log(1/t))−(a+εb/q)q−1dt

t

)

ds

s

≤ C

ˆ 1

0

(

s1/p
′‖|∇u|‖Lp(A(s))

)q ds

s
.

With the aid of Lemma 2.1, we complete the proof. �

3. Hardy–Sobolev inequality for Sobolev functions

Our aim in this section is to give Hardy–Sobolev inequalities for Sobolev functions
in C1

0 (B).

Theorem 3.1. Let p ≥ 1 and β < 1/p′. For 0 ≤ λ ≤ 1, set 1/pλ = 1/p− λ/N .

Then there exists a constant C > 0 such that

‖u‖Hpλ,q,λ−1+β(B) ≤ C‖|∇u|‖Hp,q,β(B)

for u ∈ C1
0(B).

When q = p and λ = 1, this is the weighted Sobolev’s inequality (see Corollary 3.5
below). For a proof of Theorem 3.1, we first give the classical Sobolev’s inequality
and then apply the methods expanded in Theorem 2.2.

Now we prepare the following two lemmas.

Lemma 3.2. (Sobolev’s inequality, see e.g. [1, 13, 14]) Let p ≥ 1 and 1/p∗ =
1/p− 1/N > 0. Then there is a constant C > 0 such that

‖v‖Lp∗(RN ) ≤ C‖|∇v|‖Lp(RN )

for v ∈ C1
0 (R

N).

Let Ã(r) = {y ∈ B : r/2 ≤ 1− |y| < 4r}.
Lemma 3.3. Let p ≥ 1 and 1/p∗ = 1/p − 1/N > 0. Then there is a constant

C > 0 such that

‖u‖Lp∗(A(r)) ≤ C{r−1‖u‖Lp(Ã(r)) + ‖|∇u|‖Lp(Ã(r))}
for u ∈ C1

0(R
N) and r > 0.

For this, take a continuous function ϕ such that 0 ≤ ϕ(r) ≤ 1,

ϕ(r) =

{

1 when 1/4 < r < 1/2,

0 when r < 1/8 and r > 1

and |ϕ′| ≤ 8, and apply Lemma 3.2 with v(x) = ϕ((1− |x|)/(4r))u(x).
Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Let u ∈ C1
0(B) be a function such that ‖|∇u|‖Hp,q,β(B) ≤

1.
First we treat the case λ = 1; in this case, pλ is the Sobolev exponent p∗. We

show

‖u‖Hp∗,q,β(B) ≤ C‖|∇u|‖Hp,q,β(B).

In fact, when 1 < q < ∞, we find from Lemma 3.3 and Theorem 2.2
ˆ 1

0

(

rβ‖u‖Lp∗(A(r))

)q dr

r
≤ C

ˆ 1

0

(

rβr−1‖u‖Lp(Ã(r))‖
)q dr

r

+ C

ˆ 1

0

(

rβ‖|∇u|‖Lp(Ã(r))

)q dr

r

≤ C

ˆ 1

0

(

rβ‖|∇u|‖Lp(Ã(r))

)q dr

r
,

as required.
Next we treat the case 0 ≤ λ < 1. By Jensen’s inequality we obtain

‖u‖Lp1(A(r)) ≤ |A(r)|1/p1−1/p2‖u‖Lp2(A(r))

when p2 ≥ p1 ≥ 1. Therefore

‖u‖Lpλ(A(r)) ≤ |A(r)|1/pλ−1/p∗‖u‖Lp∗(A(r)) ≤ Cr−(λ−1)‖u‖Lp∗(A(r)).

Hence by Lemma 3.2
ˆ 1

0

(

rλ−1+β‖u‖Lpλ(A(r))

)q dr

r
≤ C

ˆ 1

0

(

rβ‖u‖Lp∗(Ã(r))

)q dr

r

≤ C

ˆ 1

0

(

rβ‖|∇u|‖Lp(Ã(r))

)q dr

r
.

This completes the proof. �

In the borderline case β = 1/p′, we establish the following result by using Theo-
rem 2.3.

Theorem 3.4. Let p ≥ 1. For 0 ≤ λ ≤ 1, set 1/pλ = 1/p − λ/N and ω(r) =
rλ−1+1/p′(log(e/r))−γ for 0 < r < 1, where γ is the constant appearing in Theorem 2.3.

Then there exists a constant C > 0 such that

‖u‖Hpλ,q,ω(B) ≤ C‖|∇u|‖Hp,q,1/p′(B)

for all u ∈ C1
0 (B) such that u = 0 on B(0, 1/2).

When q = p, we have the weighted inequalities for Sobolev functions.

Corollary 3.5. Let p ≥ 1, β < 1/p′, 0 ≤ λ ≤ 1 and 1/pλ = 1/p − λ/N . Then

there exists a constant C > 0 such that

(3.1)

ˆ

B

|u(x)|pλ(1− |x|)(λ−1+β)pλ dx ≤ C

for all u ∈ C1
0 (B) such that ‖|∇u|‖Hp,p,β(B) ≤ 1.

Corollary 3.6. Let p ≥ 1. Let 0 ≤ λ ≤ 1 and 1/pλ = 1/p− λ/N . Then

(3.2)

ˆ

B

|u(x)|pλ
(

(1− |x|)λ−1+1/p′(log(e/(1− |x|)))−1
)pλ

dx ≤ C

for all u ∈ C1
0 (B) such that u = 0 on B(0, 1/2) and ‖|∇u|‖Hp,p,1/p′(B) ≤ 1.
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Our results here give (weighted) Sobolev’s inequality when λ = 1, and Hardy’s
inequality (no account of the best constant) when λ = 0.

4. Generalized Riesz potentials

We use the following lemma by polar coordinate. Let dS denote the surface area
measure on ∂B.

Lemma 4.1. Let 0 < ε < 1 and 0 < r < 1. Then

(4.1)

ˆ

∂B(0,r)\B(x,(1−|x|)/2)

|x− y|ε−N dS(y) ≤ C(1− |x|)ε−1

when r > |x| and

(4.2)

ˆ

∂B(0,r)\B(x,(1−|x|)/2)

|x− y|ε−N dS(y) ≤ C(1− r)ε−1

when r ≤ |x|.
Lemma 4.2. There exists a constant C > 0 such that

(
ˆ

B

|f(y)|p(1− |y|)βp dy
)1/p

≤ C

ˆ 1

0

‖f‖Lp(A(r))r
βr−1 dr.

Proof.

ˆ

B

|f(y)|p(1− |y|)βp dy ≤
∞
∑

j=0

ˆ

A(2−j)

|f(y)|p(1− |y|)βp dy,

so that
(
ˆ

B

|f(y)|p(1− |y|)βp dy
)1/p

≤
∞
∑

j=0

(
ˆ

A(2−j)

|f(y)|p(1− |y|)βp dy
)1/p

≤ C
∞
∑

j=0

‖f‖Lp(A(2−j ))2
−jβ.

If 2−j ≤ r < 2−j+1 < 2r ≤ 2−j+2, then

‖f‖Lp(A(2−j )) ≤ ‖f‖Lp(A(r/2,2r)) ≤ ‖f‖Lp(A(r/2)) + ‖f‖Lp(A(r)),

where A(s, t) = {y ∈ B : s ≤ 1− |y| < t}. Thus

(
ˆ

B

|f(y)|p(1− |y|)βp dy
)1/p

≤ C
∞
∑

j=0

ˆ 2−j+1

2−j

‖f‖Lp(A(2−j))r
βr−1 dr

≤ C
∞
∑

j=0

ˆ 2−j+1

2−j

(

‖f‖Lp(A(r/2)) + ‖f‖Lp(A(r))

)

rβr−1 dr

≤ C

ˆ 1

0

‖f‖Lp(A(r))r
βr−1 dr,

as required. �
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Lemma 4.3. [18, Lemma 2.1] Let x, y ∈ R
N and t ∈ R. If |t||y∗| < (

√
2−1)|x−

y∗|, then

|x− y∗ + ty∗|α−N =
∞
∑

ℓ=0





∑

ℓ/2≤j≤ℓ

aℓ,j |x− y∗|α−N−2j(x · y∗ − |y∗|2)2j−ℓ|y∗|2(ℓ−j)



 tℓ

=
∞
∑

ℓ=0

φα,ℓ(x, y
∗)tℓ,

where

φα,ℓ(x, y
∗) =

∑

ℓ/2≤j≤ℓ

aℓ,j|x− y∗|α−N−2j(x · y∗ − |y∗|2)2j−ℓ|y∗|2(ℓ−j)

and

aℓ,j =

(

(α−N)/2
j

)(

j
ℓ− j

)

22j−ℓ.

For this, write

|x− y|2 = |x− y∗ + ty∗|2 = |x− y∗|2(1 + s/|x− y∗|2),
where t = 1− |y|2, y∗ = y/|y|2 and s = t2|y∗|2 + 2t(x− y∗) · y∗. Note that

(1 + a+ b)γ =

∞
∑

j=0

(

γ
j

)

(a+ b)j =

∞
∑

j=0

j
∑

k=0

(

γ
j

)(

j
k

)

akbj−k.

The double series converges absolutely when |a|+ |b| < 1, which proves the lemma.
For m ≥ 0 let us define

Kα,m(x, y) = c(α,N)×



















|x− y|α−N when y ∈ B(0, 1/2),

|x− y|α−N −
m
∑

ℓ=0

(1− |y|2)ℓφα,ℓ(x, y
∗)

when y ∈ B \B(0, 1/2),

where c(α,N) = 1/((N − α)ωN−1); set Kα,−1(x, y) = c(α,N)|x− y|α−N .

Lemma 4.4. [18, Lemma 2.2]

(1) For y ∈ B and N > 2, ∆K2,m(·, y) = βy on B;

(2) there exists a constant C > 0 such that

|Kα,m(x, y)| ≤ C|x− y|α−N

for all x, y ∈ B;

(3) there exists a constant C > 0 such that

|Kα,m(x, y)| ≤ C|x− y|α−N−m−1(1− |y|)m+1

for all x, y ∈ B.

We know the classical Sobolev inequality for Riesz potentials of Lp-functions (see,
e.g. [1, Theorem 3.1.4 (b)], [14]).

Lemma 4.5. (Sobolev’s inequality) Let 1/pα = 1/p− α/N > 0. Then

‖Iαf‖Lpα(RN ) ≤ C‖f‖Lp(RN ).



Hardy–Sobolev inequalities for Sobolev functions in central Herz–Morrey spaces on the unit ball 1041

For x ∈ B, set

E1 = B(x, (1− |x|)/2),
E2 = {x ∈ B \B(x, (1− |x|)/2) : 1− |y| < 1− |x|}
E3 = {x ∈ B \B(x, (1− |x|)/2) : 1− |y| ≥ 1− |x|}.

For a nonnegative measurable function f on B, write

Ij(x) =

ˆ

Ej

Kα,m(x, y)f(y) dy, j = 1, 2, 3

and

Iα,mf(x) = I1(x) + I2(x) + I3(x).

For 0 ≤ λ ≤ α, set 1/pλ = 1/p− λ/N .

Lemma 4.6. Suppose f ∈ L1
loc(B). Then

‖I1‖Hpλ,q,λ−α+β(B) ≤ C‖f‖Hp,q,β(B).

Proof. By Jensen’s inequality we obtain

‖Iαf‖Lp1 (A(r)) ≤ |A(r)|1/p1−1/p2‖Iαf‖Lp2(A(r))

when p2 ≥ p1 ≥ 1. Therefore

‖Iαf‖Lpλ (A(r)) ≤ |A(r)|1/pλ−1/pα‖Iαf‖Lpα(A(r)) ≤ Cr−(λ−α)‖Iαf‖Lpα(A(r)).

Hence by Lemma 4.5

ˆ 1

0

(

tλ−α+β‖I1‖Lpλ (A(t))

)q
dt/t ≤ C

ˆ 1

0

(

tλ−α+β‖Iαf‖Lpλ (A(t))

)q
dt/t

≤ C

ˆ 1

0

(

tβ‖Iαf‖Lpα(A(t))

)q
dt/t

≤ C

ˆ 1

0

(

tβ‖f‖Lp(A(t))

)q
dt/t,

which proves the result. �

Lemma 4.7. Suppose 0 < α ≤ m+ 2, 0 ≤ λ ≤ α and β < m+ 1 + 1/p′. Then

there exists a constant C > 0 such that

‖I2‖Hpλ,q,λ−α+β(B) ≤ C

when ‖f‖Hp,q,β(B) ≤ 1.

Proof. Let f be a nonnegative measurable function on B such that ‖f‖Hp,q,β(B) ≤
1. We treat only the case 1 < q < ∞ for convenience. Taking ε > 0 and γ such that
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β −m− 1 + ε < γ < 1/p′, we have by Hölder’s inequality and (4.1)

|I2(x)| ≤ C

(
ˆ

E2

|x− y|α−N−m−1(1− |y|)−γp′ dy

)1/p′

×
(
ˆ

E2

|x− y|α−N−m−1f(y)p(1− |y|)(m+1+γ)p dy

)1/p

≤ C

(

ˆ 1−|x|

0

(1− |x|)(α−m−1)−1s−γp′ ds

)1/p′

×
(
ˆ

E2

|x− y|α−N−m−1f(y)p(1− |y|)(m+1+γ)p dy

)1/p

≤ Cr(α−m−1−γp′)/p′
(
ˆ

E2

|x− y|α−N−m−1f(y)p(1− |y|)(m+1+γ)p dy

)1/p

for x ∈ A(r), so that Minkowski’s inequality, Lemma 4.2 and Hölder’s inequality give

‖I2‖Lpλ (A(r)) ≤ Cr(α−m−1−γp′)/p′

×
(

ˆ

E2

f(y)p(1− |y|)(m+1+γ)p

(
ˆ

A(r)

|x− y|(α−N−m−1)pλ/p dx

)p/pλ

dy

)1/p

≤ Cr(α−m−1−γp′)/p′
(
ˆ

E2

f(y)p(1− |y|)(m+1+γ)p dy

)1/p

r(α−N−m−1)/p+N/pλ

≤ Crα−m−1−λ−γ

ˆ 1

0

‖f‖Lp(E2∩A(t))t
m+1+γt−1 dt

≤ Crα−m−1−λ−γ

(
ˆ 2r

0

tεq
′

t−1 dt

)1/q′ (ˆ 2r

0

(

t−ε+γ+m+1‖f‖Lp(A(t))

)q
t−1 dt

)1/q

≤ Crα−m−1−λ−γ+ε

(
ˆ 2r

0

(

t−ε+γ+m+1‖f‖Lp(A(t))

)q
t−1 dt

)1/q

.

Hence
ˆ 1

0

(

rλ−α+β‖I2‖Lpλ (A(r))

)q
r−1 dr

≤ C

ˆ 1

0

(

t−ε+γ+m+1‖f‖Lp(A(t))

)q
(
ˆ 1

t/2

r(−m−1+β−γ+ε)qr−1dr

)

t−1 dt

≤ C

ˆ 1

0

(

tβ‖f‖Lp(A(t)

)q
t−1 dt,

since −m− 1 + β − γ + ε < 0. �

Lemma 4.8. Suppose 0 < α ≤ m+2, 0 ≤ λ ≤ α and α−1/p < β+λ(N−1)/N .

Then there exists a constant C > 0 such that

‖I3‖Hpλ,q,λ−α+β(B) ≤ C

when ‖f‖Hp,q,β(B) ≤ 1.

Proof. Let f be a nonnegative measurable function on B such that ‖f‖Hp,q,β(B) ≤
1. We treat only the case 1 < q < ∞ for convenience. Taking ε > 0 and γ such that
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(α − m − 1)/p′ < γ < β − ε − α/p + 1/p − (m + 1)/p′ + λ(N − 1)/N , we have by
Hölder’s inequality and (4.2)

|I3(x)| ≤
(
ˆ

E3

|x− y|α−N−m−1(1− |y|)−γp′dy

)1/p′

×
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)pdy

)1/p

≤ C

(
ˆ 1

1−|x|

s(α−m−1)−1−γp′ds

)1/p′

×
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)pdy

)1/p

≤ Cr(α−m−1−γp′)/p′
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)pdy

)1/p

,

since α−m− 1− γp′ < 0. By Minkowski’s inequality and (4.1), we obtain

‖I3‖Lpλ (A(r) ≤ Cr(α−m−1−γp′)/p′

×
(

ˆ

E3

f(y)p(1− |y|)(γ+m+1)p

(
ˆ

A(r)

|x− y|(α−N−m−1)pλ/p dx

)p/pλ

dy

)1/p

≤ Cr(α−m−1−γp′)/p′

×
(
ˆ

E3

f(y)p(1− |y|)(γ+m+1)p(1− |y|)(α−N−m−1)+(N−1)p/pλrp/pλ dy

)1/p

,

since (α − N − m − 1)pλ/p + N − 1 ≤ (N − 1)(1 − pλ/p) < 0 by our assumption.
Therefore, in view of Lemma 4.2 and Hölder’s inequality, we obtain

‖I3‖Lpλ(A(r)

≤ Cr(α−m−1−γp′)/p′+1/pλ

ˆ 1

0

‖f‖Lp(E3∩A(t))t
γ+m+1+(α−N−m−1)/p+(N−1)/pλ t−1 dt

≤ Cr(α−m−1−γp′)/p′+1/pλ

(
ˆ 1

r

t−εq′t−1 dt

)1/q′

×
(
ˆ 1

r

(

tε+γ+m+1+(α−N−m−1)/p+(N−1)/pλ‖f‖Lp(A(t))

)q
t−1 dt

)1/q

≤ Cr(α−m−1−γp′)/p′+1/pλ−ε

×
(
ˆ 1

r

(

tε+γ+m+1+(α−N−m−1)/p+(N−1)/pλ‖f‖Lp(A(t))

)q
t−1 dt

)1/q

Hence
ˆ 1

0

(

rλ−α+β‖I3‖Lpλ(A(r)

)q
r−1 dr

≤ C

ˆ 1

0

(

tε+γ+m+1+(α−N−m−1)/p+(N−1)/pλ‖f‖Lp(A(t)

)q

×
(
ˆ t

0

r{β−(α−m−1)/p−(γ+m+1)+λ+1/pλ−ε}qr−1 dr

)

t−1 dt
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≤ C

ˆ 1

0

(

tβ‖f‖Lp(A(t))

)q
t−1 dt,

when β − (α−m− 1)/p− (γ +m+ 1) + λ+ 1/pλ − ε > 0. �

With the aid of Lemmas 4.6, 4.7 and 4.8, we obtain the following result.

Theorem 4.9. Let 0 ≤ λ ≤ α and 1/pλ = 1/p− λ/N . Suppose 0 < α ≤ m+ 2
and α− 1/p < β + λ(N − 1)/N < m+ 1 + 1/p′ + λ(N − 1)/N . Then

‖Iα,mf‖Hpλ,q,λ−α+β(B) ≤ C‖f‖Hp,q,β(B).

Remark 4.10. Consider the function

u(x) =

{

(1− |x|)a when |x| < 1,

0 when |x| ≥ 1.

If a > 0 and (a− 1)p+ 1 > 0, then the Sobolev integral representation implies that

u(x) ≤ C(I1|∇u|)(x)
and Sobolev’s inequality gives

‖I1|∇u|‖Lp∗(RN ) ≤ C‖|∇u|‖Lp(B).

But, if (a−1)p+1 ≤ 0, then this does not hold since (I1|∇u|)(x) = ∞ for all x ∈ R
N .

This suggests us to consider the generalized Riesz kernels. On the other hand, note
that

ˆ

B

(

|∇u(x)|(1− |x|)β
)p

dx < ∞

when (a− 1 + β)p+ 1 > 0. Moreover,
ˆ

B

|K1,m(x, y)||∇u(y)| dy ∈ L1
loc(B)

for m such that 0 < a− 1 + β + 1/p < a− 1 + (m+ 1) + 1.
But, as in [18, Remark 2.4], we see that

K1,0(x, y) = |x− y|1−N − |x− y∗|1−N ≥ |x− y∗|1−N(|y|1−N − 1),

so that
ˆ

B

|K1,0(x, y)||∇u(y)| dy ≥ C

ˆ

B

(1− |y|)1+a−1 dy = ∞

when a+1 ≤ 0, and hence Theorem 4.9 does not hold when β > (m+1)+1/p′ (with
m = 0); see also Corollary 4.15 below.

By Theorem 4.9, we obtain the following Hardy and Sobolev type inequalities.

Corollary 4.11. (Hardy type inequality) Suppose 0 < α < 1 and α − 1/p <
β < 1/p′. If ‖f‖Hp,p,β(B) < ∞, then

ˆ

B

|Iαf(x)|p(1− |x|)(−α+β)p dx < ∞.

Corollary 4.12. (Sobolev type inequality) Let 0 < α < 1 and 1/pα = 1/p−α/N .

Suppose α− 1/p < β +α(N − 1)/N < 1/p′ +α(N − 1)/N . If ‖f‖Hp,p,β(B) < ∞, then
ˆ

B

|Iαf(x)|pα(1− |x|)βpα dx < ∞.
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We next consider the borderline case. For this, set ω(r) = rλ−α+β(log(e/r))−γ

for 0 < r < 1, where
{

γ = 1 when q ≥ p;

γ = 1− 1/p+ 1/q when 0 < q < p.

Theorem 4.13. Let 1/pλ = 1/p − λ/N . Suppose 0 < α < 1, 0 ≤ λ ≤ α and

α− 1/p = β + λ(N − 1)/N < m+ 1 + 1/p′ + λ(N − 1)/N . Then

‖Iα,mf‖Hpλ,q,ω(B) ≤ C‖f‖Hp,q,β(B).

To show this, it suffices to prepare the following result instead of Lemma 4.8.

Lemma 4.14. Let p ≥ 1. For 0 ≤ λ ≤ α, set 1/pλ = 1/p − λ/N and ω(r) =
rλ−α+β(log(e/r))−γ for 0 < r < 1, where

{

γ = 1 when q ≥ p;

γ = 1− 1/p+ 1/q when 0 < q < p.

Suppose 0 < α < m+2 and α−1/p = β+λ(N −1)/N . Then there exists a constant

C > 0 such that

‖I3‖Hpλ,q,ω(B) ≤ C

when ‖f‖Hp,q,β(B) ≤ 1.

Proof. Let f be a nonnegative measurable function on B such that ‖f‖Hp,q,β(B) ≤
1. We treat only the case 1 < q < p for convenience. Taking 0 < ε < 1/p′ and γ such
that γ = (α−m− 1)/p′, we have by Hölder’s inequality and (4.2)

|I3(x)| ≤
(
ˆ

E3

|x− y|α−N−m−1(1− |y|)−γp′(log(e/(1− |y|))−εp′ dy

)1/p′

×
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)p(log(e/(1− |y|))εp dy
)1/p

≤ C

(
ˆ 1

1−|x|

s(α−m−1)−1−γp′(log(e/s))−εp′ds

)1/p′

×
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)p(log(e/(1− |y|)))εpdy
)1/p

≤ C log(1/(1− |x|))−ε+1/p′

×
(
ˆ

E3

|x− y|α−N−m−1f(y)p(1− |y|)(γ+m+1)p(log(e/(1− |y|)))εp dy
)1/p

.

Therefore, Minkowski’s inequality, (4.1) and Lemma 4.2 give

‖I3‖qLpλ (A(r)) ≤ C(log(e/r))(−ε+1/p′)q

(

ˆ

E3

f(y)p(1− |y|)(γ+m+1)p(log(e/(1− |y|)))εp

×
(
ˆ

A(r)

|x− y|(α−N−m−1)pλ/p dx

)p/pλ

dy

)q/p
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≤ C(log(e/r))(−ε+1/p′)q

(
ˆ

E3

f(y)p(1− |y|)(γ+m+1)p

× (1− |y|)(α−N−m−1)+(N−1)p/pλ(log(e/(1− |y|))εprp/pλ dy
)q/p

≤ C(log(e/r))(−ε+1/p′)qrq/pλ
ˆ 1

0

(

‖f‖Lp(E3∩A(t))t
β(log(e/t))ε

)q
t−1 dt,

since

γ +m+ 1 + (α−N −m− 1)/p+ (N − 1)/pλ = β

by our assumption. Hence
ˆ 1

0

(

rλ−α+β(log(e/r))−1+1/p−1/q‖I3‖Lpλ (A(r))

)q
r−1 dr

≤ C

ˆ 1

0

(

(log(e/t))εtβ‖f‖Lp(A(t))

)q
(
ˆ t

0

(log(e/r))−εq−1r−1 dr

)

t−1 dt

≤ C

ˆ 1

0

(

tβ‖f‖Lp(A(t))

)q
t−1 dt,

which completes the proof. �

Let G(x, y) be a Green kernel on B (N ≥ 3). We define the Green potential for
f ∈ L1

loc(B) by

Gf(x) =

ˆ

B

G(x, y)f(y) dy.

We note that Gf(x) ≤ I2,0f(x), since K2,0(x, y) = G(x, y) + (|y|2−N − 1)|x− y∗|2−N

by [18, Remark 2.4], where N ≥ 3 and y∗ denotes the inversion of y.
By Theorem 4.9 with α = 2 and m = 0, we have the following corollary.

Corollary 4.15. Let 0 ≤ λ ≤ 2 < N and 1/pλ = 1/p−λ/N . Suppose 2−1/p <
β + λ(N − 1)/N < 1 + 1/p′ + λ(N − 1)/N . Then

‖Gf‖Hpλ,q,λ−2+β(B) ≤ C‖f‖Hp,q,β(B).

Remark 4.16. If N = 2, then we have to modify Lemma 4.4. In fact, we find
for f ≥ 0

Gf(x) ≤ C

ˆ

E1

f(y) log(e/|x− y|) dy + C

ˆ

B\E1

f(y)(1− |x|)(1− |y|)|x− y|−2 dy

≤ C

ˆ

E1

f(y)|x− y|λ−2 dy + C

ˆ

E2

f(y)|x− y|−1(1− |y|) dy

+ C

ˆ

E3

f(y)|x− y|−2(1− |y|)2 dy

= C{J1(x) + J2(x) + J3(x)}
when 0 ≤ λ < 2 . Suppose 1/pλ = 1/p − λ/2 > 0, 2 − 1/p < β + λ(N − 1)/N <
1 + 1/p′ + λ(N − 1)/N . Then J1, J2 and J3 are treated by Lemma 4.6, Lemma 4.7
with m = 0 and Lemma 4.8 with m = 1, respectively. Thus

‖Gf‖Hpλ,q,λ−2+β(B) ≤ C‖f‖Hp,q,β(B).
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5. Appendix

For reader’s convenience, we give a proof of the classical Hardy inequalities by
the fundamental theorem of calculus and Hölder’s inequality.

5.1. Hardy type inequalities on the unit ball.

Theorem 5.1. Let p ≥ 1 and β < p− 1. If u ∈ C1(RN) is a function such that

u = 0 outside B, then
ˆ

B

|u(x)|p(1− |x|)−p+β|x|1−N dx ≤ c(p)

ˆ

B

|∇u(x)|p(1− |x|)β|x|1−N dx,

where c(p) =
(

p
p−1−β

)p

.

Proof. By (2.1) and Hölder’s inequality, we have for β/p < a < 1/p′

|u(x)| ≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

(

ˆ 1/|x|

1

(1− r|x|)−ap′ dr

)1/p′

≤ |x|
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p(

1

1− ap′
(1− |x|)−ap′+1

|x|

)1/p′

≤ c1|x|1/p
(
ˆ ∞

1

|∇u(rx)|p(1− r|x|)ap dr
)1/p

(1− |x|)−a+1/p′ ,

where c1 = (1− ap′)−1/p′. Hence
ˆ

B

|u(x)|p(1− |x|)−p+β|x|1−N dx

≤ cp1

ˆ ∞

1

(
ˆ

B

|x||∇u(rx)|p(1− r|x|)ap(1− |x|)(−a+1/p′−1)p+β|x|1−N dx

)

dr

≤ cp1

ˆ ∞

1

(
ˆ

B

|y||∇u(y)|p(1− |y|)ap(1− |y|/r)(−ap+β)−1|y|1−N dy

)

r−2 dr

≤ cp1

ˆ

B

|y||∇u(y)|p(1− |y|)ap|y|1−N

(
ˆ ∞

1

(1− |y|/r)(−ap+β)−1r−2 dr

)

dy

≤ cp1

ˆ

B

|y||∇u(y)|p(1− |y|)ap|y|1−N

[

1

−ap + β

(1− |y|/r)−ap+β

|y|

]∞

1

≤ cp1

ˆ

B

|y||∇u(y)|p(1− |y|)ap|y|1−N

(

1

ap− β

(1− |y|)−ap+β

|y|

)

dy

= cp1c2

ˆ

B

|∇u(y)|p(1− |y|)β|y|1−Ndy,

where c2 = (ap− β)−1.

Here we see that cp1c2 =
(

1
1−ap′

)p/p′
1

ap−β
has the minimum c(p) at a = (1 +

β)/(p+ p′). �

With a slight modification of the above proof, we obtain the following result.

Theorem 5.2. Let p ≥ 1 and β < p− 1. If u ∈ C1(RN) is a function such that

u = 0 outside B, then
ˆ

B

|u(x)|p(1− |x|)−p+β dx ≤ c(p)

ˆ

B

|∇u(x)|p(1− |x|)β dx,
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where c(p) =
(

p
p−1−β

)p

.

Next we treat the borderline case β = p− 1.

Theorem 5.3. Let p ≥ 1. If u ∈ C1(B) is a function such that u(0) = 0, then
ˆ

B

|u(x)|p(1−|x|)−1| log(1/(1−|x|))|−p|x|1−N dx ≤ c̃(p)

ˆ

B

|∇u(x)|p(1−|x|)p−1|x|1−N dx,

where c̃(p) =
(

p
p−1

)p

.

Proof. Let u ∈ C1(B) be a function such that u(0) = 0. By (2.2) and Hölder’s
inequality, we obtain

|u(x)| ≤ |x|
(
ˆ 1

0

|∇u(rx)|p|| log(1/(1− r|x|))|ap{(1− r|x|)/|x|}p/p′ dr
)1/p

×
(
ˆ 1

0

| log(1/(1− r|x|))|−ap′{(1− r|x|)/|x|}−1 dr

)1/p′

≤ |x|
(
ˆ 1

0

|∇u(rx)|p| log(1/(1− r|x|))|ap{(1− r|x|)/|x|}p/p′ dr
)1/p

×
(

[

1

−ap′ + 1
| log(1/(1− r|x|))|−ap′+1

]1

0

)1/p′

≤ c1|x|1/p| log(1/(1− |x|))|−a+1/p′

×
(
ˆ 1

0

|∇u(rx)|p| log(1/(1− r|x|))|ap(1− r|x|)p/p′ dr
)1/p

when 0 < a < 1/p′, where c1 = (1− ap′)−1/p′ . Fubini’s theorem gives
ˆ

B

|u(x)|p(1− |x|)−1| log(1/(1− |x|))|−p|x|1−N dx

≤ cp1

ˆ 1

0

(
ˆ

B

|∇u(rx)|p| log(1/(1− r|x|))|ap(1− r|x|)p/p′

× |x|| log(1/(1− |x|))|(−a+1/p′)p(1− |x|)−1| log(1/(1− |x|))|−p|x|1−N dx
)

dr

= cp1

ˆ 1

0

(

r−2

ˆ

{y∈B:|y|<r}

|∇u(y)|p| log(1/(1− |y|))|ap(1− |y|)p/p′

× |y|| log(1/(1− |y|/r))|(−a+1/p′)p(1− |y|/r)−1| log(1/(1− |y|/r))|−p|y|1−N dy
)

dr

≤ cp1

ˆ

B

|∇u(y)|p|y|| log(1/(1− |y|))|ap(1− |y|)p/p′|y|1−N

×
(
ˆ 1

|y|

| log(1/(1− |y|/r))|−ap−1(1− |y|/r)−1|y|r−2 dr

)

dy

≤ cp1

ˆ

B

|∇u(y)|p|y|| log(1/(1− |y|))|ap(1− |y|)p/p′|y|1−N

×
[

1

ap
| log(1/(1− |y|/r))|−ap

]1

|y|

dy
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≤ cp1c3

ˆ

B

|∇u(y)|p(1− |y|)p/p′|y|1−N dy,

where c3 = 1/(ap).

Here we see that cp1c3 =
(

1
1−ap′

)p/p′
1
ap

has the minimum c̃(p) at a = 1/(p+p′). �

5.2. Hardy type inequalities outside the unit ball. For reader’s conve-
nience, we give Hardy type inequalities outside B.

Theorem 5.4. Let p ≥ 1 and β < p− 1. If u ∈ C1(RN) is a function such that

u = 0 on B, then
ˆ

RN\B

|u(x)|p(|x| − 1)−p+β|x|1−N dx ≤ c(p)

ˆ

RN\B

|∇u(x)|p(|x| − 1)β|x|1−N dx,

where c(p) =
(

p
p−1−β

)p

.

Proof. Let u ∈ C1(RN) be a function such that u = 0 on B. By (2.2) and
Hölder’s inequality, we have for β/p < a < 1/p′

|u(x)| ≤ |x|
(
ˆ 1

0

|∇u(rx)|p(r|x| − 1)ap dr

)1/p(ˆ 1

1/|x|

(r|x| − 1)−ap′ dr

)1/p′

≤ |x|
(
ˆ 1

1/|x|

|∇u(rx)|p(r|x| − 1)ap dr

)1/p
(

[

1

1− ap′
(r|x| − 1)−ap′+1

|x|

]1

1/|x|

)1/p′

≤ |x|
(
ˆ 1

0

|∇u(rx)|p(r|x| − 1)ap dr

)1/p(
1

1− ap′
(|x| − 1)−ap′+1

|x|

)1/p′

≤ c1|x|1/p
(
ˆ 1

0

|∇u(rx)|p(r|x| − 1)ap dr

)1/p

(|x| − 1)−a+1/p′,

where c1 = (1− ap′)−1/p′. Hence
ˆ

RN\B

|u(x)|p(|x| − 1)−p+β|x|1−N dx

≤ cp1

ˆ 1

0

(
ˆ

RN\B

|∇u(rx)|p(r|x| − 1)ap(|x| − 1)(−a+1/p′−1)p+β|x|2−N dx

)

dr

≤ cp1

ˆ 1

0

(
ˆ

RN\B

|∇u(y)|p(|y| − 1)ap|y|2−N(|y|/r− 1)(−ap+β)−1 dy

)

r−2 dr

≤ cp1

ˆ

RN\B

|∇u(y)|p(|y| − 1)ap|y|2−N

(
ˆ 1

0

(|y|/r− 1)(−ap+β)−1r−2 dr

)

dy

≤ cp1

ˆ

RN\B

|∇u(y)|p(|y| − 1)ap|y|2−N

[ −1

−ap+ β

(|y|/r− 1)−ap+β

|y|

]1

0

dy

≤ cp1

ˆ

RN\B

|∇u(y)|p(|y| − 1)ap|y|2−N

(

1

ap− β

(|y| − 1)−ap+β

|y|

)

dy

= cp1c2

ˆ

RN\B

|∇u(y)|p(|y| − 1)β|y|1−N dy,

where c2 = (ap− β)−1.
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Here we see that cp1c2 has the minimum c(p) at a = (1 + β)/(p+ p′). �

Theorem 5.5. Let p ≥ 1. If u ∈ C1
0 (R

N) is a function such that u = 0 on B,

then

ˆ

RN\B

|u(x)|p|x|−N(|x| − 1)−1| log(|x|/(|x| − 1))|−p dx

≤ c̃(p)

ˆ

RN\B

|∇u(x)|p|x|p−N(|x| − 1)p−1 dx,

where c̃(p) =
(

p
p−1

)p

.

Proof. Let u ∈ C1
0(R

N) be a function such that u = 0 on B. By (2.1) and
Hölder’s inequality, we obtain

|u(x)| ≤ |x|
(
ˆ ∞

1

|∇u(rx)|p| log(r|x|/(r|x| − 1))|ap{r(r|x| − 1)}p/p′ dr
)1/p

×
(
ˆ ∞

1

| log(r|x|/(r|x| − 1))|−ap′{r(r|x| − 1)}−1 dr

)1/p′

≤ |x|
(
ˆ ∞

1

|∇u(rx)|p| log(r|x|/(r|x| − 1))|ap{r(r|x| − 1)}p/p′ dr
)1/p

×
([ −1

−ap′ + 1
| log(r|x|/(r|x| − 1))|−ap′+1

]∞

1

)1/p′

≤ c1|x|| log(|x|/(|x| − 1))|−a+1/p′

×
(
ˆ ∞

1

|∇u(rx)|p| log(r|x|/(r|x| − 1))|ap{r(r|x| − 1)}p/p′ dr
)1/p

when 0 < a < 1/p′, where c1 = (1− ap′)−1/p′ . Fubini’s theorem gives

ˆ

RN\B

|u(x)|p|x|−N(|x| − 1)−1| log(|x|/(|x| − 1))|−p dx

≤ cp1

ˆ ∞

1

(
ˆ

RN\B

|∇u(rx)|p|x|−N | log(r|x|/(r|x| − 1))|ap{r(r|x| − 1)}p/p′

× |x|p| log(|x|/(|x| − 1))|(−a+1/p′)p(|x| − 1)−1| log(|x|/(|x| − 1))|−p dx
)

dr

= cp1

ˆ ∞

1

(
ˆ

{y∈RN :|y|>r}

|∇u(y)|p|y|p−N | log(|y|/(|y| − 1))|ap(|y| − 1)p/p
′

× | log(|y|/(|y| − r))|(−a+1/p′−1)p(|y| − r)−1 dy
)

dr

≤ cp1

ˆ

RN\B

|∇u(y)|p|y|p−N | log(|y|/(|y| − 1))|ap(|y| − 1)p/p
′

×
(

ˆ |y|

1

| log(|y|/(|y| − r))|−ap−1(|y| − r)−1 dr

)

dy
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≤ cp1

ˆ

RN\B

|∇u(y)|p|y|p−N | log(|y|/(|y| − 1))|ap(|y| − 1)p/p
′

×
[−1

ap
| log(|y|/(|y| − r))|−ap

]|y|

1

dy

= cp1c3

ˆ

RN\B

|∇u(y)|p|y|p−N(|y| − 1)p/p
′

dy,

where c3 = 1/(ap).
It remains to see that cp1c3 has the minimum c̃(p) at a = 1/(p+ p′). �
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