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Baernstein’s star-function, maximum modulus
points and a problem of Erdés

IvAN I. MARCHENKO

To the memory of Albert Baernstein II on his 80th birth anniversary

Abstract. The paper is devoted to the development of Baernstein’s method of T*-function.
We consider the relationship between the number of separated maximum modulus points of a
meromorphic function and the T*-function. The results of Bergweiler, Bock, Edrei, Goldberg,
Heins, Ostrovskii, Petrenko, Wiman are generalized. We also give examples showing that the
obtained estimates are sharp.

Baernsteinin tidhtifunktio, itseisarvon maksimipisteet ja Erddsin ongelma

Tiivistelma. T&ma tutkimus keskittyy Baernsteinin 7*-funktiomenetelmén kehittdmiseen.
Tarkastelemme meromorfisen funktion ja T*-funktion erillidn olevien itseisarvon maksimipistei-
den lukumé&édran vilistd suhdetta ja yleistimme Bergweilerin, Bockin, Edrein, Goldbergin, Heinsin,
Ostrovskiin, Petrenkon ja Wimanin tuloksia. Lisdksi osoitamme esimerkein, ettd saavutetut arviot
ovat tarkkoja.

1. Introduction

We shall use standard notations of value distribution theory of meromorphic
functions: m(r,a, f) for the proximity function, N(r,a, f) for the function counting
a-points, T'(r, f) for Nevanlinna’s characteristic, (a, f) for Nevanlinna’s defect and
A, p for the lower order and order, respectively [18, 25].

Let f # 0 be a meromorphic function in C. In 1972 Albert Baernstein II in
his paper ‘Proof of Edrei’s spread conjecture’ [2| introduced for the first time the
function, which is now widely referred to as Baernstein’s star-function:

) 1 )
7°(re", ) = sup 5 [ log|F(re)] dp -+ N(r,o0.f)
E 4T Jg

where the supremum is taken over all the sets E C [—7, 7| of the Lebesgue measure
|E| = mes E = 26.

Theorem A. |2, 3] Let f(z) be a meromorphic function in C. Then T*(z, f) is
a subharmonic function on {z € C: Im 2 > 0} and is continuous on {z = re?’: 0 <
r<oo, 0<0<m}.

Apart from the subharmonicity, the T*-function also possesses the following prop-
erties:

T*(re®, f) is a convex function of logr and nondecreasing on (0, cc) for 8 €
[0, 7];
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T*(re?, f) < T(r, f) for 6 € [0, 7] and r > 0;
T*(r, f) = N(r,00, f) for r > 0;

dr* ar*
do do
z=r =

= logmax|f(z)],

z|=r

= logmin|f(z)| for all » € (0,00) such

|z|=r
that there are no zeros nor poles of f on the circle {z: |z| = r}.

As can be seen the T*-function has various excellent properties and is applicable
not only in the Nevanlinna’s theory of value distribution of meromorphic functions
[18, 25|, but also in Petrenko’s theory of growth of meromorphic functions [33]. Thus
it is hardly surprising that with the help of the star-function it was possible to solve
a number of previously open problems. We can list here just a few of them:

in 1972 Baernstein [2| proved Edrei’s spread conjecture (9], 1967);

in 1994 Fryntov [11] solved Weitsman’s problem ([36], 1977);

in 1990 the author together with Shcherba [30] solved Petrenko’s problem
(I33], 1978);

in 1999 the author [29] proved the Fuchs’s hypothesis ([12], 1958).

In 1974 Baernstein introduced the T*-function for d-subharmonic functions [4].
Let us recall that a function u(z) is called a é-subharmonic function on the domain
D if u(z) = u1(z) — ua(z), where uy(2), us(z) are the subharmonic functions on D.
Let u(z) = ui(z) — ug(z) be a d-subharmonic function in C. Then

1 .
T*(z,u) = sup — [ u(re'®)dg + N(r,up),
|E|=20 4T JE

where 2z = re?, N(r,uy) = %fo% us(re’?)dp. In the same paper [4] Baernstein
generalized Theorem A to the case of d-subharmonic functions.

Theorem B. Let u(z) be a §-subharmonic function in C. Then T*(z,u) is a
subharmonic function on {z € C: Imz > 0} and a continuous function on {z =
re?:0<r<oo, 0<6<7}.

Let v(r) be the number of maximum modulus points of an entire function f(z)
on the circle {z: |z| = r}. In 1964 Erdés posed the following questions ([19], Prob-
lem 2.16): Can we have a function f(z) # cz™ such that

(a) limsup v(r) = oo;

r—00

(b) liminf v(r) = co?
r—r00

In 1968 Herzog and Piranian [21] found a positive solution of the Erdés’s problem
(a). They gave a suitable example of an entire function of infinite lower order. In
the case of entire functions of finite lower order the question (a) is still open.

In 1977 Clunie stated the same question as formulated in the Erdgs’s problem (b)
([1], Problem 2.49): Is it true that liminf, ., v(r) < oo for all the entire functions f7
In [1] it was not mentioned that this question had been posed by Erdés first. Thus
the author in [27] presented this problem as the Clunie’s problem. In 2002 Piranian
informed the author by letter that this problem belongs originally to Erdds and was
stated in 1964.

In 1995 the author introduced the term separated maximum modulus points
of meromorphic functions [27]. The number of such points can be assessed in the
following manner. Let f(z) be a meromorphic function in C. For any r € (0,00) we
denote by p(r, 0o, f) the number of component intervals of the set

{0:1f(re”)] > 1}
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possessing at least one maximum modulus point of the function f(z) on the circle
{z: |z| =r}. We set
ploe. f) = liminf p(r, oo J).

Let us now come back to the star function of a d-subharmonic function. Let then
91(2)
92(%)

— max (1og |g1(2)], 10g |g2(2)]) — log |ga(2)] = u1(2) — ua(2)
be a d-subharmonic function,
1
2

u(z) =log" | f(2)| = log”

21 ) 1 21T )
N(r,ug) = / us(re') dp = %/ log |g2(re’?)|de = N(r,0,g2) = N(r,00, f).
0 0

Hence ]
T*(re®,u) = sup -— [ log®|f(re")|dp + N(r, 00, f).

|E|=20 2T J g

For each t: 0 <t < oo, let us consider the set
Fy = {re": u(re'?) > t}

and

u(re™) = sup{t: re"? € F;},
where F}* is the symmetric rearrangement of the set F; (see [17]).

The function @(re’) is a non-negative and non-increasing function in the interval
[0, 7] and is equimeasurable with u(re’?) in ¢ for each fixed r. Moreover, u(re'?)
satisfies the relations

(r) = maxlog™ | f(2)],
(—r) = minlog" | £(2)],

1 [? . 4
T*(z,u) = —/ u(re)dp + N(r,00, f), 2z =re".
0

™

Let a(r) be the real valued function of a real variable r and let us define

h —h\ __ 9
La(r) = liminf afre’) + afre™) &(T).
h—0 h?
When «(r) is twice differentiable, then

La(r) = r% (r%a(r)) .

In [27] the author proved the following estimate of LT™.

Theorem C. For almost all § € [0, 7] and for all r > 0 such that the function
f(2) has neither zeros nor poles on {z: |z| = r}, we have

p?(r, 00, f) Ou(re?)

LT*(re® u) > —

7 00
If T*(z,u) is twice differentiable, then Theorem A in this case can be written as
AT*(z,u) >0,

z=x+1y, A= g—; + g—; - Laplace operator.
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Then
LT*(z,u) = ro <riT*(r6i9 u)) = r?AT*(z,u) — a—QT*('r’ew u)
’ dr \ dr ’ ’ 062 ’
0? 1 Ou(re®)

> T i0 —
> gl (retiu) = ———5

Therefore in the case if T*(z,u) is twice differentiable then Theorem A is equivalent
to

1 Ou(re®)

T 00
If §(o0, f) > 0 then p(r, 00, f) > 1 for r > ry. Thus Theorem C can be considered as
a generalization of Theorem A, which additionally takes into account the number of
separated maximum modulus points. Inequality (1) is an inequality of the Gariepy—
Lewis type. In [13] an analogue of the inequality (1) was proved in the case of

d-subharmonic functions in R” (n > 3).
Let L(r, 00, f) = I‘nax log® |f(2)]. The quantity

z|=r

(1) LT* (Teie, u) >

R T ‘C(Ta 0, f)

B(oo, f) = lim inf To )

is called Petrenko’s magnitude of deviation of a meromorphic function f (2) at a € C.

It is clear that d(a, f) < B(a, f), a € C. In [27] the author obtained a sharp estimate
of (o0, f) involving p(oco, f) for meromorphic functions of finite lower order A.

B =p(wts) @eo)

Theorem D. For a meromorphic function f(z) of finite lower order \ we have

TA if A 1

p(00,f) ploo,f) = 27
Bloo, f) < ¢ 225 if p(co, f) =1 and A < &,
T : TA . A 1
oo ) S 50T if p(oco, f) > 1 and o <3

It is clear that if 5(oo, f) > 0 then p(oco, f) > 1. Then, by Theorem D we have
the following estimate.

Corollary D;. For a meromorphic function f(z) of finite lower order \ we have

TA AL (2)
5<Oovf)§{ =iy < L (3)

sin A
The result in Corollary D; was obtained by Petrenko in 1969 [32|. In order to
prove this estimate Petrenko obtained a new method, which now is called Petrenko’s
formula. The inequality (3) was obtained by Goldberg and Ostrovskii in 1961 [14]. Tt
should be mentioned here that the conjecture that S(oo, f) < mp for entire functions
of order p with % < p < o was stated in 1932 by Paley and proved in 1969 by
Govorov [16].

Corollary D,. For a meromorphic function f(z) of the finite lower order A and
B(o0, f) > 0 we have

p(oo, f) < max ([M%fﬂ ,1) < oo,

where [x] means the integral part of the number z.
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Corollary D3. For an entire function f(z) of finite lower order \ we have
p(o0, f) < max ([rA], 1) < oo

In [27] the author presented a sharp estimate of spread involving 6 (oo, f), B(c0, f)
and p(o0, [).
Theorem E. Let f(z) be a meromorphic function of finite lower order \. Then

; 4
limsup mes{¢ € [0, 27]: [ f(re")] > 1} > min <27T, 7]9(0;’ /) arcsin LO;’ f)>
r—00

Corollary E;. For a meromorphic function f(z) of finite lower order \

, 4 J

lim supmes{# € [0,27]: |f(re?)] > 1} > min (27?, 3 arcsin @)
r—00

The result of Corollary E; was obtained by Baernstein in 1972 [2].

Theorem F. Let f(z) be a meromorphic function of the finite lower order A.
Then

. 2
lim supmes{# € [0,27]: |f(re?)] > 1} > min (27‘(‘, M arcsin p(

r—00

ShLC

Corollary F,. Let f(z) be a meromorphic function of the finite lower order A.
Then

, 2
lim sup mes{# € [0, 27]: |f(re®)| > 1} > min (27r, X arcsin

r—00 T
Result of Corollary F; was obtained by author in 1982 [26]. Let [5]
boc, f) = liminf S22,
r—oo T (1, f)

where T" (r, f) is the left-hand derivative of T'(r, f) at the point r. In 1998 the author
obtained a sharp estimate of b(co, f) in terms of p(oco, f) for meromorphic functions
of the infinite lower order.

Theorem G. [28] Let f(z) be a meromorphic function of the infinite lower order.
Then

bloe, f) < p(oo, f)

If b(oo, f) > 0 then p(oo, f) > 1. Therefore by Theorem G we have the following
estimate.

Corollary G;. For a meromorphic function f(z) of the infinite lower order
b(oo, f) <.
The result in Corollary GG; was obtained in 1994 by Bergweiler and Bock [5].
Corollary Gy. For a meromorphic function f(z) of the infinite lower order and
b(oo, f) > 0 we have
™
p(oo, f) < [7} < 0.
oI = oo, 7)
In 2004 the author together with Ciechanowicz [6] introduced the following gen-
eralization of the notion of separated maximum modulus points of a meromorphic
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function. Let f(z) be a meromorphic function in C and let ¢(r) be a positive non-
decreasing convex function of logr for r > 0, such that ¢(r) = o(T'(r, f)) (r — 00).
We denote by py(r, 0o, f) the number of the component intervals of the set

{0+ log|f(re®)| > ¢(r)}
possessing at least one maximum modulus point of the function f(z) on the circle
{z:|z| =r}. Let

~

p¢<OO, f) = h;[_l)g}lfﬁqs(’f’, 00, f)v
ﬁ(OO, f) = Slqlbpz/ii)(mv f)

If §(o00, f) > 0 or B(oo, f) > 0 or b(co, f) > 0 then p(oo, f) > p(oco, f) > 1. For
entire functions we have §(oco, f) = 1 and f(oco, f) > 1. Thus for an entire function

f(z) we have p(oo, f) = p(co, f) = 1.
In [6] it was possible to obtain a generalization of Theorems D, E and F involving

p(oo, f).
Theorem H. For a meromorphic function f(z) of the finite lower order A we
have

TA . A 1
ZE) i e = 20 (4)
Bloo, ) <\ somn if ploo, f) =1 and A < 3, (5)
e St ey P00, f) > 1and 505 < 5. (6)

Corollary H;. For a meromorphic function f(z) of the finite lower order A\ we

have
<2 1)

Corollary H,. For an entire function f(z) of the finite lower order \ we have
(oo, f) < max ([rA], 1) < oo.
Let A(r) be a positive nondecreasing continuous function such that A(r) =
o(T(r, f)). We denote
oa(r, 00, f) = mes{0 € [0,27]: log|f(re”)| > A(r)}, wa(oo, f)

= limsup o, (r, o0, f).
T—00

The quantity
CLJ(OO, f) = il}\lfwA<OO7 f)
is called the spread of the meromorphic function f(z) introduced firstly by Edrei [9].

Theorem I. [6] Let f(z) be a meromorphic function f(z) of the finite lower
order . Then

45
w(oo, f) > min (27r, 4p(o, /) arcsin

5(o0, f))
A 2 '

Theorem J. [6] For every meromorphic function f(z) of the finite lower order
A we have

w(oo, f) > min <27r 2p(0, /) arcsin Bloe, J)Ploo, f))

A TA
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In the section 7 we give examples showing that the estimates in the theorems H,
[ and J are sharp.

2. Main results

Theorem 1. Let f(z) be a meromorphic function of the finite lower order A <
o) Then
5

TA

. log" pu(r, f) oo A
1 > : (5 —1 = < 5
S TR D) 2 e \ 0 e e

where p(r, f) = minj. -, | f(2)].

Corollary 1.1. Let f(z) be a meromorphic function of lower order A < 3. Then

. log" p(r, f) _ mA
1 >
I?Liljp T(r,f) — sinmA

(0(00, f) =1+ cosmA),

where p(r, f) = minj. -, | f(2)|.
Notice that Corollary 1.1 was obtained earlier by Goldberg and Ostrovskii [15, 31].

Corollary 1.2. Suppose that f(z) is a meromorphic function of finite lower

order A < M and 6(oco, f) > 1—cos ﬁ(;kf). Then there exists a sequence of circles

{z: |z| = rx}, " — 00, on which f(z) tends to oo uniformly with respect to arg z.

Corollary 1.3. Suppose that f(z) is a meromorphic function of finite lower
order \ < % and 6(oo, f) > 1 — coswA. Then there is a sequence r, — 0o, such that
f(r,e®) tends uniformly to oo for § € [0, 27].

It should be mentioned that the result in Corollary 1.3 was obtained earlier by
Goldberg and Ostrovskii ([31], see also [15]) and Edrei [8]. It is necessary to admit
that in 1939 Teichmiiller [35] proved that for the meromorphic function f(z) of the
order p < 1 such that d(co, f) > 1 — cosmp it holds for all 6 € [0, 27]

limsup | f(re?)| = oco.
r—00

1—cosmp
l—ecosmp’

Therefore Teichmiiller get the result of Corollary 1.3 in the case of 6 (oo, f) >
where € > 0, 0 <€ < 1.

Corollary 1.4. Let f(z) be an entire function of lower order A\ < M. Then
there exists a sequence of circles {z: |z| = r}, rx — 00, on which f(z) tends to oo

uniformly with respect to arg z.

Corollary 1.5. Let f(z) be an entire function of lower order A < %. Then
there exists a sequence of circles {z: |z| = .}, ry — 00, on which f(z) tends to oo

uniformly with respect to arg z.

The result in Corollary 1.5 was obtained by Heins [20] in 1948 and in case when
f(z) is an entire function of order p < £ by Wiman [37] in 1905.

Corollary 1.6. If f(z) is an entire function of lower order \ < M then for
all a € C we have 6(a, f) =0, i.e. f(z) does not have finite defective values.
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Theorem 2. Let f(z) be a meromorphic function of lower order A < Bloo.f)

2
Then

lim sup log™® u(r, f) S 17”\ (ﬁ(oo,f) T )sin A )’

rooo L(ryf) T €O8 575 ploo, f ploo, f)

where p(r, f) = min,—, | f(2)].

Corollary 2.1. Let f(z) be a meromorphic function of lower order A < 3. Then

1 +
(2.1) lifnrisogp OgT</:7(;,)f) > coslwA(ﬁ(OO’f) — mAsinw\),

where p(r, f) = ming.i_, |£(2)].

It should be mentioned that the result stated in Corollary 2.1 was obtained by
the author in [27].

Corollary 2.2. Suppose that f(z) is a meromorphic function of finite lower
order A < M and [(c0, f) ™ gin ﬁ(”)‘ . Then there exists a sequence of

> =
p(oo,f) o0, f)
circles {z: |z| = r}, rr — o0, on which f(z) tends to oo uniformly with respect to

arg 2.

Corollary 2.3. Suppose that f(z) is a meromorphic function of the finite lower
order A < & and B(a, f) > wAsinwA. Then B(b, f) =0 for all b # a.

Notice that the result in Corollary 2.3 was obtained earlier by Petrenko [33].
Theorem 3. Let f(z) be a meromorphic function of infinite lower order. Then
77
b(oo, f) < —.
o)< 5o )
Corollary 3.1. For a meromorphic function of infinite lower order and b(co, f) >
0 we have

7o) < e <

The method of the T*-function turns out to be very effective also in the study
of other structures. In 2016 the author together with Kowalski [22] (see also [24])
introduced and investigated the notion of separated maximum points of the norm
of meromorphic minimal surfaces. In 2019 we introduced the term of the separated
maximum points of the entire curves [23| (see also [38]).

I would like to mention about a method of Baernstein’s T*-function. Petrenko’s
method is right if the extremal function has only the one maximum modulus point
on the circle {z: |z| = r}. In the case of the single deviation f(co, f) a Mittag-
Leffler’s function is the extremal function and has one maximum modulus point.
Petrenko considered the representation of the meromorphic function on the sector in
the neighborhood of the maximum modulus point (Petrenko’s formula) and he get
the sharp estimation of the deviation 3(a, f). In the case of the sum of deviations the
extremal function is a Frithiof Nevanlinna’s function (see [15], p. 317), which has n
maximum modulus points (n = 2)). In this case the Petrenko’s method is not sharp.
The Baernstein’s T*-function concerns all of the intervals in the neighborhood of the
all maximum modulus points. Therefore by means of the T™-function author and
Shcherba get the sharp estimation of ) .z f(a, f) (Petrenko’s problem).
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In 2021 there will be the 80th birth anniversary of Albert Baernstein II (1941-
2014). I was acquainted with him personally and I have been frequently applying his
brilliant function (star-function) while solving my research problems.

3. Auxiliary results

Let again f(z) be a meromorphic function and ¢(r) be a positive non-decreasing
convex function of logr such that ¢(r) = o(T'(r, f)), (r — o). We first consider the
function

ug(z) = max (log | f(2)], o(]2)).

Lemma 1. [6] The function us(z) is -subharmonic function in C.

Proof. Let f(z) = i;—gzg, where ¢;(z) and go(z) are entire functions without

common zeros. Then it is easy to see that

ug(2) = max (log|g1(2)[,log|g2(2)| + ¢(]2])) — log |ga(2)].

The function ¢(r) is a convex function of logr for » > 0. Therefore ¢(|z|) is a
subharmonic function in C [34]. Also

vi(2) = max (log |g1(2)], log |g2(2)| + ¢(]2]))

is a subharmonic function in C. Thus

ug(z) = v1(2) —log|ga(2)] := v1(2) — v2(2)
is a d-subharmonic function in C. O

Let

. 1 ;
m*(re ug) = m*(r,0,uy) = sup — [ uy(re?)dep,
|E|=20 4T JE

T*(re ug) = T*(r,0,ug) = m*(r,0,uy) + N(r,00, f),

where r € (0,00), 6 € [0, 7], F is a measurable set and |E| is the Lebesgue measure
of E. Now for each t € (0, +00), consider the set

= {re'?: uy(re'?) > t},
and let
tg(re'?) = sup{t: re"? € F;},
where F}* is the symmetric rearrangement of the set F; [17].
The function ug4(re’¥) is non-negative and non-increasing in the interval [0, 7],

even with respect to ¢ and for each fixed r equimeasurable with u,(re’?). Moreover,
it satisfies the equalities:

ug(r) = maX(lOgl‘fnaXIf( 2)|, o(r)),

|=
Uy(re'™) = max(log min| £ (2)], ¢(r)),
m*(r,0,u,) = sup i ug(z) dz = 1 /9 ty(re'?) dep,
0

|E|=26 27 ™

where u(r, ) = u(re’?).
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From Theorem B the function T*(r, 8, u,) is subharmonic in D = {re?: 0 < r <
00, 0 < 6 < 7w}, continuous in D U (—o0,0) U (0,00) and logarithmically convex in
r > 0 for each fixed 6 € [0, 7]. Moreover,

T*(r,0,us) = N(r,o00, f),
T*<T7 T, u¢) = T<T7 f) + O<T<T7 f)) (T - 00)7
0 e tg(re”)
%T (r,0,uy) = ——
Lemma 2. [6] For almost all § € [0, 7] and for all r > 0 such that the function
f(2) has neither a zeros nor poles on the circle {z: |z| = r} we have

P5(r, 00, f) dtig(re?)
T 00

Lemma 2 is a generalization of Theorem C. In [6] was given sketch of the proof
of Lemma 2. In this paper we give a complete proof of Lemma 2.

for 0 < 0 < .

LT*(re® ug) > —

Proof. Let us assume that ry is a number satisfying the hypothesis. Since

Ug(ro,0) = Ty(ree) is a non-increasing function of ¢, the derivative W ex-
ists for almost all § € (0,7). Let us choose § € (0,7) such that w exists. If

Ug(r0,0) = P(r9), then uy(ro,z) = ¢(ry) for all z € [6,7) and so W =0. As

T*(r,0,uy) = T*(re®, uy) is a convex function of logr, we see that LT*(r,0,uy) > 0
for r > 0. Therefore the Lemma 2 is proved in the case when w = 0 or when

ﬁ¢(ro, 0) = gb(’l"o).
Let us assume now that
set E(ro, 0), such that

Oy (ro,0)
00

< 0 and ug(ro,8) > ¢(rg). By [4] there exists a

{p € 10,27]: uy(ro, p) > Up(ro,0)} C E(ro,0) C {p € [0,27]: ug(ro, @) > Ug(ro, d)},

. 1
(3.1) m*(ro, 0, us) = —/ ug(ro, ©) dep.
27T J E(ro.0)

We will prove that the set {¢ € [0,27]: uy(ro, ) = Uy(ro,0)} is finite. Let us
assume that the set {¢ € [0, 27]: ug(ro, ©) = Ug(ro, 0)} is not finite. Thus there is a
sequence {p,}>°, such that ¢, # pr (n # k), pn = @o (n — 00) and uy(re, vn) =
Uy(ro,0) for all n € N. Since Uy(ro, ) > ¢(ro) then log|f(roe"¥")| = uy(ro,6). There
is neither zeros nor poles of the function f(z) on the circle {z: |z| = r9}. Hence
the function F(¢) = log|f(ree™¥)| is analytic for all ¢ € [0,27]. Moreover F(y,) =
ug(ro,0) for all n € N and ¢, # ¢r (n # k), ¢, — @o (n — 00). Thus by uniqueness
theorem we have F'(¢) = uy(ro,0) for ¢ € [0,2n]. Hence uy(ro, ) = ug(re,d) for

¢ € [0,27]. Thus uy(re, ) = u(re,0) for ¢ € [0,2n] and %;O’m
contradiction. Hence the set {¢ € [0, 27]: ug(ro, ¢) = ug(ro, )} is finite.
Let Ey(ro,0) = {¢ € [0,27]: uy(ro, @) > uy(ro,0)}. By (3.1) we have

= 0, which is a

: /

Py ug(ro, @) di.
21 Jonroe)

Let us now consider for r > 0 the function [13]

1 /
= — ug(r, ) dp.
27T J B (ro.0) ¢

m*(ro,0,uy) =

w(r)
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We have m*(ro, 0, us) = ¥(rg) and m*(r, 0, u,) > ¥(r) for all r > 0. Hence
(3.2) Lm*(rg,0,uy) > LY(rg).

Since the set Ey(rg,0) C [0,2n] is open it implies that E;(ro, 0) = U, (o, Bk). In the
points ay, and S we have F(ay) = F(By) = Uy(ro,0) and F(p) = log|f(ree™)|. Tt
follows again from the uniqueness theorem that the family of intervals {(ag, Bx)} is
finite. Let m = m(ry) denote the number of those intervals, i.e.

m

Ex(ro,0) = { € [0,27): ug(ro, ¢) > Ts(ro, 0)} = [ J (. Br),  m = m(ro) < oo.

The function log | f(z)| is harmonic on a certain neighborhood of the circle {z: |z] =
ro} as f(z) has neither zeros nor poles on this circle. Therefore
dp

V(o) =5 Z/ ro—r—u¢ re'?) .
Bk )
Z / To—r—log|f(7“6’“")l dp
o 9 log \f('roe“")|
zA( - )dw
Bk /2 Bk
(3.3) Z/ 0 u¢ TO, Z [81% o, ]

lc Qg

It is easy to see that there are neighborhoods of the points ax, B, (k =1,...,m)
where the function F(¢) = log | f(ree¥)] is strictly increasing and strictly decreasing,
respectively. For if not, then at least one of the numbers {ay, Ox} is such that there
exists a sequence {p, }°°, tending to this number and for which F'(p,) = 0 forn € N.
But the function F’(y) is analytic in ¢ € [0, 27] and hence f’'(¢) = 0 for all ¢ € [0, 27].
Hence for all ¢ € [0, 27] we have F(¢) = log |f(roe*)| = uy(ro, 8). However, we have
assumed that % = 0, which is a contradiction. Thus, there exist neighborhoods
of the points ag, Bk, (K = 1,...,m) in which the function log|f(roe)| is strictly
monotonic. Since (1o, 0) > ¢(ro), there exist neighborhoods of the points ay, [y
where uy(ro, ) = log|f(roe'?)|. Consequently, us(ro, ) is strictly monotonic in a

neighborhood of each point ay, G (k=1,...,m).
We claim that %;’ak) > 0, %;’ﬁk) < 0 forall k=1,...,m. Let us choose
h > 0, such that ug(ro, ) is strictly increasing in the h-neighborhood of the point

. Then we have
mes{y € [0,27]: uyg(ro, ) > ug(ro, ax +h)} <20 — h,

where mes is the Lebesgue measure. In view of the properties of the function w4(r, ¢),
we have

h h
mes {cp: ug(ro, ) > Uy (TO,H - 5)} = mes {gp: Ug(ro, p) > Uy <r0,9 — 5)}

=20 — h.
Thus

ug(ro, o + h) > Uy (TO,Q — g) )
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Hence, since uy(ro, o) = we(ro, 0),

Qug(ro, k) > 1 9ug(ro, 0) -
Op 2 00

Similarly,

Aug(ro, Br)

dp
For brevity of notation, in place of uy(ro, ¢) and wg(ro, ) we shall write u(p) and
u(y), respectively. Thus, u'(ay),u'(Bk) < 0 (K = 1,...,m). Let hy be a positive
number such that for all ¢ € [—hyg, ho|, we have ay, + ho < S — ho and v/ (g + ) > 0,
w(ag + ) <0 (k=1,...,m). Further, denote by 7 the smallest value of the
function u(yp) in the interval [ag + ho, B — hol. Set n = minj<p<,, nx.  Clearly
u(ay + ho) > n > u(ag) = u(f). Choose a number hy such that 0 < h; < hg
and u(ay + hy) = n. By the choice of hq, the equations u(fy — =) = u(ag + h),
u(ag +y) = u(ay + h) have unique solutions for all 0 < h < hy, which we denote

respectively by x, yr. Thus zx = zr(h), yr = yr(h) for h: 0 < h < hy.
From the continuity of the function u(y) and since u(fx) = u(ax) =
1,...,m), it follows that as h — +0 the functions =) = zx(h), yx = yx(h

zero. By the differentiability of the function u(y), we have

u(fB) — u'(Br)xr + o(zy) = u(on) + ' (ar)h +o(h)  (h — +0).

<0 (k=1,...,m).

u(®) (k
)tndsto

Hence
W' (o)
T = — h+o(h h—+0, k=1,...,m).
o= o) )
Similarly
w' (o)
Yk = h+o(h) (h— 40, k=1,...,m).
w' (o)

From the choice of zy, ¥y, it follows that

mes{p € [0,27]: u(p) > u(ay +h)} =20 — Z(xk + yr)

NS (e v,
=20 Z(u’(ak) uf(ﬁk))h+ )

However, mes{¢p € [0,27]: u(p) > u(6 — $A(h))} = 20 — A(h). Thus

0] (9 - %A(h)) = u(ay + h).

The function u(y) is differentiable at the point 6, therefore
~ 1.
() = 5u (0)A(h) + o(A(R)) = u(an) +u'()h +o(h) (A = +0).

Hence, recalling that u(ay) = u(f), we obtain

1o o 1 1 : /
—5U () Z (u’(ak) - U’(ﬁk)) uw'(aq)h =u'(ag)h +o(h) (h — +0).
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Since u'(ay) > 0, it follows immediately from the previous formula that

m

5O (o~ 57) =

k=

Multiplying this equality by > 7" (u'(a;) — u/(5;)), we have
" N — (B ——lﬁ/ . u' (o) — u'(B; CH
>~ (wle) ~(5) = 5@ 3 (e D) (e~ 75

Next, we shall use a simple inequality, which can easily be proved by induction: for
positive numbers a; > 0, by > 0 (k =1,...,m) we have the inequality

- 11

Z (a]‘ + b]) (— + —) Z 4m2.
, ap by

k,j=1

It follows from this and the above inequality that

(3-4) Z (u'(az) = '())) = —2m*@ (6).
In view (3.2), (3.3) and (3.4) we have

Lm*(ro,0,ug) > ——1 ().

m
T

Clearly, m > p(rg, 00, f) and LT*(ro,0,us) > Lm*(rg,0,u,). The assertion of
Lemma 2 now follows from these inequalities. O

Lemma 3. [27] Let the function f(x) be non decreasing on the interval |a, b
and let p(z) be a non negative function having a bounded derivative of the interval
[a,b]. Then

b b
/fmwmmsﬂmwwfww@j/¢MAmw

Lemma 4. [33] Let f(z) be a meromorphic function of lower order \. Then for

each € > 0 there exist sequences Sy, Ry, tending to infinity such that lim 2t = 0 and

k—oo Tk
for k > kq(e)

dr.

T(2Rk7 f) T(2Sk7 f) < G/RIC T(T, f)
R) S g, T
Bergweiler and Bock in [5] introduced a generalization of Polya peaks to functions

of infinite lower order. Let’s remind the basic facts of this construction.
For all sequences M; — o0, €; — 0 there exist sequences p; — 0o and p; — 00

Sk

such that, for all r’s fulfilling the inequality |log pL| < %, we have
J J

N

(35) 7)< (14 6) (2 ) T ).
j

We can choose the sequences p; and M; such that

3 .
p; = o(logz T(p;, f)), M; = o(logT(p;, f)), j — oo
Let’s put

IVIJ- IVIJ-

Py =pje ", Q;=pje’.
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Then the inequality (3.5) is true for all r € [P}, Q;]. We shall assume that M; > 1.
Let’s consider the sets

Aj:{TE[Pjan]ZT(ij)S ! (L)MT(PJ»JC)}’

NICRNZ

B {e[P | T(r, ) < — (T)MT( f)}

i =37 i Pj] r, =  —\ Pj, .

J 7 Pj \/N_J D J
Let’s put

Ty, ifA; =0, 7 P, if B; =10,

_a _2

sze “jRj, Tj:e “jRj.

Then

tj<pj<7}<5j<Rj
In [5] it is shown that

36) T(R. f) , Tt f) _, (M / T(r, f) dr)) e

R;‘j t;‘J i+l

4. Proof of Theorem 1

If p(o0, f) = +o0 then by Theorem H we have (oo, f) = 0, Thus d(co, f) = 0,
so the right side of inequality in the statement of the Theorem 1 is equal to zero and
left side is non-negative.

Let now p(oo, f) < oo. If §(oo,f) < 1 — Cos 5225
obviously. Let (oo, f) > 1 — cos ﬁ(;)‘f) > 0. Then d(o0, f) > 0 and for every ¢(r)

we have py(oco, f) > 1. Let us consider the case A > 0. Now we choose the number
« and 9 satisfying the inequalities

A _ then the Theorem 1 is

0<a<mi
a_m1n<7r, o

TPy (00, f)) |

_mDg(0, f)
2\
We put [10, 13, 27|

@ A
o(r)= / T*(r, ¢, ug) COS =———
0 P

. 7) (p+9)dy,

where T*(r, o, ug) = T*(re", uy).
Since T*(re'?,uy4) is a convex function of logr, it follows that for all » > 0 and
h > 0 we have

T*(re", o, ug) + T*(re™", o, uy) — 2T (1, ¢, ug) > 0.

Thus by Fatou’s lemma for all » > 0 we have

(4.1) Lo(r) > /Oa LT*(r,0,uy) cos ]m(ﬁ + 1) df > 0.
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It follows from this inequality that o(r) is a convex function of logr, and so ro’_(r)
is an increasing function on (0, 00). Therefore, for almost all r > 0

Lo(r) = r%ra/_ (r).

It follows from (4.1)and Lemma 2 that for almost all » > 0

/a P (1,00, f) Oty (r, 0) o AO + )
0 T 00 ﬁ(ﬁ(rv 0, f)

By definition p,(r, 00, f) takes only the integral values. Thus for r > 7, we have
Ps(00, f) < Dy(r, 00, f). From this and (4.2) it follows that for almost all » > r

@ py(00, ) dtig(r,0) A6 +)

de.

(4.2) r%ral(r) > —

d
4.3 — > — do.
(4.3) Tdrra_(r) > /0 - 50 Cosﬁ¢(oo,f)
If there are neither zeros nor poles of f(z) on the circle {z: |z| = r} for r > 0,

the function uy(r,d) = max (log |f(re®)|, ¢(r)) fulfills the Lipschitz condition in 6.
Therefore u,(r, 0) also fulfills the Lipschitz condition on [0, 7] [17]. It implies that
the function we(r, ) is absolutely continuous on [0, 7]. Integrating twice by parts,
we have for almost all r > r

d P00, f) -
r%ra_(r) > —Tud,('r, @) cos o0 ) (v + )
ALY (. oo 22
#2022, (1) ) os =
T . . AMa+ )
pAT(oo,f)T (r, o, ug) s 7@(00,,76)
(4.4) + Apy (oo, f)N(r, o0, f) sinzﬁ + Mo (r) := h(r) + Xo(r).

Dividing both sides of (4.4)by r**! and integrating by parts over the interval [2S},, Ry,
where Si, Ry are the sequences described in Lemma 4 we have

o h o B1d
(4.5) / AQM+V/ %gmgf ——ra_(r)dr=1.
2 2

25k Sk r

Invoking Lemma 3 we get

7 o (r)

(4.6) <55

R Be o' (p
+ A / _E\ ) dr.
29, 25, T

k

The function o(r) is a convex function of logr on the interval (0, 4+00), i.e. g(t) =
o(e') is convex on (—o0,00).Thus the function ¢(t) satisfies a Lipschitz condition
on each interval [a,b] C (0,+00), so is also absolutely continuous on each interval.
Then the function o(r) = g(logr) is also absolutely continuous on the intervals
[a,b] C (0,400). Integrating by parts the integral in the inequality (4.6) we have

@ /ZRk o), /QRk o'(r) . _o(R) 028 /Rk o(r)

Sh. T)\ S 7’)\ Rli:\ (25k)A m
By (4.5), (4.6) and (4.7) we have
B p(r) o_(r) o(r)
(4.8) /2 md’r S ( A1 +A A )

Sk

25},

Ry,

25},
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By definition of o(r) we get
(4.9) 0<o(R)<7m(l4+0(1)T(R, f)<2rT(R,f) (R— o0).

The function ro’ (r) is non-decreasing on (0, c0), hence

o2R) 2 00R) ~ot®) = [ oryar= [ D arz ro ) [T

R r rR T
= Ro_(R)log2.
Consequently, for R > Ry we have
/ 2w
4.10 R) < 2R) < T(2R, f).
(110 Ro () € =50 (2R) < ST (2R. )

Moreover, in view of the monotonicity of Ro’ (R) we have for R > 1
(4.11) Ro (R)>o (1) =C.
By (4.8), (4.9), (4.10) and (4.11) we have

/Rk M) g < 2 (11 +A) TS S o)

pAtHL 0g 2 R} (255)
It follows from the Lemma 4 that for k > kq(e)

M), (TG
/2 7»)\4’1 dr <€ / 7«)\4’1 dr.

Sk Sk

25},

Therefore there exists a sequence 1, € [2Sk, Ry such that h(ry) < eT'(ry, f). Since
S — oo it follows that r, — oo as k — oo.
Recalling the definition of h(r) we have for k > kg

pqs(osaf)(max (logr‘n‘ax|f( 2)|, o(r)) cos = é\;ﬁ 7 p¢(7;2,f) 7k, 0, Ug) sm;\:?;l;;)
+ Apy (00, f)N(ry, 00, f) smpd)(i:f f) <O7TO f)u¢(rk, )COS% < €T(rg, f)-
Hence
max coS AP ™ a,u smM
log™ e 1/ (&)l o8 s 1)~ Btoor ) MBI
7T7)\7“00 &nLuracos(—H/})
F ioe ) e IS Ty T el ) 8 T )
(4.12) < €T(ri, f) (k> ko).

The quantity pg(oc, f) is an entire non-negative number. Since p(oco, f) = sup,, pg(oo, f)
there is the function ¢(r), such that py(oco, f) = p(oo, f). If we apply the inequality
(4.12) to the function ¢ then we have

Y A T* (g, o, ug) sin Mo +Y)

log" max |f(z)]| cos

jzl=rs p(oo, ) Bloo, f) ploo, f)
L)\ r sinﬂ — Ug(ry, « COSM
F Bloo, 1) 00 F)sin ey — el @) cos B

(4.13) < €l(r, f) (k> ko).
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Let a« =m, ¢ = M Then by (4.13) we have
A A A , A

Floo, ) T O R T ooy e o) el s e
< €T(rg, [).
Since (o0, f) =1 — limsup N,ﬁ"(o‘})f) then

N(r,00, f) < (1 —=0(c0, f)+€)T(r,f) (r>ro).

Hence

ig{r. ) = max (min log | £(2)], (r) = max (min log” |F(2)]. (1)

< minlog" | /(2)| + 6(r) = log" u(r, )+ o(T(r.f)) ~(r = 00).

and
oo T D o 75~ o 71 0 )+ AT 001
—log* pu(rg, f) sin ﬁ(:: 7 < T 1),
Therefore
ey e G ST O R

Taking € — 01 we get statement of Theorem 1.

5. Proof of Theorem 2
In (4.13) we set @ = m and ¢ = 0. Then there exist the sequence r, — 0o, such
that for k > kg

A A A
log" max | f(2)] — ﬁ(:o,f)T*(r’“a’%) sin ﬁ(:o,f) ~ log™ ulr, f) cos ﬁ(zo,f)

|z|=rk
< €T<Tk, f)
Thus
A log* A A
COSLlimsupw > B(o00, f) — = T sin —— — €,

p(oo, f) rsee T(r, f)
If € — 0, then we get statement of the Theorem 2.

6. Proof of Theorem 3
Let p be the number such that 1 < p < max (1, p(oo, f)),

TP

77 0
o(r) = /2 T*(r, 6, us) cos ke do,
0 p

where p; is defined in (3.5). Applying Lemma 2 and Fatou’s lemma we obtain that
for almost all » > rq

d 2, p? Ol (r, 0 0
7’57’0 (r) Z—/02 %%cos%d@.
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After applying integration by parts to the right side of the above inequality we have
for almost all r > rq

d
T%TO_(T‘) > p*h(r, i) + ,u?cr(r),

where h(r, p;) = L(r, 00, f) — =2 T* <r, 2%-7“45)-

By dividing the inequality above by r#*! and integrating over an interval [t;, T;] we
have

T T, T}
1d s (TR L [T o)
(6.1) /t ——ro_(r)dr>p /t ruj+1j dr + pi /t = dr,
J J J

where t;,T; are defined in (3.6).
Integrating by parts the left side of (6.1) and applying the monotonicity of ro” (1),
we obtain

D h(r, ) o (r) —ol(r)
2 ) Mg — O
(6.2) p /t U S

J

T

tj
The definition of o(r) implies that
p
o(r) < ;(T(T’ f) +o(T(r, f)))-
J
Since ro’_(r) is monotonically increasing on [t;, T}] we have

o(s;) —o(T;) = /Sj o (r)dr = /Sj ral,('r)ﬁ

T T r

Sj d’r’ / S 1 /
> 10 (1) [ =0 (1) g 2 = LTy (1))

T, T i My
Hence
Tyo (T) < 1o (S;) < p(T(S;, ) + o(T(S;, 1)) < 20T(S;, f)  (j = o0).
Apart from that, for all » > 1 we have
ro_(r) > o_(1).
Now, applying (6.2) and (3.6) we have
e /Tj hr, 1) o o 30T (S5, f) o 3pe’T(R;, f) LI )
t

i +1 — jﬂ;‘] t?] — R;‘J t?]
DT, f) :
(6.3) < euj/tj s dr (j — 00),
T*(r,a,ug) <T(r, f) +o(T'(r, f)) (r—o0).
TG e, TP
h(r,u;) = L(r,o00, f) — —T"(r, —,u
(r.5) = £(.00, 1) = T (. 7 )

Therefore
(6.4) / L(r, 0, f) dr < (z + E)Mj/ (r, f>d7“.
tj tj

TﬂjJrl
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Using integrating by parts and applying (3.6), we obtain

o [P IED g TOD) T L),

T <

rﬂj+1 t;‘J o T:U‘J rﬂj‘f'l

<(1+e)/tTj+1Mdr (j = 00).

Tﬂj+1

J

J

g ‘C(T? 0, ) ™ Tt TTI—(Tv f)

j j
Therefore there is a sequence r; € [t;,7}] such that

L(rj, 00, f) < (% + e) 1+ )T (1), f).

Hence

My
The definition of sequences {t;} implies that t; > P; = pje *i, where p; — o0,
M. The sequence p; — 00 as j — oo. Thus t; — oo and r; — 00 as j — oo.
From the definition of b(co, f) and from (6.4) we get

b(co, f) < (g +e) (1+e).
As it is true for any € > 0 then for all number 1 < p < p(o0o, f) we have
(6.5) oo, /) < -

If p(oo, f) < oo then putting in (6.5) p = p(oo, f) we obtain the statement. If, on
the other hand, p(co, f) = oo then the inequality (6.5) is true for all numbers p > 1.
Hence in this case b(oo, f) = 0. This completes the proof of Theorem 3.

7. Examples
Let E,(2) =Y 10, r(1+ ] be the Mittag-Leffer function of order p > 0 (A = p).
Let n € N and A: 2 > 3 L Let us consider the entire function
Fi(z) = E%(z")

It is clear that Fi(z) is an entire function of lower order A. From the asymptotics of
the function E,(z) ([15, p. 114]) it follows easily that p(oco, F1) = n, B(co, F1) = 2.
Thus the estimate (4) of Theorem H is attained for the function Fj(z). The estimate
(5) is attained for the function E)(z) for 0 < A < 1.

To prove the sharpness of the estimate (6) for A > 0 we consider for n € N
the meromorphic function Fy(z) = fa(2"), where f,(z) is the function given by

Teichmiiller [35] (see also [15, p. 282]). The function f,(z) is of the order p: 0 < p < 1
d(o0, f,) =1 —cosmp, B(o0, f,) = mpsinmp and | f(—r)| < 2 for r € [0,00). Clearly,
F5(z) = fa(z") is of the finite lower order \: 0 < 2 < 1 (X = p), p(oo, F3) = n,
B(oo, Fy) = sin™, §(oo, Fy) = 1 — cos™. Consequently, the estimate (6) is
attained for the functlon Fy(z) for A > 0.

If A\ = 0 and S(o0, f) > 0 then by Corollary 3.2 we have p(co, f) = 1. The
function fy(z) = [I°2, (1 — %) is of the order 0 and (oo, fy) = 1. Therefore in the

n=1

case of A = 0 the estimate (5) of Theorem H are attained for the function fy(z).
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Let notice that the estimates in Theorem I and Theorem J are attained for the
functions Fi(z) and F3(z) introduced earlier in this section.
The example of the function F»(z) proves that if (oo, f) = 1—cos oo

f)’ then the

statement of Corollary 1.2 not always is true, i.e. the condition (oo, f) > 1—cos ﬁ( f)

can not be replaced by (oo, f) > 1 — cos A( . The function Fy(z) also shows that
A

the condition B( Jf) > oo T) sin A( f) in Corollary 2.2 can not be changed to
B(oo, f) = SmA( 7f)

Let us consider the function F3(z) = cos (22) = (7(12)2) - , (n € N). Then
k=0

ploo, F3) =n, p(F3) = g and |F3(x)] =|cosz2| <1 for x> 0.
The example of the function F3(z) shows that if A = 2 (°° D then the Corollary 1.4
may not hold.

For the function from the Example 1 ([15, p. 277]) we have f,,(z) = sz(féug),

where f(z,u) is a Weierstrass product with positive zeros and n(r, 0) ~ ur* (r — o),
0 < A < 1. It is easy to check (see [15], p. 277-278) that the function f,,(z) is a
meromorphic function of lower order A (A = p) and for 0 < A < 1 we have

A (u—vcosTA)

B(00, fun) =

sin T\ u ’
, log™ 1u(7, fuv) A (ucosmA — v) 1 ,
| = = w) — TA A).
nap (r, fuv) sin A u cos T (B0, fuw) = mAsinmA)

Hence for all A\: 0 < A < % there exists a meromorphic function of lower order A such
that in the estimate (2.1) we have an equality.

To prove the sharpness of the Theorem 3 we consider the entire function Ey(2)
of infinite order [18, p. 126]. For Ey(z) we have (see [18, p. 128])

o) = exp(ez—l—z)—i—O(#), if z € Ay,
o), if 2 ¢ Ao,

where Ay ={z2=2+iyeC:2>0, —7 <y <7} and

L(r,00, Eo) ~ ¢, T(r,Bo) ~ = (r = 00).
s

For each n € N we consider the function
Fy(z) = Eo(2").
It is easy to see that for this function we have p(oo, Fy) = n, L(r,00, Fy) ~ e,

T(r, Fy) ~ <, rT (1, Fy) ~ 2¢ . (r — oo0) and b(co, Fy) = T. Thus estimate of
theorem 3 is attained fot function Fjy(z).
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