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Pointwise inequalities for Sobolev functions
on generalized cuspidal domains

ZHENG ZHU
In memory of Prof. Jan Maly

Abstract. Let 2 C R"™! be a bounded star-shaped domain and €, be an outward cuspidal
domain with base domain 2. We prove that for 1 < p < oo, W1P(,) = M*?(Qy) if and only if
We(Q) = MTP(Q).

Sobolevin funktioiden pisteittiisid epayhtilGita yleistetyissd kirkialueissa

Tiivistelmd. Olkoon Q C R"™! rajoitettu tdhtiméinen alue ja 2, ulkoneva kirkialue, jonka
kanta-alue on . Arvoilla 1 < p < oo osoitamme, ettd WP(Q,) = MYP(Qy) jos ja vain jos
WirP(Q) = M1P(Q).

1. Introduction

A Sobolev function u on R™ satisfies the pointwise inequality
u(z1) = u(z2)| < [21 — 22[(CM(|Vul)(z1) + CM(|Vul)(22))

at every Lebesgue points of u, where M (|Vu|) is the Hardy—Littlewood maximal
function of |Vul, see [1, 2, 5, 10]. Motivated by this fact, Hajtasz defined the so-called
Hajlasz—Sobolev space M'?(U) which consists of all u € LP(U) with a nonnegative
g € LP(U) such that for every z;, 2, € U\ E with |E| = 0, we have

[u(21) — u(z)| < |21 — 22|(g(21) + g(22)),

where U C R" is a domain. For all domains U and any p € [1, 00|, one always has
MY(U) ¢ W' (U). Furthermore, when p = 1, the inclusion is strict, see [5, 9.
Since M'P(U) = WP(U) implies that every u € W?(U) supports a global Poincaré
inequality on a bounded domain U, see [5], it is a natural question to ask

For which domains U C R"™ do we have M'*(U) = Whr(U)?

In this note, we concentrate on a class of generalized outward cuspidal domains.
Let Q € R™! be a bounded star-shaped domain with a star-center z, € Q. Let
Y: (0,1] — (0, 00) be a left continuous and non-decreasing function. We consider the
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outward cuspidal domain of the form
T —x,

¥(t)

- {(t’ z) € [1,2) x R xw_(lgio

Qy = {(t,x) € (0,1) x R* 1. +z, € Q}

(1.1)

+£EOEQ},

¥(1)

We require 1) is left-continuous just to ensure that €, is open. The (n — 1)-
dimensional bounded star-shaped domain (2 is called the base domain of the outward
cuspidal domain §2,,. The star-shapeness is necessary to guarantee that (2, is always
a domain for every left continuous and increasing function ). One can easily see that
(1 is also star-shaped.

In our main theorem, we will show that the classical Sobolev space coincides
with the Hajlasz—Sobolev space on an outward cuspidal domain €2, if and only if
these two function spaces coincide on the base domain ). This theorem implies
that even on a very irregular domain U C R", we can have M'?(U) = WP(U),
for example see Corollary 1.4 below. Hence, it is difficult, or maybe even impossible
to give a characterization to those domains where the classical Sobolev space and
Hajtasz-Sobolev spaces coincide.

Theorem 1.2. Let  C R"™! be a bounded star-shaped domain and v : (0,1] —
(0, 00) be a left continuous and increasing function. Define the corresponding cuspidal
domain Qy as in (1.1). Then for 1 < p < oo, WHP(Qy) = M"P(Qy) if and only if
Wir(Q) = Mb»(Q).

By [5], M'?(U) can always be embedded into W'*(U), for arbitrary 1 < p <
oo and an arbitrary domain U C R". Hence, if one can show they coincide as
sets, the classical Open Mapping Theorem will imply that the corresponding norms
of a fixed element are comparable up to a uniform constant. In [12], Romanov
showed W'P(Qy) = MY (Q,) if @ € R™! is a unit ball, ¥(t) = ¢* with s > 1
and p > =D The main result in [3] told us that the above restriction on p is
superfluous. To be more precise, the authors showed if  C R®! is an unit ball,
MYP(Qy) = Wh2(Q,) for arbitrary 1 < p < oo and an arbitrary left continuous
and increasing function . Since the unit ball is a bounded star-shaped domain for
which W'?(B"1(0,1)) = M*?(B"1(0,1)) for every 1 < p < oo, the result in [3] is
a special case of Theorem 1.2 here.

A domain U C R" is called a W!P-extension domain for 1 < p < oo, if for every
u € WHP(U), there exists an extension function E(u) € WH(R") with E(u)‘Q =u
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and
IE@)lwir@ny < Cllullwrw)

for a positive constant C' independent of u. By the classical result due to Hajtasz
[5], if U € R" is a W!P-extension domain for 1 < p < oo, then W'?(U) = M'?(U).
Hence, we have the following corollary to Theorem 1.2.

Corollary 1.3. Let Q C R"! be a bounded star-shaped W'P-extension domain
for 1 < p < oo and ¥: (0,1] — (0,00) be a left continuous and increasing function.
Then we have WP (Q,,) = M*P(Q,,), where Q, is the corresponding outward cuspidal
domain defined in (1.1).

Our theorem enables a large class of new examples. In particular, the following
corollary shows how the cuspidal construction can be iterated to give examples which
have different cuspidal sigularities in every coordinate directions. We thank Sylvester
Eriksson-Bique for pointing out this application.

Corollary 1.4. Let I C R be an interval which contains 0 and {¢;: (0,1] —
(0,00)}, be a class of left continuous and increasing function. Set §; := [ and
define a sequence of outward cuspidal domains {Q; C R*}"_, inductively by setting

I—ZL‘l 1

()
T — x’o

U {(t,:c) €1,2) x Rt VOB

where xi71 C ;4 is a star center. Then W'?(Q,) = MP(Q,,) for every 1 < p < cc.

Qz’ = {(t, I’) c (0, 1) X Ri_l ‘|—in_1 € Qi—l}

1

+ xiil € Qzl} 9

Proof. By induction, for every i € {1,2,- — 1}, §; is a star-shaped domain
with WhP(Q,;) = M 17P(Q ;). The conclusion follows now directly from Theorem 1.2.
0

2. Definitions and preliminaries

In what follows, U C R" is always a domain and 2 C R" is always a bounded
star-shaped domain. We denote C'°(U) to be the restriction of C*°(R") on U by
setting

= {u}f u e C*(R™)}.
For a measurable subset £ C R", xg is the corresponding characteristic function
and |E| means the n-dimensional Hausdorff measure of E. Typically, ¢ or C' will be
constants that depend on various parameters and may vary even on the same line of
inequalities. The Euclidean distance between points x,y in the Euclidean space R"
is denoted by |x — y|. The open n-dimensional ball of radius r centered at the point

x is denoted by B"(z,r). For two points z,y € R", [z, y] means the segment starting
from x to y.

Definition 2.1. A domain 2 C R" is said to be star-shaped, if there exists a
point x, € 2 such that for every z € Q, the segment [z,z,] between x and z, is
contained in 2. The point z, is called the star center of 2.

For a star-shaped domain, the choice of the star center may not be unique. For
example, for a convex domain, every point inside the domain is a star center. From
now on, whenever we mention a star-shaped domain €2, it means we have already
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fixed a star center x, € (). Let 2 C R™ be a bounded star-shaped domain. For every
0 < A < o0, we define

X

Q= {x € R": _/\% +x, € Q}
We write
R"=RxR"":={z:=(t,z) e RxR"'}.
Let Q C R"! be a bounded star-shaped domain. We consider a left continuous and
increasing function ¢: (0, 1] — (0,00), extend the definition of ¢ to the interval (0, 2)
by setting
w(t) =(1), forevery t e (1,2)
and write
T — T,
»(t)
The space of locally integrable functions is denoted by L1

Q¢:{(t,x)€(0,2)xR"_1: —|—xO€Q}.

loe(U). For every measur-
able set () C U with 0 < |Q| < oo, and every non-negative measurable or integrable
function f on () we define the integral average of f over () by

][Q F(w) dw = @ /Q F(w) duw.

Let us give the definitions of Sobolev space W?(U) and Hajtasz-Sobolev space
MY (U).

Definition 2.2. We define the first order Sobolev space W(U), 1 < p < oo,
as the set

{uwe LP(U): Vu e LP(U;R")}.

oz’ ) Oxn

grable function wu.
We equip W?(U) with the norm

Here Vu = <@ - > is the weak (or distributional) gradient of a locally inte-

ullwrr@y = |Jullzr@) + |Vl e @)

for 1 < p < oo, where || - ||z») denotes the usual LP-norm for p € [1,00]. The
following lemma from |11, page 13| tells us that on a star-shaped domain, Sobolev
functions can be approximated by global smooth functions.

Lemma 2.3. Let 0 C R" be a star-shaped domain. Then C>(Q) N W1P(Q) is
dense in W1?(Q) for 1 < p < .

For u € LP(Q2), we denote by D,(u) the class of functions 0 < g € LP(Q) for
which there exists F C U with |E| = 0, so that
u(z1) — u(z2)| < |21 — 22[ (g(21) + 9(22)), for 21,22 € U\ E.

Definition 2.4. We define the Hajlasz—Sobolev space M'?(U), 1 < p < oo, as
the set

{ue LP(U): Dy(u) # 0} .
We equip M'P(U) with the norm

) = inf ,
ul[arrr@wy = Jullre @) + o 9l ze )



Pointwise inequalities for Sobolev functions on generalized cuspidal domains 751

o0o. For 1 < p < oo, we write WHP(U) =¢ MY (U) if we have

for 1 < p <
= M (U) with

W (1)
1 .
5”VUHLP(U) < inf Jgller@) < ClIVull ey

9€Dp(u)

for a positive constant C' > 1 independent of u € W'?(U). The following lemma
tells us that the equivalence of the Sobolev space and the Hajtasz—Sobolev space on
bounded star-shaped domain is invariant under linear stretching.

Lemma 2.5. Let Q C R" be a bounded star-shaped domain with W?(Q) =¢
M'YP(Q) for some 1 < p < co. Then for every 0 < A\ < oo, we have W'P(\Q) =¢
MY?P(XQ) with a same constant C.

Proof. Without loss of generality, we may assume 0 € () is a star center. Fix
0 < A < oo. Let u € WHP(AQ) be arbitrary. We define a function uy on € by setting

ux(z) == u(Az2)

for every z € Q. Then, by the change of variables formula, we have uy € W?(Q)
with

(2.6) IVurlln) = A7 | Vulloony.

Since W'P(Q) =¢ M1?(Q), there exists a function g,, € D,(u,) with
1

(2.7) clVasllze@) < llgullzee) < CliVurle@.-

Then we define a function g, on AQ) by setting

) 1= 500 5)

for every z € AQ). Then for almost every z;, zo € A{2, we have
<1 22

|u(z1) — u(z9)| = ’U/\ (X) —Ux (X)‘

1 z 1 2
<= (5 (3) 4504 (3)
<z — 22/(gu(21) + gul22))-

The change of variables formula implies

(2.8) gullzocra) = A7~ | gus | o)
Hence g, € D,y(u). By combining inequalities (2.6), (2.7) and (2.8), we obtain the
desired inequality

1
5||VU||LP(AQ> < lgullzrpne) < ClVul o) O

3. Maximal functions

We will define a maximal function M7[f]. That will vary only the first component
t. For every z € ¢(1)Q C R"! set

Sy ={teR: (t,x) € Qy}.

Let f: Qy — R be measurable and let (t,x) € ©,. We define the one-dimensional
maximal function in the direction of the first variable by setting

(3.1) MT[f](t,x) := sup ][[ s |f(s,2)|ds.

[a,b]>t
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The supremum is taken over all intervals [a, b] containing ¢.
The next lemmas tell us that M7 enjoys the usual LP-boundedness property. See
[3, Lemma 3.1] for a proof.

Lemma 3.2. Let 1 < p < co. Then for every f € LP(Qy), M7[f] is measurable
and we have

(33 | e a<c | e e
b
where the constant C' is independent of f.

4. Proof of Theorem 1.2

Let © C R"! be a star-shaped bounded domain with WP(Q2) = M'?(Q) for
some 1 < p < oo. Then €, C R" is also a star-shaped domain. By Lemma 2.3,
C*° () NWHP(€,) is dense in WHP(€).

Lemma 4.1. Let u € C*(Q,) N W'P(Q,) be arbitrary. Fix 0 < t < 2, define
the restriction of u to {t} x ()2 by setting
(4.2) ui(x) = u(t,z) on every x € ¥(1)Q.

Then u; € WHP(1(t)Q) for every 0 < t < 2. And there exists a nonnegative function
gu € LP(Qy) such that for every t € (0,2) and every x,y € 1(t)§2 we have

[ur(2) — wi(y)| < |z = yl(gu(t, ©) + gu(t, y))
and

/m g (2)dz < 0/ IVu(2)|P dz

Qy
with a constant C' independent of u.

Proof. If
/ \Vu(z)[Pdz =0,
Qy

then u = c on €2, for some constant ¢ € R. In this case, we simply define g, = 0 on
2. Then we have

[u(21) —u(z2)] < |21 — 22[(gu(21) + gu(22))
for every 2y, 2o € €2, and
ng”Lp(Qw) = ”VQLHLP(QM‘
Let us consider the case that

T, := / |Vu(z)|Pdz > 0.
Qy

Denote the gradient with respect to the x-variable by VX. By Lemma 2.5, for every
t € (0,2), there exists a nonnegative function g, € LP(¢(¢)2) with

(4.3) u(1) — ulw2)| < for — 22|(ge(21) + gi(22))
for almost every xy, zo € ¥(t)Q2 and
(4.4) 19l e ) < CIHV¥uel oo

for a constant C' independent of ¢. Simply resetting g; to be co on a measure zero
set, we can assume inequality (4.3) holds for every xy,zo € ¥(t)Q2. We define

() = 2g:(x) + (T,)7
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for every x € ()2 Since u € C*(Q,) N WP(Qy), v’ is uniformly continuous on
W (t)€2, there exists a small enough 0 < § < 1 such that for every z,y € ¥(t)$2 with
0 <|z—y| <d, we have

1 . R

(4.5)  Jul@) —w(y)| < |z —yl(g(z) + (Tu)7) < o = yl(g:(x) + 5())-

Since ¥(s)Q2 C (t)2 for every 0 < s < t, there exists a small enough 0 < ¢; < t such
that for every s € (t — ¢/,t] and every z,y € 1(s)Q with |z — y| < §, we have

(4.6) |us () — us(y)| < |z = y[(ge(x) + Ge(y))-

Due to u € C=(Qy) N Wlp(Q¢) again, there exists a small enough 0 < €2 < ¢ such
that for every s € (t — €2, t] and every x,y € 1(s)Q with |z — y| > §, we have

(4.7) Jus(z) = us(y)| < |z = y[(g:(x) + 9:(y)).
Hence, we can find a sufficiently small 0 < € < min{¢;, e/} such that for every
s € (t — €,t] and every x,y € ¥(s)S2, we have

(4.8) |us(2) = us(y)| < o = y[(Ge(2) + 6:(v)),
and for every s € (t — €, t], we have
(4.9) 19ell e o) < CIVYUs | ooy

with a constant C independent of s and ¢. By the simply geometry of the line segment
(0, 2], there exists an at most countable class {(t; — €, %] };c;cn such that

0,2] | Jti — e, ts

el

Zx(ti—&i,ti}(t) <2

iel
for every t € (0,2]. Simply extend g; to R"! by setting it to be 0 outside ()2 and
define a function g, on )y by setting

(410) gu t {E = th t —Eti,ti} (t>

el

for every z = (t,x) € Q4. By (4.8) and (4.10), for every ¢ € (0,2] and every
z,y € (1)), we have

(4.11) (@) — w(y)] < |z = yl(gult, ) — gu(t, y)).
By the argument above, we obtain g, € LP(€,) with

gh(z)dz < C / / x)dxdt
\/S;w Z t; —€t; 1/1(75
/ / T.,) dz dt
iel Jtime JU(H)Q

< c/ / V()| d dt + CT,
0

and

< C/ |Vu(z)|P d=.
Qy

The third inequality above comes from the bounded overlaps of the intervals {(¢; —
Etm tz] }iGICN- |:|
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First, we introduce some results which will be used in the proof of that W*(Q) =
M'?(Q) implies W'P(Q,) = M'(Q,). By Hajlasz [5], there is a bounded in-
clusion ¢: M'?(Q,) — W' (Q,). To show that ¢ is an isomorphism, it suffices
to show that its inverse ' is both densely defined and bounded on W'?(€,).

Since C°(Qy) N W1P(Q,) is dense in WP(€y), it suffices to show that C>(Q,) N
WP(Q,) € MYP(Q,) and that for each u € C>(€,,) N WP(Q,,) we have

||“||M1’P(Qw) < C||U||W1»p(9w),

for a positive constant independent of u. The proof of the next lemma is obtained
by following the proof of Lemma 4.1 in [3] and replacing instances MX[|Vul|] with g,
and repeat the argument.

Lemma 4.12. Let Q C R"™! be a bounded star-shaped domain with W'?(Q) =
MY (Q) for 1 < p < oo and ¥: (0,1] — (0,00) be a left continuous and increasing
function. Define an outward cuspidal domain Q as in (1.1). Let 2z = (t1,21), 22 :=
(t2, x9) € Q be two points with t; < ty. Suppose that u € WHP(Q,,)NCY (). Then
we have

[u(z1) — ulz2)| < Clar — 22| (M7[|Vul] (21) + M7 [g.](21)
+ M| Vul](22) + M7[g.)(22)),

where g, comes from Lemma 4.1.

(4.13)

Let us prove the main result in this note.

Proof of Theorem 1.2. By [6, Theorem 7|, if U is a bounded domain, W' (U) =
Mb>(U) if and only if U is quasiconvex. Recall that a domain U is quasiconvex if
there exists a constant C' > 1 such that, for every pair of points z,y € U, there is
a rectifiable curve v C U joining x to y so that len(y) < C|x — y| for a constant C'
independent of x,y. For every left continuous and increasing function v: (0,1] —
(0, 00), Qy is quasiconvex if and only if 2 is quasiconvex. Hence, we have W () =
M*b(€,) if and only if W1 (Q) = Mb>=(Q).

Fix 1 < p < oo. First, we show M*(Q) = W'P(Q) implies M*?(Qy) =
Wtr(Q,). By [5], we know that M*?(,) can be boundedly embedded into W'(€,).
To show W1P(Q,) = M1?(Q,) it suffices to show that the dense subspace C*°(Q,,) N
WhP(Qy) of WHP(Q,) is contained in M'P(Q,) with M'P-norm is controlled by
WhP-norm from above uniformly. Let u € C*°(€,) N WHP(€2,) be arbitrary. Set

(4.14) 9(t,x) = M7[|Vul](t, 2) + gu(t, z) + M7[g.](t, z).

Here g, is defined as in (4.10).
By (4.3) and Lemma 4.12, for every 21, 25 € Qy, we get the estimate

u(z1) — u(z2)| < Clzr — 22[(9(21) + 9(22)) -
Define g := Cg € D,(u) for a suitable constant C' > 1. The triangle inequality gives
/ l9(2)[Pdz < C ( M| Vul](2)? dz +/ gu(2)Pdz+ | MT7[g.](2)" dZ) :
Qy Qy Qy Q

The inequality (4.4) and the fact that |VXu(z)| < |Vu(z)| almost everywhere leads
to the estimate

(4.15) /Q gu(2)Pdz < C |Vu(z)[Pdz.

Qy
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Lemma 3.2 leads to the estimates
/ MIVul|()Pdz < C [ |Vu(z)Pde
Q1/) Qw

and

/Qw | M [gu](2)[P dz < C/Qw gu(2)Pdz < C’/ IVu(z)|P dz,

Qy
which imply that g € D,(u) and that
||u||Ml,p(Qw) < CHUHWLP(W)-
That is, C*=(Q,) N WP(€,) can be boundedly embedded into M'?(€,). Hence, we
proved that WP(Q) = M'?(Q) implies WP(Q,) = M'P(Qy).
Next, we prove WP(Q,) = MP(Q,) implies W1P(Q) = M'P(Q2). Since Q is
star-shaped, by a similar argument as above, it suffices to show the dense subspace

C>®(Q) N WP(Q) can be boundedly embedded into M*?(Q). Let u € C®(Q) N
W1P(Q) be arbitrary. If u = ¢ for some constant ¢ € R, then u € M (Q) with
[ullwre@) = l[ullarms@)-
Hence, we assume u is not a constant function. Now, suppose that
|V ey > 0.

As before, we assume 0 € (2 is a star center. We define a function @ on (1) by
setting

() = u (ﬁ) for every z € (1)Q.

The change of variables formula implies
(4.16) ||l o) = w7 fullr@) and V¥l ooy = $(1)'77 V¥ o).
Hence, u € C*(¢(1)Q) N WP(y(1)Q). Simply by the geometry, we can write
Q= J S
z€P(1)Q
We define a function @ on €2, by setting
u(t,z) == u(z) for every (t,x) € Q.
Since ¥ (t)Q C (1) for every t € (0,2), we have 4 € C*(Qy,) with
]| ey < 2)@llr@me) and (Vi) < 2(V¥| Lr@a)e)-
Hence, 4 € C*(Qy) N WP(Qy). Since W?(Q,) = MYP(Qy,), there exists g € D, (1)
with
lgllzryy < ClIValLr@,)
and
|i(21) — d(22)] < [21 — 22|(g(21) + 9(22))

for almost every zi, 22 € €. We assume last inequality holds at every 2, z, € €2y
by simply setting ¢ = co on a measure-zero set. Set g; to be the restriction of g to

{t} x ¥ (t)Q and define

A:= inf .
Ant 1gell ey

Since u is not a constant function, we have

0 <A< C|Vil@, < ClIVY¥l e
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There exists £ € (1,2) with

A < |gill o piiyn) < 24
Then for every x1, x5 € ¥(1)2, we have

[a(x1) = az2)] = Ja(f, 21) — a(t, 22)| < |1 — 22|(gi(21) + gil22)).
Hence, we have g; € D,(u) with

19¢ll 2wy < ClIVYU Lrwyo)-
Define a function g on €2 by setting
1
g(x) = ——g;((1)x) for every x € Q.
Y1)

Then, we have

[u(@1) — w(z2)| < |z1 — 22[(g9(21) + g(22))
for every x1,x9 € €2, and
(4.17) lgllze) = w(1)7 ]
Hence, we obtain g € D,(u) with

GillLr (v (1))
||9||LP(Q) < CHVXUHLP(Q)
for a constant C' independent of u. Hence, we have C>®(Q) N WP(Q) C¢ M'P(Q)
with
[ullarre@) < Cllullwir@
as desired. 0
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