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Abstract. In this paper, we prove that, under Bandt’s finite type condition, a self-similar set
is totally disconnected if and only if the £-connected families on every level are uniformly finite.

1. Introduction

Let {f;}™, be an iterated function system (IFS) on R? where f; are contractive
similitudes satisfying |f;(z) — fi(y)| = rilx — y| for any 2,y € R* and 0 < r; < 1
which are called contraction ratios. Hutchinson [6] proved that there exists a unique
nonempty compact subset K of R? such that

(1.1) K = Uf,»(K

We call K a self-similar set. By iteration, for each k > 1, we have K = | J;cyu fi(K)
where ¥ = {1,...,m} and i = 4, -- - i, means a finite word, f; = f;, --- fi, a com-
position of maps. We write K; = fi(K). When the contraction ratios are distinct,
we need some modification to make the pieces K; have approximately the same size.
Let » = min; r;. For n > 1, define the n-th level of finite words by

Ap={i=dr-ip:m <0 <wry-ri_ )

Then the self-similar set can be written as

K =] K.

ieA,
If a word i € A,,, we denote its length by |[i| = n. Let W C A,,, we call the family
of sets {K;: i € W} an E-connected family if for any distinct i,j € W, there exist
iy, ..., € Wosatistying i =i;,j =iy and K5, N K;,,, #0, £=1,... k-1

In 1985, Hata [5] first studied the structure of self-similar sets and showed that
a self-similar set K is connected if and only if {K;: ¢ € ¥} is an E-connected family.
Since then, the relevant topological questions on self-similar sets have attracted con-
siderable attention. Many researches involve connectedness, local connectedness and
disk-likeness of self-similar sets or self-affine tiles (see [8][3|[11]|[12][10] and references
therein).
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This short paper is about self-similar sets K which are not connected, but may
contain connected subsets. The following claim is well-known and easily proved:

If there is a connected subset S with more than one point, then there are E-
connected families of arbitrary length.

Indeed, a minimal covering of S by sets fi(K) from n-th level must be &-
connected. The by triangle inequality, the sum of the diameters of the sets f;(K)
must be at least the diameter of S. Thus the number N of the sets must fulfil
|S] < Nrll. K| where rp,, = max;r; and |F| denotes the diameter of the set E.
Therefore, N tends to infinity when n goes to infinity.

However, the reverse of the claim was unknown. In this note we will prove that
if Bandt’s finite type condition (see the definition in Section 2) is fulfilled, then the
reverse of the claim is true. There is a simple example showing that some spearation
condition on the IFS is needed. Let fi(z) = x/3, fo(x) = z/4 and f3(x) = (z+4)/5 be
an IFS on R, then the self-similar set K is totally disconnected since it has Hausdorff
dimension strictly smaller than 1. But we have arbitrarily large £-connected families

sharing one common point.

2. Main result

In order to analyse the topological structure of self-similar sets, Bandt and his
collaborators [1, 2| formulated a separation condition of finite type (here we call
Bandt’s finite type). Let K be a self-similar set as in (1.1). If there are only finitely
many neighbor maps h := ;! fj with KNh(K) # 0 (or equivalently f;(K)N f;(K) #
0) and with i,j € A, for any n > 1, then the self-similar set K is called to be of
Bandt’s finite type.

Bandt’s finite type condition is a direct extension of Lagarias’ condition [9] for
patterns and tilings which states that a tile should have only finitely many neighbor-
hoods of surrounding tiles. On the other hand, Ngai and Wang [13]| have a similar
finite type condition, which differs in Kenyon’s example (see |7|[4]) and in self-similar
sets with incommensurable contraction ratios.

The following result was due to Bandt and Mesing [1]|, which is immediate from
the definition. Here we provide a short proof for the sake of completeness.

Lemma 2.1. A self-similar set K is of Bandt’s finite type if and only if for any
R >0,

#{f L€ An 2> 1, and f7f5(K) N B(0, R) # 0} < oo

Proof. The sufficiency is trivial since there exists a ball large enough such that
K C B(0,R). For the converse part, without loss of generality, we assume 0 € K.
Let i,j € A, and h = f;'f; be a neighbor map of level n if K N h(K) # 0. The
neighbor maps can be generated recursively from level n to level n + 1 in the sense
that if h = fi_l fj, then the neighbor maps of level n + 1 for the pieces Kj, and Kj;,
of K; and Kj, respectively, is given by

g = fi?lfi_lfjf.h = fi?lhfiu

where i1, j; are finite words such that ii;, jj; € A,4+1. Hence we can obtain all neighbor
maps in this way.

If KNh(K) = (), then the distance d(K, h(K)) := inf{|z —y|: x € K,y € h(K)}
is positive, we set d(K, h(K)) > ¢ > 0. For any g = f; 'hf;,, it follows that

d(Kag(K)) - d(fizl<Ki1)7 fi:lh(K.il)) - Tijld(Ki17 h<KJ1)) > E/ril'



A criterion for self-similar sets to be totally disconnected 1157

For any R > 0, the distance can be larger than R by several steps of generating,
and g(K) N B(0,R) = (. That is, the number of neighbor maps h satisfying both
h(K)NK = 0 and h(K)NB(0, R) # () is finite. Suppose Bandt’s finite type condition
holds, then the number of neighbor maps h satisfying both h(K) N K # () and
h(K) N B(0, R) # ( is finite as well. Consequently, the necessity follows. O

Theorem 2.2. Suppose a self-similar set K as in (1.1) is of Bandt’s finite type.
If K is totally disconnected then the £-connected families on every level are uniformly
finite.

Proof. Let R > 3r~!|K| where |K| denotes the diameter of K. We may assume
the origin 0 € K. Let {g;} be the collection of maps of the form f, ! f; satisfying
g:(K) C B(0,R) where i,j € A,,n > 1. Since K is of Bandt’s finite type, by
Lemma 2.1, there are only finitely many of such maps, say, ¢i1,...,gy. Denote
F = U;V:1 g:(K), then F C B(0, R). Note that if K is totally disconnected, then so
is F.

We first claim that: for i’ € A, j € A, with p < n, if £, '(K;) C B(0,2r | K]|)
then f,'(Kj) C F. Indeed, let i’ = i;---i, € Ap,j = ji---jn € A, where p < n.
Clearly

Fir (K5) = fihs, Firio (Kpaoa) © fipvs, fives, (K.

Since | fi; 13, fiv, (K| < r7' K| and f7(K3) € B(0,2r!|K]), it follows that
firks, fivs, () € B(0,3r'[K|) € B(0O, R).

Thus f;'(Kj) is a subset of F by the definition of F.

Now suppose there is an E-connected family {K;;): j = 1,...,k} in level n.
Without loss of generality, we let { K : j = 1,...,¢(k)} be the maximal subset of the
&-connected family such that any two consecutive elements meet and non-consecutive
elements do not intersect. From Bandt’s finite type condition, it is trivial to see that
if k tends to infinity then ¢(k) also tends to infinity. Let i =i;---i, € A,. For
0 < p <n, we define a set

o(k)
Gy = U fi:-l--ip(Ki(j))'
j=1

Then one part of G,, i.e., fizl,,ip(Kim) = Kj, .1, C K C B(0,|K|). Especially,
Go = Uj(:ki Ky ¢ K C B(0,|K]). The diameter of G, is a monotonic increasing
function about p. Moreover, if we take ¢(k) large enough (i.e., £(k) > N +1) then G,
will be not contained in B(0, R) by the argument in the first paragraph. Hence we
can choose a suitable p such that G, is contained in the ball B(0,2r ! K][) but not
contained in B(0,2|K|). The first restriction guarantees G, is a subset of F' by the
above claim. The second restriction implies there is a dg-path in F' from x to y, where
r € K C B(0,|K|),y ¢ B(0,2|K]) (see Figure 1) and r" P | K| < § < r" P HEK]|.
Denote this dg-path by I';.

Next we argue that n — p tends to infinity when k& goes to infinity. Otherwise, if
n — p is bounded by a number ¢, then the diameters of the sets fi:.l__ip(Kim), 1<5<
{(k) are larger than r?™!|K|. This implies that B(0, R) will contain arbitrarily many
cylinders of size r%™'| K|, which is impossible.
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Figure 1.

Hence we have a sequence of dg-paths {I'x} in F', which starts from a point in
B(0,|K|) and ends at a point out of B(0,2|K]|). Let I' be a convergent point of
[’y under the Hausdorff metric dy [6]. Then I' C F and T is connected. Indeed,
for any # € I' and any € > 0, the ball B(x,€) must intersect some I'y and hence
B(z,e) N F # (. That is, z is an accumulation point of F, and then x € F by the
compactness of F. Secondly, if I" is not connected, then I' has a separation I' = AUB
where A and B are nonempty closed sets and thus are compact sets, and

e:=inf{la—0b]: a € A,be B} > 0.

Let Iy, be a d-path such that dg(I'y,I') < €/3 and 6 < €/3. Then Iy, is contained in
an €/3-neighborhood of A and B, and I'; cannot be a §-path. That completes the
proof. O
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