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Classification criteria for regular trees

KHANH NGUYEN

Abstract. We give characterizations for the parabolicity of regular trees.

Luokitusehtoja sdanndllisille puille

Tiivistelm&. Esitimme sddnnollisten puiden parabolisuudelle yhtéapitdvia ehtoja.

1. Introduction

Let us begin with the uniformization theorem of Klein, Koebe and Poincaré
for Riemann surfaces. The celebrated theorem says that every simply connected
Riemann surface M is conformally equivalent (or bi-holomorphic) to one of three
Riemann surfaces: the half plane H? (surface of hyperbolic type), the complex plane
R? (surface of parabolic type), the Riemann sphere S (surface of elliptic type). Then
M admits a Riemannian metric g with constant curvature. A simply connected
Riemann surface is said to be hyperbolic if it is conformally equivalent to H?, otherwise
we say that it is parabolic.

Let M be a simply connected Riemann surface with Riemannian metric g. A
C?-smooth function u defined in M is superharmonic if

—Au>0

where A is the Laplace—Beltrami operator associated to the Riemannian metric g.
It is well known that every conformal mapping in dimension two preserves super-
harmonic functions (see |1, Page 135]). Since H? possesses a nonconstant nonnegative
superharmonic function and every nonnegative superharmonic function on R? or S
is constant, it then follows that there is no nonconstant nonnegative superharmonic
function on (M, g) if and only if M is parabolic.
Let K be a compact subset in (M, g). We define the capacity Cap(K) by

Cap(K) = inf {/ |Vul?dm,: u € Lipy(M), u|x = 1}
M

where Lipy (M) is a set of all Lipschitz functions with compact support on M, and m,
is the Riemannian measure associated to g. Then there is a nonconstant nonnegative
superharmonic function on M if and only if Cap(K’) > 0 for some compact subset K,
(see |7, Theorem 5.1] for Riemannian manifolds). It follows that the parabolicity of
a Riemann surface M can be characterized both in terms of capacity and superhar-
monic functions. By this reason, in the setting of Riemannian manifolds or metric
measure spaces, one defines parabolicity either via capacity (see [12, 14, 15, 16])
or via superharmonic functions (see [7] and also references therein). In this paper,
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we will consider K-regular trees and give the definition of parabolicity in terms of
capacity.

Recently, analysis on K-regular trees has been under development, see [3, 21,
22, 23, 20, 27]. Let G be a K-regular tree with a set of vertices V' and a set of
edges F for some K > 1. The union of V and E will be denoted by X. We abuse
the notation and call X a K-regular tree. We introduce a metric structure on X
by considering each edge of X to be an isometric copy of the unit interval. Then
the distance between two vertices is the number of edges needed to connect them
and there is a unique geodesic that minimizes this number. Let us denote the root
by 0. If z is a vertex, we define |z| to be the distance between 0 and z. Since
each edge is an isometric copy of the unit interval, we may extend this distance
naturally to any x belonging to an edge. We define 0.X as the collection of all infinite
geodesics starting at the root 0. Then every & € 0X corresponds to an infinite
geodesic [0,€) (in X) that is an isometric copy of the interval [0,00). Let p and
A:[0,00) — (0, 00) be locally integrable functions. Let d|z| be the length element on
X. We define a measure p on X by setting du(x) = u(|x|) d|z|, and a metric d on X
via ds(x) = A\(|x|) d|z| by setting d(y, z) = f[w] ds whenever y, z € X and [y, 2] is the
unique geodesic between y and z. Then (X, d, 1) is a metric measure space and hence
one may define a Newtonian Sobolev space N'*(X) := N'P(X,d, ;1) based on upper
gradients [10, 24]. As usual, Ny”(X) is the completion of the family of functions
with compact support in N?(X), and Nol’p (X) is the completion of the family of
functions with compact support in N?(X), the homogeneous version of N'?(X).
Let Q be a subset of X. We denote by N?(2) the space of all functions u € L, ()
that have an upper gradient in L} (€2), where LY () is the space of all measurable
functions that are p-integrable on any compact subset of (2. See Section 2 for the
precise definitions.

Let 1 < p < 0o and O be a subset of X. We define the p-capacity of O, denoted
Cap,(O), by setting

(1.1) Cap,(O) = inf {/ gdduulo=1, ue N&vP(X)}
X

where g, is the minimal upper gradient of u as in Section 2.2. A K-regular tree X
is said to be p-parabolic if Cap,(O) = 0 for all compact sets O C X; otherwise X is
p-hyperbolic.

Given 1 < p < oo and an open subset 2 C X, we say that u € Nﬁ)’f(Q) is a
p-harmonic function (or a p-superharmonic function) on € if

(1.2) / g dp S/ Jure At
spt(e) spt(e)

holds for all functions (or for all nonnegative functions) ¢ € N'?(Q) with compact
support spt(¢) C Q. We refer the interested readers to [2, 9, 11] for a discussion on
the p-capacity and p-(super)harmonic functions.

Since a K-regular tree (X, d) is the quintessential Gromov hyperbolic space, it
is then natural to ask for whether the parabolicity (or hyperbolicity) of X can be
characterized via p-(super)harmonic functions under some conditions on the measure
1 only depending on the given metric d, and also ask for intrinsic conditions of K-
regular trees that would characterize the parabolicity (or hyperbolicity). We refer
the readers to [1, Chapter IV] for a discussion in the case of Riemann surfaces, and
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[6, 7, 14, 15, 16] for a discussion in the setting of Riemannian manifolds, and [25,
Section 6], [28] for a discussion on infinite networks.
In order to state our results, we introduce a notion from [21]. Let 1 < p < 0.

We set
o P (0]
Rohi) = [ AOF (0™ K d
0

where j(t) is the smallest integer such that j(t) > ¢, and let X" = {x € X: |z| < n}
for each n € N. Since we work with a fixed pair A, 1, we will usually write R,(\, i)
simply as R, when no confusion can arise. In what follows, we additionally assume
that \Ppu~! € Lllo/c(p 71)([0, 00)) to make sure that the finiteness of R, is a condition at
infinity.

The first result of our paper is a characterization of parabolicity of K-regular
trees.

Theorem 1.1. Let 1 < p < co and X be a K-regular tree with metric d and
measure p as above, with K > 1. Then (X, d, u) is p-parabolic if and only if any one
of the following conditions is fulfilled:

1. Ry(\, p) = oo.
2. Cap,(X™) =0 for all n € NU {0}.
3. Cap,(X™) = 0 for some n € NU {0}.

In Section 2.1, we will show that the compactness on a K-regular tree X with
respect to our metric d and with respect to the graph metric are equivalent. Since
each compact set in (X, d) is contained in some n-level set X™ that is an analog of a
ball with respect to graph metric, parabolicity of X can be characterized by the zero
p-capacity of some/ all n-level sets X™.

In [21, Theorem 1.3], the condition R,(\, ) = oo gives a characterization of
the existence of boundary trace operators and for density properties for N Lr(X).
Hence parabolicity of K-regular trees can be characterized in terms of boundary trace
operators and density properties. Combining Theorem 1.1 and [21, Theorem 1.3 and
Theorem 3.5, we obtain the following corollary.

Corollary 1.2. Let 1 < p < oo and X be a K-regular tree with metric d and
measure p as above, with K > 1. Then (X, d, u) is p-parabolic if and only if any one
of the following conditions is fulfilled:

1. There exists u € N'?(X) such that
lim  wu(x) =00
[0,6)3z—¢
for all § € 0X.
2. NyP(X) = N'(X).

It is well known, see for instance the survey paper [15], that the volume growth

condition
[ Gtom)
— t =00

is a sufficient condition to guarantee parabolicity of Riemannian manifolds. Here
V(B(0,t)) is the volume of the ball with radius ¢ and center at a fixed point 0.
However, this condition is far from being necessary in general, as shown by a coun-
terexample due to Holopainen [14] and to Varopoulos [26] in the case p = 2. Our
condition R, (A, 1) = oo is an analog of this volume growth condition. Example 3.8 in
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Section 3 shows that there exists a K-regular tree with a distance d and a “non-radial”
measure 4 such that R,(\, 1) = oo but X is p-hyperbolic.

Let 1 < p < oo and let int(X") := {z € X: |z| < n} for n € N. We say
that (int(X™),d, pn) is doubling and supports a p-Poincaré inequality if there exist
constants C; > 1,Cy > 0 only depending on n such that for all balls B(z,2r) C
int(X™),

Hu (B(.ﬁlf, 2T>) < Cl:u (B(Jj‘, T))
and for all balls B(x,r) C int(X"),

1
p
][ U — Up(zr| dp < Cor <][ gP du)
B(z,r) B(z,r)

whenever u is a measurable function on B(x,r) and g is an upper gradient of u, where
UB(z,r) = JCB(M) udp = m fB(x,T) udp. The validity of a p-Poincaré inequality for
X has very recently been characterized via a Muckenhoupt-type condition under a
doubling condition on (X, d, 1), see [23] for more information.

Our second result deals with a characterization of parabolicity in terms of p-
(super)- harmonic functions.

Theorem 1.3. Let 1 < p < co and X be a K-regular tree with metric d and
measure y as above, with K > 2. Assume additionally that (int(X™), d, ) is doubling
and supports a p-Poincaré inequality for each n € N. Then (X, d, ) is p-parabolic if
and only if any one of the following conditions is fulfilled:

1. Every nonnegative p-superharmonic function u on X is constant.

2. Every nonnegative p-harmonic function w on X is constant.

3. Every bounded p-harmonic function v on X is constant.

4. Every bounded p-harmonic function v on X with [ ~ 9h dp < oo is constant.

Let us close the introduction with some comments on Theorem 1.3. According to
a version of Theorem 1.3 in the setting of Riemannian manifolds from [12, 13, 17| we
have that 1. = 2. = 3. = 4. However 3. does not imply 2. in general. Our condition
that (int(X™), d, p) is doubling and supports a p-Poincaré inequality for each n € N
is equivalent to p being a locally doubling measure supporting a local p-Poincaré
inequality on (X, d).

Theorem 1.3 is not empty in the sense that there exist both p-parabolic and
p-hyperbolic K-regular trees that are doubling and support a p-Poincaré inequality,
see Example 3.9 in Section 3 for more details.

The motivation for our paper comes from classification problems of spaces. By
the survey papers [4, 7], the development of potential theory in the setting of metric
measure spaces leads to a classification of spaces as either p-parabolic or not. This di-
chotomy can be seen as a non-linear analog of the recurrence or transience dichotomy
in the theory of Brownian motion. This classification is helpful in the development
of a quasiconformal uniformization theory, or for a deeper understanding of the links
between the geometry of hyperbolic spaces and the analysis on their boundaries at
infinity.

The paper is organized as follows. In Section 2, we introduce K-regular trees,
Newtonian spaces, and p-(super)harmonic functions on our trees. In Section 3, we
give the proofs of Theorem 1.1 and Theorem 1.3.

Throughout this paper, the letter C' (sometimes with a subscript) will denote
positive constants that usually depend only on the space and may change at different
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occurrences; if C' depends on a,b, ..., we write C' = C(a,b,...). For any function
f € Li,.(X) and any measurable subset A C X, let f, fdu stand for ﬁ [ fdp.

loc

2. Preliminaries

2.1. Regular trees. A graph G is a pair (V, F), where V is a set of vertices and
E is a set of edges. We call a pair of vertices x,y € V neighbors if x is connected
to y by an edge. The degree of a vertex is the number of its neighbors. The graph
structure gives rise to a natural connectivity structure. A tree GG is a connected graph
without cycles. A graph (or tree) is made into a metric graph by considering each
edge as a geodesic of length one.

We call a tree G a rooted tree if it has a distinguished vertex called the root,
which we will denote by 0. The neighbors of a vertex z € V are of two types: the
neighbors that are closer to the root are called parents of x and all other neighbors
are called children of x. Fach vertex has a unique parent, except for the root itself
that has none.

We say that a tree is K -regular if it is a rooted tree such that each vertex has
exactly K children for some integer K > 1. Then all vertices except the root of a
K-regular tree have degree K + 1, and the root has degree K.

Let G be a K-regular tree with a set of vertices V' and a set of edges E for some
integer K > 1. For simplicity of notation, we let X =V U F and call it a K-regular
tree. For z € X, let |z| be the distance from the root 0 to x, that is, the length of the
geodesic from 0 to x, where the length of every edge is 1 and we consider each edge to
be an isometric copy of the unit interval. The geodesic connecting two points z,y € X
is denoted by [z, y]. Throughout this paper, we denote X" := {z € X : |z| < n} and
int(X") :={x € X: || < n} for each n € N.

On our K-regular tree X, we define a measure p and a metric d via ds by setting

dp(z) = p(lz)) dlz],  ds(z) = A(|z|) d|=],
where A, p: [0,00) — (0,00) are fixed with A\, € Ll _([0,00)). Here d|z| is the

loc
measure which gives each edge Lebesgue measure 1, as we consider each edge to be
an isometric copy of the unit interval and the vertices are the end points of this

interval. Hence for any two points z,y € X, the distance between them is

d(zy) = /[ dsta) = /[ Al dle

where [z, 9] is the unique geodesic from z to y in X.

We abuse the notation and let p(z) and A(z) denote u(|x|) and A(|z|), respec-
tively, for any = € X, if there is no danger of confusion. We denote by dg the graph
metric on X. Then for any two points z,y € X,

du(zy) = / dla]
[2,9]

is the graph distance between z and y where [z, y] is the unique geodesic from z to y.
Theorem 2.1. The identity mapping Id x: (X,dr) — (X,d) is a homeomor-
phism.
Proof. Let us first prove that the identity mapping f: (X,dg) — (X,d), f(z) =«

if € X, is continuous. Let By(z,r) be an arbitrary open ball with center x and
radius 7 > 0 in (X, d). Recall that A: [0,00) — (0, 00) is a locally integrable function.
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Hence A is an integrable function on [a, b] whenever [a,b] is a compact interval with
|z| € (a,b) if © # 0, or |z| = a if z = 0 where 0 is the root of X. Then

F(h) = /h)\(t) dt

is absolutely continuous on [a, b]. It follows that there exists ¢, > 0 only depending
on z,r such that

if || € (a,b), © # 0,
if |z| = 0.

{ S Ay dt <

S Ay dt <

The open ball with center z and radius 4, in (X, dg) is denoted by By, (z,d,). For any
y € By, (x,0,), we have that [z,y] C [z, Z]U[Z,y] where T € [0, z] with dg(z,T) = §,.
Then the above estimate gives that

d(w,y) = [, y A dt <2 [EEN@) dt < v if 2] € (a,), 2 #0,

o) = Moyt <2 < if 2] =0,

N3 NI

and hence y € By(z,r). As By(z,r) is arbitrary, we obtain that for any open ball
By(z,r) there exists 6, > 0 only depending on x,r such that By, (x,d,) C By(x,r).
Thus

(2.1) the identity mapping f: (X, dg) — (X, d) is continuous.

Next, we claim that also the identity mapping ¢g: (X,d) — (X,dg), g(z) = x if
r € X, is continuous. Let By, (z,7") be an arbitrary open ball with center x and
radius ' > 0 in (X, dg). We set

|| ||+r/3
(2.2) 5, = min / A(t) dt, / A(t)dt S .
|z[—"/3 ||

Then 6,» > 0 since A > 0. We denote by By(x,d,/) the open ball with center z and
radius 0,» in (X, d). For any y € By(z, d,»), we have that

(2.3) / ME) dt = d(z, ) < 6.
[z.9]
It follows from (2.2) and (2.3) that |z| € [|z| — /3, |z| + r'/3] for any z € [z,y],

and hence dg(z,z) < 1’ for any z € [z,y]. In particular, dg(z,y) < ' for any
y € By(z,9,). Then By(x,0,.) C By, (z,7") for any By, (x,r"). Therefore

(2.4) the identity mapping ¢: (X, d) — (X, dg) is continuous.
We conclude from (2.1) and (2.4) that Id x: (X, dg) — (X, d) is a homeomorphism.
The claim follows. O

We note that X" is compact in (X, dg) for each n € N because it is a union of
finitely many compact edges. Furthermore, any compact set in (X, dg) is contained
in X™ for some n since any compact set in (X, dg) is bounded. Since compactness is
preserved under homeomorphisms, we have the following corollaries.

Corollary 2.2. Let O be an arbitrary compact set in (X,d). Then O C X" for
some n € N.

Corollary 2.3. Let n € N. Then X™ is compact in (X, d), and int(X™) is open
n (X,d).
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Corollary 2.4. (X,d, u) is a connected, locally compact, and non-compact met-
ric measure space.

2.2. Newtonian spaces. Let 1 < p < oo and X be a K-regular tree with
metric d and measure p as in Section 2.1. Let u € LL (X). We say that a Borel
function g: X — [0, 00] is an upper gradient of u if

(2.5) u(y) — u(2)| < / gds

gl
whenever y, z € X and 7 is the geodesic from y to z. In the setting of our tree, any
rectifiable curve with end points z and y contains the geodesic connecting z and y,
and therefore the upper gradient defined above is equivalent to the definition which
requires that (2.5) holds for all rectifiable curves with end points z and y. In [8, 11],
the notion of a p-weak upper gradient is given. A Borel function g: X — [0, 00] is
called a p-weak upper gradient of w if (2.5) holds on p-a.e. curve. Here we say that a
property holds for p-a.e. curve if it fails only for a curve family I with zero p-modulus,
i.e., there is a Borel nonnegative function p € LP(X) such that f,y pds = oo for any
curve v € I'. We refer to [8, 11| for more information about p-weak upper gradients.

The notion of upper gradients is due to Heinonen and Koskela [10], we refer inter-
ested readers to [2, 8, 11, 24| for a more detailed discussion on upper gradients. The
following lemma of Fuglede shows that a converging sequence in L has a subsequence
that converges with respect to p-a.e. curve (see [11, Section 5.2]).

Lemma 2.5. (Fuglede’s lemma) Let {g,}°°, be a sequence of Borel nonnegative
functions that converges to g in LP(X). Then there is a subsequence {g,, }?>, such
that

lim /|gnk —g|lds=0
gl

k—o00

for p-a.e. curve v in X.

The following useful results are from [11, Section 2.3 and Section 2.4] or |2,
Section 6.1].

Theorem 2.6. Every bounded sequence {u,}>° | in a reflexive normed space
(V. |.]v) has a weakly convergent subsequence {u,, }32,. Moreover, there exists u € V'
such that u,, — u weakly in V' as k — oo and

luly < liminf |u,, |y
k—o0

Lemma 2.7. (Mazur’s lemma) Let {u, }5°, be a sequence in a normed space V
converging weakly to an element u € V. Then there exists a sequence vy, of convex

combinations
Ny, Ny
U = E i kWi E Aig =1, Ap=0
i=k i=k

converging to v in the norm.

The Newtonian space N*P(X), 1 < p < oo, is defined as the collection of all the
functions u with finite N'P-norm

ul| virxy = [Jullzexy + iI;f gl zr(x)

where the infimum is taken over all upper gradients of u. We denote by g, the
minimal upper gradient, which is unique up to measure zero and which is minimal in
the sense that if g € LP(X) is any upper gradient of u then g, < g a.e. We refer to
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8, Theorem 7.16| for proofs of the existence and uniqueness of such a minimal upper
[ p q pp
gradient.

If u € N'(X), then it is continuous by (2.5) under the assumption % €

1
L2 ([0,00)) and it has a minimal p-weak upper gradient, see [21, Section 2]. More
precisely, by [21, Proposition 2.2| the empty family is the only curve family with
zero p-modulus, and hence any p-weak upper gradient is actually an upper gradient
here and the conclusion of Lemma 2.5 holds for every curve . Moreover, it follows
from [8, Definition 7.2 and Lemma 7.6] that any function v € L] _(X) with an upper
gradient 0 < g € LP(X) is locally absolutely continuous, for example, absolutely con-
tinuous on each edge. The classical derivative u’ of this locally absolutely continuous
function is a minimal upper gradient in the sense that g, = |u/(x)|/A(x) when w is
parametrized in the natural way:.

We define the homogeneous Newtonian space Nl’p(X), 1 < p < 00, the collection
of all the continuous functions w that have an upper gradient 0 < g € LP(X), for

which the homogeneous N'P-norm of u defined as
lell 50 ey += [u(0)] + inf flgllzrcx)

is finite. Here 0 is the root of our K-regular tree X and the infimum is taken over
all upper gradients of u.

The completion of the family of functions with compact support in N?(X) (or
N'P(X)) is denoted by Ny*(X) (or Ny?(X)). We denote by N?(X) the space of
all functions v € L (X) that have an upper gradient in L (X), where LV (X) is
the space of all measurable functions that are p-integrable on any compact subset of
X. Especially, since each X™ is compact in (X, d) by Corollary 2.3, we conclude that
each u € N-P(X) is both continuous and bounded on each X™.

2.3. p-(super)harmonic functions. Let 1 < p < oo and X be a K-regular
tree with metric d and measure p as in Section 2.1. For an open subset €2 of X, a
function u € NP(Q) is said to be a p-harmonic function on € if

(2.6) / gudp < / Gty it
spt(y) spt(e)

holds for all functions ¢ € N'?(Q) with compact support spt(¢) C Q. We say that a
function u € NP(Q) is a p-superharmonic function if (2.6) holds for all nonnegative
functions ¢ € N'P(Q) with compact support spt(p) C .

We have a characterization of p-harmonic functions on X, see [2, Lemma 7.11].

Theorem 2.8. A function u is a p-harmonic function on X if and only if u is
p-harmonic on int(X") for all n € N.

By the stability properties of p-superharmonic functions (superminimizers) in
general metric measure spaces (see for instance [2, Theorem 7.25]), since int(X") is
open for each n € N (see Corollary 2.3), we obtain the following results in our setting.

Theorem 2.9. Let n € N. If {u;};>, is a sequence of p-harmonic functions on
int(X™) which converges locally uniformly to u in int(X"), then u is p-harmonic on
int(X™).

Let 1 < p < ocoand n € N. Then (int(X"),d, ) is said to be doubling and
to support a p-Poincaré inequality if there exist constants C; > 1,Cy > 0 only
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depending on n such that for all balls B(z, 2r) C int(X"),
/L(B(.I‘, QT)) < CUL(B(.T, T))
and for all balls B(x,r) C int(X"),

1
p
][ ‘u - uB(x,r)| d/i < CQT <][ gp d,u)
B(x,r) B(z,r)

whenever u is a measurable function on B(z,r) and g is an upper gradient of w.
Recall that if (int(X™),d, p) is doubling and supports a p-Poincaré inequality, then
NYP(int(X™),d, i) is a reflexive space (see [5, Theorem 4.48]).

Combining Proposition 3.9 and Theorem 5.4 in [19], we obtain the local Holder
continuity of p-harmonic functions on int(X") for each n € N.

Theorem 2.10. Let n € N. Assume that (int(X"™),d, ) is doubling and sup-
ports a p-Poincaré inequality. Then every p-harmonic function u on int(X") is locally
a-Hélder continuous for some 0 < a < 1.

3. Proofs of Theorem 1.1 and Theorem 1.3

In this section, if we do not specifically mention, we always assume that 1 <
p < oo and that X is a K-regular tree with metric d and measure p as in Section 2.1.

Lemma 3.1. X is p-parabolic if and only if Cap,(X") = 0 for all n € NU {0}.
Proof. Let X be p-parabolic. By Corollary 2.3, we have that X" is compact in
(X,d) for all n € N and hence
Cap,(X") =0
for all n € N. This also holds for all n € NU {0} because Cap,(X°) < Cap,(X™).
Conversely, suppose that

(3.1) Cap,(X") =0

for all n € NU {0}. Let O be an arbitrary compact set in (X,d). Then O C X"
for some n € N by Corollary 2.2, and so that Cap,(O) < Cap,(X"). Combining
this with (3.1) yields Cap,(O) = 0. Since O is arbitrary, we conclude that X is
p-parabolic. The proof is complete. O]

Lemma 3.2. Let n € N U {0} be arbitrary. Then R, = oo if and only if
Cap,(X™) = 0.

Proof. Suppose that R, = co. We first claim that Cap,(X") = 0. Let us define
a sequence {uy}3, ., by setting

1 if v € X7,
3.2 -1 fr‘ﬂu%(t)uﬁ(tw% dt e Yk xn
(3.2) up(a) = q1— 2= = if o e XF\ X7
[EXP=T () TP (1)K 1=P dt
0 otherwise.
Then
1 i)
AR (o) ()
I (e (K dt
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is an upper gradient of u;. Next, a direct computation reveals that
1

(3.3) / gh. dp < / g dp = PP o -1 =
; (o ) )

for all k > n+ 1. Since R, = oo and u(X*) < oo for each k € N, it follows from
(3.2)(3.3) that uy € NyP(X) with ug|x» = 1 and that

lim [ gh du=0.
b'e

k—o00

We thus get Cap,(X™) = 0. Conversely, suppose that Cap,(X™) = 0. Then there
exists a sequence {u;,}°°, in Ny (X) with u|x» = 1 such that

(3.4) lim [ gb du=0.
X

k—o00

Set vy, := u, — 1. Then g¢,, = gy,. Combining this with (3.4) and u;(0) = 1 yields
o= Wy = [0l = [ 980, as ks 0

Therefore u, — 1 in N'P(X) with u, € Ny*(X), and hence 1 € N;*(X). Recall
that R, = oo is equivalent to 1 € N;”(X) by [21, Theorem 1.3 and Corollary 4.2].
Thus R, = oo which completes the proof. O

Lemma 3.3. Let X be p-parabolic. Then every nonnegative p-superharmonic
function u on X is constant.

Proof. Let u € Ni)’f (X) be an arbitrary nonnegative p-superharmonic function
on X. We claim that u is constant. Indeed, let ng € N be arbitrary. We denote

M = HU‘HLOO(XnO)

Then M < oo, since u € N2P(X) is bounded on X" for each n € N, see the end
of Section 2.2. By Lemma 3.1, we have Cap,(X"°) = 0, and hence that there is a

sequence {1,}°°, in Ny (X) with 1,|xn = 1 such that

(3.5) lim [ g7 du=0.
X

n—oo

Without loss of generality we assume that each spt(1,) is compact. We define a
sequence {y,}22; by setting

on(r) = max{M - 1,,(x),u(z)} — u(x)
for each n € N and for all z € X. Then
(3.6) spt(n) C spt(ly)

for all n € N. We have that 0 < ¢, € N"P(X) with compact support spt(e,),
because (3.6) holds and spt(1,) is compact. Since w is p-superharmonic on X, it
follows that

(3.7) / ghdp < / Guten At
spt(en) spt(pn)

for all n € N. As u+ ¢, = max{M - 1,,,u}, we have that
(3:8)  Ghip, (@) = Ghrn, (D)X qeex: m1,203 (2) + G5 (0) X (wex: worr1,} (@)
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for all x € X. According to M = |[[u|reo(xn0), 1n|xn0 = 1, it follows that u(z) <
M -1,(z) and M - 1,(z) = M for all x € X"™. Thanks to (3.6), we have that for all
v € spi(L,),

(3.9)  Xfwex: usm1,3(%) < X{aespr(t\xo} () and gara, = M - g1, X{wespt(1)\x"0} -
Substituting (3.9) into (3.8) and combining with x(zex:ar.1,>03 < 1 yields

Goton (@) < MP - g7 (2)X fzespt(1,)\x70} (T) 4 98 (2) X {zespt(1,)\ x70} ()

for all x € spt(1,). By (3.6), the above inequality holds for all z € spt(y,). Then
(3.7) gives that

(3.10) / ghdp < M”/ 91, dp +/ g dp
spt(en) spt(pn)\ X0 spt(pn)\X "0

for all n € N. By fspt(%)\xno 9u

compact, subtracting fspt(

du < oo, because u € NLP(X) and spt(p,) is

o)\ X0 gP dp from both sides of (3.10) yields

o [orwew ] gwew g
Xm0 spt(pn)\X"0 X

for all n € N. Letting n — oo, we conclude from (3.5) and (3.11) that [, g% du = 0.

Since ng is arbitrary, this implies that w is constant, and the claim follows. O

Remark 3.4. Assume that f > 0 is a p-superharmonic function on X. Then

p
(3.12) [ rrgeans (25) [ o
X p—1 X

for all ¢ € NyP(X) with 0 < ¢ < 1. This inequality (3.12) is often called a
Caccioppoli-type inequality, see Section 3 in [18§].

One can give an alternate proof for Lemma 3.3 via the Caccioppoli inequality
(3.12). Indeed, let u be an arbitrary nonnegative p-superharmonic function on X.
Suppose that X is p-parabolic. By Lemma 3.1, we have that Cap,(X") = 0 for all
n € N. Let n € N be arbitrary. Then for any € > 0 there exists u, . € Ny (X) with
0 <wup,e <1and u,.|x» =1 such that

(3.13) /X gy, .dp < Cap,(X") +e=¢.

Applying the Caccioppoli inequality (3.12) for f = u + 1 with ¢ = u, ., yields

p
(3.14) / (u+ 1)’pg§+1uﬁ75 dp < (_p ) / Gt Q-
¥ p—1 X

Note that gogur+1) = (v + 1) 'gus1 by [2, Theorem 2.16 or Proposition 2.17]. We
combine this and (3.13)—(3.14) with u, .|x» =1 to obtain that

P p
/ glog(u+1)pd,u§ <F) E.

Letting € — 0, this gives giogu+1) = 0 on X™ and hence that u is constant on X".
Thus u is constant on X since n € N is arbitrary.

Let zy be a closest vertex of the root 0 of a K-regular tree where K > 2. Then
we set

Ty ={yeX:zo€[0,y]} and Ty :=10,z0) UTy.
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For any n € N, we denote
E,=(X\X")NTy and F,:=(X\X")\T.

We define the p-capacity of the pair (E,, F},), denoted Cap,(E,, ), by setting
(3.15)

Capp(En,Fn):inf{/ gPdp: u € NLP(X), ulp, =1, ulp, =0, 0<u < 1}.
b'e

The following lemma follows straightforwardly from the definition (3.15) of p-capacity.

Lemma 3.5. Let X be a K-regular tree where K > 2 and let 1 < p < o0.
Then the sequence {Cap,(E,, Fy,)};2, is non-increasing and there exists a constant
0 < M; < oo such that

(3.16) Cap,(Ey, F,) < My <oo foralln € N.

Proof. It is clear from (3.15) that {Cap,(E,, Fy,)};2, is non-increasing and
bounded from above by Cap,(Ei, F1). As the piecewise linear function f with
fle, = 1, flr, = 0 is admissible for computing Cap,(E1, F1), the claim follows
since .

Cap,(FEy, F,) < Cap,(E; F1)</gpd,u<M<oo
) < Comp(Br 10 < [ 9300 = 40, 7y
for all n € N. O

Lemma 3.6. Let X be a p-hyperbolic K-regular tree where K > 2 and 1 <
p < oo. Suppose that, for each n € N, (int(X™),d, ) is doubling and supports a
p-Poincaré inequality. Then there exist a constant 0 < M, < oo and a sequence
{un}2, in Nﬁ)’f(X) with u,|g, =1, uy|p, =0, 0 <w, <1 and so that each u, Is a
nonconstant p-harmonic function on int(X") with

0< My < / ggn d:u = Capp(Ena Fn)

Proof. Let n € N. By the definition (3.15) of Cap,(E,, [},), there exists a
sequence { iy, 12, in NoP(X) with wymle, = 1, Upm|r, = 0, 0 < Uy, < 1 such
that

1
(3.17) Cap,(Ey, F,) < / g, du < Cap,(E,, F,) + —.
X ’ m
By Lemma 3.5, there is a constant 0 < M; < oo such that
(3.18) Cap,(Ey, F,) < My < oo foralln € N

and hence {g,, .} ; is bounded in LP(X). We have from p(X"™) < oo, 0 <
Upm < 1 that {un,}5_; is bounded in LP(X™™). Then {u,.,}5°_, is bounded in
NLP(X"H1). We note that NP (int (X)) is a reflexive space since (int(X"*1), d, 1)
is doubling and supports a p-Poincaré inequality, see [5, Theorem 4.48]. Hence The-
orem 2.6 gives that there is a subsequence {u, m, }7>,; which converges weakly to
some u, € N'P(int(X"*1)). By Mazur’s Lemma 2.7, there is a sequence of convex
combinations f; which converges to u, in N'P(int(X"*1)):

Ny
(3.19) fr=>_ aiptin,
i=k

where a; j, > 0, Zf\jk i =1, Up; € {Unm, }72,. We may assume that fi(z) converges
pointwise to u,(x) as k — oo on int(X"*1). It is easy to see that w,|in(xnr1)np, = 1
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and p, |ing(xnt+1)nE, = 0 from (3.19) since wn i|ime(xnt1ynm, = 1; Un,iling(xn+1)nE, = 0 for
all i. We extend u, by setting u,|g,\int(xn+1) = 1, Un|p\ins(x»+1) = 0. Then

(3.20) up € L (X) with u,|g, = 1, u,|r, =0,0 <u, < 1.

loc

Next, we have by the convexity of the function ¢ — t? that

Ny,
/X gy dp < > i / 94, -
i=k

By the triangle inequality, this gives

X?’L
(3.21) S( / gikundu) +<Zam / gﬁn,idﬂ> :
Xn — n

According to (3.17) and 30 a; = 1,

Ni p Ni Ni ] v
o) = om0
i=k X i=k i=k

(3.22) < (Capp(Em F) + %) v

Substituting (3.22) into (3.21) and combining with f; — w, in N'P(int(X"™!)) as
k — oo, we obtain that

z > 1\
Xn Xn

3=

as k — o0o. Then the above estimate gives via (3.18) and u,|p, = 0,u,|g, = 1
that g,, € L”(X). Combining this with (3.20) yields u, € N.P(X) with u,|g, = 1,
Un|lr, = 0, 0 < u, < 1 and hence u, is admissible for computing the capacity

Cap,(Ey, Fy,). It follows from this and the above estimate that
(3.23) / gh dp = Cap,(E,, F,) foralln e N.

We conclude from (3.18), (3.20), (3.23) that there are a constant 0 < M; < oo and
a function u,, € Nlt’f(X) with u,|g, = 1,u,|p, =0, and 0 < u,, < 1 such that

(3.24) / gh dp = Cap,(E,, F,,) < M; < oo foralln € N.

We now prove that there is a constant 0 < My < oo such that

(3.25) 0< M, < / g4 dp = Cap,(E,, F},) for alln € N.

Let n € N and u,, be as in (3.24). If u,,(0) < 1/2, we define v := max{0, min{1, 2(1 —
un)}}. Then v € NYP(X) with v(0) = 1, v|g, = 0, and hence

loc

Cap, ({0}, B,) < /

i gy dp < 2”/ g, dp = 2PCap,(En, F,).

n
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If u,(0) > 1/2, we define w := max{0,min{1,2u,}}. Then w € N.?(X) with
w(0) =1, w|g, =0, and hence

n

Con, (01 F2) < [ hdu<2 [ 2 du=2Cap, (B, ).
X

Combining the above estimates for each n € N, we obtain that

ingmin{Capp({O}, E,),Cap, ({0}, Fy,)} < 2”/ gh dp = 2"Cap,(E,, F,,) for alln € N.
ne

n

To obtain (3.25), we show that
(3.26) My := inf min{Cap, ({0}, E,,), Cap, ({0}, F,,)} > 0.

neN

Applying Lemma 3.1 and Lemma 3.2 for the subtrees T} and X \ 77, we obtain that
1
T is p-hyperbolic if and only if Rgl = ?Rp < 00

and
K—1
X \ T} is p-hyperbolic if and only if R;(\Tl = TRP < 00.

Notice that if X is p-hyperbolic, then both 77 and X \ 7; are p-hyperbolic since
R, < oo implies finiteness of Rgl and R;(\Tl. By Lemma 3.2 with the p-hyperbolicity

of T and X \ T}, it follows that

Cap, ({0}, En) > Capgl({()}) = inf {/T gPdp: we NyP(Ty), u(0) = 1} >0
and

Capp({O}, Fn) Z Cap;(\Tl({O}) = inf {/X

for each n € N. Hence (3.26) holds.

Finally, we only need to show that u,, is a p-harmonic function on int(X"™). Let
¢ be an arbitrary element of N1?(int(X™)) with compact support spt(¢) C int(X™).
By choosing v = max{0, min{1,u, + ¢}} we have that v € N'P(int(X")) with
v|lg, = 1,v|r, = 0,0 < v <1 because spt(y) C int(X™) and because (3.20) holds. It
follows from the definition (3.15) of Cap,,(E,, F,) that

gPdp: uwe NyP(X\Ty),u(0) = 1} >0
\T1

Cap, (B, F,) < / P du < / Gy dt
n X'n/

Combining this with (3.23), we obtain that

/ gh, dp < / it U

for all ¢ € N'P(int(X")) with compact support spt(¢) C int(X™). Hence u, is
p-harmonic on int(X™), and the claim follows. O

Lemma 3.7. Let X be a p-hyperbolic K-regular tree where K > 2 and 1 < p <
0o. Suppose that (int(X™),d, u) is doubling and supports a p-Poincaré inequality
for each n € N. Then there exists a nonconstant nonnegative bounded p-harmonic
function w on X with 0 < [, g% dp < cc.
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Proof. We first prove that there exists a nonnegative bounded p-harmonic func-
tion u on X. Towards this, Lemma 3.5 and Lemma 3.6 give that there exist constants
0 < My < M; < oo and a sequence {u,}°2, in N-P(X) with u,|p, = 1, up|r, =0,
0 < u, <1 such that u, is a nonconstant p-harmonic function on int(X") and

(3.27) 0< M, < / gh, dp = Cap,(E,, F,) < M; < oo forallneN.

Let ng € N be arbitrary. It follows from the local Holder continuity of p-harmonic
functions (see Theorem 2.10) that {u,}n>n, is equibounded and locally equicontin-
uous on int(X"™ ). By the Arzela-Ascoli theorem, there exists a subsequence, still
denoted {uy, }n>ny, that converges to u uniformly on X™ as n — oo. Since ng is
arbitrary, by uniqueness of locally uniform convergence, we may assume that u,
converges to u locally uniformly in X as n — oo. Then {w;};>, is a sequence of
p-harmonic functions on int(X"™) which converge uniformly to u in int(X™) for each
n, and hence by Theorem 2.9 and Theorem 2.8 we obtain that u is a p-harmonic
function on X. Thus u is a nonnegative bounded p-harmonic function on X since
0<u, <1.
We next show that

O</g§du<oo.
X

It follows from (3.27) that {g.,}>>, is a bounded sequence in the reflexive space
LP(X), and hence Theorem 2.6 and Mazur’s Lemma 2.7 give that there exists g €
LP(X) and a convex combination sequence g, = Zf\i"n @i nGu, With a;, > 0, Zﬁ"n @i n
= 1 such that g, — ¢ in LP(X) as n — oo. By Fuglede’s Lemma 2.5, we obtain that
there is a subsequence, still denoted g, such that

lim gnds = / gds
70 Sz [y]

for every curve [x,y]. Note that g, = fV:”n a;nGu, 15 an upper gradient of u, =
i i pt; and Uy, converges to u locally uniformly in X as n — oco. Hence

lu(z) — u(y)| = lim |i,(z) — G,(y)| < lim G ds = / gds
- [z,y] [z,y]

n—oo n—o0

for every curve [x,y]. Then g is an upper gradient of u and hence g, < g a.e.
Combining this with g, — ¢ in L?(X) as n — oo and with the convexity of the
function t — t? yields

(3.28) /gﬁdug/gpdu: lim/ Pdp < lim Zam/ b d
X X n—00 n—o00 i

Notice that {Cap,(E,, F},)};2; is a nonincreasing sequence by Lemma 3.5. Hence we
have by w;|r, =0, u;|g, = 1 and (3.27) that

Ny, Nn, Nn
Jim Z;an / Gu, dpp = lim Z;an /X G, dp = lim ;az,nCapp(Equ)
Ny
nh~>nolo Z a; ncapp(Ena F, ) - nh~>nolo Capp(Ena F, )

Substituting the above estimate into (3.28) yields [, ghdu < oc.
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It remains to show that [ ~ 9% dp > 0. The preceding being understood, we argue
by contradiction and assume that [ < 9hdp = 0. Then u is constant on X. Recall
that g, = Z]i"n i nGu; With a;, >0, Zii"n a;, = 1 are such that g, — g in LP(X) as
n — oo and

(3.29) lim Jnds = / gds
700 [ay] [2,9]
for every curve [x,y]. Moreover, g, is an upper gradient of @, = f\i”n a; nu; and Uy,

is admissible for computing the capacity Cap,(Ew,, Fi,), and so

/ gn dp > / gs., dp > Cap,(Ey,,, F,).
X X

Combining this with (3.27) and using g, — ¢ in LP(X) as n — oo yields

(3.30) / g’ dp > 0.
X

Let ¢ > 0 be arbitrary, and let [x,y] be an arbitrary edge in X. Since u, converges
to u locally uniformly in X, there exist positive constants N,r only depending on
x,y such that for all n > N,
sup |un(t) —u(t)] <e, sup [un(t) —u(t)] <e
teB(x,r) teB(y,r)
where B(z,r), B(y,r) are balls with centers z,y and radius r, respectively. Since u
is constant, the above estimates yield that for all n > N,

|un () = un(y)| < fun(z) —ul@)] + |uly) = ua(y)| < 2e.

By Section 2.2, u, is absolutely continuous on [z,y] and g,,(2) = |u/,(2)|/A(z) for
z € [z,y]. By the strong maximum principle (see for instance [19, Corollary 6.5]), u,,
is a monotone function on [z, y]. Hence

(o) = ()l = [ i)

[z.9]
Since the minimal upper gradient g,, of w, satisfies g, (z) = |u,(x)|/A(2), we con-

clude that
/ Gu,, ds < 2e
[z,y]

for all n > N. By (3.29), it follows that

Np,
/ gds = lim Jnds = lim Z am/ Gu; ds < 2e.
[:B’y] oo [:B’y] oo i=n [‘Tvy}

Letting € — 0, we obtain that g = 0 a.e. on [z,y|. As [z,y] is arbitrary, we conclude
that g = 0 a.e. which contradicts (3.30). This completes the proof. O

Proof of Theorem 1.1. X is p-parabolic < 2. is given by Lemma 3.1.
1. & 2. & 3. is given by Lemma 3.2. OJ

Proof of Theorem 1.3. X is p-parabolic = 1. is given by Lemma 3.3.

1. = 2. is trivial.

2. = 3.: Let u be a bounded p-harmonic function on X. Then there exists a
constant C' > 0 such that u 4+ C' is a nonnegative p-harmonic function on X. Hence
u + C' is constant by the assumption and so u is constant.

3. = 4. is trivial.
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4. = X is p-parabolic is given by Lemma 3.7. U

The following example shows that Theorem 1.1 is not true for general metrics
and measures.

Example 3.8. Let 1 < p < oco. There exists a p-hyperbolic K-regular tree X
with a distance and a “non-radial” measure such that R, = oc.

Let us begin with some notation. For simplicity, let X be a dyadic tree (which
means K = 2). Then the root 0 of our tree has two closest vertices, denoted v; and
9. We denote

Ty =[0,v)U{x € X:v; €[0,z]} and Ty =[0,v5] U{z € X: vy € [0,2]}.

Note that the union of 77 and T5 is our tree. Suppose A;, i;: [0,00) — (0, 00) satisfy
i, i € L ([0, 00)), for i = 1,2. We introduce a measure p and a metric d via ds by
setting

dp(r) = pil[x]) dlx|, ds(x) = Xi(|2]) d]z,

for all x € T;, for + = 1,2. To obtain what we desire, we choose \; = p; = 1 and
A = 1, pp(x) = 277 Define a metric d and a measure p as above. Then

L[ 2 = i)
Ry|n, =3 ; AL ()7 (8)217 diE < oo,

1 [ 2 ! t)

Rlri=5 [ A @ 0255 it =,
0

and R, = Rp|r, + Ry|r, = 00. By Theorem 1.1 for the subtree 77 with R,|r, < oo,

we obtain that T} is p-hyperbolic. Hence there exists a compact set O in T} such

that Capgl(O) > 0, where

Capgl(O) = inf {/ gPdu:ulo=1ue Né’p(Tl)} :
T

Let O be such a set. Then O is bounded in T} by Corollary 2.2. Let u € Ny (X)
be an arbitrary function with u|o = 1. It follows from u € Ny”(X) that there exists
a sequence u, € N'P(X) with compact support spt(u,) C X such that u, — u in
N'?(X) as n — oo. By Corollary 2.2, we may assume that spt(u,) C X" for each
n. Hence spt(u,) N Ty € X" N Ty, and so spt(u,) N7} is compact in 77 because
spt(u,) N1y is a closed set in 77 and X™ N T} is compact in 77. Then for each n,
u, € N'P(T}) with compact support spt(u,) and u, — u in N'?(T}) as n — oo, and
hence u € Ny?(T}) with u|o = 1. Thus u is admissible for computing CapZI(O) and
SO

/%WZ/%WZ%Q@)

b T

Since u € Ny*(X) with u|o = 1 is arbitrary, the above estimate gives
Cap,(0) > CapZI(O).

Combining this with Capgl(O) > 0, we have Cap,(O) > 0. Thus X is p-hyperbolic.

Example 3.9. Let 1 < p < co. There exist both p-hyperbolic and p-parabolic
K-regular trees (X, d, 1) that are doubling and support a p-Poincaré inequality.
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We begin with the p-hyperbolic case. Let u(t) = e #® and A(t) = e=¥® with
e, >0and log K < 8 < logK + ep. It is obvious that u(X) < oo and R, < oc.
More precisely, since log K < 8 < log K + ep we have that

Mm:/lwwmﬁ:/ewaWﬁ<m
0 0

and
1 J(t) B—log K—ep)j(t)

&:/,W#m@wKwﬁ:/i;wlﬁ<w
0 0
As R, < oo, by Theorem 1.1, it follows that (X, d, ;) is a noncomplete p-hyperbolic
metric measure space. By [3, Section 3 and Section 4] or [22, Section 2| for log K < S,
we obtain that (X, d, ) is doubling and supports a 1-Poincaré inequality.

For the p-parabolic case, let u(t) = e=¥® and \(t) = e ) with ¢,3 > 0 and
B =log K+ep. It is easy to see that (X, d, ) is a noncomplete p-parabolic K-regular
tree that is doubling and supports a 1-Poincaré inequality.
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