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Teichmiiller spaces of non-discrete groups

JuN Hu* and FrRaANCISCO G. JIMENEZ-LOPEZ'

Abstract. The concept of Teichmiiller space of a Fuchsian group can be extended to any
non-discrete group of conformal homeomorphisms of the hyperbolic plane. In this paper, we first
present three models of Teichmiiller space fulfilling that goal. Then we use them to study the
Teichmiiller spaces T(G) of the non-discrete subgroups G of PSL(2,R). We show that T'(G) is
not trivial if and only if G is a subgroup consisting of hyperbolic elements with two common fixed
points and accumulating to at least one non-identity element. Furthermore, we show that if T'(G)
is not trivial, then (1) T(G) is conformally equivalent to the open unit disk, (2) the Teichmiiller
metric on T'(G) is equal to the hyperbolic metric on the disk, and (3) the length spectrum is just a
pseudometric on T(G) and when restricted to a one-dimensional real slice, it is a metric coinciding
with the Teichmiiller metric.

Ei-diskreettien ryhmien Teichmiillerin avaruudet

Tiivistelm&. Fuchsin ryhmén Teichmiillerin avaruuden kisite voidaan yleistdé mihin tahansa
hyperbolisen tason konformisten homeomorfismien ei-diskreettiin ryhméan. Téassé tyossa esittelem-
me aluksi kolme Teichmiillerin avaruuden mallia, jotka toteuttavat tdmén tavoitteen. Sitten kdytam-
me niitd ryhmén PSL(2,R) ei-diskreettien aliryhmien G Teichmiillerin avaruuksien T'(G) tutkimi-
seen. Osoitamme, ettd T'(G) on epétriviaali, jos ja vain jos aliryhmé G siséltdd hyperbolisia alkioita,
joilla on kaksi yhteistd kiintopistettd ja jotka kasaantuvat ainakin yhté ei-yksikkoalkiota kohti.
Lisaksi osoitamme, ettd jos T(G) on epétriviaali, niin (1) T(G) on konformisessa vastaavuudessa
yksikkokiekon kanssa, (2) avaruuden T(G) Teichmiillerin metriikka on sama kuin kiekon hyper-
bolinen metriikka, ja (3) pituusspektri on avaruuden T'(G) pseudometriikka, joka yksiulotteiseen
reaaliseen viipaleeseen rajoitettuna yhtyy Teichmiillerin metriikkaan.

1. Introduction

In this section, we provide background and give the statements of the results.
Denote by C the complex plane and C the extended complex plane (the Riemann
sphere). Let H be the upper half plane and H~ the lower half plane, and let R be the
real line and R the extended real line. Given a complex-valued measurable function
p defined on H with norm ||u|| < 1, denote by

fH C—C
the unique quasiconformal mapping fixing 1, 0 and oo with complex dilatation

equal to g on H and p(z) for any z € H™, and denote by
fu: C—>cC

ok
afr
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the unique quasiconformal mapping fixing 1, 0 and oo with complex dilatation equal
to pon H and 0 on H™.
Clearly, each mapping f* preserves H and hence R. Define by
HP (H preserving) = {f*: ||plloo < 1}

and
LC (lower conformal) = {f,: ||it|l < 1}.

~ A

Recall that the Schwarzian derivative of a conformal mapping f: A C C — C is

given by
AN n\ 2
1
G (1) LY
f/ 2 f/
In the following, we first recall three different models that are used to de-

fine/represent the universal Teichmiiller space T'(1).

Definition 1.1. (Using quasisymmetric homeomorphisms of R)
T(1) =HP/ ~,
where
fr = =
Definition 1.2. (Using quasidisks)
(1) =LC/ ~,
where
Jur ™ Jua & Jinlw- = fuolo- = Spyle = Shigly--
Definition 1.3. (Using Bers’ embedding)
T(1) = {S,,_: fu € LC}.

Let G C PSL(2,R) be a Fuchsian group, i.e., a discrete group of Mobius trans-
formations preserving H. Corresponding to three different representations of the
universal Teichmiiller space T'(1), the Teichmiiller space T(G) of G can be defined
by using one of the following three models:

Definition 1.4. (Using quasisymmetric homeomorphisms of R)
T(G) = {f € HP: [*o g0 (/") € PSLE,R) (Yg € G)}/ ~,
where
[~ 12 = e = e
Definition 1.5. (Using quasidisks)
T(G)={f. € LC: f, ogofu_l € PSL(2,C) (Vg € G)}/ ~,
where
fun ~ Jrue = fule- = fualu-
Definition 1.6. (Using Bers’ embedding)

T(G) = {¢ = Sy, + [ € LC and ¢(g(2))]g'(2)]* = 6(2) (Vg € G)}.
Clearly, all of the previous definitions of Teichmiiller spaces of Fuchsian groups
can be directly copied to define Teichmiiller spaces of non-discrete groups of conformal
homeomorphisms of the upper half plane. We say that G is elementary if there exists
a finite G-orbit (see the precise definition in the next section just before Theorem 2.3).
The first result of this paper is the following.
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Theorem 1. Assume that G is a non-discrete subgroup of PSL(2,R).

(1) If G is non-elementary, then T'(G) is trivial.

(2) If G is elementary, T'(G) is not trivial if and only if G consists of hyperbolic
elements with common fixed points (with multipliers having nonzero finite
accumulation points). Furthermore, if T(G) is not trivial, then T(G) is con-
formally equivalent to the unit disk and hence is a complex Banach manifold
with one chart map.

The Teichmiiller metric is well defined on T'(G); that is, given any two points

[f*] and [f*2] of T(G),

dr([f*], [f*]) = log inf K(f),

where f = fto(f*)~! K(f) denotes the maximal dilatation of f, and the infimum
is taken over all representatives of [f#1] and [f#2].

Now we consider another metric that can also be defined on the nontrivial case of
T(G) when G is a non-discrete subgroup of PSL(2,R). Let us recall how the length
spectrum is defined on the Teichmiiller space T'(Sy) of a Riemann surface Sp.

Let Sp be a Riemann surface. A marked Riemann surface is a pair (S, f) with
f: Sy — S being a quasiconformal mapping. Two pairs (S, f1) and (S, f2) are
equivalent if there exists a conformal mapping c: S; — S5 such that co f; is homotopic
to fo. The Teichmiiller space T'(Sp) is the set of equivalence classes [S, f]. A simple
closed curve on S is said to be essential if it is neither homotopic to a point nor to a
puncture and nor to a boundary component. Let X g be the collection of simple closed
curves on S containing one and exactly one representative from each homotopy class
of essential curves. For each v € ¥g, let Ig(y) denote the length of the shortest curve
in the homotopy class of v under the metric on S. The length spectrum is defined by

4u([S1. 11, S0, f2)) = log sup {(ls2<fz °£11(0) } |

V€Y, lSl (’7)

The length spectrum is a pseudometric on 7(Sp). In many cases, it is a metric. It
was proved in [9] by Sorvali that d, is bi-Lipschitz to dy on the Teichmiiller space
of a torus. Later Li proved in [5] that the two metrics d;, and dp define the same
topology on the Teichmiiller space of a compact Riemann surface, and he proved in
[6] that the two metrics are not bi-Lipschitz if the genus of the Riemann surface is
bigger than 1. Then Liu [7] proved the topological equivalence of the two metrics on
the Teichmiiller spaces of hyperbolic surfaces with boundary and of finite type. In
Liu’s paper, the reduced Teichmiiller space is considered, since d;, does not define a
metric on every marked Teichmiiller space of surfaces with boundary (see [3]). Shiga
[8] showed that Liu’s result fails in general on Teichmiiller spaces of Riemann surfaces
of infinite type and he also introduced a sufficient condition for Liu’s result to hold
on such Teichmiiller spaces.

Except for the torus case, one usually considers Teichmiiller spaces of hyperbolic
Riemann surfaces. In fact, if Sy is a hyperbolic Riemann surface, then the length
spectrum on 7'(Sp) can be alternatively defined as follows. Let G be a subgroup of
PSL(2, R) representing a hyperbolic Riemann surface Sy; that is, Sy = H/G. For any
hyperbolic transformation g € G, let 7(¢g) denote the multiplier of g. Then

log7(fr ogo (f*)™") ﬂ} .
log 7(fr2 0 go (fr)™h)

de([f"],[f*%])) =log  sup {

g€G,g hyperbolic
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One can see clearly that this alternative definition of dj extends to the nontrivial
case of T'(G) when G is a non-discrete subgroup of PSL(2,R). In this paper, we also
prove the following theorem.

Theorem 2. Let G be a non-discrete subgroup of PSL(2,R) consisting of only
hyperbolic elements with two common fixed points. Then

(1) the Teichmiiller metric on T'(G) is equal to the hyperbolic metric on the disk
under the identification map in Theorem 1, and

(2) the length spectrum is just a pseudometric on T(G) and when restricted to
the horizontal diameter of the disk (under the identification map), it is a
metric coinciding with the Teichmiiller metric.

In the following two sections, we prove the two theorems with quite elementary
and self-contained approaches.

Acknowledgement. This work was inspired by a talk given by Professor Clifford
Earle at CUNY Graduate Center quite a few years ago. Both authors hope that this
paper honors his memory. They also wish to thank the referees for their comments
and corrections of typos.

2. Proof of Theorem 1

Let G be a non-discrete subgroup of PSL(2,R). Bers’ embedding (see Defini-
tion 1.6) is an injection from 7'(G) into the space of holomorphic maps, which is a

complex linear space. Using Definition 1.6, one can also obtain an estimate on the
dimension of T'(G).

Theorem 2.1. Let G be a non-discrete subgroup of PSL(2,R). Then the (com-
plex) dimension of T(G) is at most 1.
Proof. We use Definition 1.6 to define T'(G). Then given any two non-trivial
elements ¢, ¢ € T(G),
¢g(2)) _ ()

p9(2))  o(2)
for any ¢ € G. Since G is not discrete, there exists a sequence {g,
é(2)

in G converging to the identity element. Therefore, o0 is equal to a constant ¢ and

then ¢ = cp. This means that dim¢ 7'(G) < 1. O
Now we prove a proposition due to Earle.
Proposition 2.2. (Earle) Let G be a non-discrete subgroup of PSL(2,R).

(1) If G contains infinitely many elliptic elements fixing a common point zy € H™,
then T'(G) is trivial, i.e., a single-point space.

[e.e]

o0, of elements

(2) If G contains infinitely many parabolic elements fixing a common point xy € R
and with their translation amounts accumulating at finite nonzero values, then
T(G) is trivial.

(3) If G only contains hyperbolic elements fixing two common points 1, Ty €
R, then T(G) is nontrivial and under Bers’ embedding, it is conformally
equivalent to the unit open disk 1.

Let A be a simply connected domain conformally equivalent to the unit disk with
Poincaré density . Given a holomorphic map ¢: A — C, define

lplla = sup p(2)|n(2) 7%
zEA
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It is well-known that ||¢||4 < 6 (see [4] for a proof).

Proof. (1) We take the unit disk I as a model for the hyperbolic plane. We may
assume that zp = 0 and G contains elements of the form ¢, (2) = eitr 2 where t, € R
and {e"*}2° | has accumulation points on the unit circle. Let f, represent a point of
T'(G) in Definition 1.5. In this setting, we let f, be conformal on D. Let ¢ = Sy ..
Then for any t, € R,

ity

p(2) = (g0, (2)) g1, (2)]* = (™ 2)e™.
Therefore, the function F(z) = ¢(2)2? satisfies F|(z) = F(e'*z) for all t, € R. Since

{e" }%° | has accumulation points on the unit circle, it follows that F is a constant,

say F'= C, and hence
C

p(z) = 2
Since

“la-1p) <.

22

[l = sup
zeD

the constant C' must be 0 and then the first part of Proposition 2.2 follows.

(2) We may assume, without loss of generality, that o = co. Then G contains
clements of the form gy, (z) = 2z + tx, where ¢, € R and {t;}?2; has nonzero finite
accumulation points. Let [f,] represent a point of T(G) in Definition 1.5 and let
¢ = Sy, Then for any ¢ € R,

p(2) = @96, (2)lgh, ()] = (= + ).
It follows that ¢ is constant, say ¢ = C. Since
lelle- = sup |C[4(Im(2))* < 6,
zeH~

the constant C' must be 0 and then the second part of Proposition 2.2 follows.

(3) Let G C PSL(2,R) be a non-discrete group containing only hyperbolic ele-
ments with two common fixed points 1, x5 € R. Through conjugation by an element
in PSL(2,R), we may assume that

G={g(z) =ez: t € R},

where ¢, € R and {t;}72, has at least one nonzero finite accumulation point. Using
Definition 1.6, one can see that ¢(z) = % € T(G) and hence dime T(G) > 1.
Combining this with Theorem 2.1, we see dim¢ 7(G) = 1. The main work is to
show that T'(G) is conformally identified with the unit open disk D. To do this, we
first prove that if Definition 1.6 is used to define T'(G), then T(G) consists of the
Schwarzian derivatives of all functions fz of the form

228 if e H™,
fﬁ(z)_{zzﬁ if z € H,

where (3 is a constant with |5| < 1. Note that each mapping fs is extremal in its
class.
Let us first use Definition 1.5 for T(G). Given [f] € T(G), fog, o f~ is a

Mébius transformation on C fixing 0 and oco. Thus

(foguof)(z) =Nz
Moreover, since f fixes 1, we obtain

Fe") = (fogy o f)(1) =N,
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Then for each ty,

Fe®)f(2) = My f(2) = (fogu 0 fT(f(2)) = fle™2).
 Consider the universal covering map p: C — C\ {0} given by p(¢) = €, and let
f: C— C be the lift of f: C\ {0} — C\ {0} fixing 0. For each #,

of (k) — F(ST) = F(ef*) f(e°) = of k) o F(O)

This implies
F(C+te) = f(Q) + f(tr) + ¢
where ¢ is constant. By letting ¢ = 0 and using f(0) = 0, we conclude ¢ = 0. Then

F(C+t) = F(C) + fty) for each t;.

The strip A = {¢: — 7 < Im({) < 0} is mapped by p onto H~, where f is
holomorphic. Then f is holomorphic on A and for any ¢ € A, we obtain

F(C+t) = f1(C)

Since {t}72, has finite accumulation points, it follows that f"is constant on A and
then f(¢) = aC on A for some o € C\ {0}. Then

f(2) = f(e#%) = eflos2) — golosz — o g a]] 2 € -,
where the branch of log is given by
logz =log|z| +iargz for —m < argz <.
The region f(A) is a strip bounded by the lines ; = {z: z = ax for z € R} and
ly ={z: z=a(z—inr) for v € R}. Let o = a+bi. Since no two points in the closure
of f(A) can project to the same point under p, we must have a # 0. Moreover, [y

(b2 +a)7

intersects the y-axis at — 1 and [y intersects the y-axis at the origin. It follows

that the line segment between the origin and —@i is contained in f(A). Then
b2 2
ﬂ < 21
a
that is,
(a—1)*+b* < 1.
Thus, o« = a+ bi = 1+ § with || < 1. We conclude that
f(z) = 2% =210 = 228 for » € H.

Now let z; = x + mt and 25 = x — w2, where z € R. These points are mapped by

p to the same point on C\ {0}. Since p(f(21)) = f(p(21)) = f(p(22)) = p([(22)). it
follows that f(z1) = f(z2) + 2kmi, where k is an integer. Since f: C — C is the lift
of f: C\ {0} — C\ {0} fixing 0, it follows that £k = 1. Then

flx+mi) = f(x —mi) + 2mi = a(x — i) + 2mi = (x + wi) + B(x — 7).

This verifies that if 2, = x + 74, then f(zl) = 21 + B2 for any z € R. )
Let B = {¢: 0 < Im(¢) < 7}. Now we define an extension fz of f|4 to the
closure of the union AU B by

~ oz if z € A,
- |z+4pz ifzeB.
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The Beltrami coefficient of fg is equal to the constant 8. This map projects to a qua-
siconformal map fj from C\ {0} onto itself and hence it extends to a quasiconformal
homeomorphism of C fixing the origin. (Note that the Beltrami coefficient of f5 is
equal to Bz/Z for each z € H. So if we use the notation f, given in the introduction,
then fz should be denoted by fs./z. Just for sake of notation, we denote it by f3.)
For any 2z € H,

fa(2) = fa(e87) = efollonz) — glos=tulosz _ 58 for 1] 2 € H,
where we use again the branch of log given by
logz =log|z| +iargz for —7 < argz < .

Hence fg projects to fz given by

228 if 2 -
fﬁ<z>={ e

278 if z € H.

Using Definition 1.5 for T(G), one can see that fs represents the point [f] in
T(G). In fact, it follows from Strebel’s works [10] and [11] that fs is the unique
extremal representation of [f]. Obviously, for two different values 51 and 35 in D,
fs, and fs, represent two different points in T'(G). Therefore, T'(G) can be identified
with the open unit disk D.

Furthermore, for any g € D,

Sipl- (2) = %

Since the map 5 — —f(5 + 2) is a holomorphic bijection between D and its image,
it follows that 7'(G) is conformally equivalent to D if Definition 1.6 is used to define
T(G). Furthermore, this conformal map enables us to view this Teichmiiller space
as a complex Banach manifold by using one chart map. 0

Using Proposition 2.2 and some background on the classification of non-discrete
groups of Mébius transformations given in [2], we obtain the conclusions presented
in our Theorem 1. In the following, we first summarize a minimal background on the
classification and properties of non-discrete subgroups of PSL(2, R) that we need to
apply in order to prove Theorem 1.

We identify the extended complex plane C = C U {o0} with R2 = R2U {o0}. In
terms of quaternions, the three-dimensional hyperbolic space is expressed by

H? ={z+tj: 2=2+yicC,t >0}

Then C is the boundary of H3. The group M (RZ) of orientation-preserving Mobius
transforms of R? onto itself can be alternatively defined as the collection M of linear
fractional maps (page 57, [2]); that is,

M(R?) = M = {g:g(z): az b where a, b, ¢,d € C and ad—bc;«é()}.

cz+d’

The group M acts as the group of directly conformal homeomorphisms of H?. A
subgroup G of M is said to be elementary if there exits a finite G-orbit in the closure
of the hyperbolic space H*. Denote this finite G-orbit by {p1, p2, -+, pn}. Elementary
subgroups of M are classified at the beginning of Section 5.1 in [2].
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Theorem 2.3. |2, page 84| Assume that a subgroup G of M is elementary and
let {p1,pa,- -+ ,pa} be a finite G-orbit in the closure of H?. Then G belongs to one
of the following three types:

Type 1: Suppose that n > 3 or that {pi,pa,- - ,pn} is not in C. Then G contains
only elliptic elements and the identity element.

Type 2: Suppose that n =1 and p; € C. Then G is conjugate to a subgroup of M,
every element of which fixes oo and so is of the form z — az + b, where a # 0.

Type 3: Suppose that n = 2 and py,ps € C. Then G is conjugate to a subgroup of
M, every element of which fixes {0,000} and so is of the form z — az®, where
a+#0 and s®> = 1.

Note that all elements of PSL(2,R) preserve the hyperbolic plane H. The follow-
ing result is proved in [2].

Theorem 2.4. |2, Theorem 7.39.2| Let g € PSL(2,R) be elliptic with fixed point
v and angle of rotation 20, where 0 < 0 < . Let h be any element of PSL(2,R) not
fixing v. Then the commutator go ho g~ o h™! is hyperbolic.

The previous two theorems imply the following.

Corollary 2.5. If a subgroup G of PSL(2,R) is elementary (as a subgroup of
M), then G belongs to one of the following two types:

(1) G consists of elliptic elements with a common axis of rotation and the identity
element.

(2) G consists of parabolic or hyperbolic elements sharing a common fixed point
and the identity element.

Proof. 1t suffices to show that any elementary subgroup G of PSL(2,R) can not
be of type 3. Suppose such a subgroup G exists. Then the finite orbit consists of two
points p; and ps. Through conjugation, we may assume that p; = 0 and py, = oo.
Then all elements of G must be of the form z — az® with a # 0 and s? = 1. Since the
elements of G preserve the hyperbolic plane, it follows that s # —1 and all elements
have the form z +— az with a # 0. Thus, the finite G-orbit consists of only one point
0 or oo. This is a contradiction. So GG can not be of type 3. U

As one can see, we are concerned with the nature of non-discrete subgroups G
of PSL(2,R) € M. It remains to deal with the case when G is non-discrete and
non-elementary. The following two theorems are proved in Chapter 8 of [2].

Theorem 2.6. |2, Theorem 8.2.6] If a non-elementary group G of isometries of
H has no elliptic elements, then G is discrete.

Theorem 2.7. [2, Theorem 8.4.1] A non-elementary group G of isometries of H
is discrete if and only if each elliptic element of G has finite order (if exists).

Therefore, the following corollary holds.

Corollary 2.8. Ifasubgroup G of PSL(2,R) is non-elementary and non-discrete,
then GG contains at least one elliptic element of infinite order.

Now we prove our Theorem 1.

Proof of Theorem 1. Let G be a non-discrete subgroup of PSL(2,R). If G is
non-elementary, then by Corollary 2.8 we know that G contains an elliptic element
of infinite order. Thus, the first part of Proposition 2.2 implies that T'(G) is trivial.
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When G is elementary, there are two cases to consider. If G belongs to the first
type of Corollary 2.5, then G consists of elliptic elements with a common axis of
rotation and the identity element. Because of the non-discreteness, G has a sequence
of elements accumulating to a rotation or the identity element. Hence T'(G) is trivial
by applying the first part of Proposition 2.2.

If G belongs to the second type of Corollary 2.5, then we need to do a little bit
more work. We divide this case into two subcases. Without loss of generality, we
assume the common fixed point is set at oco.

Subcase 1: Assume that GG has a parabolic element. Then there exists a sequence
of parabolic elements fixing co and converging to a parabolic element or the identity
element. Suppose not, then there exists a parabolic element h(z) = z 4+ b (b # 0)
and a sequence of hyperbolic elements {g,(z) = a,z + b,, a, # 0,1} accumulating
to an element of PSL(2,R). Then {g, o hog,'(z) = 2z — b, + a,b} is a sequence of
parabolic elements fixing oo and converging to an element of PSL(2,R). Therefore,
T(G) is trivial.

Subcase 2: Assume that G contains only hyperbolic elements with one fixed
point at co. We show that all hyperbolic elements of G must share both fixed points.
Suppose not, then there exists two elements g;(z) = a;z + by and g2(2) = asz + by,
where ai,as # 0,1 and 131(11 #* &—2@ It follows that a1by + by — asb; — by # 0 and
then the commutator

g1ogaogy0gy(2) =2+ (arby + by — ashy — by)

is a parabolic element. This is a contradiction. So all hyperbolic elements must share
both fixed points. Hence, T'(G) is (conformally) identified with the open unit disk
by applying the third part of Proposition 2.2.

In summary, T(G) is not trivial if and only if G consists of hyperbolic elements
with two common fixed points (accumulating to a hyperbolic element or the identity)
and the identity. O

Remark 2.9. In fact, there is a different (long but interesting) method to handle
the subcase 2 in the previous proof. We can show that if 7'(G) is not trivial, then
all hyperbolic elements of G must share both fixed points. We use Definition 1.6 for
T(G). Given any ¢ € T(G),

(2.1) p(9(2))lg'(2)]” = (2)

for any g € G. Let g(z) = az + b with a # 0,1. Suppose that ¢ is not constantly
equal to 0. Around oo, ¢(2) has a Maclaurin series expansion near oo

2 T 3
Rewrite , ; ;
1 1 1
= —_ 1 _ )2 7 \3
9(2)  az(l—2L) az[ * az - <az <az> ]

This series converges when z is near oo.
Substituting ¢ and then TZ) by their series expansions, we obtain

cafip b ot e iyt e 2+
C _ —_— —_— —_— « e e —_— —_— —_— —_— « e e « e e
0T 4z az a?z?2 a3z a2z? az a2z?2  a3z3

_1 C1 Co C3 }
_a2[60+z+22+23+ '
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Note that a # 0,1. By checking the constant terms of both sides of the previous
equation, we know ¢y = 0. Then by checking the coefficients of %, we know ¢; = 0. It
follows that the coefficients of Z% at both sides are equal for any c;. However, we note
that if ¢ = 0, then ¢3 = 0 and inductively all ¢,, = 0. This means ¢ is constantly
equal to 0, which can not happen by the assumption. So we know ¢y # 0. Next we
check the coefficients of Z% on both sides and obtain

QbCQ + c3 C3
5 @
Thus,
b C3

a—1 n 262’
for every non-identity element g(z) = az + b € G. Therefore, all of them share
the second fixed point — bl. So we have proved that in this subcase all hyperbolic

a—

elements share both fixed points.

3. Proof of Theorem 2

Through conjugation by an element in PSL(2,R), the proof of Theorem 2 is
reduced to proving the following two propositions.

Proposition 3.1. Let G be a non-discrete subgroup of PSL(2,R) containing
only hyperbolic elements with two common fixed points. Then the length spectrum
dy, defines only a pseudometric on T(G).

Proof. Using the definition of dj,, one can easily verify that that dj is symmetric
and satisfies the triangle inequality. The main work is to show that dj fails to
distinguish all points of T'(G); that is, there are two distinct points whose d;, distance
is zero.

Let us use the same notation introduced in the proof of Proposition 2.2. That is,
without loss of generality, we continue to assume that G is a non-discrete subgroup
of PSL(2,R) containing only hyperbolic elements with fixed points at 0 and oc.
For each fs € T(G), we are now interested in finding the representative f* of [fg]
preserving H, where || < 1. Let p: C — C\ {0} be the universal covering map and
let f3: C — C be the lift of f3: C\ {0} — C\ {0} fixing 0. We know that the strip
B ={¢:0<Im(¢) < 7} is mapped by p onto H and

(fl)(¢) = ¢+ B¢,

where ¢ = n+ &i. It is clear that f~5 maps B onto a strip C' bounded by two parallel
lines. One of them passes through the origin and fz(1) =1+ 5 and the other passes

through fz(mi) = (1 — B)mi. Through a rotation and a stretch, one can see that the
function B

h(z) =
u+ﬁmnG§Q
maps the strip C' to the strip {z: 0 < Im(z) < 7}. Since

Im(l_ﬁo:ﬂ%(lié):1(1—5+1—5): 1— |8
1+5 1+8) 2\1+8  1+8) @Q+p8)(1+p)

it follows that

- 14+ 8
h(z) = I%WBPZ
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Hence the mapping f? (preserving H) is given by

(31) fB(Z) — e(ﬁofﬁ)(logz) _ zliJ\rBBPg?(_l‘-;fQ)’

where the branch of logarithm is given by
logz =log|z| +iargz for —7m < argz <.

We know that for any g, € G, there exists \;, € R such that for any z € H, we
obtain

(f? 0 gy o (f7))(2) = A2
Since f7 fixes the point 1, we must have f?(e*) = \;,. That is,

(1+8)(148)

M= Fle) = (@)

It follows that the length spectrum is given by

log 7( P o gy, o (f71)7)
log 7(f%2 0 gy, o (f52)7")

dr([f7], [f%]) = log sup {

gtkEG’

R

= log max ‘<1+51)(1+61) el
L=1o (14 B2)(1+ f)

4

Thus, dr,([f*], [f?]) = 0 if and only if

L— 1B 1—|Bf

(3:2) TS AERRRTEN ALY

Using the expression (3.1) of f% one can see that this condition is equivalent to
saying that f% and f% agree on the positive real axis.
The third part of Theorem 1 states that T'(G) is conformally identified with the

open unit disk. Given a point Sy with |Ga| < 1, let ¢ = ﬂljgjz Then the equation
‘11;‘21}2 = c represents a horocylce, which is contained in the closed unit disk and

tangent to the unit circle at —1. Then the length spectrum dj, is equal to 0 at any
two points on the horocycle except —1. Therefore, d;, does not distinguish all points
in T(G) and hence it is just a pseudometric on T'(G). O

Proposition 3.2. Let G be as the same as given in Proposition 3.1. The Teich-
miiller metric on T'(G) corresponds to the hyperbolic metric on the open unit disk
D, and dj, agrees with dr on the slice of T(G) that is identified in Proposition 3.1
with the real diameter of D.

Proof. Given any 8 € D, note that the expression (3.1) of f* is an extremal
representative of [f%]. Furthermore, for any two points 3; and 3, € D, the work
to derive the expression (3.1) for f# also shows that f# o (f#)~! is an extremal
representative of [f% o (f72)7!]. Note that the Beltrami coefficient of f* is given by
B%. By applying the chain rule to f'o(f#)~!, we can conclude that the Teichmiiller
distance dr([f?], [f?2]) is equal to the hyperbolic distance between £; and 3, on D.

Now let 1 =t and By = s be two points on the real diameter of ID. It remains
to show that d([f'],[f*]) = 0 implies that ¢ = s.
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From the expression (3.2), we know

B 41 . +1

Since the complex dilatation of ffo (f*)~! has norm |t — s|/|1 — ts], it follows that

_ L+t —s|/|1—ts]
d t STy < K t s\—1 =1
1—ts+t—s\"

l—ts—t+s
= dr([f'] [f])-

On the other hand, for any g € G, let

hy=flogo(f)™ and h,= fogo (f) "

Then f*! and f* induce two quasiconformal mappings between annuli, denoted by

fr-B/(g) = H/(h) and [*:H/{g) = H/(h,).

(3:3) ~ log max (

Clearly, . .
K(f)=K(f") and K(f*)=K(f).
Applying Wolpert’s lemma [1] to the map
fro ()" B/ (hs) = H/(he),

we obtain

log 7(hy)

K(fto(f5)0) <log7(hy) < K(fto(f)™h).

It follows that

(3.4) di([f']. [£°]) < dr (£, [£7])-

Combining the inequalities (3.3) and (3.4), we conclude that the length spectrum dj,
is a metric coinciding with dr on the slice of T'(G) that is identified with the real
diameter of D. O

Propositions 3.1 and 3.2 imply our Theorem 2.
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