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Abstract. In this paper we strengthen to Morrey-Lorentz spaces the famous trace principle
introduced by Adams. More precisely, we show that Riesz potential I, is continuous

1
el e gy S Ml 1wty

if and only if the Radon measure du supported in 2 C R™ is controlled by
[1ls = suwp  r Pu(B(z,r)) < oo
zeR™, r>0
provided that 1 <p < ¢ < cosatisfiesn—ap < <n,a= 3§ — % and %* < %. Our result provide
a new class of functions spaces which is larger than previous ones, since we have strict continuous
inclusions B, ., < LA>® — Mg‘ > M) asl<p<\<ooand s € R satisfies % —2 =1 Ifdp

b, n
is concentrated on OR', as a byproduct we get Sobolev-Morrey trace inequality on half-spaces R}

which recovers the well-known Sobolev-trace inequality in LP(R' ). Also, by a suitable analysis on
non-doubling Calderéon—Zygmund decomposition we show that

1Mo fll e,y ~ Hafllae g

provided that u(B,(z)) ~ r® on support spt(u) and n —a < 8 < n with 0 < @ < n. This result
extends the previous ones.

1. Introduction

It is well known that doubling property of measures p plays an important role
in many topics of research in analysis on euclidean spaces, essentially because Vi-
tali covering lemma and Calderéon—Zygmund decomposition depend of the doubling
property pu(Bar()) < (B, (z)) for all z on support spt(u) of measure p and r > 0.
Recently it has been shown that fundamental results in harmonic analysis remain if
doubling measures is replaced by a growth condition, namely,

(1.1) w(By(z)) S CrP forall x € spt(u) and 7 >0,

where the implicit constant is independent of © and 0 < 8 < n. For instance, we
refer the pioneering work on Calderén-Zygmund theory for non-doubling measures
[32, 33, 34] and [27]. According to Frostman’s lemma |25, Chapter 1], a measure pu
satisfying (1.1) is close to Hausdorff measure and Riesz capacity of Borel sets 2 C R™.
Essentially Frostman’s lemma states that Hausdorff dimension of a Borel set 2 C R"
is equal to

dimy,Q = sup{f € (0,n]: I € M(£) such that (1.1) holds}
=sup{f > 0: capg(£2) > 0}
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where Ag(£2) denotes the 3-dimensional Hausdorff measure and capg(€2) denotes the
Riesz capacity,

caps(@) = sup { i) s Balo) = [ [ o= ol dute) duty)

for finite Borel measure u}.

The LP-Riesz capacity on compact sets

Cap(E) = inf{/n |f(x)[Pdv(z): f>0and I,f(x) > 1 on E},

plays an important role in potential analysis, where I, is defined by

I.f(x) = Ca,n/ e —y|* " f(y)dv(y) ae. z€R" as 0<a<n

and dv stands for Lebesgue measure in R". It is well known from [6, Theorem 7.2.1|
and |5, 11, Theorem 1| that a necessary and sufficient condition for Sobolev embed-
ding

Eg(R") < LU )

on the “lower triangle” 1 < p < g < o0, 0 < a <n and p < n/a is given by the
isocapacitary inequality

(1.2) WE) S [ap(E),

whenever E is a compact subset of R"™ and p is a Radon measure in €2. Since
Cop(Br(x)) =2 r"°P then (1.2) implies the growth condition (1.1) with § = g(n/p —
a). Capacity inequality is very difficult to verify even for compact sets, then one could
ask: does the embedding LS(R") — L1($, ) still hold if (1.2) is replaced by (1.1)?
In [3, Theorem 2| Adams gave a positive answer to this question as 1 < p < g < oo
and 5 = q(n/p — «) satisfies 0 < f <n and 0 < a < n/p. This theorem has a weak-
Morrey version [4, Theorem 5.1] (see also |35, Lemma 2.1]) and a strong Morrey
version [22, Theorem 1.1]. Let us be more precise. The Morrey space M*(Q, du) is
defined by the space of p-measurable functions f € L"(£2 N Bg) such that

_g(1_1 ., r
></ ) duLQ) < o0,
x €spt(p), R>0 Br

S 1=

Il mecoam = sup R g

where the supremum is taken on balls Br(z) C R", 1 < r < /¢ < oo and § > 0
denotes the Housdorff dimension of Q. In [22] the space M’ (du) is denoted by
L™*(dp) with x/r = n/¢ and in [13] is denoted by M, .(dp) with (n — k)/r = n/L.
The Morrey—Lorentz space ./\/I?S(Q, du) is defined by space of p-measurable function
f € L™ (2N Bg) such that

_p(i_1
(1.3) 1fllme am = sup R G| fllre(anay < 00,

z €spt(u), B>0

where L™*(Q2 N Bgr) denotes the Lorentz space (see Section 2) defined by

nlo(Br) s dt
e O A O

0 [
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where d¢(t) = p({z € QN Bg: |f(x)| > t}) and p|o(Br) = u(2N Bg). According to
[4, Theorem 5.1] if the growth condition (1.1) holds and 1 < p < ¢ < oo satisfies

(1.4) %S%v O<Oé<§, n—ap<pf<n and )\ﬁ*zg_a’
then
(1:5) Io: MY(R™, dv) = My (2 dp)

is a bounded operator. Since Morrey space is not closed by real interpolation, the
weak-trace theorem [4, Theorem 5.1| does not imply the strong trace version

(1.6) a1l v gy < ClUS I aty(a)-

However, by using Lemma 4.1-(i), continuity of fractional maximal function M, :
LP(R™) — LPP/(=)(Q) du) and atomic decomposition theorem in Hardy-Morrey
space b (dv) = HM)(R™, dv),

£ 1oy =

sup |g0t>i<f|H < oo with ¢, =t "p(z/t) for ¢ € S(R™) and f € §'(R"),
te(0,00) M

Liu and Xiao [22, Theorem 1.1] showed that I,: h)(dv) — Mj=(dp) is continuous
if and only if the Radon measure p satisfy [u]s < oo, provided that 1 < p < ¢ <
oo satisfies (1.4). In particular, Liu and Xiao shown the strong trace inequality
(1.6) and since My*(du) C My (du) they get immediately a version of (1.6) with
weak-Morrey norm in the left-hand side. However, according to Sawano et al. |17,
Theorem 1.2] there is a function g € M) _(R") such that g ¢ M}(R") and [22,
Theorem 1.1] cannot recover this case. This motivates us to study trace inequality

in Morrey—Lorentz spaces. In particular, under previous assumptions (1.4) we show
that

Io: M) (R", dv) — M (9, dp)

is continuous if and only if the Radon measure u satisfy [u]s < co. Then we provide
a new class of data for the trace theorem (see Theorem 1.1). The Lorentz space LP»*
and functions space based on LP* have been successful applied to study existence
and uniqueness of mild solutions for Navier-Stokes equations. The main effort in
these works is to prove a bilinear estimate

(1.7) | B(u, v) || Lo ((0,00):3) S 1l zoo (0,000 1121 o ((0,00):)

without invoke Kato’s approach, see [13] for weak-Morrey spaces, see [14] for Besov-
weak-Morrey spaces and see [36] for weak-LP spaces. For stationary Boussinesq
equations, see [15] for Besov-weak-Morrey spaces and see [16] for weak-LP spaces.

Choosing a specific b;—atom and using discrete Calderéon reproducing formula
in Hardy—Morrey spaces, from atomic decomposition theorem the authors [23] char-
acterized the continuity of I,: [);,‘(dy) — f)f]‘*(d,u) by using the growth condition
[u]s < oo, provided that 0 < p < ¢ < 1 satisfies (1.4). Meanwhile, it should
be emphasized that M,  # b7. Indeed, according to the Fourier decaying |f(§ )<
€7D Fllgawy (see [2, Theorem 3.2]) every distribution f € by satisfy [, f(z) dx
=0 when 0 < p < A < 1 which implies |z[~"/* ¢ b}, however |z|™"/* € M) .

If dy is a doubling measure and satisfy [u]s < oo, the authors of [24, Theorem 1.1]
showed that I, is bounded from Besov space B;oo(R",dl/) to Radon-Campanato
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space Ef]‘* (u) for suitable parameters p, ¢, A, and 0 < s < 1. Note that we have the
continuous inclusions (see [10, pg. 154] and [21, Lemma 1.7])

(1.8) S — BY = LM < M) — M)

p,00?

where 1 <p < A <ocoand s € R satisty L—2 — £ In fact, the inclusions in (1.8) are

strict and then ./\/l)‘ is strictly larger than Besov space BS . So, our Theorem 1.1
extends the prev1ous trace results even when du is a doubhng measure.

Theorem 1.1. Let 1 < p < A < oo and 1 < ¢ < A\, < o be such that
g/ <p/Xforalln—3dp < <nandl<p<gq<oo. Then

1
175 sy S DD 17N ns

if and only if the Radon measure dy satisty [u]s < oo, provided that § = § — /\‘%,
0<d<n/Aandl <l<s<owors=/{=00
A few remarks are in order.

Remark 1.2. (i) (Hardy-Littlewood—Sobolev) Theorem 1.1 implies

Mo fllyss < DAY 1L,

for dyy = dv and 8 = n. So, our theorem extend Hardy—Littlewood—Sobolev
[28, Theorem 9| for weak-Morrey spaces. However the optimality of /A, <
p/A is known only for Morrey spaces |28, Theorem 10].

(ii) (Regularity on Morrey spaces) If u is a weak solution to fractional Laplace

equation (—A)%u = f in R",

(=A)2u(z) := C(n,§) P.V. / Mdu( ) with 0<§ <2,

|z — y[nto

then u € M%(€, dp) if provided that f € M) ,(R", dv). Indeed, u = I5f is

a weak solution of (—Ax)2u = f because
(=8P 3) = | Olle(©)ds = | F©p(€)ds = (£.7)

for all ¢ € S(R™). Then, Theorem 1.1 give us desired result.
(iii) (Adams’ trace to surface-carried measures) Let € be a compact smooth sur-
face with nonnegative second fundamental form and

du(§) = /Q e 2T dyy

the Fourier transform of a measure p supported on €. If 2 has at least k
non-vanishing principal curvatures at spt(u), the stationary phase method
(see Stein and Shakarchi [31, Chapter 8|) gives the optimal decay

)| S lel72 as ¢ > 1.
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Let ¢ € S(R™) be nonnegative, ¢ 2 1 on B(0,1) and ¢ =0 on R™\B(0,r)
for some 7 > 0. Choosing ¢, ,(y) = ¢(*=*) we have

T

(B ()] S

[ ot = | [ Gem-e de

HEWT(—E /) dE < r% b -5
g/|§|<r|¢<f>uu< /)| de < / B¢ de

lg|<r

<R for all x € spt(p).

It follows from Theorem 1.1 that || L5 f | v (.4 S [[u]]i% £l as2 . if provided
4,5\ p,
that f € M),

Employing non-doubling Calderon—Zygmund decomposition [33] we obtain the
suitable “good-\ inequality” (see (3.5))

D (@) < pl{: (af () > Bet/4}) + € 3 (@) with s = 477%

J

provided that u satisfy (1.1), where (I, f)* denotes the (noncentered) sharp maximal
function and {Q;} is a family of doubling cubes, see Section 3.1. Then, by a suitable
analysis we have the norm equivalence (see Theorem 3.5)

(1.9) ]|Maf||M;l(dp) ~ ||]af’|./\/l;"e(dp)

provided that Radon measure u satisfies p(B,(x)) ~ r? for all x € spt(u), where
0 < a < nsatisfy n —a <  <n and M, is defined as (centered fractional maximal
function)

Maf(o) =supr ™ [ |fy)]d
r>0 ly—z|<r
for all locally integrable function f € L{. (R",dv). It should be emphasized that (1.9)
is understood in sense of trace, since M, and I, are defined for f € L] _(R", dv) with
Lebesgue measure dv. In particular, when dp coincides with Lebesgue measure dv,
this equivalence recovers |7, Theorem 4.2] for Morrey spaces. The proof of (1.9) is
involved, because it requires a suitable analysis of non-doubling Calderon—-Zygmund
decomposition to yield “good-\ inequality” (see Lemma 3.3) as well as the suitable

pointwise estimate (see Lemma 3.4)
M1 f(2) S Maf (2)

whenever p(B,(z)) ~ rP, where M denotes the (centered) sharp maximal func-
tion. Note that (1.9) and Theorem 1.1 yields a trace principle for M; if and only
if u(B,(z)) ~ r?. However, the “if part” of trace principle for Ms can be obtained
directly from pointwise inequality M;sf(z) < Is|f(x)| and Theorem 1.1. The “only if
part” is derived from the same technique used in Section 4.2.

Corollary 1.3. (Trace principle for Ms) Let 1 <p< A< oo and1 < g <A, <
oo be such that q/A. < p/X for alln —dp < B <nand1 < p < q < oo. Then,

Ms: M;Z(Rn,dl/) — ./\/l;\* (Q, du) is continuous

,S

if and only if [[,u]]ﬁ<oo,foral]éz%—/\%,0<5<n/)\and1§£<s§oo.
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It is worth noting from an integral representation formula that ||Zpf| L. S
sl fll zr(mny is equivalent to the trace inequality (see [26, Corollary, p. 67])

(1.10) (f \f(x)\qdu)% < Tl e

where || fllwro@ny = 22 1<p 1DV fllown) forall 1 <p < ¢ < ocoand 8 =q(n/p—k) >
0 with 0 < k < n. If Q is a WkP-extension domain, that is, if there is a bounded
linear operator &: W*P(Q) — W*P(R") such that & flq = f for all f € WrP(Q),
then (1.10) yields the Sobolev trace inequality

(/Q |f(x)|qd“)% S [ullsll fllweee)

provided that g is a measure on © such that sup,cgn o7 ?u(Q N B.(2)) < oco.
From [30, Theorem 5, p. 181] it is known that Lipschitz domain is a W*P-extension
domain. Moreover, it is also known that (e, §)-locally uniform domain is a WHP-
extension domain for all 1 < p < oo and k € N (see [19] and [29]). Let us move to
Sobolev-Morrey space WP(§2) which is defined by

1/p
oy = s (7 [ jwspa)
z€Q,r>0 B ()N

for all f € L}, .(Q) and p € [1,n]. Employing a slight modification to the extension
operator &, of Jones [19], the authors of [20] showed that an e-uniform domain is a
W!P-extension domain. Since Q = R is a uniform domain, if dy is supported on
OR" then from Theorem 1.1 (or [22, Theorem 1.1]) in Morrey spaces with f =n —1
and integral representation formula [4, (3.5)] we obtain the Sobolev—Morrey trace
inequality:

(1.11) 1F (=" 0)I] s < ClIVA vy @e)

Mg "N (ORR da’) P

provided that 1 < p < A <nand p < g < An—1)/(n—\). However we cannot
apply directly [20, Theorem 1.5(i)] to yield (1.11), since || fllwir®n) = [V fllrmpwe)
and A = n. One could ask: does the Sobolev trace embedding (1.11) holds for Morrey
spaces or weak-Morrey spaces? As a byproduct of Theorem 1.1 and Calderén-Stein’s
extension on half-spaces (see Lemma 5.1) we give a positive answer for this question.

Corollary 1.4. (Sobolev—Morrey trace) Let 1 <p< A <nandl <q <\, <0
be such that ")\—_1 =% —1 and q/\. <p/)\. Then
||f($,> O)HMQ;(aRi,dy) <C vaHM;,d(Ri) )
foralll<p<g<ooandl1 <d<s<ooors=/{=o0.

The paper is organized as follows. In Section 2 we summarize properties of
Lorentz spaces. In Section 3 we deal with non-doubling CZ-decomposition for poly-
nomial growth measures and estimates for sharp maximal function. In Sections 4
and 5 we prove our main theorems.

2. The Lorentz spaces

Let (2,8, 1) be a measure space endowed by Borel regular measure du. The
Lorentz space LP4(€2, i) is defined as the set of u-measurable functions f: Q — R
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such that

. [d 1) 1o ov a dt %_ () , 4 ds i
21) e = (};/0 (177 (1)) 7) = (p/o [sPdg(s)]P ?) < o0

forall1 <p<ooand 1 <d < oo, where
f7(t) =1inf{s > 0: ds(s) < t} and ds(s) = u({z € Q: |f(x)| > s}).
For 1 < p < oo and d = oo, the Lorentz space LP**°(€, u1) is defined by

(2.2) fllznee = sup t/2f5(t) = sup [sPdys(s)]"P.
0<t<p(82) 0<s<p(82)

The Lorentz space LP4(, du) increases with the index d, that is,
Pt ey [P ey [P ey [P ey [P0
provided that 1 < d; < p < ds < co. More precisely, we have the following lemma.
Lemma 2.1. (Calderon) If 1 < p < oo and 0 < ¢ < r < oo, then || f| e <

(/D) || fll v

The quantities (2.1) and (2.2) are not a norm, however

d [ ar\’ 1
11110 = (5/0 [t””f”(t)]d%) < oo with fi() = 5/0 fi(s)ds

defines a norm in LP%(€), du) and one has

% p %
£ 1500 < NFpa < —— 1170
p—1

forall 1 < p<ooand 1 <d < oo. The following lemma is well-known in theory of
Lorentz spaces.

Lemma 2.2. (Hunt’s Theorem [9]) Let (M, 1) and (Ms, us) be measure spaces
and let T be a sublinear operator such that

T f Nl avss (aty ) < Cill fllLrirs (Modue)  for i=0,1

for all py # p1 and qo # q1. Let 0 < @ < 1 be such that 1/p = (1 —0)/po + 0/p1 and
1/g=(1-0)/q0+ 0/q, then

1T f 1| o vty iy < CoCL L flloor vtz )
provided that p < g and 0 < r < s < oo, where C; > 0 depends only on p;, q;,p, q.
3. Maximal functions and non-doubling measure
In this section we are interested in proving the estimate
HIaf||M;l(du) 5 ||Mﬁ]af’|./\/l;"e(dp)

for every Radon measure u satisfying (1.1), where M*®f(x) := f*(z) denotes the
uncentered sharp maximal function

(3.1) o) = s {o / 1 = foldu

and fo = ﬁ /. 0 fdu. Also, we are interested in proving the estimate

MWL f(x) S Mo f(2)
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when the Radon measure u satisfy u(B,(z)) ~ 7%, where vk f(x) := fi(z) denotes
the centered sharp maximal function

(32) Pl =swp{ -t | = al in}.

3.1. Non-doubling CZ-decomposition. Let us recall that a cube  C R" is
called a (7, 7)-doubling cube with respect to polynomial growth (1.1) of the measure
py if w(rQ) < yu(Q) as 7 > 1 and v > 7. According to [33, Remark 2.1 and
Remark 2.2| there are small/big (7, 7)-doubling cubes in R™.

Lemma 3.1. [33] Let i be a Radon measure in R™ with growth condition (1.1),
then

(i) (Small doubling cubes) Assume v > 7", then for p-a.e. x € R™ there exists
a sequence {Q;}; of (7,7)-doubling cubes centered at x such that ¢(Q);) — 0
as j — oQ.

(ii) (Big doubling cubes) Assume v > 77, then for any x € spt(u) and ¢ > 0,
there exists a (7,7)-doubling cube @) centered at x such that ((Q) > c.

Let f € Ll () and X > @HfHLl(QO) be such that Qy = {z € Qo: |f(z)] >

A} # @. From Lemma 3.1-(i) and Lebesgue differentiation theorem, there is a
sequence of (2,2")-doubling cubes {Q;(z)}; with ¢(Q;) — 0 such that

1
w(Q;)

for j sufficiently large. Since there are big (2,2""!)-doubling cubes Q;, then

1 122
dp < 222 W
1(Qy) Qjm "= Q)

sufficiently large. In other words, for p-almost all x € R™ such that | f(z)| > A there
is a (2,2"")-doubling cube Q" € {Q,}.cq, With center x = z¢g such that

< n+1
g o 1< A2
Moreover, if @ = Q(x) is a (2,2""!)-doubling cube with sidelength ¢(Q) < £(Q’)/2

then
— d .
QL£U|M>

Hence, a non-doubling Calderén—Zygmund decomposition can be obtained. To sim-
ply, a doubling cube Q mean (2,2""!)-doubling cube.

[fldp> A

<X for pu(Q;) >c¢

Lemma 3.2. (Non-doubling CZ-decomposition [33|) Let the Radon measure u
satisfy (1.1). Let Q be a doubling cube big so that A > @fQ |fldp for f €

L'(u)(Q). Then, there is a sequence of doubling cubes {Q;}; such that

(i) \f( <A for xeQ\U,;Qj, prae.,
(i) A < 255 fQ |[fldp < 4"FEA,
(i) U QJ = Ule]:k 5

where the family Fi, = {Q%} is pairwise disjoint.
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Proof. This lemma is a consequence of Besicovitch’s covering theorem and has
been proved by Tolsa [33, Lemma 2.4|. Note that [33, Lemma 2.4] with = 4 implies

1 :U(an) 1 ,U(77Qj) on+1
w(Q;) Qjmdug 1(Q;) (u(an) /nczj|f|du> = 1(Q;) (u@n@j) /an|f|d“>

S 41’L—|—1)\7

thanks to £(2nQ;) < 2" u(nQ;) and p(4Q;) < 4" u(Q;). B

3.2. Estimates for sharp maximal function. Inspired in [12, p. 153]| we
prove the following lemma.

Lemma 3.3. Let p be a Radon measure in R™ such that [u]s < co for 0 < g <
n. If I,.f € LL (du) for 0 < a < n, then

loc

(33) M g < IVl

forevery 1 <p<A<ooand1l </ < o0.
Proof. Let Q9 € R™ be a doubling cube. Applying Lemma 3.2 with [,f €

Li,.(1#)(Qo) and t = X we obtain a family of almost disjoint doubling cubes {Q%} so
that
1
(3.4) t< —/ |Iof|dp < 4"
M(Q;—) Qt

and I, f(r) <tasz ¢ |J; Q) p-a.e. The main inequality to be proved reads as follows
(85) Y w(@)) < pl{r: (Laf)H(x) > 3et/a}) + ey (@) with s =472
J J

for all € > 0. Indeed, let s = 47"t and F; be the family of doubling cubes {Q3} of
the C'Z-decomposition associated to s and satisfying

(3.6) Q:c {x € Qo: (I f)(x) > %}

and let 7, be the family of doubling cubes such that Q3 & {z € Qo: (Iof)*(z) >
3et/4}. If Q € Fo, obviously one has (I, f)*(z) < 2 for 2 € @ and right-hand side
of (3.4) implies (I,f)g = ﬁ JoIafldp < 47*1s = /4. Now from left-hand side of
(3.4) one has

S @) < Y /Q T f ()] di

QtcQ Q5cQ
< S [ 1@~ (faldu+ (o 3 #(Q))
Qic@ 79 @;cQ

< /Q 1t () = Infel di+ (If)g 3 u(@))

QiCQ

Q)+ S (@),

QicQ
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Hence, summing over all cubes () € F,, we have

(3.7) ST u@) <e > u@).

QEF? QgcQ QEF2

If Q € Fi, trivially (3.6) gives us

DD ul@) <) u({r e Qo (Laf)i(w) > 3et/4} NQ)

QEF1 Q;CQ QEF1
(3.8) < pu({z € Qo: (I f)f(z) > 3et/4}).

Since

) = (z + z) S @),

J QeF1 QeF Q;cQ

from estimates (3.7) and (3.8) we obtain the good-A inequality (3.5).
Now let dy, ¢(t) = p({z € Qo: Iof(x) > t}) be the distribution function of I, f,
then by CZ-decomposition we have

dr g () < plt) == (@)
J
thanks to Lemma 3.2-(i). Now fix N = p|o(Bg) and invoke (3.5) in order to infer
N ¢ N £ N 4
p / tp()]r dt Sp / 1 [dr, gy (Bet/4)]7 dt +p / tHep(47"2t)] P dt
0 0 0
3eN/4 ¢ . N4—n=2 .
= (4/3¢)'p / E7 [dig e (D]7 de+ 40 erp / t p(t)]» dt.
0 0

Now choosing € > 0 in such a way that er 40D — 1/2 we obtain

%’/0 #1 [p(t)] 7 dt,Sp/O t [dira e (t)]

Since dp, ¢(t) < p(t) we estimate

(11 pla(Br) - ¢
”Iafo\/(;l(du) = sup R fﬁ(p A) (p/ 1 [djaf(t)]p dt)

z €spt(p), >0

ula(Br)
< sup  RUG) <p / 1 [d(,af)u(t)}ﬁdt>
0

Bl

dt.

[e=]

z €spt(p),R>0
= H (Iazf)jj Hi/l:;,l(d#)’

as required. The case ¢ = oo is achieved without great effort. U

Lemma 3.4. Let i be a Radon measure such that j(B,(x)) ~ r? for allz € R"
and r > 0. If f € L. (dv) is such that I,f € L} (du) when 0 < a < n satisfy
n—a<f <n, then

ML f(x) S Maf(x).
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Proof. Taking f' = fXB(o2r) and f” = Xrr\B(ao,2r) from Fubini’s theorem and
[6, Lemma 3.1.1] we estimate

/|m _w0|<rllaf’(x)|du(x) S /| e ( /|y _m0|<2rly—x|a—"| f(y)|d1/) dp()

< /| . ( / - xl“‘"du(f)) £ (w)ld

o R A I

< [ulor" 2] / £ dv < Tulls 1By (20) Maf (a0),

ly—zo|<2r

which yields Mﬁla f(xo) S [pllgMaf(x0). Now from mean value theorem we have
[l = 2" =y — 2* 7" S|z — |
for |x — x| < r and |y — zo| < r. Hence, Fubini’s theorem implies

(Lo f")(2) = (Taf") B, (00|

< , 2 — ol () V1 £(2)] dv
M(BT) |z—xo|>2r ly—zo|<r ’
S B R PO
|z—x0|>2r

0| Ol
2

=1 ¥ 2Fr<|z—ao|<2F 1y

which yields

e 7 — su 1 (1) — " T ~
Vtuf ) =sp s | M0l @) = U it 40(0) £ Maf ),

as required. O

Theorem 3.5. (Trace-type equivalence) Let u be a Radon measure such that
w(B,(z)) ~rP forallx € R® andr > 0. If f € L}, (dv) is such that I,f € L}, (du)

whenever 0 < o < n satisfy n — a < 8 < n, then

||Maf||./\/l;,£(d,u,) ~ ||]Ozf||./\/l;,£(d,u)7
foralll <p<A<ooandl </ <oo.

Proof. Note that Lemma 3.3 is true with centered sharp maximal function Mﬁla f.
Since M, f(x) < I, f(x), by Lemma 3.3 and 3.4 we obtain

Lemma 3.3

S
(39)  [IMaflaer, S Hafllrey, S HMI‘“f

Lemma 3.4

< IMaf gy,

‘ A
M2,

which is the desired result. O
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4. Proof of trace Theorem 1.1

Let us recall the pointwise estimate between Riesz potential and fractional max-
imal operator.

Lemma 4.1. Let f € L (R",dv) and B(z,r) C R"™ a ball with radius r > 0.

loc
(i) f0 <y <d <a<mn, then

~

£ (2)] S [Mof(2)]5 (M, f(2)]' "5, Yz eR"

(i) If 1 <p < oo and 1 <k < oo, then
1_
(Bl )] / WIS sty

In particular, (My/»f)(z) S || fllre (), for all p < A < oo.

Proof. The item (i) was obtained in [22, Lemma 4.1]. To show (ii), first let us
recall the Hardy—Littlewood inequality

v(B(z,r))
/ |f(y)g(y)|dv < / ) g*(¢) dt.
B(a,r) 0

This inequality and Holder’s inequality in L*(R, dt/t) give us

V(B(z.r) &
[ @lars [ ()
B(z,r) 0 t

1 1
v(B(,r)) N v(B(z,r) , | kdt\*
< / <t1_5> d / (tif*(t)) at
0 t 0 t
_1
S (B, o) I fll o ()
as desired. O

Now, we are in position to prove Theorem 1.1.

4.1. The condition [u]s < oo is sufficient. For v € B, = B(zo, p) with
p > 0, let us write

@ = [ e e+ [ e )

y—z|>p
= Isf'(x) + Isf"(x),

where f' = XB(o20)f and f" = f — . If y € R"\B(x0,2p), using integration by
parts and Lemma 4.1-(ii), respectively, we have

o d
i< [T ([ )
0 z,8
ds

S [ S AB I e
p

< (75 008) Wlag o S 05 gy
p
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in view of 0 < § < n/\. Therefore, (I5f")*(t) < o5

fll M () and we can estimate

, s_n w(B(zo,p)) . s
1755 asetotanman S 6 R gy cvna { | Fi e

n 1
< 075 u(B(xo, p))7 Hf||MAK(du)
B_8
(4.1) < pr [[M]]ﬁ 1 11ae ca)
thanks to § = § — /\ﬁ and ju(B(zg,7)) < [u]sr?, for all 2y € spt(u) and r > 0. Since

n—_> n
5 < —
» < <)\

we can ensure the existence of v such that (n — f)/p < v < § < n/A which yields
n—pf3 < yp < np/\ < n. Hence, for y € B(xg,2p) we invoke Lemma 4.1 with
a =n/\ and estimate

I f'|| o (5o ) < |1,
Vo canan SV [P
1-9=
= M ,
= A P T
in view of | |g/°res = |95 for b =1— i;_'ff. Now, since ¢ < s and b =

(1 —2=2) € (0,1) we can choose 7 close to & such that ¢ < sb. It follows from

o—

Calderén’s Lemma 2.1 that
_ b
(4.2) 1 s f' 1| Lovs (Bo.0).di) S ||f||}\4§7£(d,,) Hva,Hqu,‘Z(B(wo,P)vdﬂ) '

Now from real interpolation (see Lemma 2.2) and trace principle [3, Theorem 2| in
LP(dp) we will show that

o
(4.3) M, /| ey S TelE PN F | oo )

for all f/ € LP*(dv) whenever 1 < p <P = ¢b = Bp/(n—p), 0 < B < n and
n—f <vyp<mn. Indeed, let 6 € (0,1), po < p < p1 and py < p < p; be such that

1 1-6 0 1 1-6 0
- = +— and - — + —,
p Po N p Po P1
Bpi

where 1 < p; <p; = 2=, 0< B <nandn—f <vyp; <n,i=0,1. Hence, from
pointwise inequality M., f’ ( ) S L f'(x)] and [3, Theorem 2| we have

1/p; .
||M'\/f/||L73i’5i(Bp,du) 5 ||I’yf/||L73i’5i(Bp,du) < [[M]]ﬁ/p ||f,||Lpi'pi(R”,dl/)> 1= Oa ]-7

provided that the Radon measure p satisfies [u] 3 < oo. Therefore, thanks to Hunt’s
Theorem (see Lemma 2.2)

0 0
1M F N mey ) S TSP Ly P 1 N e gy = DD 5PN | omeany a8 1 < € < o0,
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where 1 <p<p=pp/(n—7p),0 < B <nandn—L <~yp<n, as required. Hence,
we can inserting (4.3) into (4.2) to yield

b b
s f llzosBaoman S IS men, ay 1115 S W g

b b
= || II% W@M”wm@mmw
b n_mn _ o=
5@M%pﬂl N F ey e,

_L)
Py

Q=

(4.4) — [l o

where the equality (4.4) is a consequence of (4.5) and (4.6) below. Indeed, note that
by a =n/X and § = n/\ — B/, the request

(4.5) qb:q<1_5_7):p: bp

is equivalent to

(4.6) pB (1—%):% (1—%)—%(1—%).

Hence, we obtain

(ﬁ_ﬁ) (1_5—7)@12(@_@
p A a—v g\p A
61 1

|f||M2Ye(R",du)a

Note that (n — 5)/p < v < 6 < o implies 0 < b < 1. From estimates (4.1) and (4.4)
we obtain

11 1
pr i) e S D05 1 a3
which is the desired continuity of the map Iy: M ,(dv) — My~ (2, dp). O

4.2. The condition [u]s < co is necessary. Let B(zg,7) C R" be a ball
centered in zo and with radius r» > 0. Choosing f = XB(,,») When x € B(zo,r) we
can estimate

Ushe) = [ o=y "X () ()

=/)I & — " du(y) = P u(Blzo, ) = O
y—xo|<r

thanks to |z — y| < 2r for y € B(xg,r). The previous argument implies that the
estimate (Isf)*(t) = r° hold for 0 < t < u(B(xo,r)). Hence, using (2.1) (see also
(2.2)) we obtain

Al

(B(zo,r)) s n B
(4.7) ||[5f||Lq'S(B(mo,r),du) Z r® (/ tE_lds) = CTX_K[M(B(:L'Q, 7“)]
0
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Since I5: M (dv) — M (dp) is bounded and ||XB(xo7r)||M;l(Rn) — Or"/*, then
(4.7) implies that

B
q

Q=

p(B(xo, 7))
which yields p(B(zo,7)) < r? as desired. O

n 11 n
rx Z ||]5fHMc>1\,§(du) Z TB(A* q)HI5fHquS(B(mo,T),du) Z A

5. Proof of Corollary 1.4
The Calder6n-Stein’s extension operator £ on Lipschitz domain (2 is defined by
Ef = fin Q and
Ef(x) :/ f(2 2, + 55 (x))(s)ds on R™Q
1

where 1) is a continuous function on [1,00) such that ¢(s) = O(s™") as s — oo for

every N,
/ YP(s)ds=1 and / s*p(s)ds =0, fork=1,2,--
1 1

and 0*(r) = 2cA(x) is a C*°-function comparable to d(z) = dist(x,Q), see |30,
Theorem 2|. On half-space R one has 6*(z) = 2z,, and we have

(5.1) Ef(d x,) = /100 f(@' (1 —28)z,)(s)ds if x, <0

provided that the above integral converges. The proof of the Lemma 5.1 below is
similar to [1, Lemma 3.1|, we include the proof for reader convenience.

Lemma 5.1. Let n > 2 and f € L{, (R'}) such that Vf € M) ,(R'}), then
vafHM;’d(R") < CvaHM;’d(Rﬁ)

for1<p<A<ooanddEe€|[l, .

Proof. For each 2/ € R"! fixed and multi-index «, the scaling property
1D () laay, =75 1l
yields
(6% [e% -1 (0%
[Df(-, (25 — l)zn)HM;’d(R’}r) = (25 — 1)' =3 1D f('>$n)||M;7d(R1)'
It follows that

0
azn gf 1 {zn<0}

M) (R™) ’ MR

/1 T O f( (25 — D )i(s) ds
< [ 110,110 25 = D)l gy 15 s

< ([ = 0211 ds ) 10l e
<C HaanM;’d(Ri) )

because |1 (s)| < Cs™ for all N implies

/00(28 — 123 |(s)] ds < C/oo(s —1)0-1s70-W=0) g5 — CB(H, N — 6)
1 1
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where 3(6, N — 6) denotes the beta function and § = 3 — 1/\. Since £f = f in RY,
then ||vgf]]'{$n20}||M;’d(R”) = ||Vf||ngd(R1) and, moreover,

102,€ £ 1 ancoll iy ey < ( / (25 — 1)' "3 [0(s)| ds) 192, fllagy s

<C HamijM;,d(Ri)

forall j =1,--- ,n— 1, as required. O

Thanks to Theorem 1.1 on R’} with 3 = n — 1, integral representation formula
[4, (3.5)] and Lemma 5.1

16 Ol omsy < CIVE S rny < CIV FlLugs,
as desired.
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