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Weighted norm inequalities for the maximal
operator on LP(") over spaces of homogeneous type

DaAvib CrUZ-URIBE, OFS and JEREMY CUMMINGS

Abstract. Given a space of homogeneous type (X, d, 1), we prove strong-type weighted norm
inequalities for the Hardy—Littlewood maximal operator over the variable exponent Lebesgue spaces
LPC). We prove that the variable Muckenhoupt condition Ay is necessary and sufficient for the
strong type inequality if p(-) satisfies log-Ho6lder continuity conditions and 1 < p_ < p4 < co. Our
results generalize to spaces of homogeneous type the analogous results in Euclidean space proved
by Cruz-Uribe, Fiorenza and Neugebauer (2012).

Maksimaalioperaattorin painotetut normiepiyhtal6t
homogeenisen tyypin avaruuden funktioluokissa LP(")

Tiivistelm#. Annetussa homogeenisen tyypin avaruudessa (X,d, ) todistamme Hardyn—
Littlewoodin maksimaalioperaattorille vahvan tyypin painotettuja normiepayhtél6itda muuttuva-
eksponenttisissa Lebesguen avaruuksissa LP(). Osoitamme, ettd muuttuvaeksponenttinen Mucken-
houptin ehto A,y on riittdvi ja vilttdmiton vahvan tyypin epéyhtildlle, mikili p(-) toteuttaa
logaritmisen Holderin jatkuvuusehdon ja 1 < p_ < p; < oco. Tuloksemme yleistdvat homogeenisen
tyypin avaruuksiin Cruz-Uriben, Fiorenzan ja Neugebauerin (2012) todistamia vastaavia euklidisen
avaruuden tuloksia.

1. Introduction

This paper is concerned with extending established results in the theory of vari-
able exponent Lebesgue spaces to the setting of spaces of homogeneous type. In
recent decades—largely as a result of [29]—interest has arisen over the natural ex-
tension of the classical Lebesgue spaces L? in which the exponent p is itself a function
of the underlying space; see [10, 19| for extensive discussions on such spaces. In par-
ticular, the development of a variable exponent Calderén-Zygmund theory has been
the subject of much research, especially since Cruz-Uribe, Fiorenza, and Neugebauer
[12], building on the work of Diening [18], proved that the Hardy—Littlewood max-
imal operator is bounded on LP() for p(-) satisfying a continuity condition weaker
than Holder continuity.

Just as with the development of classical Calderén-Zygmund theory, many results
in the theory of variable exponent spaces have only been proved to hold over R™ or
in metric spaces (see [23| for the latter). In the 1970s, this restriction was removed
by Coifman and Weiss, who in [7]| introduced spaces of homogeneous type, which
they later developed in [8] as the natural spaces onto which Calderén-Zygmund
theory could be generalized. A logical step for variable exponent theory, then, is
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to perform the same generalization for LP(). Such a program has been underway
since the maximal operator was shown to be bounded over R". Early results include
[20, 21, 26, 31]; for a more detailed history, see [1].

Spaces of homogeneous type have a topological structure weaker than metric
spaces: namely, that of a quasi-metric space.

Definition 1.1. Given a set X and a function d: X x X — [0, 00), we say (X, d)
is a quasi-metric space if

(1) d(z,y) =0 if and only if z =y,

(2) d(z,y) =d(y,x) for all z,y € X,

(3) there exists a constant Ay > 1 for which d(z,y) < Ag(d(z, 2) +d(z,y)) for all
x, Y,z € X.

The constant Ag is referred to as the quasi-metric constant. Some authors
(e.g. [27]) also loosen condition (2) to symmetry up to a constant, d(z,y) < Kd(y,x).
An important property of quasi-metric spaces is that quasi-metric balls need not be
open; however, Macias and Segovia [30] showed that there is always an equivalent
quasi-metric whose balls are all open. Analysis can be done on quasi-metric spaces
without additional structure—see [2]—but typically measures on quasi-metric mea-
sure spaces are taken to be at least doubling.

Definition 1.2. A measure p on a space X is said to be doubling if there exists
a constant €, > 1 such that, for any x € X and r > 0,

0 < u(B(z,2r)) < C,u(B(z,r)) < 00,

where B(x,r) = {y € X: d(z,y) < r} is the quasi-metric ball of radius r centered at
x. The constant C), is called the doubling constant.

The assumption that balls have positive, finite measure avoids trivial measures,
and also ensures that p is o-finite. We are now led naturally to the well-known setting
of spaces of homogeneous type.

Definition 1.3. A space of homogeneous type is a triple (X, d, u) where X is a
non-empty set, d is a quasi-metric on X, and p is a doubling regular measure on the
o-algebra generated by quasi-metric balls and open sets.

Hereafter, we will let (X, d, 1) be a fixed space of homogeneous type, and often
denote it simply by X. The assumption that p is regular is used only to apply the
Lebesgue Differentiation Theorem in Section 5; see [2] for the possibility of weakening
this hypothesis.

We now introduce some basic notions of the variable exponent spaces LP¢)(X).

Definition 1.4. Define P(X) to be the set of measurable functions p(-): X —
[1,00]. The elements of P(X) are called exponent functions. Given an exponent
function and a set £ C X, we define

p_(E) =essinfp(z), py(F) = esssupp(x).
reE zekE

In particular we denote p_(X) = p_ and p, (X) = p,.

When considering the conjugate exponent function p'(-) defined by p/(x) = pfgzl

(with the convention that 1/0 = oo and 1/00 = 0), to avoid the ambiguity inherent

to notation like “p/,” we will always write (p'); to denote the essential supremum of

(), ete.
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Definition 1.5. Given an exponent p(-) € P(X), define
e X = {z€X: pla) =0},
o Xy ={zeX:p()=1}
o X, ={reX:1<px)<oo}.
Intuitively, given an exponent p(-) € P(X), we would like to define LP1)(X) as
the collection of all functions on X satisfying

[ 1p du < oc.
X

To properly formulate this, we require an analog to the constant exponent p-norm.
It is well-known that the following modular function provides such an analog.

Definition 1.6. The space LP()(X) is the set of measurable functions f on X
for which the modular

oo (f) = /X W@ e

satisfies p,y(f/A) < oo for some A > 0.

If py < oo, we say f is locally p(-)-integrable if p,.)(fxp) < oo for every ball
B C X. Often we write LP() for LP()(X); similarly, when the exponent is clear from
context, we will simply write p,.) = p. It is shown in [10, 19] that this modular
induces the following Luxembourg norm on LP("),

Proposition 1.7. The function ||-||: LP*)(X) — R given by
[ lloer ) = ME{A > 02 p(f/A) <1}

is a norm on LPY)(X), which is a Banach space with respect to 1 o) (30 -

When the underlying space is clear from context, we write [|-[| ) = |||, In
the case that p(-) is constant, p(-) = p, it is easy to show that [[-[|,, reduces to the
usual norm in LP.

For most purposes, the set P(X) of possible exponent functions is far too broad
to prove meaningful results. Indeed, even piecewise-constant exponents lose many
of the properties of classical LP spaces (see [10]), such as the boundedness of the
maximal operator. In the study of variable exponent theory, it has become clear that
in many cases a sufficient condition on the exponent is log-Holder continuity.

Definition 1.8. We say that an exponent p(-) € P(X) is locally Log-Holder
continuous, p(-) € LHy, if there exists a constant Cy such that for any z,y € X with
d(z,y) < 1/2,

_CO
Ip(x) — p(y)| < log(d(z, 1))

We say that p(-) is Log-Hélder continuous at infinity, p(-) € LH,, with respect to a
base point zy € X, if there exist constants C,, and p, such that for every z € X,

Coo
log(e + d(z, z0))

We call Cjy the LHg constant of p(-) and C, the LH,, constant of p(-). If p(-) € LH =
LHo N LH., we say that p(-) is globally Log-Hélder continuous.

Ip(2) = Pool <
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Note that p(-) € LH implies that p, < oo, a condition that is crucial to most
of the results in this paper. Note also that the above definition appears to depend
on the choice of base point xy. In fact, such a choice is irrelevant, as shown by the
following lemma, which was proved in [1].

Lemma 1.9. Choose g,y € X. If p(-) € LH., with respect to xq, then p(-) €
LH,, with respect to yqg.

Whenever z is not chosen explicitly, we assume that X has a fixed, arbitrarily
chosen base point xg.

We are interested in weighted norm inequalities on LP(). For classical Lebesgue
spaces, much of the theory of such inequalities is due to Muckenhoupt (see e.g. [32]).
The following definition clarifies some standard notation.

Definition 1.10. A weight is a locally integrable function w: X — [0, co] with
0 < w(x) < oo almost everywhere. Given a weight w, we define its associated
measure by dw(z) = ( )du(z). The weighted average integral of a function f over
a set £ C X with w(F) > 0 is denoted

| 1= ()/f(x)w<x)du-

If w =1, we replace dw with dpu.
We denote by M the uncentered Hardy—-Littlewood maximal operator; that is,

—sup {170 d.
B>z

For classical Lebesgue spaces LP(R™), Muckenhoupt proved in [32] that a necessary
and sufficient condition for strong-type (p,p) weighted norm inequalities, p > 1, is
that for every ball B,

]éw(x) dx (ﬁw(x)l_pl dx)pl < C < 0.

This is the famous Muckenhoupt A, condition. In [14] the A, condition is recast into
an equivalent form which may be generalized to variable exponent spaces.

Definition 1.11. Given an exponent p(-) € P(X), we say w € Ay if there
exists a constant K such that for any ball B,
||wXB||p(.)||w_1XB||p/(.) < Ku(B).
The infimum over all such K is called the A,y constant and is denoted [w] Ay

Remark 1.12. If we adopt the usual convention that
0, c¢=0,
c-00 =
oo, c¢>0,
if w € Ay, then [[wxpll,., = co implies that ||w*1XB||p,(.) = 0, and thus that w™!

is the zero element in L”'(), contrary to w being finite almost everywhere. Thus
w € LPV) and if p, < oo we can say that w is locally p(-)-integrable.

In the case that p(-) is constant, p(-) = p € (1,00), the A,y condition for w is
equivalent to Mucknhoupt’s A, condition for w”. The necessity and sufficiency of the
Ay condition for strong-type weighted norm inequalities of the maximal operator
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in R™ was first proved in [9] and simultaneously [14]. The following theorem, which
is our main result, generalizes this to the case of spaces of homogeneous type.

Theorem 1.13. Given p(-) € LH with 1 < p_ < p; < oo and a weight w,
H(Mf)pr(.) < Cwa”p(-)

if and only if w € Ayy.

By analogy with weak- and strong-type inequalities in classical LP spaces, The-
orem 1.13 naturally suggests the following weak-type inequality, which remains an
open problem.

Conjecture 1.14. Given p(-) € LH with p, < oo and a weight w,

HtX{xeX:Mf(m)>t}pr(-) < CwaHp(.)
if and only if w € Ay.

We will prove the necessity of the A,y condition for the weak-type inequality
in Section 5. Moreover, if p_ > 1 then the conjecture follows from Theorem 1.13.
Conjecture 1.14 is claimed to be true in R™ in [14], but the proof contains a gap: if
p_ =1, then (p')y = 00, and so Lemmas 3.3-3.6 (which are analogous to Lemmas 3.3
and 3.4 in this paper) may not be applied to w™! € Ap(y, as is done several times
throughout the proof.

The remainder of this paper is devoted to proving Theorem 1.13. In Sections 2, 3,
and 4, we will collect several elementary results about LP() spaces, the Ap(y condition,
and dyadic grids, respectively, on spaces of homogeneous type. In Section 5 we will
prove the necessity of the Ay .y condition, and in Section 6 we will prove its sufficiency.

We adopt the convention throughout that C' denotes a large constant dependent
only on fixed quantities (usually X, p(-), w, and the dyadic grid D, unless other-
wise stated or obvious from context). Multiples of balls are written as CB(x,r) =
B(z,Cr). By A ~ B, we mean that there are constants ¢, C' with ¢cB < A < CB.
Finally for a weight w and a set E we write w(E) = [, w(z) dp.

2. Variable Lebesgue spaces

This section is a collection of elementary results regarding variable Lebesgue
spaces on spaces of homogeneous type. We begin with two lemmas concerning spaces
of homogeneous type which will be used to prove many of the results in this paper.
The first is well-known, and we omit the proof. The second characterizes finite spaces
of homogeneous type and is proved in [4, Lemma 1.9].

Lemma 2.1. (Lower Mass Bound) There exists a positive constant C' = C(X)
such that for allz € X, 0<r < R, and y € B(x, R),

HBwE) | (1)

u(B(x, R)) R

Lemma 2.2. A space of homogeneous type X has pu(X) < oo if and only if
w(X) = B(z,r) for some x € X and r > 0.

The remainder of the lemmas in this section are facts which are well-known in
R™. We omit proofs that are unchanged from their Euclidean case, which may be
found in [10, 19]. We do, however, reproduce the proof of Lemma 2.3, as we later
make reference to the constants implicit in the proof.
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Lemma 2.3. Given p(-) € P(X) with p, < oo, [|f|,.,) < Ci if and only if

P(
2.1) [ 1s@r < .

Moreover, if one constant is equal to 1, we may take both to be.

Proof. Assume first that (2.1) holds. Since p; < oo, we have that || f{[ ey = 0
Given Cy < 1, we have p(f/1) < 1 and hence we may take C; = 1. If Cy > 1, then
we may divide to obtain

/,

Now C3/") is bounded by C; = C,/"~, for which p(f/C;) < 1 and so 11,0y < Ch
Conversely, given || f|| () < €1, then by the definition of the norm we get that

fla) [ 1
> - p(z)
& e /X F@)P d,

and so that (2.1) holds. If C; = 1, then for any € > 0, there exists A, € [1,1+¢) such

that
i) = | )

Since the integrand is dominated by |f(z)[P®), taking ¢ = 1/n and applying the
Dominated Convergence Theorem, we get that

/le(:c)|du§ L

and so Cy may be taken to be 1. O

p(x)
dp < 1.

f(x)
CUPE)

1>

dp < 1.

f@)
A
)

Lemma 2.4. Given p(-) € P(X) with p; < oo,

p(z)
/@) _
/. (nfn,,(.)) =

In particular, if || f||,, =1, then

/ F@)P® dpy = 1.

Lemma 2.5. Let p() € ) be such that p, < oco. If || f[|,, < 1, then

11, < / @) du < £IP,

On the other hand, if || f|,, = 1, then

11, < /X @) dp < 112,

Lemma 2.6. If p(-) € P(X) is such that py < oo, bounded functions with
support contained in B,(xy) for some r and zy (bounded support) are dense in LP").
Moreover, any nonnegative f € LPU) is the limit of an increasing sequence of such
functions.
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Proof. All bounded functions of bounded support are in LP(), because they are
bounded by constant functions on finite-measure domains and p, < oo. To prove
that such functions are dense, choose f € LP¢) and let € > 0. By decomposing f as

f(x) = fr(x) = (),
with both fi, f- > 0, it suffices to consider the case f(z) > 0. Since [|f|,., < oo,
there exists A > 0 for which p(f/A) < 1. If A/Je =X > 1, then

f(z) p(x) B Af () p(z) o @ p(x)
2 e P e

du < \P+ )
€ A H= < o0

If A < 1, the same argument holds with p_ replacing p,. Thus p(f/€) < oco. Now
define (choosing some base point xy € X)

fn<x> = min{f<x>7n}XB($o,N)'

It is clear that f,, — f pointwise. Then by the dominated convergence theorem,

/ f(@) = ful2)

€
since p(f/e) is finite and \@\p(ﬂﬁ) dominates the above integrand. But then for n
large enough that the above integral is less than one, ||f — fn||p(_) < e. It follows that

p(z)

dp — 0,

the f, converge to f in L) and consequently that bounded functions of bounded
support are dense. Finally, we have that f,,1(z) > f,.(z), so the sequence increases

to f. O

Lemma 2.7. (Monotone Convergence Theorem) Given an exponent p(-) € P(X),
let { fr}32, be a sequence of non-negative measureable functions that increase point-
wise almost everywhere to a function f € LP"). Then el = 1N

Lemma 2.8. (Holder’s Inequality) Given an exponent p(-) € P(X),

/X F@)g(@)] du < 41l llgll e,

for any f,g.

The following two lemmas are stated erroneously in [14, Lemmas 2.7,2.8]. For
clarity, we provide the correct proofs here.

Lemma 2.9. Given a set G C X and two exponents s(-) and r(-) such that
< G
log(e + d(o,y))

for each y € G, then for every t > 1 there exists a constant C' = C(t,Cy) such that
for all functions f,

0<7r(y)—s(y)

ey [rrvasc [1ervas [

Proof. Let G' = {y € G: |f(y)] > (e + d(xo,y))"'}. Then decomposing the
domain of the left integral in the inequality into G’ and G\ G’, we see that since
(6 + d(l‘o, y))_t < 17

1
fly S(y)dyg/ e+ d(xo,y ‘“(y)dyg/ dy.
Lo [ ety T
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If y € G’, then

FIY = [FI @I )Y@ < | fy)[" (e + d(xo, y))t(r(y)_s(y”
< ()" (e + d(o, y)) 0 st E0n) < O f(y)"
The desired inequality follows. O

Lemma 2.10. Given a set G C X and two exponents s(-) and r(-) such that
Co
r(y) —sW)l <
) = <) log(e + d(wo,y))

for each y € G, then for every t > 1 there exists a constant C' = C(t,Cy) such that
(2.2) holds for all functions f with |f(y)| < 1.

Proof. Define the two sets A = {y € G: r(y) > s(y)} and B = G\ A. Lemma 2.9
takes care of A. For B, construct B’ = {y € B: |f(y)| > (e+d(xo,y)) "} and observe
that the B\ B’ component holds as in the previous proof. But since |f(y)| < 1,

FOPY =11 )P < [ f )"
Since C' > 1, this proves the inequality. O

Our proof of the final lemma in this section is based on the proof of [1, Lemma 3.1].
Lemma 2.11. Given an exponent p(-) € LH, for all balls B C X,
M(B)pf(B)—m(B) < C.

Proof. Fix B = B(yy,r) and define By = B(xg, 1), where z; is the LH, condition
base point. Also let k = 2[log, 4A40] + 2 and Cy = pu(By)/C). We will show that for
any z,y € B,

M(g)*\p(r)*p(y)\ < C;
a simple limiting argument shows that this is equivalent to the stated form, by the
continuity of p(-). If u(B) > min{1, C4}, then
M(B)*\p(r)*p(y)\ < min{1, Cl}flp(:v)*p(y)l < min{1, 0y} P+,
since p(-) € LH implies |p(z) — p(yo)| < p+ < oo. Thus we may assume p(B) <
min{1, C}}.

We begin by asserting that we need only prove the inequality when one of the

points is the center point yy of B. If this is not the case, then

M(B)*Ip(:v)*p(y)l _ M(B)f\p(r)fp(yo)er(yo)fp(y)l < M(B)f\p(r)fp(yo)lf\p(y)fp(yo)\

I

and so it suffices to prove that
M(B)*Ip(:v)fp(yo)l <C

for any x € B.
We consider first the case where r > 1. For any y € r~'B, we have that

d(wo,y) < Ao(d(z0,y0) + d(yo, y)) < Ao(1 + d(zo, yo))-
Consequently r~*B C Ag(1+d(zo, yo)) Bo, and so by the lower mass bound (Lemma 2.1),
(Bo) < p(Ao(1 + d(z0,30)) Bo) < C(1 + d(xo, %)) “p(r~" B)
< C(1+ d(x0,0))" %2 u(B),
Dividing by p(B) and raising to the power of |p(x) — p(yo)|, we get
(2.3) p(B)~P@=Pwoll < C(1 + d(xq, yp))'082 CulP@ —poll
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To estimate the quantity on the right of (2.3), we argue that By N24,B = @. If to
the contrary there exists y € By N 2A4B, then for any z € By we have

d<y07 Z) < A0<d<y07 y) + d(y7 Z)) < 2A0(1 =+ AOT) < 4A8T7
since Ag,r > 1. Consequently By C 4AgB. From the doubling condition,
u(B) > p(4A3B)/Cl > n(Bo)/Cl = C,
contrary to assumption. Hence the claim is true; in particular zy € 2A40B, so
d(zg,yo) > 2Aer. By the quasi-triangle inequality,
d(o, yo) < Ao(d(xo, ) + d(x,y0)) < Ao(r + d(zo, x)).

Since d(xo,y0) > 2Aer we have that d(xg,z) > r and so d(zg,yo) < 2A0d(xo, ).
Thus

(1 + d(wo, yo)) PPN < (1 + d(xo, yo)) P 771 + 240d (o, ) ) P 7P=1.

That this is bounded by a constant is implied by the LH,, condition and the fact
that the function
_ log(e +ax)

24) Jw) = log(e + bx)

is bounded on x > 0 by # when a > b > 0. This completes the case when r > 1.
If r < 1, we argue much as before with the lower mass bound to obtain

M(g)*\p(r)fp(yo)l < Cf,fIp(:v)fp(yo)|M<T*IB)f|p(w)fp(yo)l;
The r~P@)=P@o)l term is bounded by the LH, condition. O

3. The A,y Condition

In this section we develop the Ap.) condition in spaces of homogeneous type.
Our first lemma characterizes various properties of A, weights. For a proof, see [33,
Chapter I, Theorem 15].

Lemma 3.1. Given a weight W, the following are equivalent.

o WeAx=U,>1 4
e There exist constants € > 0 and Cy > 1 such that given any ball B and any

measurable set ! C B,
E E)\*
) g, ()Y’
(B) W(B)
e W is doubling (in the sense that the measure v given by dv(x) = W (z) du(x)

is doubling) and there exist constants 6 > 0 and Cy > 1 such that given any
ball B and any measurable set £ C B,

5
W(E) (L)
—— <Oy | —= ) -
W(B) 1(B)
To utilize the properties described in Lemma 3.1, we will use the A,y condition
to construct a weight W in A,.. To do so, we require the following lemmas.

Lemma 3.2. Given an exponent p(-) € P(X), if w € Ay, then there exists a
constant C' depending on p(-) and w such that given any ball B and any measurable
set ¥ C B,

p(E) < C”wXEHp(-).
p(B) = llwxsll,,
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Proof. Fix B and E C B. By Holder’s inequality and the Ap.) condition (Defi-
nition 1.11),

u(B) = [ wheuts) xadn < Cluxel oyl
X

< C”U)XEHp(.)H’LUXBH;(%)MB)- O
Lemma 3.3. Given an exponent p(-) € LH and a weight w € A, there exists
a constant Cy depending on p(-), w, and X such that for all balls B,
loxsllyy” 7 < .
Proof. Our proof is reminiscent of the proof of Lemma 2.11. Fix B = B(yo,r)
and define By = B(zo,1). If [lwxsll,, = 1, then ||wXB||§6)(B)_p+(B) < 1, so we
may assume that [lwxs|,, < 1. We consider three cases; first, suppose r < 1

and d(xg,yo) < 2A49. By the quasi-triangle inequality (Definition 1.1), for any point
y € B, we have that

d(xo,y) < Ao(d(yo,y) + d(x0,y0)) < Ao(r +240) < A1+ 24,),

and so
B g A()(l + 2A0)BO — Bl-

If we apply Holder’s inequality, the lower mass bound on By and B, and the A,
condition, we get

u(B) = / w(eyw(@) ™ di < Cllwxsll,o lw Xl

log, Cuﬂ(BO)
1(Bu)

Here the constant depends on both X and xq. After rearranging, raising to the power
p—(B) — p+(B), and applying Lemma 2.11, we obtain

(3.1)

- —1
< C”wXBHp(.)”w 1XB1||pf(.)(2AO) < C||wXB||p(~)||wXBl||p(-)'

—(B)—p+(B - _(B)- - _
||UJXB||§(_)( )—p+( )S C’,u(B)p’(B) p+(B)||wXBq||p (B)=p+(B) < C(1+ ||wXB1||p(%))p+ -

which is a bound independent of B.
Consider now the case where r > 1 and d(xg,y0) < 2A4gr. Applying the quasi-
triangle inequality as before,

BO Q Ao(l + 2AOT)B = BQ.
Using Holder’s inequality and the A, condition as in the previous case,
(3.2) n(B) < CH’LUXBHp(.)walXBHp/(.) < CHwXBHp(-)HwileQHp/(-)
: ~1 -1
< Cllwxsll,ou(B2)llwxs,ll,o < Cllwxsll,qmn(B)llwxs .

Thus

_(B)— B —1 —n_
lwxa ooy ™7 < O+ flwxs, 0P

Consider now the remaining case, namely when d(xo,yy) > 24pmax{1l,r}. Let
d = 2A0d(xg,yo) so that B, By C B(xg,d) = Bs. Arguing as we did in inequality
(3.1) (if 1 > r) or (3.2) (if r > 1) with Bs in place of By or B, we get

u(B) < Cu(Bs)llwxall lwxas-
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In order to bring u(Bs) into the constant as in the previous cases and obtain the
corresponding inequality, we need

M(Bg)er(B)fp—(B) <C.

To see that this is the case, observe that p(-) is continuous (since it is in LHy) and
so there exist y1,y2 € B for which p(y;) = p_(B) and p(y2) = p4+(B). And since

1
d(zo,y0) < Ao(d(xo, yr) + 1) < Aod(z0, yr) + Qd(xo,yo)

for k = 1,2, we have that d(xq,yx) > (240) *d(x¢, o), so the LH,, condition implies

C
~ log(e + (240)~td(20, y0))

p+(B) = p—(B) < [p(y1) = Poo| + [P(42) — Poc| <

Using this together with the lower mass bound,
pu(Bs) < Cd' 82 1u(By) = C(2A¢d(zo, y0))'*% ¥ pu(Bo) < Cle + Agd(zo, o))" ** ",

we get that

M(Bg)m(B)—pf(B) < [C(e+Aod(xo,yo))l"”c“]C/log(eﬂmo)_ld(%’y(’))

< ('eClogs Cpulog(etAod(0,y0))/ log(e+(240) ' d(w0,y0)) < (71oC loga Cp

This last inequality is from the bound on (2.4). Since the above bound is independent
of B,

_ B B
[1(B) [z, )P+ PP~ B) < Cllwgl| P72,

If we apply Lemma 2.11 on the left and the bound just derived on the right, we
obtain

x| 7775 < C(1+ [[wys, |77 O

We can now prove the following lemma, which will allow us to apply Lemma 3.1
to weights in variable exponent spaces.

Lemma 3.4. Given an exponent p(-) € LH and a weight w € Ay.), we have
that W(-) = w(-)P0) € Ay
Proof. Fix a ball B and a measurable set £ C B. We will show that
E WI(E 1/p+
(3.3) M < C (Q) ,
1(B) W(B)
which by Lemma 3.1 is sufficient to show W(:) € A,. We will prove this in three
cases. Consider first the case that [[wxgl[,) < 1. By Lemma 3.2,
wu(E) C||wXE||p(.) < lwxell,.
wu(B) ”wXB”p(.) - ||wXB||§E)(B)/p+ lwy s || —p (B)/p+(B)"

IN

If we appeal to Lemma 2.5 for the inequalities [lwxgll,, < W(E)/7+(®) and
||wXB||p (B) > W(FE), then apply Lemma 3.3 on the remaining term, we get that

@ W(E) o p—(B)/p+(B)— W(E) e
M(B)§C<W(B)) lwxel SC(WB)) '
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Now considering the case |wxgl|,) <1 < [lwxsll,.), by the same lemmas as before,

_M(E) < C% <O ”wXEHp(-)
- - _(B B 1—p_(B B
n(B) = Twxallyy = lunslZ P By g | L VB
W(E)l/P+
w2 g |7 P B

which, given |lwxsll,, > 1 and p; > p.(B), yields

1/p+

5] o (WD)
(B) W(B)

The third case is [[wxg|,, > 1. Let A = [[wxs|,, = [wxel. Since p(-) € LHu, by

Lemma 2.10 with du replaced by W (x)dpu, for all ¢ > 1 there exists a constant Cy
for which

(3.4) i % du < C, /B VAVP((fE)) dp + /B & dV(Z(OxL))W du.

The first integral on the right hand side is less than 1 by Lemma 2.4. We claim that
the same is true of the second term for sufficiently large ¢ independent of B. This is
obvious if W (X)) < oo, since

W(x) —tpeo
/x (€ + d(xg, x))tPee dp < Ce W(X),

which may be made arbitrarily small. If on the other hand W (X) = oo, let By, =
B(z9,2"%). Then by Lemma 2.5,

W () o - W (z)
/X (e + d(xojx))tpoo dp<e W(BO) + C;/Bk\Bkl (e T d<x0’x))tpoo dp

S e—tpooW(BO) + CZz—k‘tpooW(Bk)

k=1

< e =W (By) + C Z 27 Ftpeo ax { |wx B, ngr_)’ lwxs, ||§(>}
k=1

< e PW(Bo) +C Y 27 [lwxg, |l
k=1
The last inequality comes from the fact that [|wxg,|,., > 1 for all k sufficiently

large, by continuity of the measure dWW = W (z) du and the fact that X = (J.-, By.
By Lemma 3.2,

11(Bg)
M(Bo)

Combining these two estimates yields

HwXBk”p() S C HwXBO”p() S 02k10g2 CH.

W(x) - - kp log, Co—kt
(35) / dﬂ S e tpooW(BO) —+ CZ 2 P+ 1082 L poo'
x (e + d(xg,x))tPe o

For t > p./log, Ch+ the sum converges, and choosing ¢ sufficiently large (indepen-
dent of B) makes the right hand side less than 1. Thus the right hand side of (3.4)
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is bounded, and so we may rearrange to obtain
1/poo <
(3.6) W(B) 7= < Cllwxall,.-
Now repeating the argument switching B with E and p(-) with p,,, we get

W(z) W (z) / W (z)
1< —2du < d dp.
= /E' )\p(m) l’L = Ct/E' )\*poo /JL + 5 (e _'_ d(,]j‘o, x))tpoo /j’

As before, we can make the rightmost term less than 1/2, so that

(37) W = lwxells < CW(E)
Then by Lemma 3.2,
1/peo 1/py
1(E) <c lwxell, SC(W(E)) SC(W(E)) | -
w(B) = flwxsslly W(B) W(B)

From the latter stages of the proof of Lemma 3.4, we may pull the following
corollary.

Corollary 3.5. Given an exponent p(-) € LH, if w € Ay is a weight satisfying
lwxall,.) > 1 on a ball B, then |wxg|,., =~ W(B)"/»~=.

We conclude this section with a lemma that will allow for the reduction from our
main result to the unweighted case.

Lemma 3.6. Ifp(-) € LHand p_ > 1, then 1 € A,(,.
Proof. Fix a ball B. If u(B) <1, then by Lemma 2.5,

B z
Il ® < /B 17 gy = (B),

which implies
IxBll,0) < p(B)Y/r+B)
and by the same argument applied to p/(-),
||XB||,,/(.) < #(B)l/(p%(B) _ u(B)l—l/p,(B).

Thus (applying Lemma 2.11)

HXBHp(.)HXB”p/(.) < [N(B)p_(B)im(B)]

which is the desired inequality. Suppose now u(B) > 1. By an argument that is
essentially the same as the proof of Corollary 3.5 with w = 1, we get that

sl Xl < Kp(B)YP= = Ku(B). N

1/p+(B)p-(B)

w(B) < Ku(B),

4. Dyadic cubes

Important to the proofs of many results of variable exponent spaces in R" are
the dyadic cubes of the form

Q= [m12ik> (ml + 1)27k) X X [mnsz’ (mn + 1)27]?)7 my,...,Mmy € Z.

Due to the usefulness of dyadic objects in many areas of harmonic analysis, a great
deal of effort has gone into developing similar systems in metric and quasi-metric
spaces, for example [6, 24, 28]. We will use the form of Hyténen and Kairema’s
construction 24| presented in [3].
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Theorem 4.1. There exist constants Cy > 0,dg > 1, and 0 < € < 1 depending
on X, a family D = |J,c;, Dk, called the dyadic grid on X of subsets of X, called
dyadic cubes, and a collection {x.(Q)}gep of points such that:

(1) For every k € Z the cubes in Dy, are pairwise disjoint and X = UQeDk Q. We

will refer to the cubes in Dy as cubes in the kth generation.

(2) If Q1,Q2 € D, then either Q1 N Qy = &, or Q1 C @2, or Q2 C Q1.

(3) For any Q1 € Dy, there exists at least one Qo € Dy_1, which is called a child

of ()1, such that Q)3 C ()1, and there exists exactly one ()3 € Dy.1, which is
called a parent of ()1, such that ()1 C Q3.

(4) If Qs is a child of @)y, then u(Q2) > eu(Q1).
(5) For every k and Q € Dy, B(z.(Q),d}) C Q C B(z.(Q), Cydk).

In general, we may freely switch back and forth between the settings of cubes
and balls. Consider, for example, the following equivalent formulation of the A,
condition.

Lemma 4.2. (The A,y condition for cubes) Given a dyadic grid D and p(-) €
LH, if w € Ay, then there exists a constant K such that for any Q) € D,

||wXQ||p(.)||w_1XQ||pf(.) < Kp(Q).
Proof. Fix @ € Dy. Then by Theorem 4.1, the A,y condition, and the lower
mass bound,

||wXQ||p(.)||w_1XQ||pf(.) < ||wXB($c(Q),Cdd(’§)||p(~)||w_1XB(xC(Q),C'd7"d(’§)||p’(-)
< Kp(B(2(Q), Cdp)) < Cu(B(ze(Q), dg)) < Cp(Q).
The constant C'is independent of k. O
In general, the argument in the proof of Lemma 4.2, in which we expand cubes
to fill balls and then apply the lower mass bound to shrink back to cubes, may be
used to show that any previously stated result is also true when balls are replaced

by cubes. In particular, Lemmas 3.1 and 3.3 hold in this way. Another object which
it is convenient to recast into a dyadic form is the maximal operator.

Definition 4.3. Given a weight ¢ and a dyadic grid D, define the weighted
dyadic mazimal operator MP with respect to D by

M2 (@) = sup | |f(0)]do
Q3 JQ
QeD
for any locally integrable function f. When o = 1, we will denote MP simply by
MP.
The weighted dyadic maximal operator satisfies the same weak- and strong-type
inequalities as the classical maximal operator. Given a fixed grid D and weight o,
for each A > 0, we define the set

XP ={re X: MPf(x) > \}.
Then the following lemma holds.
Lemma 4.4. Given a dyadic grid D on X and a weight o, the dyadic maximal
operator MP is weak (1,1): for f € L'(o) and all A > 0,

D 1
o (XP) <5 [ el a
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Further, for 1 < p < oo, MP is strong (p,p): there exists a constant C' depending on
p and X such that for any f € LP(0),

| mpraras<c [ e

Proof. For each integer n, define the truncated maximal operator

1)~ e, f e

$EQ€Dk

Observe that for every z € X, the sequence {Mff(z)} increases to MP f(z). Cer-
tainly, it is increasing and bounded; if MP f(z) < oo, then for any € > 0 there exists

a cube () for which
0 -e< | 1)l do
Q

but then for any n greater than the generation of (),
Fiswlde <azzs(a),
Q

and so the sequence converges. A similar argument shows that if MP f(x) = oo, then
M? f(z) can be made greater than any integer.

Therefore, by the monotone convergence theorem, it suffices to prove the weak-
type inequality for the truncated maximal operator. To that end, fix A > 0. If
M? f(x) > A, then there exists a cube (), containing = such that

][ )| do >

and @), is of generation at most n. Without loss of generality, take (), to be the
maximal of all such cubes, and let its generation be k. Since there are countably
many dyadic cubes, the set {Q,: v € X} may be enumerated as {Q;}. If Q;NQ; # &
for some i # j, then we have some containment @); C @); (without loss of generality),
and thus @; = @); by maximality, so the cubes are mutually disjoint. Then

7 (€ X: M) > 3D = 3o(0s) < §2/Q f)ldo < [ 17wl de

This proves the weak-type inequality.
For the strong-type inequality,

1
]{2 10l do < el e /Q 40 = ||l

Now fix 1 < p < co and f € L'(o) N L>(0). Without loss of generality, assume
fo #0. Then MPf € L'*(0) N L>®(0), and consequently by Tonelli’s theorem,

/XMDf(:E)pda:/O pN o ({z € X: MP f(z) > A}) dA

HMU f”Loo(o)
< C/ N2\ < oo.
0
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Thus 0 < | MP f|| Lr(o) < 00. Hence, by the weak-type inequality, Tonelli’s Theorem,
and Holder’s inequality,

/XMff(x)pcr(x) dp = p/ooo N lo ({z e X: MP f(z) > A}) dA

<o [ v [ 15@drix

_p / f(@)] / N2 d) do
X (A MD f(z)>\}

P D f ()P
<L [ @@ do
< Ol oo 1P F1ly-

Rearranging, we obtain that

[ Mpsras<c [ i

which is the desired strong-type inequality. For general functions f € LP(X), the
desired inequality follows from an approximation argument if we use Lemma 2.6 and
the monotone convergence theorem. O

We now prove the Calderén—Zygmund decomposition for the maximal operator
over spaces of homogeneous type. This result is known, but since we could not find
the precise formulation we wanted, for completeness we include the proof here.

Lemma 4.5. (Calderon—Zygmund Decomposition) If u(X) = oo, given a weight
o € Ay, let D be adyadic gridon X. If f € Ll (o) is such that ka |f(x)|o(z)dp —0
for any nested sequence {Qy € Dy}, where each )y is a child of Q+1, then for
each A > 0, there exists a (possibly empty) set {(Q);}, called the Calderén-Zygmund
(CZ) cubes of f at height A, of pairwise disjoint dyadic cubes and a constant Ccy =

Cez(D, X,0) > 1, independent of X\, such that
xP=Jas
J
Moreover, for each j,

(4.1) A< |f(x)|do < Coz.
Qj

If{Q;?} are the Calderén—Zygmund cubes at height a* for k € Z and a > C¢y, define
Ef = QF\ XD, These sets are pairwise disjoint for all j and k, and o(EF) >
6 ().

If n(X) < oo, then the Calderén—Zygmund cubes may be constructed for any
function f € Li, (o) and at any height A > . | f(y)|do = X, with (4.1) still holding.

loc
In this case, the sets Ef are defined only for k > log, A\, and are pairwise disjoint

with o(EF) > ¢=Cozq(QF).

Proof. Suppose first x(X) = oo and fix A > 0. If X7 is empty, then take {Q,}
to be the empty set. Otherwise, fix z € XP. Then x is contained in exactly one cube
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Q7 of each generation k and MP f(z) > ), so there exists at least one k for which

(4.2) ][ @)l do > A

Since by assumption

lim |f(y)| do — 0,

we may take k to be the largest integer for which (4.2) holds. Let {Q,: v € XP}
be the set of all such maximal cubes. As in the proof of Lemma 4.4, this set must
be countable and mutually disjoint. Clearly, X? is contained in the union of these
cubes. Conversely, given any z € (), for some x, we have that

MPf(2) > ][ F@)ldo >\

T

and so z € X7; consequently,
x?=J@;
J

We now wish to show the inequalities (4.1). The first holds by choice of );. For the
second, the maximality of each (); ensures that its parent, @);, satisfies

]4 F()|do < A
Q;

From this fact together with Lemma 4.1 and the lower mass bound,

o(Q;) o(B(x.(Q;), CdEth)) logy Cpu
J[ FW)letw)dn < ZoN < ~alBliQy.dyy =% A

which is the second inequality in (4.1).

Now fix a > C¢z and consider the Calderén—Zygmund cubes {Qf} at heights
a* for k € Z. For simplicity, we define X; = Xﬁ. Observe that Xy, C Xj.
Consequently, given any Q¥"! the set {Q%} (constructed above) for an arbitrary
z € Q¥ contains QF™, and so there exists j such that Q¥ Qk

We claim that this implies that the sets Ef are pairwise disjoint for all j, k. To see

this, consider two arbitrary sets Efll and Efj and suppose without loss of generality
that k; < k. By the above argument, there exists jz such that ij - Qf; If j5 = 73
then k; # ko and so disjointness arises from the containment Efj C Xi, C Xiys
otherwise, the disjointness of Qf for fixed k implies that for E]]?II and Ef;.

Now fix Q;‘? ; we have that

(4.3) o(Q}) = o(QF N Xpy1) + o (E).
By the properties listed above,

W@nX)= Y d@M<an > [ 1wlde

k+1 k+1 Q!
QT QY QT QY

1 C
< g | Wldo < SZo@)

J
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After plugging this into (4.3) and rearranging, we obtain
a—Ccz
o) 2 =),

which is the desired inequality.

For p(X) < oo, the proof is the same, with one exception. Since X is bounded,
for all cubes @ sufficiently large, @ = X. As such, choosing A > f, | f(y)| do ensures
that we may find maximal cubes as before. OJ

5. Necessity

In this section we prove the necessity of the Ap.) condition in Theorem 1.13.
Actually, we will prove necessity in Conjecture 1.14, but by the monotonicity of
the norm, we get that the strong-type inequality implies the weak-type, so to prove
necessity in both results it suffices to demonstrate that any weight satisfying the
latter is in Ap.).

To that end, let w be such a weight and fix a ball B C X. First, we will show that
w is p(-)-integrable on B. Supposing to the contrary, since p, < oo we have from
Lemma 2.3 that [|wxg||,.) = co. Fix € B and choose any ball £ with z € £ C B.

If we choose f = xg then M f(z) > %XB- Then for each ¢t < % the weak-type

inequality implies that
t”wXBHp(.) < ||tX{:v€X:Mf(:B)>t}w||p(~) < CHwXEHp(.)-
Thus the right hand side must be infinite, and so by Lemma 2.3,

/ w(z)P® dy = oo.
E

Letting F shrink to = and applying the Lebesgue Differentiation Theorem (since p is
Borel regular; see [2, Theorem 1.4]), we find that w(x)?®) = co and thus w(z) = oo
for almost every x, contrary to the definition of a weight. It follows that w is locally
p(+)-integrable.

Now we show that w € A,.). We first assume that ||w*1XB||p,(_) < oo; later, we
will see that this is necessarily the case. By the homogeneity of both the weak-type
inequality and the A, condition in w, we can assume that HUleBHp/(.) =1

We partition B into the sets

Fo={xeB:p(r) <o}, Fo={xe€B:p(x)=oc0}
By the definition of the norm, for any A € (%, 1),

wty w(z)~\"® T
oo (25) - | () v
Fy

One of the terms on the right must be greater than % More specifically, one of the
following must be true: either [w™'xp ||, > 1, or there exists Ay € (3, 1) for which

—1\ P (@)
fFo (MxTV) du > % for any A € [\, 1). Suppose for now it is the first.

Fix s > |lw'xp.||J' = essinfycp, w(x). There exists a subset £ C F,, with
u(E) > 0 such that w(F) C (0,s]. Choose the function f = yg. Since p(:) is
identically 1 on Fl,

waHp(.) = ”wXEHp(.) = w(E).
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Further, we see that for all x € B,

n(E

Thus if we fix t < %, the weak-type inequality implies that

~—

t”wXBHp(.) < tllwxa: Mf(m)>t}||p(.) < Cwa”p(.) = Cw(E).

If we take the supremum over all such ¢ and rearrange, we get that

1 w(k
@HMXBHP(_) < C’ﬁ < Cs.
Now taking the infimum over all such s, we get
1 —1 -1
@mellp(.) < COllw™ Xrolloo < 2C.
Since ||w*1XB||p,(.) = 1, this is the A,y condition on B.

We now consider the case that

—1\ P’ (@)
() e
Fo A 2

for all A € [A\g, 1). If we define Fr = {z € Fy: p/(z) < R} for R > 1, by the monotone
convergence theorem for LP") norms (Lemma 2.7) we may find R sufficiently large

that /
w(x)l)p(m) 1
du > —.
/FR ( o =3

Further, since [[w™'xg||,,, = 1, by Lemma 2.3,

/FR (w(f(zl)p/(x) dp < /FR ()\%)pl(w) (W:;)l)p’(x) ”
< (/\%)R/FR (w(z)—l)p’(x) < (}\%)R .

o[ ()

Then we know from the above computations that 3 < G(Xg) < oo and by the
dominated convergence theorem that G is continuous on [Ag, 1]. If G(1) > é, then

by Lemma 2.3, for any A\ € [\, 1),

1 1
< =
3T A

Now define the function

/ w(z) P @ dy < G\ < AR < 0.
Fgr

Now by taking A sufficiently close to 1, we may make A\~ < 2, so that

(5.1) % < /FR (w(i)l)p’(m s

On the other hand, if G(1) < 3, then by continuity there is some A € (Ao, 1) such

that G(\) = 3, and so by choosing this A we get that (5.1) holds in this case as well.
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Having fixed A, we now choose our function to be

w(z) '@

—1\ P'(=)
pp(-)(fw)Z/F <w<x)\> ) dp < 2.

Hence, by the proof of Lemma 2.3, || fwl|,, < 21/(")= " On the other hand, for all

z € B,

Thus for t < ﬁ, by the weak-type inequality,

Then

v

C > Cllfwllyy = thwxge: mr@s>ell,o = twxsllye.
which after taking the supremum over all such ¢ is the A,.) condition.
It remains to show that w € Ay if ||w*1XB||p,(.) = 00. To that end, fix e > 0 and
define the weight we(z) = w(x) +e. Then w; ' < ¢! < oo and so [[w, x|, < oo
We observe that

[weX(wex: mr@>illpy < lwXiex: Mp@>allp) T llXqzex: mp@)sellye)-

Since p(-) € LH, M satisfies the weak type inequality on LP®)(X, u). This is a result
of the sufficiency argument (Section 6) if p_ > 1, and in general it is one case in the
main result of [16]. Consequently,

< COllfwllyey + Cllef ) < 20 fwell .-

This shows that w, satisfies the weak-type inequality, and does so with a constant
depending only on the weak-type inequality constants of w and 1, both of which
are independent of e. From the argument with ||w_1XB||p,(.) < 00, it follows that
we € Ap(y. In fact, careful inspection of the previous argument will show that

||wXB||p(.)||w5_1XB||p/(.) < ||w5XB||p(~)||w€_1XB||p’(~) < Ku(B)

with K depending only on p(:) and the weak-type inequality constant (in the Fi,
case the dependency is only on the latter, while the Fjy case involves (p)_). Since as
we said before this is independent of €, we have that K is independent of e. Thus,
since w1 increases to w™! pointwise, by Lemma 2.7, we get that w € Apy. While
this completes the proof of necessity, it is of note that w € A, in turn implies that
the assumption ||w™'xz]| () < 0o must have been true originally.

6. Sufficiency

In this section we prove sufficiency in Theorem 1.13. We first assume that u(X) =
oo; the finite measure case is much simpler, as we will later show. Consider the
following lemma, which is proved in [24, 25].

Lemma 6.1. There exists a finite family {D;}Y., of dyadic grids such that

Mf(@) <€) MP f(x)

for any function f and almost every x € X.
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As a result of Lemma 6.1, to prove the boundedness of M it suffices to prove the
boundedness of MP for an arbitrary dyadic grid D. To that end, fix an exponent
p(-) with 1 < p_ < py < oo, a weight w € Ay, and a function f; without loss of
generality we may assume that f is nonnegative and that || fwl| oy = 1. It is useful
to define the weights W (-) = w(-)?®) and o(-) = w(-)™"'"), both of which are in A
by Lemma 3.4 and hence doubling by Lemma 3.1.

We will want to form the Calderén-Zygmund cubes of f (with respect to u).
In order to do so, we must show that ka |f(x)| dp — 0 as k — oo for any nested

sequence {Qx}r2; with Qr—1 C Qi € Di. Fix such a sequence; considering k = 1, we
have as a consequence of W being doubling that

W(Q1) < W(B(xe(@1), Cado)) < O “W (B(w(Q1), do)).

By a similar argument, for any k,

1 < C
W(@Qk) ~ W(B(x(Qr), Cad))

Combining these two estimates and applying Lemma 3.1, we get
W(@Q) _ o WBadQ). b)) _ ( p(B(xe(Q1, do)) )‘5.
W(Qr) = W(B(2e(Qr), Cadf)) —  \u(B(2e(Qr), Cady))
If we rearrange and apply the lower mass bound,
W(Qr) = Cu(B(z(Qr), Cadg))’ = Cp(B(ae(Qn), Cdp))°

As k — oo, by continuity of y and the fact that X = |J;~, B(z.(Q1), Cdk), the right
side approaches Cu(X)? = oo, and thus W(Qx) — oco. By Lemma 2.8, the A,
condition, and Lemma 2.5 respectively, for all k sufficiently large,

g fz) dp < Ol fwllom(@i) M e xau e < Cllwxa, e < CW (@) P

This gives us the desired limit.

Decompose f as f = fi + fo where fi = fx{fo-151y and fo = fx{ro-1<13. By
sublinearity, MP f < MP f; + MP f,, and by Lemma 2.5, for i = 1, 2,

(6.1) /X F@)PDw(@)? du < | fal, < 1

Hence, by Lemma 2.3, to prove the desired inequality it suffices to show that there
exists a constant C' depending on X, p(+), and w such that

(6.2) / MP fi(2)P@w(z)P@ dy < C, i=1,2.
X

We begin with the estimate of (6.2) for f;. Choose a > C¢z and for each k € Z
let

Xp={r e X: MPf(z) > a"*'}.

Since f € L. and ka f(x)du — 0 as k — oo, MPf, is finite almost everywhere,
and so

{veX: Mfi(z) >0} = JXi\ Xua
k
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up to a set of measure zero. Let {Q;C } be the CZ cubes of f; at height a* with respect
to p. Then by Lemma 4.5, for all k,

(6.3) X = UQ;?.

Define the sets EF = Q¥ \ X}, as in Lemma 4.5. Then from (6.3) we have

X\ X = J B
J
We now estimate:

/ MP fy ()P w ()" dp =y / MP fy ()P @w ()P du
X e Y X\ Xkt1

<@ / ) ()7
b 7 Xe\Xkt1

p(x)
< p(x)
< c; [E f ( ) du) w(z)P@ dy

p(z)
(6.4) =C)y_ / ( , fiy)e(y)oly) du) p(Q5) PP w () dp.
%y B} 7
Since either fic=!' > 1 or fio=! =0,

fiy)oly) oy d#S/ (fr(y)o(y) /= @o(y) dy
Qk Qf

< [ (o) Yot du< [ Ay du<
Qj Qt

Therefore,

p—(QF)
< () o (y) " PW/P-@) 5 (1)) d kY=P(@) 0y (2)P®) 4.
_%</Q§(f(y) )™ ) u) [ @l dy

If we multiply and divide by U(Qf) and apply Holder’s inequality with exponent
p—(QF)/p—, we get

<Cy (fk(fl(y)a(y)‘l)”(y’/”U(y) du)
(6.5) ki 19

k — X X
[ @y D@ Pl dp
Eh
J
Assume for the moment that

(6:5) [ Q- (@) ey d < Col@))

J
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Since ,u(Qf) < C’,u(Ef) by Lemma 4.5 and o € A, by Lemma 3.4 applied to w™! €
Ap(y, we have from Lemma 3.1 (applied to cubes instead of balls) that o(Q¥) <
Co(E}). Thus (6.5) is bounded by

cx (é gty y - da> o(E})

<cz MD ((fro~HPO/P=) (2)P- o (z) dp

<C/ MP((fro~yPOr=)(2)P- o (z) dp.
By Lemma 4.4 and (6.2),

<C | fA@@)PDo(x)PDg(z)du
X

=C | filz)?@w(@)P® du < C.

X

We now justify (6.6). Observe that the left-hand side is dominated by

(QF) p—(QF)
(6.7) ("U}lXQ’“” )

D (Q) p(x —p(z z
/ gl 2 g 1) (@) P () dp.

We will bound (6.7) by showing that, under our hypotheses, it reduces to the Ay
condition. First, we show that

- p—(QF)—p(2)
(63) oyl 2 < .
If [Jw™! Xqk ly(y > 1, then €' =1 works, so assume otherwise. Then

/

_ kY _ p’(x) P)+(Q )
PO =P Q) = ) 1T @) - 1
ei2 D-p) )08 - 0)-(@))
-

e ][( )+(QF) — 1] (p)- -1
and so by Lemma 3.3, we obtain (6.8). We would also like to prove the bound
k p—(QF)
(6.9) A R )
[Jw XQ;?”p/(.)

If |Jw™ XQkH ) > 1, then by Lemma 2.5,

p—(Q%) k
<—“(Qf) ) < (o(@y @) — ot

1
[Jw XQ;?Hp/(.)
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If on the other hand ||w_1XQk||p/(.) < 1, then by Lemma 2.5 (applied twice) and
J
Lemma 3.3 (applied to cubes),

p—(QF)
O(Qf) ’ < (flw? H(p/)f(Q?)_l p—(Q))
quka”p/() =S U Xty ()
Ellpr (-

OW L WOHWM%)H(M»(@)
Qilp'()
(Q?)fl p—(Q?)
< ¢ (o xgellyy ™)

()4 (@)1 P-(@5)
<C O'(Q?) COMTEL)

p,(QI?)’—l p*(Qf)
<C|a(@f) = Co(Q}).

Applying both (6.8) and (6.9) to (6.7), we have that in order to demonstrate
(6.6) it suffices to show

(6.10) / g 128 1(Q) 70 (2) dya < C.

By Lemma 2.3, this is equivalent to bounding

1
k\\—1][,,—1 _ —1
H(CM(QJ)) [Jw XQf”p/(.)wXQpr(.) = WHU}XQ;?H;;(-)HIU XQf”p’()

But by Lemma 4.2 this is, as claimed, the A, condition. Since w € Ay, (6.6)
holds for any k and j. This completes the proof of (6.2) for fi.

We now proceed to show the corresponding bound for f;. Recall that 1, o, and
W are all in A; from now on, we will use properties of A, without reference.

We would like to fix a particular LH., base point xq. Let {Q?} now represent the
CZ cubes of f, with respect to . Choose a nested tower of cubes {Qr}. Since A
weights are doubling, we have that j(Qx0), 0(Qro), and W(Qxo) all go to infinity,
and as a result we may find a cube Q0 = Qo € Dy, such that p(Qo), 0(Qo), and
W(Qo) > 1. By Lemma 1.9, we may fix xy = x.(Qp). Let Ny = 24,Cy, where Cy is
as in Theorem 4.1, and define the sets

7 ={(k,j): Qf € Qo},
g = {(kaj) Qf Z QO and d(anxc(Qf)) < Nodg},
H = {(kaj) Q? Z (o and d(anxc(Qf)) = Nodlg}

Observe that .# U¥Y U # = 7Z x N, so that every CZ cube Q"“ has indices in one of
the three sets. By repeating the argument used to obtain (6. 4) with f5 in place of
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f1, we may split the corresponding sum into three parts:

p(z)
| My @uerdu< ey [ < y f2<y>a<y>o—<y>1du) w(a)"® du

k.j

=C| >+ D).+ ). | =Chi+ L+

(k,j)e#  (kj)ed  (kj)eHt

We will bound each of these three sums in turn, beginning with I;. Using that
foo™! <1 to eliminate f, and then applying (6.6), we get

L< ), / (J[ k (y)du>p(x)w(fc)p(m)du

(k,j)e7

Z / 0= @) ()P~ (@) Q) P ()P ds
(k.j

ky— k k —p(x x
< D (+a(@e@)re) / (@ BI@) T w() dy
(kj)eF E

<C+0(@) 7 > o(@h)

(k,j)ez

<C+0(Q) 7 > o(E))

(k,j)eF
< C(1+ a(Qu)*+ "~ a(Qu),

which is a constant independent of Qf and f.
Now to estimate I, pick (k,j) € 4. Note that if z.(Q}) € Qo, then since
Qf Z Qo we must have that

Qo € Qf € B((Qj), Ao(Ca + 1) Nody).
On the other hand, if z.(Q%) & Qo 2 B(o, di®), then by the definition of ¢,
di® < d(xo, 2:(Q})) < Nodg.
As a result, since zg € B(z.(Q}), Nodi) and z € B(xy, Cadko), for any z € Q,
d(z, 2.(QF)) < Ao(d(x, 20) + d(wo, 7.(Qf))) < Ag(Cudi® + Nodg) < Ag(Ca + 1) Nods.

It follows that Qo € B(z.(Q%), Ao(Ca + 1)Nod) = BJ for any (k,j) € 4. Conse-
quently, we have that W (B}), o(B}) > 1. Note also that by doubling and Lemma 4.1,
1(QF) ~ p(BY). By Lemma 2.3 we also have that [[w™"xq, ¢y = 1, and so by Corol-
lary 3.5 (applied to w™! € A, (),

/

H(Q) < On(BY)™ < Cu(Qo)™ <;’§f§k§>

1 -1 -1 -1
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It follows from this inequality and Lemma 2.8 that
— —1 —
f2) dp < Cllw Nl 1wl llw ™ xgrllyy < C-

Given this, we may apply Lemma 2.10 with the exponents p(-) and p,, to estimate:

p(x)
L<C / (Cl fa(y)du> w(@)"™ dp
ol Je

(k,j)e¥

(6.11) < C, Z / ( )ww<x)p(m)du

(k,j)ev

p(l‘
- Z / (e + d T))t- -

Arguing as we did in the proof of Lemma 3.4 to obtain inequality (3.5), we may
choose t sufficiently large (depending only on X, Qq, p(-), and w) so that

w(z)P®)
(6.12) > / e+d )tp_ du < /X e T d(wo )" du < 1.

(k,j)e¥

We now need only bound the first term of (6.11). But we have that

ww(x)p(w)d
S fy o) e

Poo o k: Poo
= Z (ﬁ Qkfz(y)a(y)‘la(y)du> (Jgi;) W(E).

(k,j)e¥

Now invoking (3.6) (applied to ¢ and then W, with cubes) as well as the Ay,
condition,

o (Q5)t = o(QEy="" < Cllw xeulZ7,

(6.13) map " e
c| ——— C—1—.
= (HwXQ;Hp(.) =W
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If we apply this estimate, Lemmas 4.4 (since by assumption p_ > 1 and we must
have p,, > p_) and 2.10, and that o(Q%) < Co(E}), then we get

T @D\T
o 3 (aag fy povorowan) (535) v
SC(kZ ( (;k) fg(y)a(y)la(y)du> a(Q)W(Q5) W (EF)

(6.15) SC/)(MO-(fQU_l)(x)pOOO-(x) du
(616) <cC /X (fola)o ™ (2))=o () dp
<¢ / (h@o@)P o) du-+ [ ( o) 4,

x (e+d(xg,z))tP-

(6.17) / Fol2)P ()@ dyy + / ( o) dp.

e+ d(xg, z))P-

The second term is bounded by a constant independent of Qf and f, by an argument
identical to that used to prove (6.12) with o in place of W. By (6.1), the first term
is also bounded by a constant, and thus I5 is as well.

We now estimate I3. Central to this part of the proof will be that d(zo,z) is
essentially constant on Q"“ that is,

(6.18) sup d(zg, ) < R inf d(xo,z),

zeQk 2€Q}

for some constant R > 1 independent of k and j. In fact, we will show that (6.18) is
true with Qk replaced by the ball A’l‘C 1B’LC D Qk To that end, fix (k,j) € A
and choose x € A’“ We have that

d(xo, ) < Aold(zo, (Q%)) + d(zc(Q%), )]
< Aold(zo, 2.(QF)) + Cadf] < (Ao + %) (o, 2.(Q%)).
Conversely,
d(o, 7.(QF)) < Aold(w, z.(Qf)) + d(xo, )]
= %Nod’g + Agd(z0,2) < %d(xo, 2.(QY)) + Aod(zo, ),
and so by rearranging terms,

d(wo, 2:(QF)) < 2A¢d(x0, ).
It follows that d(zo,z.(Q})) & d(x, ). This is equivalent to (6.18).
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To now estimate I3, we need to divide .77 into two subsets,
A ={(kj) e H:0(Q)) <1}, H={(kj)eH:0(Q]) > 1}.

We sum first over 7. Let 2, € A_f be the point which (by continuity of p(-) € LHy)
satisfies p+(A§?) = p(z). Then by the LH., condition and (6.18), for all = € Q?,

p(Q}) — p(z)] < |p(24) — Pool + P(2) — Poc]
< Cw N Cw
~ log(e + d(zg,x4))  log(e + d(xg,z))

1 1
* {log(e + (RAg)td(xo, 1)) + log(e + d(:co,x))}
Coo(RAy + 1)
~ log(e + d(zg, )
This provides the necessary condition to apply Lemma 2.9, from which (bounding
the second term with (6.12) as before) we get

p(z) p+(Q%)
()Z%,/ <Qkf2<y)d“> w(z)"dp < Cp Y / < ) 1.
k,j)esa

(k,j)esfq

By appealing to Lemma 2.11 for the inequality
M(Q;?)p(x)—m(Q?) <C,
we may bound the sum on the right by

p+(QF)
1 K
C _ - -1 d k\p+(Qj7) ky—p(z) p(z) g
> [ <U<Q;> [, 070t u) (@ Q) P
and since f,o~! <1, by Lemma 2.10 we may continue to estimate
Poo
1 K
<C -1 d k\p+(Q7) ky—p(z) p(z) g
<cy [ <U(Q§) o)) u) QA ( Q) (@) dy

w(x)P@)
(e + d(zo,x))r-

+C Y Q@) (@) dp = CJy + CJy.

(k.g)erA

To estimate J, we use that o(Q¥) < 1, then apply (6.6)—together with the fact that
J(Q;?) < CU(E]’?), as used in the f; argument—and subsequently (6.18), to get that

Jo < Z sup (e+d(x0,x))—tp/ U(Qé?)p—(Q?)N(Q?)—p(x)w(x)p(x) dji
(k.j)esn T€E) Bk

<C Y sup(e+d(xg,x) P o(EY)
(k.j)est TEES

o(z)
<C X [E (e + d(zo, )P~ n

(k.j)ei

o(x)
<O | Tt
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which is the same quantity as the second term in (6.17), which we argued was bounded
by a constant at the end of the estimate for I5.
Similarly, to estimate .J; we may use that o(Q¥) < 1 and (6.6) to get that

L<C > << Qkfz(y)a(y)‘la(y)dﬁ> a(QF).

(k,j)e

Again using that o(Q%) < Co(E}), we get that

<c ¥ ( @ f2( Jo(y)™ 10(?/)dﬂ> o(E;)

(k,g)esrq
C A foo N (z)P=0 () du.
< /XM(f )(@)Po(z) dp

But this is yet another quantity that appears near the end of the I, estimate, and
thus it is bounded by a constant. This completes the estimate for .77.
Finally, we now estimate the sum over .74. By Lemma 2.8,

/Q D) dn < ell frwl o xa Iy < el xos
J

Thus we can apply Lemma 2.10 to get

p()
/ (Qk f2(y)du> w()P® dp
(k,j)ests

p(x) ||w71XQ’?||p/(.) p(x)
=C Z / c||w XQ‘“H ,()/ f2 d,u —]JC w(x)p(x)du
N(Qj)

(k,j)es

- Hw_lX ’?”p/_ P(@)
<C Z / (HwXQkH /fz d,u) (#) w(x)p(f”)du

(k,j)eH0

lw™ XQk|| P w(z)P®)
"L /< ) (e + d(zo, x))"- o

(k,g)esto
= K| + K.

To estimate K, note that 1 < 0(Q%) < Co(E}), so o(EF) > € for some fixed constant
¢ > 0. Therefore, by (6.10) and (6.18) we have that

T xax

p(z)

Ky <et Z sup(e+d(:p0,:p))_tpe/ <
Q;

k
(k,j)ets TEE;

<C Y sup(e+d(zg,x) o (EY)
(k.j)ers TEES

o(a)
<C | ey

which as we argued in J; and I, is bounded by a constant.
To estimate K7, we use (3.6) to get

o™ Xl (5o (Q))P= < Ca(Qfyr=r=/"> = Ca(Qy).
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Therefore, applying (6.10) and that o(Q}) < Co(EF), we have

Poo

1 2)— O-(Qk')poo

K= / 7/ Fay)dp | o™ xgrl P57 = ()@ dp

<k>z;f B (0@?) Qt GO Q@
Poo

1
< — k -1 p(x) k\—p(z) p(z)
¢y <U<Q;> | kfz(y)du> w10} [ ™y (@) e
7])6’% J j
Poo

1 k
< C(}ﬁ%}% (T(Qf) /Q§ fa(y) du) o(E7)

<c /X M, (foo) (2P~ 0 () dp.

This last term is the same quantity that appeared in (6.15), which as we argued in
the estimates for J, and I, is bounded by a constant. This completes the estimate
for I3, and thus gives us the desired estimate for fy, completing our proof of the
sufficiency of the A,y condition in Theorem 1.13 for the strong-type inequality.

The finite case. If u(X) < oo, we may apply the same proof as in the infinite
case, with some modifications. For each i = 1,2, in accordance with Lemma 4.5, we
may only construct the CZ cubes at heights greater than Ay = fX fidu. Note that
with the assumption that || fwl|,, =1 as before, we have from Lemma 2.8 that

Ao < Ap(X) L frwlly o™ ey < 4p(X) " Hlw ™ -
By Lemma 2.3, this is bounded by a constant, since from the A,.) condition with
B=X,
o™,y < Cr(X)wll,y.
Fix a = 2Ccyz and let Q;‘? denote, as before, the CZ cubes of f; at height a*, where
k > ko = |log, Ao + 1]. These cubes cover only X3, = {z € X: MP fi(x) > N\o}. If,

however, we define
Xo={MPfi(z) < Ao} = X \ X4,

X = (G Xk\XkH) | Xo.

k=ko
Thus the analogous argument to (6.4) proceeds as

then

MDfi(x)p(”C)w(x)p(’”) du
X

- MDfi(a:)p(w)w(:c)p(x) du + Z / MDfi(x)p(x)w(ﬂf)p(x) dp
k=ko ¥ XK\ Xk41

p(z)
< AW(X) +C Z / ( fioc to du> N(Q;?)—P(ﬂﬁ)w(x)p(w) dp.
. JEk Q§

k>ko,j* =i

Since \g is bounded by a constant, the first term depends only on X, D, and p(-).
For f;, the second term may be controlled by an argument identical to that of the
infinite case.

The f, case, on the other hand, simplifies greatly: essentially, we just choose
Qo = X, and so I, = I3 = 0. More explicitly, since foo™! <1, if o(X) > 1, then by
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(6.6) and the fact that o(Q%) < Co(E}), the second term in the above expression is

bounded by
7 QP (Q) T u(ay dy
k>kor ! BT
k p(

p(:v <Q) k\—p(x) p(z)
= / TR @ ey ay
k>ko,j

p-

(@) ()" dp

“Z/

k>ko,j

<o p+p—ZCOEk <CU p+p+1

k>ko,j

If 0(X) < 1, simply exchange p, with p_. This proves sufficiency for u(X) < oo.

1]
2
3
4
51
6]
7
8]
9]

[10]

11)

12)

13]

14

[15]

References

Apamowicz, T., P. HARJULEHTO, and P. HASTO: Maximal operator in variable exponent
Lebesgue spaces on unbounded quasimetric measure spaces. - Math. Scand. 116:1, 2015, 5-22.

A1vARADO, R., and M. MITREA: Hardy spaces on Ahlfors-regular quasi-metric spaces. -
Lecture Notes in Math. 2142, Springer, Cham, 2015.

ANDERSON, T., D. CRUZ-URIBE, and K. MOEN: Logarithmic bump conditions for Calderén—
Zygmund operators on spaces of homogeneous type. - Publ. Mat. 59:1, 2015, 17-43.

BraMmANTI, M., and M. C. CERUTTI: Commutators of singular integrals on homogeneous
spaces. - Boll. Un. Mat. Ital. B (7) 10:4, 1996, 843-883.

CHRIST, M.: Lectures on singular integral operators. - CBMS Reg. Conf. Ser. Math. 77, Amer.
Math. Soc., Providence, RI, 1990.

CHRIST, M.: A T(b) theorem with remarks on analytic capacity and the Cauchy integral. -
Collog. Math. 60/61:2, 1990, 601-628.

CorrMAN, R., and G. WEIss: Analyse harmonique non-commutative sur certains espaces
homogénes. - Lecture Notes in Math. 242, Springer-Verlag, Berlin-New York, 1971.

CorFrMAN, R., and G. WEISS: Extensions of Hardy spaces and their use in analysis. - Bull.
Amer. Math. Soc. 83:4, 1977, 569-645.

CRUz-URIBE, D., L. DIENING, and P. HASTO: The maximal operator on weighted variable
Lebesgue spaces. - Fract. Calc. Appl. Anal. 14:3, 2011, 361-374.

CRUz-URIBE, D., and A. FIORENZA: Variable Lebesgue spaces: Foundations and harmonic
analysis. - Appl. Numer. Harmon. Anal., Birkhduser/Springer, Heidelberg, 2013.

Cruz-URIBE, D., A. FIORENZA, J. M. MARTELL, and C. PEREZ: The boundedness of classical
operators on variable LP spaces. - Ann. Acad. Sci. Fenn. Math. 31:1, 2006, 239-264.

Cruz-URIBE, D., A. FIORENZA, and C.J. NEUGEBAUER: The maximal function on variable
LP spaces. - Ann. Acad. Sci. Fenn. Math. 28:1, 2003, 223-238.

CRruz-URIBE, D., A. FIORENZA, and C. J. NEUGEBAUER: Corrections to “The maximal func-
tion on variable L? spaces’. - Ann. Acad. Sci. Fenn. Math. 29:1, 2004, 247-249.

Cruz-URIBE, D., A. FIORENZA, and C. J. NEUGEBAUER: Weighted norm inequalities for the
maximal operator on variable Lebesgue spaces. - J. Math. Anal. Appl. 394:2, 2012, 744-760.

CRUZ-URIBE, D., and J. M. MARTELL, and C. PEREZ: Weights, extrapolation and the theory
of Rubio de Francia. - Oper. Theory Adv. Appl. 215, Birkhduser/Springer Basel AG, Basel,
2011.



488

[16]

[17]
[18]
[19]

[20]

[21)
[22)
23]
[24]
[25]
[26]
[27]
28]
[20]
[30]
31)
32)

[33]

David Cruz-Uribe, OFS and Jeremy Cummings

CRUZ-URIBE, D., and P. SHUKLA: The boundedness of fractional maximal operators on
variable Lebesgue spaces over spaces of homogeneous type. - Studia Math. 242:2, 2018, 109—
139.

DENG, D., and Y. HAN: Harmonic analysis on spaces of homogeneous type. - Lecture Notes
in Math. 1966, Springer-Verlag, Berlin, 2009.

DIENING, L.: Maximal function on generalized Lebesque spaces LP(). - Math. Inequal. Appl.
7:2, 2004, 245-253.

DIENING, L., P. HARJULEHTO, P. HASTO, and M. RUZICKA: Lebesgue and Sobolev spaces
with variable exponents. - Lecture Notes in Math. 2017, Springer, Heidelberg, 2011.

GorosiTo, O., G. PRADOLINI, and O. SALINAS: Boundedness of fractional operators in

weighted variable exponent spaces with non doubling measures. - Czechoslovak Math. J.
60(135):4, 2010, 1007-1023.

HaJiBAYov, M., and S. SAMKO: Generalized potentials in variable exponent Lebesgue spaces
on homogeneous spaces. - Math. Nachr. 284:1, 2011, 53—66.

HARJULEHTO, P., and P. HASTO: Lebesgue points in variable exponent spaces. - Ann. Acad.
Sci. Fenn. Math. 29:2, 2004, 295-306.

HarJULEHTO, P., P. HASTO, and M. PERE: Variable exponent Lebesgue spaces on metric
spaces: the Hardy—Littlewood maximal operator. - Real Anal. Exchange 30:1, 2004/05, 87-103.

HyTONEN, T., and A. KAIREMA: Systems of dyadic cubes in a doubling metric space. - Colloq.
Math. 126:1, 2012, 1-33.

KAIREMA, A.: Two-weight norm inequalities for potential type and maximal operators in a
metric space. - Publ. Mat. 57:1, 2013, 3-56.

KHABAzZI, M.: The maximal operator in spaces of homogenous type. - Proc. A. Razmadze
Math. Inst. 138, 2005, 17-25.

KokiLasuavini, V., A. MESKHI, and M. SARWAR: Potential operators in variable exponent
Lebesgue spaces: two-weight estimates. - J. Inequal. Appl. 2010:329571, 2010, 1-27.

KorvENPAA, J.: Dyadic cubes in spaces of homogeneous type. - Preprint, arXiv1301.3678,
2013.

KovAcik, O., and J. RAKOSNIK: On spaces LP*) and WHP(®) _ Czechoslovak Math. J.
41(116):4, 1991, 592-618.

Macias, R., and C. SEGOVIA: Lipschitz functions on spaces of homogeneous type. - Adv.
Math. 33:3, 1979, 257-270.

MizuTA, Y., T. OHNO, and T. SHIMOMURA: Sobolev embeddings for Riesz potential spaces
of variable exponents near 1 and Sobolev’s exponent. - Bull. Sci. Math. 134:1, 2010, 12-36.

MUCKENHOUPT, B.: Weighted norm inequalities for the Hardy maximal function. - Trans.
Amer. Math. Soc. 165, 1972, 207-226.

STROMBERG, J.-O., and A. TORCHINSKY: Weighted Hardy spaces. - Lecture Notes in Math.
1381, Springer-Verlag, Berlin, 1989.

Received 4 January 2021 e Accepted 8 April 2021 e Published online 23 February 2022

David Cruz-Uribe, OFS Jeremy Cummings
The University of Alabama The University of Alabama
Department of Mathematics Department of Mathematics

Box 870350, Tuscaloosa, AL 35487-0350, U.S.A. Box 870350, Tuscaloosa, AL 35487-0350, U.S.A.

dcruzuribe@Qua.edu jcummings2@crimson.ua.edu



	1. Introduction
	2. Variable Lebesgue spaces
	3. The Ap() Condition
	4. Dyadic cubes
	5. Necessity
	6. Sufficiency
	References

