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Abstract. Our aim in this paper is to establish Hardy—Sobolev inequalities for Sobolev func-
tions and generalized Riesz potentials in central Herz—Morrey spaces on the unit ball. As an
application, we obtain norm inequalities for Green potentials.

1. Introduction

The classical Hardy inequality says that if u € C'(RY) is a function such that
u = 0 outside the unit ball B, then

) [ up - ja < (Jﬁ) [ [wu@P( - o) a,

where p > 1 and § <p—1. When 8 =p—1, (1.1) is replaced by

[ @ = 1ol) G011 = 1)) o
p ’ p — |z p—lxl—N T
< (-25) [ utalra— ey a N

for u € C'(B) such that u(0) = 0; see e.g. [9, 11, 12, 13]. The proofs of those facts
can be done by the fundamental theorem of calculus and Holder’s inequality (see the
Appendix).

Let B(z,r) ={y €e RV: |[y—z| <r}, B= B(0,1) and A(r) = {y € B: r <
1 —|y| < 2r} for x € RN and r > 0. To obtain general results, as an extension of
the Lebesgue LP space, for p > 1, ¢ > 0 and a weight w, we consider the central
Herz—Morrey space

Hpg,w(B) = {f € Llloc(B): ||f||Hp'q’w(B) < OO}’

1 q dr 1/
||f||HP’q»W(B):</O (Wl lzrcae) 7)

[ fllpcowmy = sup  w(r)|l fllrrcac)
o<r<1

(1.2)

where

in case ¢ < oo and

in case ¢ = co. When w(r) = r?, we write HP%%(B) for H?%*(B). It is well known
that Morrey spaces and Herz spaces play an important role in harmonic analysis
and PDE; see e.g. [6, 10, 19]. Further, see [2] for Morrey spaces, [3, 4, 21| for
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local Morrey spaces, |7, 8] for complementary local Morrey-type spaces, [15, 16, 17]
for Herz—Morrey spaces, [5] for the summability of Fourier transforms, [20] for the
regularity theory for elliptic equations in divergence form and so on.

Our first aim in this paper is to extend (1.1) to the central Herz—Morrey case.
In fact, we shall show that u € HP¢ 1 *5(B) when p > 1, 8 < (p—1)/p = 1/p’
and v € C*(RY) is a function such that v = 0 outside B and |Vu| € HP%?(B)
(Theorem 2.2). We also treat the case when 8 = 1/p’ (Theorem 2.3).

In Section 3, we give Hardy—Sobolev inequalities for Sobolev functions in C}(B)
(Theorems 3.1 and 3.4).

Following [18], for m > 0 let us consider

|z — y|oN when y € B(0,1/2),

m

Ka,m(x7y> = C(Oé,N) X |Zl§' - y|a_N - Z(l - |y|2)e¢a,é(x>y*)
=0
when y € B\ B(0,1/2),

where 0 < a < N and ¢(a,N) = 1/((N — a)wy—1) with wy_; denoting the area
of the unit sphere; for the precise definition, see Section 4. For f € L. _(RY), we
consider the Riesz potential

Lo f(2) = /B Kam(,9) () dy

whenever the integrals are well-defined.

Our second aim is to establish norm inequalities for the operators f — I, f
from one central Herz—Morrey space HP%#(B) to another central Herz—Morrey space
HPx@A=e+B8(B) when 0 < A < «, 1/py = 1/p — A/N (see Theorems 4.9 and 4.13
below). The case A = a and A = 0 give (weighted) Sobolev’s inequality and Hardy’s
inequality, respectively. For Riesz potentials Iof(z) = [g|z — y|* VN f(y)dy, see
Corollaries 4.11 and 4.12.

Let G(z,y) be a Green kernel on B (N > 3). We define the Green potential for
f € Lige(B) by

Gf(x) = /B G, y)f () dy.

As an application, we shall show norm inequalities for Green potentials G f in our
settings (Corollary 4.15).

2. Hardy’s inequality

Throughout this paper, let C' denote various positive constants independent of
the variables in question.
If u e CY(RY) is a function such that u = 0 outside B, then

u(x) = — /100 %u(rm) dr,

so that
(2.1) lu(x)| §/ |z||Vu(rz)| dr.
1
Lemma 2.1. Let p > 1 and 8 < 1/p’. Then there exists a constant C' > 0 such
that

[ @rar<c
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when u € CY(RY) is a function such that u = 0 outside B and |||Vul| | rrpasmy < 1.

Proof. Let u € C'(RY) be a function such that u = 0 outside B and ||[Vul| gro.0.6s)
< 1. If p> 1, for x € B, we have by (2.1) and Hélder’s inequality

el = </1OO [Vulra)l’(t = rla))® dr) ) </11/le<1 _ r\x|>—ap’dr> )

<lol ([ 1P = slar " (e \x|>—w'+l)l/ﬂ

1 —ap |z

oo 1/p
< erla]? ( | el = sl dr)
1

when 1 — ap’ > 0, where ¢; = (1 — ap’)~"/?". Hence we obtain by Fubini’s theorem

lollomy < ¢ ([ ([ 19utraiaia = rialy v ) ar) "
<o ([T ([ mutora -ty ar) ’
<o [ wuwpa - ([T va)a)

<c ( [ [vuti - |y|>apdy) "

< CY @)Vl oae-sy)-

<
Il
o

This remains true for p = 1.
If 1 < q<oo,for f<a<1/p, weobtain by Holder’s inequality

00 14 / 1/q
ulle@) < C (Z(z—ﬂ)w—@q’) (Z (2—Jﬁy||vu\||Lp(A(2j)))">

j=0 7=0

1 ds 1/q
o ([ CUTle) 2)

This is also true when 0 < ¢ < 1. The proof is now completed. O

IA

Let us begin with Hardy type inequality in central Herz—Morrey space, as an
extension of (1.1).

Theorem 2.2. Let p > 1 and < 1/p. Then there exists a constant C' > 0
such that

HUHHP»‘L*H/*(B) < C|HVU|HHP7%3(B)

for u € CY(RY) such that u = 0 outside B.

Proof. Let u € C'(RY) be a function such that u = 0 outside B and ||[Vul|| gro.0.6s)
< 1. We show only the case when p > 1 and 1 < ¢ < o0, as before. By (2.1), Holder’s
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inequality gives

u(z) < |z ( [ 1vutop - sy dr) " < / M- r|x|>-“p’dr>

o0 L/p 1 1 — |g|)—@'+1 1/p/
<fol ([ 1vutrapa = siarar) (= )

0o 1/p
< crfo]YP(1 — fa])- ( [ wutrayea - rlely dr)
1

1/p’

when 1 —ap’ > 0, where ¢; = (1 — ap’)~"/?". Hence for 0 < t < 1/4 we obtain by
Fubini’s theorem

[e'e) 1/17
lallzoagy < CE (/ (/ qu(m)|p<1—r|x|>“”dx) dr)
A(t)

oo 1/p
< Cro / ( |Vu<y>|p<1—|y|>“pr-1—Ndy) dr)
{yeB:y/reA(t)}

lyl/(1—2t) L/p
< ooty </ [Vau(y)|P(1— [y|)*™ </ r‘l‘Ndr> dy)
B\B(0,1-2¢) lyl/(1—t)

1/p
< Gy / Vu)P(L - 19/ ly) dy)
B\B(0,1-2t)

1/p
< Cpott ( / Vuly)(1L - |y|>“pdy)
B\B(0,1-2¢)

[e.e]

< O 7| Vull| Logae-iey-

J=0

For 0 < € < a — (8, we obtain by Hoélder’s inequality

[ull zoace)
00 14 / ~ 1/q
< Ct—a—i-l (Z(Q—jt)(a—e—ﬁ)q’) <Z 2 It B+E|||VU|||LP(A(2 Jt)))q>
7=0 7=0
t
d
< Cti—(+h) (/ ( ﬁ+€“|qu|L1’ )q _s)
0 S
Consequently,

v g dt ds\ dt
[ ooy @ <o [ ([ @ maloug 2) ¢

V4 dt ds
/ (" NIVl oca »)q</ tqu);

1ds

| /\

(v ulllzegaey)

\
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Finally we find from Lemma 2.1

Y4B g dt o [1dt
(P lullzeany)” - < C (lullemosmy)” | — < C,
1/4 t 1t
which completes the proof. O

Theorem 2.3. Let p > 1 and set w(r) = r~/?(log(e/r))™ for 0 < r < 1, where

v=1 when q > p;
y=1-1/p+1/q when 0 < g < p.

Then there exists a constant C' > 0 such that
[ull oae@y < ClIVulll goaasm )

for u € C'(B) such that u =0 on B(0,1/2).
Proof. Let u € C'(B) be a function such that u =0 on B(0,1/2). Then

u(x) = /01 %u(m:) dr,

so that

(2.2) lu(z)] S/o ||| Vu(rz)| dr.

By Hoélder’s inequality, we obtain

! 1/p
u(z)| < |z| </0 |Vu(rz)P(log(1/(1 — rlx])))™{(1 — r\x|)/\x|}p/p'dr)

1/p’

" (/0 (tog(1/(1 = rl))) =" {(1 —r|x|>/|xl}‘1‘”)
< Olal(log(1/(1 — |z)) =¥

1 1/p
x ( [ 19utra)pios(1/0 = rlel))y (1 = sl dr)
0
when 0 < a < 1/p’. Hence for 0 < ¢ < 1/4 we obtain by Fubini’s theorem
[l oaqy) < C(log(1/t)) /7

) (/01 (/Am 2l [Vu(ra) [ log(1/(1 = rlz)*{(1 = rla])/ ||} da:) dr) ’

< Cllog(1/1)) 17

. ( / 1 ( /{ e TSPl o811~ )71 - |y|>p/P’r—1—Ndy) dr)

< Clog(1/t) ¥ </B [Vu(y)Plyl(log(L/ (L — [y1)™ (1 — yl)"”

(0,1—t)

lyl/(1—2t) Lp
X / r 1= Ndr dy
1wl/(1-t)

1/p
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< C(log(1/t)) ¥

1/p
X (/B(O . [Vu(y)[Ply|(log(1/(1 = [y])))* (1 — Iyl)”/p'(t/|y|)dy)

1/p
< Clog1/0) e ([ [Tl Plog(1/ ~ L)~ )y

(0,1—-¢)

oo

1/p
< C(log(l/t>>—a+1/p't1/il’ (Z ((log(l/(QJt))))a(29t)1/11’, H |VU‘ ||Lp(A(21’t)))p> s

j=0
so that
(t_l/p(log(l/t))_l||u||Lp(A(t)))q < C(log(l/t))(—aﬂ/z)’—l)q
o a/p
2 (Z (aog(l/<2jt>>>a<2ﬂ't>l/p’|||Vu|||Lp<A<2jt>))p) .
§=0
If ¢ < p, then

(77 (Log(1/1)) " [ull ogac) " < C(log(1/t)) e/ =1e

[e.9]

x> ((0g(1/@) (20| Vulll1saarny )

J=0

’ 1 / q
< Cllog1/0) 0 [ ((tog(1/5)" s |1Vl lusaon) s~
t

and hence
/ (1 log(1 /) T ) 2
< 0/01/4(10g(1/t))‘“4—1 ([ ((log(l/s))asl/p/||‘vu|HLP(A(S)))qs_lds) %
=¢ / (57" (tog(1/5) IVl scaen ) ( | oz /m—aq—l%) s

! / ads
gc/o (7 N9 ullrac)” =

Ifb=¢g/p>1and 0 <e < 1/V, then

(77 (log(1/)) M lull Locawy) " < C(log(1/t)) =1

1 / » q/p
X </ ((log(l/s))asl/p |||Vu|||Lp(A(s))> S_lds)
t

b/b

< Cllog(1 /)00 ( [ og(1/s)) s )

2t
< [ (tos1/5) 0 [l ac ) 7 ds
0
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1
/ / q
< Cllog(1 /1) === [ (g1 /)05 | W) s~ s
t

and hence
1/4 dt
/0 (77 Qog(1/t) " lull ocaen)”

t

1/4 1 ! dt
< C/ (10g(1/t)) (a+eb/q)g— </ <(log(1/s))a+eb/qS1/p |||Vu|||Lp(A(S ) "
0 t
1 , V dt\ ds
< C'/ (sl/P (log(l/s))a+eb/q||| u|||LP(A(s))>q (/ (log(1/8))" (ateb/gg_1 )
0 —

t S
1 ) ads
SC/ (sl/p |||VUI||LP<A<s>>) o
0

With the aid of Lemma 2.1, we complete the proof. O

3. Hardy—Sobolev inequality for Sobolev functions

Our aim in this section is to give Hardy—Sobolev inequalities for Sobolev functions

in C}(B).

Theorem 3.1. Let p>1and 5 < 1/p’. For0 < A <1, set 1/py=1/p— A/N.
Then there exists a constant C' > 0 such that

Jullgosas-semy < CllIVullmase
for u € C3(B).

When ¢ = pand A = 1, this is the weighted Sobolev’s inequality (see Corollary 3.5
below). For a proof of Theorem 3.1, we first give the classical Sobolev’s inequality
and then apply the methods expanded in Theorem 2.2.

Now we prepare the following two lemmas.

Lemma 3.2. (Sobolev’s inequality, see e.g. [1, 13, 14]) Let p > 1 and 1/p* =
1/p—1/N > 0. Then there is a constant C' > 0 such that

[Vl o+ may < ClIVO|| Loy
for v € Cj(RY).
Let A(r) ={y € B:r/2 < 1— |y| < 4r}.

Lemma 3.3. Let p > 1 and 1/p* = 1/p — 1/N > 0. Then there is a constant
C > 0 such that

lull 2o cay < CLr ™Ml oy + VUl ogaey)
for u € CHRN) and r > 0.
For this, take a continuous function ¢ such that 0 < p(r) <1,
(r) 1 when 1/4 <r < 1/2,
)=
4 0 whenr<1/8andr>1

and |¢'| <8, and apply Lemma 3.2 with v(z) = ¢((1 — |z|)/(4r))u(z).
Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Let u € Cj(B) be a function such that |||Vul|| gr.asm) <
1.

First we treat the case A = 1; in this case, p, is the Sobolev exponent p*. We
show

HUHHP*»%B(B) < C|HVU|HHp,q,,B(B).
In fact, when 1 < ¢ < oo, we find from Lemma 3.3 and Theorem 2.2

1 1
dr _ a dr
| @il o) <€ [ (7 i)
0 0

TS o
! adr
€ [ (PIVullen) "

0

! a dr
<c [ (FlVallaen)" -
0 T
as required.

Next we treat the case 0 < A < 1. By Jensen’s inequality we obtain
ull Lo agryy < TAG) P22 ]| 1o agey)
when py > p; > 1. Therefore
[ll s caey < TAEPYP ull o iy < Cr™ O Dl o (aery)-
Hence by Lemma 3.2

) 1

) dr a dr

| @ el E <€ [ (Pl )" T
. r 0 "

! adr
<C PN Ull] o0 2 —.
< [ (FIVulley) S

This completes the proof. O

In the borderline case § = 1/p’, we establish the following result by using Theo-
rem 2.3.

Theorem 3.4. Let p > 1. For 0 < A <1, set 1/py = 1/p— A/N and w(r) =
rA=1H1/P (log(e/r)) 7 for 0 < r < 1, where 7y is the constant appearing in Theorem 2.3.
Then there exists a constant C' > 0 such that

lull sy < ClVull i s,
for all uw € C}(B) such that uw =0 on B(0,1/2).

When ¢ = p, we have the weighted inequalities for Sobolev functions.

Corollary 3.5. Let p > 1, < 1/p/, 0 < X <1 and 1/py = 1/p— A/N. Then
there exists a constant C' > 0 such that

3.) [ u@P = ) e < 0
B

for all w € C§(B) such that |||Vul|| gowsm) < 1.
Corollary 3.6. Let p>1. Let 0 < A <1 and 1/py=1/p— A/N. Then

(3.2) /B () [ ((1 — &) (log(e/ (1 — |x|>>>—1)’” dx < C

for all u € Cj(B) such that u =0 on B(0,1/2) and |[|Vulll gppi/ m) < 1.
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Our results here give (weighted) Sobolev’s inequality when A = 1, and Hardy’s
inequality (no account of the best constant) when A = 0.

4. Generalized Riesz potentials

We use the following lemma by polar coordinate. Let dS denote the surface area
measure on 0B.

Lemma 4.1. Let 0 < e <1 and 0 <r < 1. Then

(4.1) v —y[FMdS(y) < C(1 — |a|)™

/83(0,r)\B(w,(1—|m|)/2)

when r > |x| and

(4.2) o =y~ dS(y) < C(1 — )

/EJB(O,r)\B(x,(l—le)ﬂ)
when r < |z|.

Lemma 4.2. There exists a constant C' > 0 such that

1/p 1
(fura-wra) " <o [ il
B 0

Proof.
[ 1s@pra- gy < Z > TP~ o
B A(279)
so that
0 1/p
AL I of § NIRRTy
= A(2-9)
< CZ 1Nl zoca@-in2777.
j=0

If 277 <r <279t < 2r <279%2 then

1Al rcacsy < NFllercaerzar) < 1Fllercaesay + 17 lzrcac
where A(s,t) = {y € B:s <1—y| < t}. Thus
1/p 9—Jj+1
(/ )P =)™ dy) =¢ Z / | Fllzpaeosyr’r™ dr
B

9—Jj+1

= CZ/ (I zrcaeray + I f zocaeey ) rPr " dr

< C/ ||f||Lp(A(T))7“B7“_1 dr,
0

as required. O
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Lemma 4.3. [18, Lemma 2.1] Let z,y € RN andt € R. If|t||y*| < (vV2—1)|z —
y*|, then

oo

o=yt =30 Y e -y T ey — PP P |
=0 \¢/2<5<t

= Z ¢a,€(za y*)t€>
=0

where

Gae(T,y") = Z agjlr — YN (g gyt — |y*|2)2j—é‘y*‘2(6—j)
£/2<5<¢

G = ( (v _jN>/2 ) < gij )22j—£_

eyl =z -y + 1’ = |z =y P(L+ s/[e -y ),
where t =1 — |y|?, y* = y/|y|? and s = t*|y*|* + 2t(z — y*) - y*. Note that

and

For this, write

(1+a+b)”:g(})(a+b)j:§;§(}) (‘é)akbj_k.

The double series converges absolutely when |a| 4 |b] < 1, which proves the lemma.
For m > 0 let us define

|z — y|*V when y € B(0,1/2),

m

Ka,m(xvy) = C(Oé,N) X |Zl§' - y|a_N - Z(l - |y|2)e¢al($>y*)
=0
when y € B\ B(0,1/2),
where c¢(a, N) = 1/((N — a)wy_1); set Ko _1(z,y) = c(a, N)|z — y|* .

Lemma 4.4. [18, Lemma 2.2]

(1) Fory € B and N > 2, AKy,,(-,y) = 3, on B;
(2) there exists a constant C' > 0 such that

[ Kam(z,y)] < Clz —y|*™"

for all x,y € B;
(3) there exists a constant C' > 0 such that

| Kom(z,y)| < Clz —y[* ¥ 11— |y[)" !

for all z,y € B.

We know the classical Sobolev inequality for Riesz potentials of LP-functions (see,
e.g. [1, Theorem 3.1.4 (b)], [14]).

Lemma 4.5. (Sobolev’s inequality) Let 1/p, = 1/p — a/N > 0. Then
[ o fllre )y < CllLfI e @)
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For z € B, set

Ey = Bz, (1 - |2])/2),
Ey ={r € B\ B(z, (1 —|2[)/2): 1 = [y| <1 — [a]}
Bz ={z e B\ Bz, (1—|z])/2): 1= |yl = 1 — |2[}.

For a nonnegative measurable function f on B, write
L@ = [ Kanlo.)f)dy, § =123
Ej

and
Iomf(x) = L(x) + LI(z) + I3(x).

For 0 < A <a,set 1/py=1/p— A/N.
Lemma 4.6. Suppose f € L{ _(B). Then

loc

12l sromanesngey < Clf limascey.
Proof. By Jensen’s inequality we obtain

Lo fllzesaey < JA@)MPYP2 I Fll o2 agey

when py > p; > 1. Therefore

Lo fllzoacaey < [A@) M2V L fll roagryy < CT™ A Lo f || oo (a0y)-

Hence by Lemma 4.5

1 1
/ (tA‘a+5l|Il||Lm<A<t>>)qdt/tsC/ (P M llzoa aep) dt/t
0 0
1
< 0/0 (N e f | zoeacy)” dt /¢
1
<c / (11 F lvcan) dt/ft,

which proves the result. U

Lemma 4.7. Suppose 0 <a<m+2,0<A<aandf<m-+1+1/p'. Then
there exists a constant C' > 0 such that

HI2 HHPAv‘IJ\*aJrB(B) S C

when || f|lgrasm) < 1.

Proof. Let f be a nonnegative measurable function on B such that || f|| ge.e.s ) <
1. We treat only the case 1 < ¢ < oo for convenience. Taking ¢ > 0 and 7 such that
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f—m—1+e<~y<1/p, we have by Holder’s inequality and (4.1)
) 1/p
L@l <0 ([ -l ay

1 ||

<C

1/p
x ( e |y|><m+1+v>f’dy)
1/p
( (1 — |z|)lem=D-1g= ds)

1/p
< ( 2 — TN ()1 — [y]) dy)
Es

1/p
< Cplmma1-) ( 2 — PN (P(L = [y ) o dy)
Es

for x € A(r), so that Minkowski’s inequality, Lemma 4.2 and Hélder’s inequality give

[l zox aeryy < Oy la=m=1=p")/p’
p/Pxr 1/p
X < Fly)P(1 — [y ometsvr (/ lar — g N=m=Dpa/p dz) dy)
" A(r)
1/p
S ot ( fly)r@ - Iyl)(m“ﬂ)pdy) (a=N—m—1)/pN/py
< Cra—m—l—A—“// ||fHLP(EQOA(t))tm—l—l—l”yt_l gt
0

ar 1/q 2r 1/q
<o ([Teteta) ([T e ) )
0 0
2r 1/q
< CrommoimAate ( / E ™l ovay )t dt) -
0

Hence
1
| P ) e
0
1 1
S C/ (t—a-i-’y-i-m—i—lHf”Lp(A(t)))q (/ 7a(—m—1-%-6—’y-i—e)¢17ﬂ—1dr) t_l dt
0 t/2
! q
: C/ (1 flzraw) "t dt,
0
since —-m — 1+ —v+¢<0. UJ

Lemma 4.8. Suppose) <a <m+2,0<A<aanda—1/p<+A(N—-1)/N.
Then there exists a constant C' > 0 such that

HI3HHPAV‘1”\*“+ﬁ(B) <C

when || f|lgrasm) < 1.

Proof. Let f be a nonnegative measurable function on B such that || f|| ge.e.sm) <
1. We treat only the case 1 < ¢ < oo for convenience. Taking ¢ > 0 and 7 such that
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(a—m-=1)p) <y<B—-e—a/p+1/p—(m+1)/p+ AN —1)/N, we have by
Holder’s inequality and (4.2)

1/p
L(2)] < ( m:—zAa-N-m-la.—|yn-ﬁpdy)
E3

1/p
< ([ o=l oy
E3

1 1/p
co([ wmirva)
1—|z|

1/p
% ( |x-—yw—N—m-%ﬂyV%1—|yn”“”Hmdy)
E3

1/p
< Cplamm=i=w)/p ( 2 — gy N f(y)P(1 - \y\)(”m“’pdy) :

E3
since « —m — 1 — yp’ < 0. By Minkowski’s inequality and (4.1), we obtain

||]3||LPA(A(T) S Cr(a—m—1_ﬁ/p/)/p/

/P
x( f@m—MWWW%/ meW%mwa dﬁ
Es3 A(r)

< Oy la—m=1=—p")/p’

1/p

1/p
><( F)P(1 = |y)orm+p(q — |y|) @ N=m=D+(N=1p/pxp/px dy) ’
Es

since (¢ = N —m —1Upy/p+ N —1 < (N —1)(1 —pr/p) < 0 by our assumption.
Therefore, in view of Lemma 4.2 and Holder’s inequality, we obtain

| I3[ £oa ()
1
< Cr(a—m_l—vp/)/purl/m/ Hf||LP(ESHA(t))t’y+m+1+(a—N—m—1)/P+(N—1)/PAt—l dt
0

1/¢

1
< Cr(a—m—l—VP')/P'+1/pA (/ t—w't—l dt)

1 1/q
> (/ (te+“/+m+1+(a—N—m—1)/p+(N—1)/p>\ HfHLP(A(t)))qt_l dt)

< Opla=m=1=7p")/p'+1/pr—¢

1 1/q
> (/ (te+“/+m+1+(a—N—m—1)/p+(N—1)/p>\ HfHLP(A(t)))qt_l dt)

Hence

1
/ (TA_Q+B||]3HLPA(A(T))[1 7,—1 dr
0
1
< C/ (te+“/+m+1+(a—N—m—1)/p+(N—1)/p>\ HfHLP(A(t))q
0

t
X (/ piB—(a=m=1)/p=(y+m+1)+A+1/prx—c}q,.—1 dr) t~tat
0
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1
= C/ 11 f o aey) t" dt,
0

when f—(a—m—1)/p—(y+m+1)+ A+ 1/py—e>0. O
With the aid of Lemmas 4.6, 4.7 and 4.8, we obtain the following result.

Theorem 4.9. Let 0 < A <« and 1/py = 1/p— A\/N. Suppose 0 < a < m + 2
anda—1/p< B+ AN —-1)/N<m+1+1/p"+ XN —1)/N. Then

[ Lo 1 ossar-ats @y < Cl fl| grasm)-
Remark 4.10. Consider the function

() = {(1—|x|)“ when |z| < 1,

0 when |z| > 1.
If a>0and (a —1)p+1 >0, then the Sobolev integral representation implies that
u(x) < C(L|Vul)(z)
and Sobolev’s inequality gives
L]V ulll o mvy < CllIVul o)

But, if (a—1)p+1 < 0, then this does not hold since (;|Vul|)(z) = oo for all z € RY.
This suggests us to consider the generalized Riesz kernels. On the other hand, note
that

[ (9u@ - e do < o0

when (a — 1+ f)p+ 1 > 0. Moreover,

[ 1Kl I Vuty)] dy € L, (B)
B
for m such that 0 <a—14+p+1/p<a—1+(m+1)+1.
But, as in [18, Remark 2.4], we see that
Kio(z,y) = e =yl = |z =y "V > o —y* "Ny = 1),
so that

/ Ko, )| Vuly)| dy > C / (1= Jy) " dy = oo
B B

when a+1 < 0, and hence Theorem 4.9 does not hold when g > (m+1)+1/p’ (with
= 0); see also Corollary 4.15 below.
By Theorem 4.9, we obtain the following Hardy and Sobolev type inequalities.

Corollary 4.11. (Hardy type inequality) Suppose 0 < o« < 1 and o — 1/p <
ﬁ<1/p If”.fHprB < 00, then

/ L @)1 — [2))*P dz < oo,
B

Corollary 4.12. (Sobolev type inequality) Let 0 < o < 1 and 1/p, = 1/p—a/N.
Suppose a —1/p < f+a(N —1)/N <1/p'+a(N —1)/N. If || f|| ge.r.s@m) < 00, then

/|I f(@)|P*(1 — |z|)PPe do < oo.
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We next consider the borderline case. For this, set w(r) = r*~*"(log(e/r))™7
for 0 < r < 1, where

v=1 when ¢ > p;
vy=1-1/p+1/q when 0 < ¢ < p.

Theorem 4.13. Let 1/py = 1/p — A/N. Suppose 0 < a < 1,0 < XA < a and
a—1/p=B+ANN—-1)/N <m+1+1/p + XN —1)/N. Then

o f | os @y < Cfllrons)-
To show this, it suffices to prepare the following result instead of Lemma 4.8.

Lemma 4.14. Let p > 1. For 0 < A < a, set 1/py = 1/p — A\/N and w(r) =
rA=a*b(log(e/r))~7 for 0 < r < 1, where

v=1 when q > p;
vy=1—-1/p+1/q when 0 < g < p.

Suppose 0 < « < m+2 and a—1/p =+ AN —1)/N. Then there exists a constant
C > 0 such that

| L3]| gror o gy < C

when || f|lgras@) < 1.

Proof. Let f be a nonnegative measurable function on B such that || f|| ge.e.sm) <
1. We treat only the case 1 < g < p for convenience. Taking 0 < ¢ < 1/p’ and ~ such
that v = (¢« — m — 1) /p/, we have by Hélder’s inequality and (4.2)

1/p
[I3(z)| < (/E |z —y|* N = Jy[) T (log(e/ (1 — [y]) ™ dy)
3 1/p
X ( : z =y ()P (1= [y O (log e/ (1 - \y\))apdy)

1 , , 1/p'
<C (/ glemm=1=1=9"(]og(e /5)) 5P ds)
1

— |z

1/p
X ( : z =y ()P (1= [y TP (log e/ (1 - Iyl)))apdy)

< Clog(1/(1 — [a])) =/
1/p
X ( : = y[* N F ()P (1= [y)) TP (log e/ (1 - \y\)))”’dy) :

Therefore, Minkowski’s inequality, (4.1) and Lemma 4.2 give

sl zor (aryy < C(log(e/r))(_”l/”"q( : Fly) (1= JyOr I (log(e/ (1 — |yl))™

p/PA
% (/ |z — y|(a—N—m—l)pA/p d:L’) dy
A(r)

q/p



1046 Yoshihiro Mizuta and Tetsu Shimomura

< C(log(e/r))(—aﬂ/p/)q( Fly)PQ — |y|)(v+m+1)p
Es
q/p
X (1 — |y|)(a—N—m—1)+(N—l)p/PA (10g(e/(1 _ |y|))€plr,p/p>\ dy)

1
< 0(10g(€/7’))(_Hl/pl)qrq/m/ (£ 1l o zsnaceyt’ (log(e/t))7) ¢ dt,
0

since
y+m+1l+(a—N-m—1)/p+(N—-1)/py=8

by our assumption. Hence

1
/ (7)\—&-1-5(log(e/r))—1—i—1/p—1/qHI?’HLpA (A(r)))q 7’_1 dr
0
1 t
< C'/O ((log(e/t))etﬁ||fHLp(A(t)))q (/0 (log(e/r)) e~ tyt dr) tldt

1
= C/ (P11 f 1l o acen )" " dt,
0

which completes the proof. O

Let G(z,y) be a Green kernel on B (IV > 3). We define the Green potential for
f € Lioe(B) by

Gf(x) = /B G, y)f(y) dy.

We note that G f(z) < Ioof(x), since Kzo(z,y) = G(a,y) + (Jyl~~ = 1|z —y* P~V
by [18, Remark 2.4|, where N > 3 and y* denotes the inversion of y.
By Theorem 4.9 with @ = 2 and m = 0, we have the following corollary.

Corollary 4.15. Let 0 < A <2< N and 1/py =1/p—\/N. Suppose2—1/p <
B+ AN —1)/N <1+1/p + AN —1)/N. Then
HGfHHPA»fI«\*HB(B) < CHfHHp,q,ﬂ(B).

Remark 4.16. If N = 2, then we have to modify Lemma 4.4. In fact, we find
for f >0

Gf(x) <C [ fly)logle/|lz —yl)dy+C F@ =21 = |yDl -yl dy

FE1 B\E:

<C | fWz—ydy+C i F)lz =y~ (1= [y]) dy

+C | fy)le—yl?Q =y dy

E3

= C{Ji(2) + Jo(x) + Js(2)}

when 0 < A < 2. Suppose 1/py =1/p—A/2>0,2—-1/p< B+ AN —-1)/N <
1+1/p"+ AN —1)/N. Then Ji, J; and J; are treated by Lemma 4.6, Lemma 4.7
with m = 0 and Lemma 4.8 with m = 1, respectively. Thus

HGfHHPA’qJ*%B(B) < CHfHHp,q,,B(B).
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5. Appendix

For reader’s convenience, we give a proof of the classical Hardy inequalities by
the fundamental theorem of calculus and Hdélder’s inequality.

5.1. Hardy type inequalities on the unit ball.

Theorem 5.1. Let p> 1 and 8 < p— 1. If u € CY(RY) is a function such that
u = 0 outside B, then

/B\u(:c)|¥’(1 ) PN de < cp) /B IVau(z)P(1 = |z])?la) Y da,

where ¢(p) = (p_?fﬁ)p.

Proof. By (2.1) and Holder’s inequality, we have for §/p < a < 1/p/

00 1/p 1 1— |z —ap’+1 1/p'
<fol ([ 1wutrop - riaprar) (2

o 1/p
SQWWTQ/ WWW@VO—TMWWW) (1 — |z])~+7
1
where ¢; = (1 — ap/)~'/7". Hence

[ @)1 = fal) ot da

B

Sczf/ (/ |$Hvu(’r’§(;)|p<1_r|x‘)ap(1_|x‘)(—a+1/p’_1)p+ﬁ‘x|1—Ndx) dr
1 B

a7 ([ |y||Vu<y>\p<1—|y|>ap<1—|y|/r><—ap+ﬁ>—1\y\l—wy) " dr

& [ vt P o)l N(/ (1= lyl/fr) o+ 2d7“)d

oy
Cp/ V p 1 — ap 1-N [
1yl Vu(y) PO = Jyl)* [y cw+5 m

1_ ap+
/ IIVu(y) (L = ly)7ly]- N( y1)” )dy

o]
— dey /B Vuly) (L ly)? Iyl dy,

where ¢, = (ap — 8)7!

p/p’
Here we see that djca = (%W) p—5 has the minimum ¢(p) at a = (1 +

B)/(p+1). 0
With a slight modification of the above proof, we obtain the following result.

Theorem 5.2. Let p>1and 8 <p—1. If u € CY(RY) is a function such that
u = 0 outside B, then

/B (@)1 — [2]) 7+ de < o(p) /B Vu(@) (1~ |a))? da,

| /\

IN

1

| /\
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P
where ¢(p) = (ﬁ) .
Next we treat the borderline case g =p — 1.
Theorem 5.3. Let p > 1. If u € C'(B) is a function such that u(0) = 0, then

/B Ju() P (1~ J]) " Jog(1/ (L] )| |z der < &(p) /B\Vu(x)\p(1—|x\)p_1\x|1_]v dr,

where ¢(p) = (p%l)p.

Proof. Let uw € C*(B) be a function such that v(0) = 0. By (2.2) and Hélder’s
inequality, we obtain

! 1/p
lu(z)| < |z (/0 |Vu(raz)P|| log(1/(1 — r|z)|P{(1 — r|z|)/|x|}7/* dr)

1/’

<( og(1/(1 — rlal))| {1 — rlal) ) o)

! 1/p
< || (/0 |Vu(rz)|P|log(1/(1 —r|z|))|*"{(1 — r\x|)/\x|}p/pl dr)

1 1/p'
1 it
x QW' g(1/(1 — rle) ])

< erfa VP log(1/(1 — [a])| 7+

1 1/p
9 ( | 1vutra)pliog1/(—rla) i — rlel dr)
0
when 0 < a < 1/p/, where ¢; = (1 — ap/)~"/?". Fubini’s theorem gives

/B (@) (1 — |a))~ log(1/(1 — [a)| Pz da
< / ( /B Vu(r) P log(1/ (1 — rlz))|*(1 - rlz])?”

x |z|[log(1/(1 — |2]))| VPP (1 — |z|)~"log(1/(1 — |=[))| 7P|~ dI) dr
=& 1 P2 Vu(y)|P|log(1/(1 — (] — |y
/0 ( /{yEB:|y<T}| ()P log(1/(1 — |y[)]*(1 — |y)
x [y||log(1/(1 — [yl/r))| PP (1 — |y| /r) " log(1/(1 — |yl /r)| Ply|™™ dy) dr

< C’f/B [Va(y)Plyl|log(1/(L — [y)|*(L — [y |yl

X ( [Tog(1/(1 = [yl/rNI=*" (1 = [yl /r) " lylr— d?“) dy

|yl

< [ IVul)Plolltog(1/(1 ~ [¥D) (2 — by~
< [ip| log(1/(1 — lyl/r) | dy

|yl
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Sﬁ%/wvwwvﬂ—HW”ﬂmkN@,
B

where c3 = 1/(ap).
/ /
Here we see that fc; = ( L >p : # has the minimum ¢é(p) at a = 1/(p+p’). O

1—ap’
5.2. Hardy type inequalities outside the unit ball. For reader’s conve-
nience, we give Hardy type inequalities outside B.

Theorem 5.4. Let p>1and 8 <p— 1. If u € CY(RY) is a function such that
u =0 on B, then

[ Ju@pel = )P Ve < o) [ Va@)P(al - )%l
RN\B

RV\B

where ¢(p) = (p_fﬂ)p.

Proof. Let u € CY(R") be a function such that v = 0 on B. By (2.2) and
Holder’s inequality, we have for f/p < a < 1/p/

(o) < bl ([ 1920101 - 17 v ( // e~ 1 iy

! 1/p a1 ! 1/p’
1 — 1)~ar'+
Skﬂ(/ |vumm%ﬂﬂ_¢ymﬁ) [1_ (rlal =) }
1/|=| ap ‘x| Vlal

= (/0 [Vu(ra)|?(rlz| — 1) dr) " ( L (el - 1>—ap'+1)1/P’

1—apf |z]

1 1/p
< ala ([ I9uGoPrlel - 07 dr) (el - )7,
0
where ¢; = (1 — ap’)~*/?". Hence

[ el = 1 e o
RM\B

1
< 021)/ (/ |Vu(rz)|P(r|z| — 1) (Jz| — 1)(—a+1/p’_1)p+ﬁ‘x|2—N d:L’) dr
0 RN\B

IA

1
([ ITaP = 0 ol 1) dy) 2dn
0 RN\B

IA

1
[ 1o = 0 ([ ol = e te2ar ) ay
RN\B 0

-1 _ 1)-a+87t
(lyl/r—1) ] 0
—ap +f || 0
_ 1)—ap+B
1 (jyl-1) )@
ap — 3 ]

IN

& [ Ty =17 |

IA

OB

de [ IVul)P(sl = 171l dy,
RN\B

where ¢, = (ap — 3)7L.
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Here we see that cfcy has the minimum ¢(p) at a = (1+ 8)/(p+ 7). O

Theorem 5.5. Let p > 1. If u € CY(RY) is a function such that u = 0 on B,
then

/ lu(@)|P|z| N (|z| — 1) log(|z|/(|z| — 1))| " da
RN\B
< ép) /R . V() Pl (Je] — 17 da.

where ¢(p) = (p%l)p.

Proof. Let u € C§(R") be a function such that v = 0 on B. By (2.1) and
Holder’s inequality, we obtain

o)l <lol ([ 19t ogtrlel/ (il = D)FErrlel = DY "
< ([ ogtrlal/lal = D) rolel = 0} ar) v
< fol ([ IVatra)logtrlelfrle] = 1) el = 1) ar ) ”
([ esttal ot - ] )
< cxlal | Tog(Jol/(Ja] — )]+ .

([ 1wutrPtogtrlel kel = 1)1 rtrla] = 1 )
when 0 < a < 1/p/, where ¢; = (1 — ap’)~"/?'. Fubini’s theorem gives
[ T Plal el = 1) ool /(o] = )] 7
RN\B
< [T ([, I7HI el ortlal el = 1)l = 1))
< [ log(Jz)/ (2] — )| (| — 1) logJal/(Ja| — 1)] P i)
= [T TP ol /(] D)~ 1

x log(lyl/(ly| = r)| PR (|y| — )~ dy) dr

< 0713/ IVu(y) PlyP~" og(lyl/(Jyl — 1) (Jyl — 1)P/*
RM\B

1

|yl
X (/ [ Tog(lyl/(lyl = r)I="~*(ly] —r)‘ldr> dy
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SC’f/RN\B\VU(y)Ip\y\”‘N|10g(|y|/(\y\ = )" (ly — 1P

|yl

. [;—;uogum/(\y\ —oyer| dy

1
—des [ Vuly)PloP (sl - 17 dy
RN\B

where ¢3 = 1/(ap).
It remains to see that fcz has the minimum ¢(p) at a = 1/(p + p'). O
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