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Semigroups for quadratic evolution equations acting
on Shubin—Sobolev and Gelfand—Shilov spaces

PATRIK WAHLBERG

Abstract. We consider the initial value Cauchy problem for a class of evolution equations
whose Hamiltonian is the Weyl quantization of a homogeneous quadratic form with non-negative
definite real part. The solution semigroup is shown to be strongly continuous on several spaces: the
Shubin—Sobolev spaces, the Schwartz space, the tempered distributions, the equal index Beurling
type Gelfand—Shilov spaces and their dual ultradistribution spaces.

Neli6llisten evoluutioyhtildiden ratkaisupuoliryhmét
Shubinin—Sobolevin ja Gelfandin—Shilovin avaruuksissa

Tiivistelm&. Tarkastelemme erdiden evoluutioyhtdléiden Cauchyn alkuarvo-ongelmaa tilan-
teessa, jossa yhtélon Hamiltonin operaattori on reaaliosaltaan positiivisesti semidefiniitin homogee-
nisen neliomuodon Weylin kvantisointi. Ratkaisupuoliryhmé osoitetaan vahvasti jatkuvaksi useissa
avaruuksissa: Shubinin—Sobolevin avaruuksissa, Schwartzin avaruudessa, vaimennettujen distribuu-
tioiden joukossa, Beurlingin-tyyppisissd Gelfandin—Shilovin avaruuksissa, joiden indeksit ovat kes-

kenaddn yhta suuret, sekd naiden ultradistribuutioista koostuvissa duaaliavaruuksissa.

1. Introduction

Consider the Cauchy problem for the evolution equation

owu(t,r) + ¢*(z, D)u(t,x) =0, t>0, re R
u(0,-) = uy € L*(RY),

where ¢ (z, D) is the Weyl quantization of a symbol ¢ which is a homogeneous
quadratic form on the phase space T*R?, defined by a symmetric matrix Q € C2@x2d
such that Re ) > 0. Particular cases include the heat equation, the free Schrodinger
equation and the harmonic oscillator Schrédinger equation.

Hérmander [19] showed that the solution operator e %" is a strongly contin-
uous contraction semigroup on L?(R¢) with respect to the parameter ¢t > 0. Semi-
group theory then guarantees that u(t, z) = =" @)y, is the unique solution to the
Cauchy problem when vy € D(¢¥(x, D)) C L*(R%) where D(q“(x, D)) denotes the
domain of the closure of ¢“(z, D) considered as an unbounded operator on L% In
this paper we show that the semigroup e *"“(®P) is strongly continuous in several
other functional frameworks.

First we show strong continuity on the Shubin-Sobolev spaces, or Hilbert modu-
lation spaces M2 (R?), with polynomial weights indexed by s € R. Since the M2(R?)
norms for s > 0 is a system of seminorms for the Schwartz space .7 (R?) we obtain as

(z,D)
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byproduct the following results. The propagator e %" (®P) ig a locally equicontinuous

strongly continuous semigroup on .(R¢). By duality it is also strongly continuous
on the tempered distributions .%/(R%), equipped with either the weak* or the strong
topology. In the latter case the semigroup is moreover locally equicontinuous.

Then we consider the equal index Beurling type Gelfand-Shilov spaces 3,(R9)
for s > % Again we prove that the propagator is a locally equicontinuous strongly
continuous semigroup on ¥,(R?), that extends by duality to a strongly continuous
semigroup on the Gelfand-Shilov ultradistribution space ¥, (R%), equipped with ei-
ther the weak* or the strong topology. In the latter case we show again local equicon-
tinuity. In the process we show that the Gelfand—Shilov space ¥,(R?) is reflexive,
which apparently has not been stated in the literature.

The proofs rely heavily on Hérmander’s results [19]. We use both his formula for
the Weyl symbol of the propagator e*"“(»?) and his expression of the propagator
as a Fourier integral operator with respect to a quadratic phase function. The latter
is a particular case of an extension of the metaplectic group, called the metaplectic
semigroup in [19], indexed by the semigroup of complex symplectic matrices that are
positive in a certain sense.

The results presented here provide a link that is missing in our papers [4, 27, 33].
In fact a discussion on the action of the solution semigroup on tempered distributions
and on Gelfand—Shilov ultradistributions is lacking in them.

The class of evolution equations under study in this paper is currently an active
field of research [13, 24, 27]. In particular it has been studied with respect to Gelfand—-
Shilov smoothing effects [14, 15|, where it turns out that the singular space [13] plays
a crucial role. The singular space is a linear subspace of the phase space T*RY
determined by the quadratic form q.

The paper is organized as follows. Section 2 treats the functional analytical
background concerning the spaces of functions and (ultra-)distributions we study. In
Section 3 we specify the investigated class of evolution equations, and we give a brief
overview of Hormander’s results [19] on the propagator acting on L? expressed with
Fourier integral operators. In Section 4 we prepare for the main results in Sections 5
and 6, in particular by using results from [19] to study the action of differential and
monomial multiplication operators to the left of the propagator. Section 5 treats
strong continuity of the semigroup on Shubin—Sobolev spaces and its consequences,
and finally Section 6 concerns strong continuity on Gelfand-Shilov spaces and their
duals.

2. Preliminaries

An open ball in a Banach space X with center g € X and radius r > 0 is
denoted B, (zo) = {z € X: ||z — x0|| <}, and B, = B,(0). We use (z) = (14 |z|?)2
for z € RY, and the partial derivative D; = —id;, 1 < j < d, acting on functions
and distributions on R%, with extension to multi-indices. The standard basis vector
in R? with index 1 < j < d is denoted e; € R% The transpose of a matrix A €
C%4 is denoted AT. The real (complex) quadratic matrices of dimension d is R%*?
(C4*d) the group of invertible real (complex) matrices is denoted GL(d, R) C R®*¢
(GL(d,C) C C%™%), and the subgroup of real orthogonal matrices is denoted O(d) C
GL(d,R).

We write f(x) < g(x) provided there exists C' > 0 such that f(z) < Cg(z) for
all x in the domain of f and of g. The symbol f(z) < g(x) means that f(z) < g(x)
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and g(x) < f(x). The normalization of the Fourier transform is

-~

F[(&) = f(&) = (2m)”

for f € #(R%) (the Schwartz space), where (-, -) denotes the scalar product on R%.
The conjugate linear action of a (ultra-)distribution u on a test function ¢ is written
(u, @), consistent with the L? inner product (-,-) = (-, -)z2 which is conjugate
linear in the second argument.

Denote translation by 7., f(y) = f(y —x) and modulation by M f(y) = e/ f(y)
for x,y,¢ € R? where f is a function or distribution defined on R¢. The composition
is denoted I(z, &) = M¢T,. Let ¢ € . (R%)\ {0}. The short-time Fourier transform
of a tempered distribution u € .%/(R%) is defined by

[S]ISH

fl@)e @8 de, ¢ eRY,
Rd

Vou(e,€) = (21) 7% (u, M¢Thp), € € R%
Then V,u is smooth and polynomially bounded [12, Theorem 11.2.3], and we have
(2.1) (u, f) = (Vpu, Veof)L2(R2d)

for u € .(RY) and f € ./ (R?), provided |||z = 1, cf. [12, Theorem 11.2.5].
The Hilbert modulation space, also known as the Shubin—Sobolev space, M?(R?)
C .7 (RY) of order s € R [9, 12, 23, 31| has norm

22l = 10 Vol = [ () Wt 0P dr ) .

Different functions ¢ € .#(R?) \ {0} give equivalent norms. We have MZ(R?) =
L*(RY), and for any s,t € R with ¢ < s the embeddings

(2.3) J(RY) € MZ(RY) € M{(R") € 7"(R")

where . is equipped with its weak* topology, and

(24) SR = (MR, SR =) MIR).
seR s€R

(Inclusions of function and distribution spaces understand embeddings.)

We need some elements from the calculus of pseudodifferential operators [10, 17,
23, 31]. Let a € C*(R*) and m € R. Then a is a Shubin symbol of order m,
denoted a € T™, if for all o, 8 € N there exists a constant C, 5 > 0 such that

(2.5) 10507 al,€)| < Co{(x, )" "7, .6 e R

The Shubin symbols I'™ form a Fréchet space where the seminorms are given by the
smallest possible constants in (2.5).
For a € I'™ a pseudodifferential operator in the Weyl quantization is defined by

26) @ D)) = @) [ e (TEe) fayds, fe SR,
R2d

when m < —d. The definition extends to general m € R if the integral is viewed as
an oscillatory integral. The operator a®(z, D) then acts continuously on .7 (R%) and
extends uniquely by duality to a continuous operator on .#”’(R¢). By Schwartz’s ker-
nel theorem the Weyl quantization procedure may be extended to a weak formulation
which yields operators a¥(z, D): . (R%) — .#/(RY), even if a is only an element of
f’(RQd).
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For a € '(R*) and f, g € .7(R%) we have
(2.7) (a”(z,D)f,g) = (2m)"

where
28 W@ =0 | glaru2fa—yDe 0y e 7R

is the Wigner distribution [10, 12].
According to |23, Theorem 1.7.16 and Corollary 1.7.17|, [31, Theorem 25.2|, the
Weyl operators with a € ' act continuously on the Hilbert modulation spaces as

(2.9) a“(z,D): M*(RY) — M2 (R?), scR.

d
2

(a, W(g, f))

The real phase space T*R? ~ R @R is a real symplectic vector space equipped
with the canonical symplectic form

o((2,€), (2, €)) = (@,&) — (2.€), (2,6, (2", &) € T'R".

This form can be expressed with the inner product as o(X,Y) = (JX,Y) for X|Y €
T*R? where

_( 0 L 2dx2d
(2.10) j-(_[d O)ER .
The complex phase space T*C¢ ~ C? @ C? is likewise a complex symplectic vector
space with respect to the same symplectic form. (Note that (-, -) is not conjugate
linear in one argument, but bilinear for arguments in C¢ x C%.) The real (complex)
symplectic group Sp(d, R) (Sp(d, C)) is the set of matrices in GL(2d, R) (GL(2d, C))
that leaves o invariant. Hence J € Sp(d,R). A Lagrangian subspace A C T*R?

(A C T*CY) is a real (complex) linear space of dimension d such that o|y., = 0. A
Lagrangian A\ C T*C? is called positive [18, 19| if

ic(X,X)>0, Xe&

To each symplectic matrix y € Sp(d, R) is associated an operator u(x) that is
unitary on L?(R?), and determined up to a complex factor of modulus one, such that

(2.11) n(x)"'a"(z, D) u(x) = (ao x)*(x, D), ae€ . (R*)

(cf. [10, 17]). The operator p(y) is a homeomorphism on . and on .¥".

The mapping Sp(d,R) > x — pu(x) is called the metaplectic representation
[10]. Tt is in fact a representation of the so called 2-fold covering group of Sp(d, R),
which is called the metaplectic group. The metaplectic representation satisfies the
homomorphism relation modulo a change of sign:

pOxx') = £p0du(x), X X" € Sp(d, R).
We will use two systems of seminorms on . (R%). The first is

(2.12) 7 3o |lolln = max sup [2*°D°p(z)|, neN,
lo+BI<n peRrd

and the second is
(2.13) F 300 el s>0.

The fact that the seminorms (2.13) are equivalent to (2.12) follows from [12, Corol-
lary 11.2.6 and Lemma 11.3.3].
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Let h,s > 0 be fixed. The space denoted S;;(R?) is the set of all f € C*(RY)
such that

2D f ()|

(2.14) £l = sup hat (ol A1)

is finite, where the supremum is taken over all a, 3 € N and z € R%. The function
space S, is a Banach space which increases with h and s, and S, C .. The
topological dual S, ,(R?) is a Banach space and .7”/(R?) C S, ,(R?). If s > 1/2,
then S, and Uh>0 S1/2,, contain all finite linear combinations of Hermite functions.

The Beurling type Gelfand-Shilov space ¥,(R?) is the projective limit of S, ,(R?)
with respect to h [11]. This means

(2.15) SR =[] Sen(RY)

h>0

and the Fréchet space topology of Y3(R?) is defined by the seminorms | - [|s,, for
h > 0. Then ¥,(R?) # {0} if and only if s > 1/2[26]. The topological dual of ¥,(R%)
is the space of (Beurling type) Gelfand—Shilov ultradistributions [11, Section 1.4.3]

(2.15)’ R = ]8R,

h>0

The dual space ¥,(R%) may be equipped with several topologies: the weak*
topology, the strong topology, the Mackey topology, and the topology defined by the
union (2.15)" as an inductive limit topology [30]. The latter topology is the strongest
topology such that the inclusion S, ,(R?) C X, (R?) is continuous for all i > 0.

As we shall see shortly, the space ¥,(R?) may be equipped with Hilbert space
seminorms, and thus it may be considered a countably-Hilbert space [1]. According
to [1, Theorem 4.16| the strong, the Mackey and the inductive limit topologies on
¥ (R%) coincide.

We will study Y/, (R¢) equipped with the weak* topology, denoted Z;W(Rd), or
with the strong topology, denoted E’sﬁtr(Rd). The latter topology is defined by semi-
norms

ZL(RY) 3 u = sup [(u, p)|
peB
for each subset B C ¥,(R%) which is bounded, that is uniformly bounded with respect
to each seminorm. Both spaces ¥  (R?) and X (RY) are sequentially complete
[11, Theorems I.5.1 and 1.5.6]. From the latter result we also have: A sequence is
convergent in ¥  (R?) exactly when it converges in the weak* topology of S, (R?)
for some h > 0.

By the proof of Proposition 6.17 (see Section 6) it will follow that the space
Y,(RY) is a perfect space in the terminology of [11]: It is a space in which any
bounded set is relatively compact. By [11, Theorem 1.6.4] sequential convergence in
¥ w and ¥ o hence coincide.

s,str

The Roumieu type Gelfand—Shilov space is the union
S.(RY) = | S.n(R%)
h>0

equipped with the inductive limit topology [30], that is the strongest topology such
that each inclusion S,;(R?) C S,(RY) is continuous. Then S,(RY) # {0} if and
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only if s > 1/2. The corresponding (Roumieu type) Gelfand—Shilov ultradistribution
space is
S{RY) = [ SLA(RY).
h>0
For every s > 0 and € > 0

Ss(RY) € Si(RY) C Tye(RY).

We will not use the Roumieu type spaces in this article but mention them as a service
to a reader interested in a wider context. On a similar note we notice that (a!g!)® in
(2.14) may be replaced by a!®*'5!% for different parameters sy, s, > 0 which leads to
a more flexible family of spaces. In this paper we restrict to the equal index case.

The Gelfand—Shilov (ultradistribution) spaces enjoy invariance properties, with
respect to translation, dilation, tensorization, coordinate transformation and (partial)
Fourier transformation. The Fourier transform extends uniquely to homeomorphisms
on .'(R%), §/(R?) and ¥/, (R%), and restricts to homeomorphisms on . (R?), S,(R?)
and Y, (R%), and to a unitary operator on L?(R?). In particular the Wigner distri-
bution (2.8) satisfies W (g, f) € X,(R??) if f, g € 3¥,(R%), and the Weyl quantization
formula (2.7) holds for a € ¥, (R*) and f,g € ¥,(R?). Likewise (2.1) holds when
u € Y(RY), f € I, (R, p € X,(RY) and [|p]|z2 = 1.

We will use the Hermite functions

1\2

ho(z) = W’%(—1)'“‘(2|a‘a!)’%e‘78ae’|m|2, reRY ae N

and formal series expansions with respect to Hermite functions:

where {c,} is a sequence of complex coefficients defined by ¢, = co(f) = (f, ha)-

Gelfand—Shilov spaces and their ultradistribution duals, as well as the Schwartz
space . and the tempered distributions .#’, and L?, can be identified by means of
such series expansions, with characterizations in terms of the corresponding sequence
spaces (see [7, 6, 22, 28|). Let

f=Y coha and ¢= ) dohq

aENd acNd

with sequences {c,} and {d,} of finite support. Then the sesquilinear form

(216) (f7 ¢) = Z Ca@

aENd

agrees with the inner product on L?(R?) since {hq }pene € L2(RY) is an orthonormal
basis.

The form (2.16) extends uniquely to the duality on .#/(R?) x . (R%), to the
duality on S’ (R?) x S,(R4) for s > 1/2, as well as to the duality on ¥/, (R%) x 3, (R?)
for s > 1/2.

To wit Simon [28, Theorem V.13| showed that the family of Hilbert sequence
spaces

N[

v = (N = q {ca}: llcalle = <Z Ica\2<a>2r> <00

acENd
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for > 0 provides a family of seminorms for .% that is equivalent to (2.12), via
the homeomorphism . > f + {(f, ha)}aenea. Thus the Schwartz space .7 (R?) is
identified topologically as the projective limit

(2.17) SR = { > cahat {ca} € f?}

r>0 \aeNd

and .#’'(R?) is identified [28, Theorem V.14 as the union

S (RY) = U { Z Coho: {ca} € Ezr}

r>0 \qeNd

with weak™ convergence of the sum for each element in ..
Likewise Langenbruch [22, Theorem 3.4] has shown that the family of Hilbert
sequence spaces

lor =0 (N = ¢ {ca}: lca

1
2 arfal |
S
e, = E |cq|2e?rlel < 00

aENd

for r > 0 yields a family of seminorms that is equivalent to the family (2.14) for all
h >0, when s > 3. For s > 1/2 this means that the space X,(R%) can be identified
topologically as the projective limit

(2.18) S(RY =) { D cahai {ca} € EQ}

>0 \aeNd

and for s > 1/2 the space S;(R%) can be identified topologically as the inductive

limit
Ss(RY) = U { Z Coha: {Ca} € Eir} :

r>0 \aeNd
Moreover [22, Corollary 3.5] shows, in particular, that ¥/ (R?) may be identified

as the union
> (RY) = U { Z Caho: {ca} € ei_r} ,

r>0 (aeNd
and S’(R?) may be identified as the intersection

S(RY = { D cahat {ca} € e?} ,

r>0 \qeNd

in both cases with weak* convergence of the sum for each ultradistribution.
Working with Gelfand—Shilov spaces we will occasionally need the inequality (cf.
[4])
&+l <2(|2V + [y]), @y e RS
which holds when s > % and which implies

1/s 1/s 1/s
e Tul T L 2ARTE 24 A 5 0, 2,y € RY,

_ 1/s _ 1/s 1/s
e ATyl oAl 24 A S 0, 1y € R

Finally we state the basic definitions of a one-parameter semigroup of operators.
Often semigroups of operators are considered on a Banach space [8, 25| but we need
also the case of a locally convex space [21, 34]. Thus let X be a locally convex

(2.19)
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topological vector space, and let {1}, t > 0} be a one-parameter family of continuous
linear operators on X. The family {7;, ¢ > 0} is called a strongly continuous
semigroup provided

To=1, T T,=T,s, t,s=>0, and lim Tiz=2 Vre X.

t—0t+

The infinitesimal generator A of the semigroup 7; is the linear, in general unbounded,
operator
Az = lim t 1T, — Iz

t—0+
equipped with the domain D(A) C X of all x € X such that the right-hand side
limit is well defined in X.
A locally equicontinuous strongly continuous semigroup [21] is a strongly contin-
uous semigroup {7;}>0 on X such that for all {; > 0 and each seminorm p on X
there exists a seminorm ¢ on X such that

p(Tiz) < q(x), z€X, 0<t <At

3. A class of evolution equations and the propagator on L?

Let ¢ be a homogeneous quadratic form on T*R?, that is

(3.1) q(x,€) = {(2,€),Q(x,€)), (z.€) € T"RY,

where @ € C?™*%4 is symmetric, and suppose its real part is non-negative definite,
denoted Re ) > 0. We study the initial value Cauchy problem for the following class
of evolution equations.

(CP)

Owu(t,z) + q*(z, D)u(t,z) =0, t>0, v € R
U(O, ) =Ug € L2(Rd)

Here ¢“(x, D) acts on functions of the variable x € RY. The Hamilton map F
corresponding to ¢ is
F = jQ c CQdX?d

with J € Sp(d,R) defined by (2.10). This framework of evolution equations has
been studied in many papers, e.g. [13, 19, 24].

The symbol ¢ is a Shubin symbol of order two, ¢ € I'?, which implies that
q“(z,D): M2 ,(R%) — MZ(RY) is continuous for all s € R by (2.9). There is a loss
of regularity of order two.

The operator ¢*(z, D) can be considered as an unbounded operator in L?(R?).
In [19, pp. 425-26] it is shown that its maximal realization equals its closure as an
operator initially defined on .#, and the closure of —¢"(x, D) generates a strongly
continuous contraction semigroup on L? for ¢ > 0 denoted by e~%“®P)  The con-
traction property means that the L? operator norm satisfies ||e~*“@P)|| < 1 for all
t>0.

By semigroup theory (see e.g. [25, Theorem 1.2.4| and |20, pp. 483-84]) the unique
solution in the space C*(]0, ), L?) to (CP) is

u(x,t) = et @Dy,

where ug € D(q*(z,D)) C L?*(R%) which denotes the domain of the closure of
q“(z, D). The notation C'([0,00), L?) understands that the derivative is right con-
tinuous at ¢ = 0.
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In the particular case when Re () = 0 the propagator is given by means of the

metaplectic representation. In fact, then e *“(®P) is a group of unitary operators on
L*(RY), and we have by [10, Theorem 4.45]

e—tqw(ar,D) _ ,u(e—QitF)’ teR.
In this case F' is purely imaginary and i/" € sp(d, R), the real symplectic Lie algebra,
which implies that e %" € Sp(d, R) for any t € R [10].

In the general case Re@ > 0, Hormander [19] has shown that the propagator
e~ (@D) can be identified as a time-indexed family of Fourier integral operators,
described briefly as follows. According to [19, Theorem 5.12] the Schwartz kernel of
the propagator e~*“(®D) for t > 0 is an oscillatory integral defined by a quadratic
phase function. More precisely we have

€_tqw($’D) = ,%/efth,

where 7, 2ur: .7 (RY) — #'(R?) is the linear continuous operator with kernel

"ol
(3.2) K,-sur(z,y) = (27r)—<d+N>/2\/ det ( Poo/t Py ) / ePevdn e 7 (R,
pa:G Zp:vy RN
where the quadratic form p is specified below.
By [19, Proposition 5.8] J#,2ur is in fact continuous on .(R%). The kernel
K, 2ar is indexed by the matrix e=2#" € C2?*24 By [27, Lemma 5.2| the matrix
e 2" helongs to Sp(d, C), and its graph

(3.3) Noi=Gle) = {(e?' X, X): X e T*"C*} C T*C* x T*C",

is a positive Lagrangian with respect to the symplectic form o; defined by [27,
Eq. (5.1)]. As explained after [27, Lemma 5.1] the Lagrangian A\’ can be twisted
as in [27, Eq. (5.2)] to give a positive Lagrangian A € T*C??. According to [19,
Theorem 5.12 and p. 444] the oscillatory integral (3.2) is associated with the positive
Lagrangian .

By [27, Proposition 4.4 there exists a quadratic form p on R?¥* that defines ),
and this p defines (3.2). The factor in front of the integral (3.2) is designed to make
the oscillatory integral independent of the quadratic form p on R?*V  including
possible changes of dimension N as discussed after |27, Proposition 4.2], as long as p
defines A by means of [27, Eq. (4.8)] with # € C¢ replaced by (z,y) € C*.

It is shown in [19, p. 444] that the kernel K, -2:r is uniquely determined by the
Lagrangian A, apart from a sign ambiguity which is not essential for our purposes.
For brevity we denote J#,-2:r = J#; for t > 0.

By [19, p. 446] the L? adjoint of #;, defined by

(3.4) (Aif.g) = (f,479), [.9€ LR,
is J* = J7 where

T = (e 2#F)~1 = g2itF — o 2itF
Thus the adjoint JZ;* is an operator of the same type as J#;. It is obtained from the
latter by conjugation of the matrix F', i.e. J#,* = Jife’iMF =X 2.
4. The propagator, multiplication and differential operators

The following lemma is an important tool for our results. It can be seen as a
commutator relation for the propagator % and x*D? operators, and particularly the
limit behavior as ¢t — 0.
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Lemma 4.1. If o, 3 € N?, then

(4.1) D= > Cut) K2 D"

[y+rl|<|a+5|
where [0,00) 3 t — C, ,(t) are continuous functions that satisfy
lim C, 4(t) = 1,
A, Causlt)
lim C, .(t) =0, (v,k)# (o, B).

t—0+t
Proof. Let (z0,&) € T*C® and set (yo(t),no(t)) = ¥ (zy, &) € T*C? By the
proof of [19, Proposition 5.8] we have
(4.3) ((Da; o) — (2, &0)) At = K ((Da, yo(t)) — (2, 1m0(1))) -
We first prove (4.1) and (4.2) when o = 0 and 8 € N¢ using induction. Let
1 <j<dandset zy =e¢; and {, = 0. Then

(4.4) lim (yo(t), no(t)) = (e;,0),

t—0t
so (4.3) proves (4.1) and (4.2) when || = 1. Suppose (4.1) and (4.2) hold when
a=0and || =n > 1. Using (4.3) we have for 1 < j < d, o =¢; and §;, =0

D= ST Cult) A ((Dasyolt)) — (. mo(1) 27 D"

[v+r|<n

(4.2)

where lim,; o+ Cp g(t) = 1 and lim; o+ C, (t) = 0 when (v, k) # (0, 3). Again using

(4.4) we obtain (4.1) and (4.2) for @« = 0 and || = n + 1, which constitutes the

induction step. Thus the claim (4.1) and (4.2) is true for a = 0 and any 8 € N¢.
Next let 1 < 7 < d and set 9 = 0 and §, = —e;. Then

(4.5) lim (yo(t),no(t)) = (0, —e;).
t—0+
By combining what we have shown with (4.3) we have for 3 € N¢

e, D= 3 Cou))H ((Dayo(t)) — (w.mo(t))) 27 D"

[v+r[<|B]

where lim; o+ Cpg(t) = 1 and lim;_,o+ C, «(t) = 0 when (v,x) # (0,5). Invoking
(4.5) proves the claims (4.1) and (4.2) for |a| = 1 and 3 € N¢. The generalization
to a € N? arbitrary follows again by induction. 0

In the next result we use the concept of a bounded set in .7(R%). A subset
B C (R is bounded provided each seminorm is uniformly bounded. Using the
system of seminorms (2.12) this can be expressed as

(4.6) sup ||¢|l, = C, < o0 ¥n € N.
peB

We prove a few preparatory results that are needed in Section 5, where we show
that the propagator .%; is a strongly continuous semigroup on M2(R?) for all s € R..

Lemma 4.2. If B C .7(RY) is bounded and ,x € N% then {27D"p, ¢ €
B} C (R is also bounded.
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Proof. We use the seminorms (2.12) so we assume that (4.6) is valid. For o, €
N? we have

i—lol
oD wore| = 5 (7) EE e

o<min(B,7) o) (v =)
/8 o —0 K —0
<hlt Y (0_ |20+ DM ()|
o<min(S3,7)

which gives for any n € N

le" D gll, = max sup [2°DF (27 D ()
latBl<n zcRd

< |y)! max Z (f) sup ‘xa+v—0Dn+ﬁ—(f€0(x)‘

a+p|<n d
la+A] o<min(8,7) z€R

:
|
< el w5 (7

o<min(8,7)

\Jfé?if'm < 2" Cogpyany 0 € B. u

Lemma 4.3. If B C .(R%) is bounded and € > 0, then there exists K € N
and p; € /' (RY) for 1 < j < K such that
K

B C | JB.(y))

j=1
where the open balls B:(¢;) C L?*(RY) refer to the L* norm.

Proof. We use the identification (2.17) of . (R¢) as a projective limit of sequence
spaces for Hermite series expansions. Then L?(R?) corresponds to ¢/2(N?). We work

on the side of the sequences ¢ = (cy)aend. Since B C .7 (RY) is bounded there exists
for each r > 0 a bound C, > 0 such that

el = 3 JealP @) < €2, ce B
aeNd
For r =1 and NV € N this gives

Yoo lal= ) leaf(a)

< V! Crtytsl

a€eN? |a|>N aeN? |a|>N
<MY Jea(a)? < CHN) 2 ce B
aENd

If we pick N > 0 sufficiently large we thus have
2
(4.7) sup Z lcal® < <.
ceEB d 2
aeN? |a|>N
On the other hand we have
B(N) = {{Ca}\aKN: {Ca}aeNd S B} - CM

for some M € N, and

Sl < Y leal ) < €2 ce B,



832 Patrik Wahlberg

so By C Fcl C CM where B, denotes the open ball in CM | considered as a Hilbert

space, with radius C; > 0. By the compactness of its closure B, € CM there exist
{c; 1, € CM such that

2
2 E
(4.8) 1I<rju<nK le = ¢illiz, < 50 €€ B
We extend ¢; to elements in £2(N9) by zero-padding:
Ca=0, Ja/>N, 1<j<K.

Combining (4.7) and (4.8) gives

1g}1<nKHc ¢ill ey = 11<n1<nK Z |ca — Cjal® + Z co|® < €%, c€ B.

|a|<N |o| >N

Thus
K
C | B:(¢y). O
j=1

Lemma 4.4. If B C .(R%) is bounded and o, 3 € N¢, then

lim sup ||2*D?(#; — )| 2 = 0.
t—0t wEB

Proof. From Lemma 4.1 we obtain for ¢ € .
2*DP(H; — 1) = Cop(t)(H — 12" Do + (Cop(t) — 1)2° D7y
+ Z Cyu(t) A 27 D"

[v+rl<la+p]

(v:m)# (0, 8)
where (4.2) holds. The contraction property of % acting on L? yields for 0 <t <1

lz*D?(#; = Dellre < (A = Da®DP ¢l 2 + [Cap(t) = 1] 2D || 12

(4.9) + ) Gk 27 DRl
[v+r|<|atB]
(7,k)#(a, )

where C' > 0.

Let ¢ > 0. By Lemmas 4.2 and 4.3 there exists K € N and ¢; € .7 (RY),
1 < j < K, such that

anb
Jmin 2% D% — gjllz2 < 807

Next we use two properties of J#; acting on L?: the contraction property and the
strong continuity. This gives for 0 <t < ¢

I(A = Da*D¢l| 2 = min (A — D)@ Do — oj + ¢5) 2

v € B.

(4.10) < min_ (22 Do — @iz + [|(H — I)yli2)

1<K
(.= _ =
4C 4C 2C
provided 6 > 0 is sufficiently small.
In the next step we use the seminorms (2.12) for . and (4.6). We also use

(4.11) (@) =1 +af+ - +a))i=> Coa™

lo|<d

¢ € B,
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where C, > 0 are constants. Thus we obtain for |y + k| < |a + f]

@12) D"l = 30 Cy [ a) e D (o) do < DY Gl 0 € B,
lo|<d

for some D; > 0.
Finally we insert (4.10) and (4.12) into (4.9). We obtain then for 0 < ¢ < 6,
again after possibly decreasing § > 0,

lz*D%(; — Dl e

< O — Da®DP¢l| 2 + DiClasgpra | 1Cap®) =1+ 3 |Cult)]

|v+rI<la+B]
(v,k)#(a,8)
E €
<=+ =-=c¢ € B.
S 5 + 5 2
Since € > 0 is arbitrary this proves the claim. 0

Lemma 4.1 is useful in order to understand the behavior of the propagator J#;
as t — 0T, witness Lemma 4.4. We will prove more results in this direction further
on, see Theorems 5.2 and 6.12.

5. Strong continuity on Hilbert modulation spaces
and tempered distributions

In this section we prove that J#; is a strongly continuous semigroup in several
subspaces of the tempered distributions: M2(RY) for any s € R, the Schwartz space
Z(RY), and '(R?) equipped with either the weak* or the strong topology. In the
case of .7’(R%) equipped with the strong topology, we show that the semigroup is
locally equicontinuous.

We need the following tool in the proof of Theorem 5.2.

Lemma 5.1. Let s € R and T > 0. The propagator #; is bounded on M?*(R?)
uniformly over 0 <t < T.

Proof. By [9, Theorem 4.5] (cf. [16, Proposition 1.2|) the modulation spaces are
closed under complex interpolation of Banach spaces [2]. We may thus assume that
s =k € Z. Suppose k > 0. By [23, Theorem 2.1.12]

(5.1) lul = > lla*D%ull

|a+B|<k

is a norm on MZ(R?) that is equivalent to (2.2).
From Lemma 4.1 and the contraction property of J#; we obtain

I ullz = Y 2D ulla < Y D0 |Gk a7 D%l 2

o Bl <k latBI<k y+rl<la+|
S X 12®Doulle = Jlulle,
Bk

in the last inequality using the consequence of Lemma 4.1 that the functions C., ,; are
continuous and therefore uniformly bounded with respect to t € [0, T]. This proves
the lemma when k£ > 0.
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If k < 0 we use duality. In fact the dual of M? can be identified with M?, with
respect to an extension of the L? inner product [9], [12, Theorem 11.3.6]. We also
use the expression of the adjoint of J# as ;" = J .7, cf. (3.4). By the result
above we have

[ —zurull a2, S llullae,, 0<t<T,
which gives

| Aullae = sup  [(Hu,g)l = sup  |(u, H#, 2rg)|
”glllwgkgl ”gHJWEk<1

S<llullag sup A amgllae, S llullaz, 0<E<T. O

”glljugkgl

Theorem 5.2. Let s € R. The propagator #; = e~'°®D) js fort > 0 a strongly
continuous semigroup on M?(RY).

Proof. By Lemma 5.1 the operators .#; are bounded on M?, uniformly over
t € [0,7] for any T > 0. Pick k € N such that k > s. For any ¢ € .(R?) we obtain
from (2.3), using the norm (5.1) on M2, and Lemma 4.4

1 = Dl S (4 = Deellaz <Y 2*DP (S = Diglle — 0, ¢ =07
|a+BI<k

Since . C M2 is dense [12, Proposition 11.3.4], we may combine this find, Lemma 5.1
and [8, Proposition 1.5.3]. The conclusion of the latter result is then the strong
continuity of % on MZ2(R).

Finally we consider the semigroup property. If s > 0, then M? C L?. Thus
Ho =1 and A, 4, = H;, K, hold on M2(R?) due to the corresponding properties
on L% If s <0, then let u € M2(R?) and let t;,t, > 0. From the extension of (3.4)
to the duality on M2, x M? we have for ¢ € . (R%)

((%I‘FQ - %1‘%/252)u7 ()0) = (u7 (‘%/t;kthg - ’%?:‘%/t:k)@) =0

due to the semigroup property J#,*,, = J¢*J,* when the action refers to L?. This

proves the semigroup property J#, .+, = J#;, %, for action on M2(R%), and likewise
Ko =1 on M2(R?). O

Corollary 5.3. The propagator J#; is for t > 0 a locally equicontinuous strongly
continuous semigroup on . (RY).

Proof. We use the seminorms (2.13) on .#(R%). The continuity of % on ./
follows from Lemma 5.1, as well as the local equicontinuity. The strong continuity is
a consequence of the proof of Theorem 5.2. Finally the semigroup property J#;, 1+, =
Hy, Hy, for t,ta > 0, and H#y = I, are immediate consequences of the corresponding
properties for the semigroup acting on L2. O

The generator of the semigroup #; acting on M?2(R?) according to Theorem 5.2
is
(5.2) Agf= lim Rt (o, — 1) f

h—0+

for all f € M2(R?) such that the right-hand side limit exists in M2(R?) [25]. The
linear space of all such f € M2(R?) is the domain of A, denoted D(A,) C M2(R%).
For each s € R the operator A, equipped with the domain D(A;) is an unbounded
linear operator in M2(R?). The domain D(A,) is dense in M2(R¢) and the operator
A is closed [25, Corollary 1.2.5].
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It follows from (2.3) that D(As,) € D(As) if s1 < s9 and A, f = A, f if
f € D(Ag,). Thus we have for 0 < s7 < s9

(5.3) As, CA;, € —¢¥(x,D)C A, CA

where —¢¥(x, D) = Ay denotes the generator of the semigroup % on L.

According to Corollary 5.3 the propagator J#; is also a locally equicontinuous
strongly continuous semigroup on .. The generator of the semigroup .#; acting on
S s
(5.4) Af = lim b1 (6, = 1) f

h—0t+

for all f € . such that the limit is well defined in .. The space of such f is the
domain denoted D(A) C .. According to |21, Propositions 1.3 and 1.4] A is a closed
linear operator and D(A) C .# is dense (cf. Remark 5.10).

Let f € D(A) and let s > 0. Then (5.4) converges in . and therefore also in
M?, to the same element in M2. Thus f € D(A,), so this means that D(A) C D(A )
and A C A,. In particular for s = 0 we have Af = —¢“(z,D)f if f € D(A) C
By [31, p. 178] ¢“(x, D) is continuous on .. Since A is closed and D(A) C y
dense we must have D(A) = .#. Combined with (5.3) his yields

A) € () D(A,)

If f € (N,erDP(As), then (5.4) converges in . so f € D(A) = ¥ and we can

strengthen the inclusion into
(5.5) 7 = () D(4,)
seR

It follows from above that A is continuous on .. We can thus extend A uniquely
to .7, using its formal L? adjoint A* = —g“(z, D) acting on .¥, by
(5.6) (Au, ) = (u, A%9), ue P (RY), pe .7 (RY)
The extension is continuous on .’ equipped with its weak* topology.

Lemma 5.4. For each s € R we have M2, ,(R?) C D(A;).

Proof. Since ¢ € T'? we have by (2.9) for any s € R

(5.7) lg* (2, D) fllaz S 1 fllar2,,, €S

Let f € M2,(R%). Since ./ C M2, is a dense subspace [12 Proposition 11.3.4]
there exists a sequence (f,)n>1 C - such that f, — f in M2, as n — oo. By (2.3)
this implies that

(5.8) fo—f in M? as n— oo.
From (5.5) we know that . C D(A,) () D(¢"(x, D)) and hence using (5.7) we obtain

||As(fn_fm) - qu(an)(fn_fm)

for n,m > 1. Thus (Asfn)ns1 is a Cauchy sequence in M2, which converges to
an element g € M2 If we combine A,f, — ¢g in M? as n — oo with (5.8) and
the fact that Ay is closed, we may conclude that f € D(Ay) and A,f = g. Hence

M2,,(R%) C D(A,). O

When we consider the equation (CP) in M?(RY), we identify A, = —q¢*(z, D).
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Corollary 5.5. Let s € R and consider the Cauchy problem (CP) in M2(R?).
If ug € M2 ,(R?), then Juy is the unique solution in C([0, co), M?).

Proof. The claim is a consequence of Lemma 5.4, [25, Theorem 1.2.4] and |20,
pp. 483-84]. O

Finally we obtain from (2.4) the following consequence.

Corollary 5.6. The Cauchy problem (CP) has the solution J#uq for any ug €
S"(RY). It is unique in the sense of Corollary 5.5.

A version of Corollary 5.6 with additional information can be obtained in another
fashion, as follows.

By Corollary 5.3 we may for fixed t > 0 extend .#; from domain .7 (RY) to
<'(R%) uniquely by defining

(59) <%u7 90> = (uv ’%/t*(p) = (uv ‘%/6—2#?90>7 u € yI<Rd)7 Y e y<Rd)7
since #*¢ € ., cf. (3.4). Then J, 14, = JH, H#;, for ty,to > 0 and #y = I for the

action on .’ follows as in the proof of Theorem 5.2.

Denote by ./ the space .’ equipped with its weak® topology, with seminorms
S 3 u|(u, )| for all p € .. From Corollary 5.3 it follows that J%;: .7, — 7
is continuous for each t > 0. Let v € Y’(Rd). For some s > 0 we have for ¢ € .%

(A = Du, )| = |(u, (A7 = D)l S (AT = Dellasz-

The right-hand side approaches zero as t — 07 according to Theorem 5.2. We may
conclude that % is a strongly continuous semigroup on ..

The modulus of the right-hand side of (5.9) equals |(u, #;*p)|. For t in the
interval 0 <t < T < oo with T' > 0 given, this is an indexed family of seminorms
of u € .7, but we cannot estimate {|(u, - #,*¢)|}o<i<r by a single seminorm. Thus
we cannot show that the semigroup J#; is locally equicontinuous on .%,. For that
purpose we need to equip .’ with another topology.

The space .7 denotes .’ equipped with its strong topology [28], with seminorms

str

" > u s sup|(u, )]
peB

for each bounded set B C .. Expressed with the seminorms (2.13) a bounded set
satisfies

sup [|@|[az = Cs < 00, Vs> 0.

peB

If BC . is bounded and 0 <t < T, then

sup |(Hiu, )| = sup [(u, A7) < sup |(u, H79)|, uweS
peB peB peB, 0<t<T

By Lemma 5.1 {#*B, 0 <t < T} C . is a bounded set. This shows that 7 is
continuous on %% for each ¢ > 0, and { % },> is a locally equicontinuous semigroup

str
on . . Tt is also a strongly continuous semigroup on .7, . In fact let u € .7/(RY)

str-

and let B C . be bounded. We have for some k& € N using (5.1) and Lemma 4.4
sup [((Ar = D, )| = sup [(u, (A7 = D))| S sup [|(A7 = D)e)llarg

peB e pe
< Z sup ||z*DP (7 — D2 — 0, t—07.
la+8l<k PP

We have proved:
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Theorem 5.7. The semigroup J#; is:

(i) strongly continuous on ., and

(ii) locally equicontinuous strongly continuous on .7 .

The generator of the semigroup J#; on .7, is denoted
Au= lim h!' (4, —u
h—0t+

for all u € .77}, denoted D(A,) C ./, such that the limit is well defined in .#,. The
generator of the semigroup % on .7, is denoted A’ . Note that AL, C Al . By [21,
Proposition 2.1] A/ = A defined by (5.6) and hence D(A,) = ..

The local equicontinuity of J#; acting on .#7, guarantees by |21, Proposition 1.4]
that the operator AL is closed. By [21, Proposition 1.3], the inclusion D(AL,) C .’
is dense. Combining the latter two facts gives D(AL,) = " and A, = Al = A.
The generators of the two semigroups are identical.

We denote A" = A, = A/, and A is defined by (5.4). Extending (5.3) we thus

str W
have for s; < sy

AC A, CA, CA.

Remark 5.8. There is also a more abstract motivation for some of the conclu-
sions above, based on the fact that the space . is reflexive |28, Theorem V.24|.
Theorem 5.7 (i) is an immediate consequence of the definition (5.9), cf. [21, p. 262].
The reflexivity of . entails the following consequence by [21, Theorem 1 and its
Corollary|. The semigroup .%#;, considered as a strongly continuous semigroup on
<, is automatically a strongly continuous semigroup on .7, and the two semi-
groups have identical infinitesimal generators.

An appeal to [21, Proposition 1.2] and |20, pp. 483-84| gives a version of Corol-
lary 5.6 with a continuity statement. Note that the uniqueness space is larger than
the solution space: C([0,00), 7)) C C*([0,0),.7).

str

Corollary 5.9. For any uy € .%'(R%) the Cauchy problem (CP) has the so-
lution #juy in the space C'([0,00),.%%). The solution is unique in the space

C([0,00), 7).

Remark 5.10. A strongly continuous semigroup 7; in a locally convex space X
has the following interesting property. The map [0,00) 3 t — Tyuo is a solution to
(CP) (with ¢“(z, D) replaced by —A) in C*([0,00), X) when uy € D(A) where A
denotes the generator of the semigroup [21, Proposition 1.2|. The proof in [21] uses
integrals of Tyuy with respect to ¢ over finite intervals in [0, 00). Thanks to the strong
continuity such integrals are well defined as Riemann integrals. Local equicontinuity
is not needed to define integrals, as is done e.g. in the proof of [34, Theorem IX.3.1].
The solution Tyug is unique in C([0, 00), X') by the argument in [20, pp. 483-84].

If the space X is sequentially complete, then the domain D(A) C X is dense |21,
Proposition 1.3]. If the semigroup T; is locally equicontinuous, then the generator A
is a closed operator |21, Proposition 1.4].

6. Strong continuity on Gelfand—Shilov (ultradistribution) spaces

In this section we study the semigroup .#; acting on the Gelfand—Shilov space
3,(R?) for s >  and its dual space of ultradistributions X/ (R¢).

We need the following lemma which is similar to [23, Theorem 6.1.6]. It is
basically a special case of [22, Remark 2.1|, but we provide an elementary proof in
order to give a selfcontained account as a service to the reader.
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Lemma 6.1. If s > %, then the family of seminorms

|2 D7 £ 1.

(6.1) 1£1ln = O el BTy

for h > 0, is equivalent to the family {H .

Proof. Using (o + 7)! < 2le™laly! (cf. [23, Eq. (0.3.6)]) we have for a, 3 € N¢
and 0 < h < 1, cf. (4.11),

|22 DP £l 2 = [(2)~Ha) 2 DP fll 2 Y 2™ DO f

Iv|<d

< llsen Yo WU (@)1 BY* S 1flls, (2°0) ) al 51)°.

lvI<d

Sopths0 as seminorms on Xg(RY).

This gives || fll2sn S [If[ls, . or equivalently [|f|ln < [ flls,,-., for 0 < h < 2°. Since
Il |ln, < |- ln, when hy > hy > 0 this shows that any seminorm || - ||, with A > 0
can be estimated by a seminorm from {|| - ||s, , }a>o-

For an opposite estimate, again for o, 3 € N% and h > 0 we have using Fourier’s

inversion formula and Plancherel’s identity for x € R¢

D) = |(2r) [ (€MD (e dg‘
Rd

S| Y cempife)| <Y 17 (00 (@D )],
Ivl<2d 2 i<2d
! —K —K
S e, <Y Y () S
lv|<2d |7/<2d r<min(y,0)

« ’y a—RK —K
<Y S (D)o,

[v|<2d k<min(y,a)

in the last step using a! = (o — k + k)! < (@ — K)! k! 2091,
Next we use 1 = 25— where § > 0, and x! > |x|! d~1l for k € N¢ [23, Eq. (0.3.3)]
which gives
5

NC
(6.2) g!Op AR — <h2;>6 < M < exp (5dh*%) .

| !
Thus for 0 < h < 1 and x € R?

(6% « ”)/ S— o —ZK S
P0G < 127 Y Y ()' 5425 (o — N 4y — )
|v|<2d k<min(y,q)

K

SR 3 (7)%!‘%‘2'“ (al(B +)1)

|[v|<2d k<min(vy,a)

< |Iflln 2R)eFE (a1 81 Z Z (Z)Qslﬂ

|v]<2d K<min(vy,a)

S fln )" (alpl)?
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which gives || f
25 Since || - |Is,,, < II-lls,,, when hy > hy > 0 this shows that any seminorm
| - ||s,, can be estimated by a seminorm from {|| - [|4}s>0- O

Soarven S [[fllny or equivalently || flls, , < [[fllz-1-sn for any 0 < h <

The next project is to prove the fundamental Theorem 6.7 which shows that J#;
is uniformly continuous on X,(R%) for 0 < ¢t < T, for any T' > 0. In order to prove it
we need several auxiliary results. First we study the derivatives of a Gaussian type
function gy(z) = e***/2 for z € R and X € C. It is clear that

(6.3) 9"gr(x) = pan() ga(w)

where py i is a polynomial of order £ € IN. This polynomial is essentially a rescaled
Hermite polynomial with complex argument [32].

Lemma 6.2. Suppose g\(z) = /2 for x € R and A € C, let py; be the
polynomial defined in (6.3) for k € N, and let s > 3. For each p > 0 there exists
0 < 0 < 1 such that pyy, satisfy the following estimates provided |\| < 0: For any
h >0

_1 1
Ipak(x)] S AEESEer Pl e R K€ N

Proof. By a straightforward induction argument one may confirm the formula
(cf. |32, Eq. (5.5.4)])
Lk/2] k—2myk—m
x A
= k! .
Prx(T) mzzo ml(k — 2m)12m

Since k! < 2%(k — 2m)!(2m)! we can estimate |pyx(z)| as

B/2) x 11| s k/2)
A "(2m)!
|p,\,k(9€)| < 2 : (‘ |2 |$")2 k( m) < 2 :(5%|x|)k_2mm!2m+k.
mi2m-

m=0 m=0

Combining with m! = m!?*~¢ where ¢ = 2s — 1 > 0, this gives for any A > 0 and
b>0

lk/2]
|p)\’k;(l')|h7kk’!is < 2(5% |:L,|)k72mm!23762m+khfkk,!fs

m=0

/2 b ol 1 k—2m\ °
) EH (4% [a])) DY) 7 (= 2\ gk
B (k —2m)! s k! mle

m=0

9 m €
Lk/2) <2 (%) ) :
s k

b62s x| S\ -1 s

se <2 (b) h n;) m!
1

< 65(2(3)23)5€b5%|m|é <4 <f>sh1)k _ beb(sz—ls\x\%
B b s, )

where Cs; > 0, provided b = s43h~s. Thus if & <472 (%)28, then

1
s

@ =

bo% = 54562 h™s < ph™

and therefore
_1 1
i) < hERISerh = lxls O
[pak(T)] S
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Corollary 6.3. Let A > 0 and s > 5. Suppose A € C*™?% s a diagonal matrix

with entries \; that are bounded as |\;| < A for all 1 < j < 2d. If g(z) = ez(h2z)
2z € R*, then

(6.4) 0°9(2) = pral(2)g(2), e N*,

where py ,, are polynomials of order |«|. For each p1 > 0 there exists 0 < ¢ < 1 such
that the polynomials py . satisty the following estimates provided A\ < ¢: For any
h >0

_1 1
(6.5) Ipaa(2)] S Rldlatserh Iz e R2 o e N2,

Proposition 6.4. Let A > 0 and € > 0. Suppose T, € C?™% ( < t < ¢,
is a parametrized family of symmetric matrices such that for all t € [0,¢] we have
ReT, < 0, and ReT; and Im T, both have eigenvalues in the interval |-\, A]. Let
a(z) = ez 52 2 ¢ R* and let s > 3. For each p > 0 there exists 6 > 0 such that
if A < 6, then for any h > 0

1 1
(6.6) 0%, (2)| S Rldlatserh *lE  e RM o e N, 0<t<e.

Proof. We may factorize ReT; = Ul A;U; where U; € O(2d) and A; € R?>®*% g
diagonal, with the non-positive eigenvalues of Re T; on the diagonal. The coefficients
of U, satisfy the bound

(6.7) (Uil <O =1, 1<y k<2d,

where ||U;|| denotes the operator matrix norm.
Thus a;1(2) = ez(ReTizz) — g11(U;z) where g, 1 satisfies the assumptions of Corol-
lary 6.3. We pick > 0 so that the polynomials pj 41, that correspond to ¢;; as in

(6.4), satisfy (6.5) with p replaced by py = 272 2d~'"+. We have
2d
djar1(z) = Z(Ut)k,jakgtJ(Utx)v l<j<2d
k=1

Taking into account (6.7), it follows that we may express 0%a; () for « € N?? as
a sum of (2d)l* terms, consisting of coefficients the modulus of which are upper
bounded by one, times 9°g, ; (U;x) where 3 € N?? satisfies |8] = |a].

Let h > 0. We obtain using Corollary 6.3, [23, Eq. (0.3.3)] and the assumption
ReT; <0

0% a1 (2)] < (2d)" max 107901 (Ur2)]

_1 1
< (2dh)|aflrer T (g, 4 (U2)]

I4+sp\|af 18 ulh_%\z\% %(ReTm,z)
((2d)" " h)!*al’e e

N

_1 1
(2d)Fh)elatsemh 1 0 <t < e

We apply the same argument to a;2(2) = e3(mTizz)  Thig gives new matrices

U € O0(2d) and a;2(2) = ¢:2(Uiz) where g;o again satisfies the assumptions of
Corollary 6.3. We obtain

N

_1 1
[0%an2(2)] < ((2d)" k)t 2 E T a5 ()]

_1 1
= (d)Fh)lelatsem h T 0 <t < e
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Finally Leibniz’ rule gives

0 a(z)] = 10" (=) aea(N) ] < 3 (g) 0Py (2)] [P aua(2)|
BLa
S ﬁ;} <g) ((2d>1+sh)|a75\+|5\(a _ ﬁ)!SB!sem“ hoF 2|3

_1 1
< (225 dMep)lel e hEIEE g < e

The result now follows by replacing 22+5d'**h by h. O

Lemma 6.5. Let ¢ > 0 and s > % Suppose that a;, € C*(R*) is a family of
functions parametrized by t € [0, | that for any h > 0 satisfy the estimates

_1 1
0% (2)| S RlYlatserh *1F e RM 0 e N* 0<t<e,

where 1 = s 274 3:d"% . Let ® € S,(R*)\ 0. Then for any b > 0 there exists Cj > 0
such that

1 1
Vaar(z,C)| < Cpedlls b 2 c e R* o<t <e.
Proof. We will use the fact that

f=  sup ﬁ!’sAW'eA‘x‘%\@ﬁf(:cﬂ

rzeR4, BeNd
for all A > 0 is a family of seminorms for ¥,(R?), equivalent to (2.14) for all h > 0

(cf. [4, Proposition 3.1]).
Integration by parts and (2.19) gives for any hy, hy > 0

¢ Vaar(z, Q)] = (2m) ™

/ at(w)0oy (e’l«’w)) O(w — 2) dw’
R2d

<@n Y (g) /R _[Paw)] [0 P P(w - 2)| du

B<a
_1
< Z (g) h|15\h\2a—5|6!s(a _ B)'s/ ohhy® \w|%6—h2—1‘w—z\% dw
ﬁéa R2d
< O[!SGQMhl_%‘Z‘% Z « hﬁlha_ﬁl/ 6(2ﬂh1_%—h2_1)|w—z|% dw
/B 1 2 R2d

B<a
1 1
S al¥(hy 4 hy)lle?h "5 e R¥M o e N, 0<t<e,
_1
provided hy' > 2uh, °.
Let b > 0. Using

[¢I" < (2d)? max |¢°]

|lal=n
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we obtain

ble|s
esl ‘V¢at<zuc>| —22 "nl™!

» =

D otz

(¥

<2 (spor (%) 1) et 1)
< (o (7) o) e 5020 1)
et (s () antn o))

The result now follows provided the following three conditions are true:

_1 b
. Q2uh, ® = —
(6 8) N’ 1 47
_1
(6.9) hyt > 2uhy *,
20\ °
(6.10) (;) (2d)% (hy + hy) < 1

We first pick

= % <2ib) (2d)7% = 5*272 75 d75b

which means that (6.8) is satisfied. Since

(%b)s(w)%hl =z

we may pick hy > 0 sufficiently small so that (6.9) and (6.10) are satisfied. O

Finally we are in a position to prove that estimates for a family of symbols as
required in Lemma 6.5 give rise to operators that are uniformly bounded on X (R9).
It is interesting to compare this result with |3, Theorem 4.10|. The conditions that
are sufficient for continuity given in [3, Theorem 4.10] and here are quite similar, but
neither condition implies the other.

Proposition 6.6. Suppose s > % and € > 0. Let a; € C*°(R*) be a family of
functions parametrized by t € [0, ¢], that for any h > 0 satisfy the estimates
_1 1
0%, (2)] < Alelatserh w17 e RM 0 e N 0<t<e,

where ji = s2747%d"3. Then for any h > 0 there exists hy = hy(h) > 0 and
C = C}, > 0 such that

lay’ (z, D) flln < Cllfllny, 0<t<e, fe€XJ(RY).

Proof. Let ¢ € 3,(R?) be such that ® = W (p, p) € L,(R*) satisfies ||®||2 = 1.
We use the Weyl quantization formula (2.7), involving the Wigner distribution (2.8),
and (2.1). This gives for f, g € ¥,(R?Y) and w € R*

(@i’ (z, D) f, 1 (w)g) = (2m)~2 (ar, W (TL(w)g, [))
(2m) 72 (Vaar, VoW (IL(w)g, f)).

w\&

(6.11)

wl&
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Since ® = W (¢, ¢) we obtain from [12, Lemma 14.5.1 and Lemma 3.1.3]

W@V@WM%meOP:%J(z+1$Q v, () (= - 5¢)

bt (=4 399)| [ (5= 39)).

Inserting this into (6.11), using Lemma 6.5 and (2.19) we obtain for any b > 0

Vot (2, D) f)(w)| = (2m) "2 |(a'(z, D) £, TI(w)g)|
< (2m) /RM Vaa,(2, )| [VaW (IL(w)e, f)(z, ()| dzd

<Cb/ oLzl —biel ¥
(6.12) .

_ Cb/ e% z—17¢
R4d
Pt -1 1
<q/'wﬂsm2 D VL)) Vi (2 — w — TO)| dzdC.
R4d

The estimate is uniform with respect to ¢ € [0, ¢].
Next we use the seminorms on Y, (R?) defined by

1
(6.13) S(RY) > [ ||fIlh = sup eV, f(2)], A>0,

zeR24
where p € 3 (R?) \ {0} is fixed but arbitrary (cf. [4, Propositon 3.1]). Using
271=% < 271 and again (2.19) we obtain for any a > 0

IV, (a¥(z, D) f)(w)|
1 11y, .1 1
<@mmﬁwmfeﬂ*mwb02SWSWWJ“@«
R4d

Vo f <z+%j§)

V@(z—w—%jg)’dzdg

Vol ()] Vep (2 —w — J ()] dzd¢

" " (% +2a)|z\s——|¢|s —dalz—w—JC|*
(6.14) < Ol[fllps2allolla /R4d€ dzd¢
<(Jb||f||g+2@||<p||ga/ o= (5+20) 213 ~(§—a)c1¥ —2ale—ul? g, g
R4d

1 1 1
<Gl llelize e [ ettt qrag we R,
R4d
Let B > 0 be arbitrary. If we first p1ck a > B and then b > 8a we obtain
(6.15) lai’ (z, D) f|Ip = sup € o (@)’ (z, D) f)(w)] < Cllf]l5s24
we

for a constant C' > 0 and for all ¢ € [0, £].
Finally we combine Lemma 6.1 and [4, Proposition 3.1|, which admits the con-

clusion that the seminorms (6.13) are equivalent to the seminorms || - ||, for A > 0,
defined in (6.1). This implies the claim. O

We have reached a point at which we may prove the theorem for which Lemma 6.2,
Corollary 6.3, Proposition 6.4, Lemma 6.5, and Proposition 6.6 are preparations.

Theorem 6.7. Let Re@Q > 0, s > % and T > 0. For every h > 0 there exists
hy = hy(h) > 0 and C = Cry, > 0 such that

1A fln < Cllfllny, 0<EST, feB(RY).
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Proof. 1t suffices to show the following statement. There exists € > 0 such that
for any h > 0 there exists hy = hy(h) > 0 and C = C(h) > 0 such that

(6.16) [ f I < Cllfllny,  0O<E<e

In fact, suppose that (6.16) holds, for given ¢ > 0, all A~ > 0 and some C,h; > 0.
Take n € N such that n > Te™!, which implies t/n < € for 0 <t < T. We use the
semigroup property J#;, 1+, = Hy, Ay, for t1,to > 0. Thus we obtain from (6.16) the
existence of C,Cy,---,C,, > 0 and hy,hg,--- ,h, >0

1 f 1 = 1) Flln < Coll(Hipn)" ™ fllne < CLON(Hipn)" " fllna
< GGGl flln,, 0<tELT,
which implies the claim of the theorem.
Thus we may concentrate on the proof of (6.16) for some € > 0, and for all h > 0,
some h; = hy(h) > 0 and some C' = C'(h) > 0. We express .#; as a Weyl operator

(2.6) as # = a’(x, D). Then we can benefit from Hoérmander’s [19, Theorem 4.3]
explicit formula for the Weyl symbol

a(z) = (det(cos(tF)))*% exp (o(tan(tF)z, 2)), z€ R*,

where F = JQ and tan(tF) = sin(tF)(cos(tF))~!, which is valid for all ¢ > 0 such
that det(cos(tF)) # 0. According to [19, Theorem 4.1], det(cos(tF)) # 0 unless
ther (% + Z) where A € C is an eigenvalue of F'. Clearly it is possible to pick € > 0
such that det(cos(tF')) # 0 for 0 <t < e.

The exponent of a; is

o(tan(tF)z, z) = (J tan(tF)z, z) = %(th,z)

where the symmetric matrix 7, € C?#*24 g
T, = J tan(tF) — (tan(tF))' 7

due to JT = —J.
Since cos(tF) — I as t — 01 we may assume that the factor (det(cos(tF)))~
satisfies

N

(det(cos(tF))"2 <2, 0<t<e,
after possibly decreasing ¢ > 0.
According to [19, Theorem 4.6] we have ReT; < 0 for ¢ € [0,¢]. Since T3 — 0 as
t — 07, we may assume that ReT; and Im 7}; both have small eigenvalues, uniformly
over t € [0,¢], again after possibly decreasing ¢ > 0. Specifically we assume that
the eigenvalues belong to [—4, ] for ¢ € [0,¢], where § > 0 is chosen small enough
to guarantee by Proposition 6.4 that the estimates (6.6) hold for all A > 0 with

L=3: 2=4=25d~2:. The claim is now a consequence of Proposition 6.6. U
By Theorem 6.7 we may extend J#; uniquely from the domain Y, (R%) to X/ (R?)
by the assignment
(6.17) (Hu, ) = (u, H70) = (u, H urp),  u € E(RY), e X (RY).
Corollary 6.8. If s > % and t > 0, then J%; is a continuous linear operator on
¥,(R%), that extends uniquely to a continuous linear operator on ¥/ (R%) equipped
with its weak* topology.
Theorem 6.7 implies in particular that J¢ = 7, 2ur: X (RY) — X,(R?) is con-
tinuous for each fixed ¢ > 0.
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Remark 6.9. The continuity of % : ¥,(RY) — X,(R?) can be generalized as
follows. The operator J#7: ¥,(RY) — 3, (RY) is continuous for any matrix T' €
Sp(d, C) which is positive in the sense of

(6.18) i(o(TX, TX)—-0(X,X)) >0, XecT*C%

(cf. [19]), where J#7 is the operator with kernel Kp defined as in (3.2) with e=2%F
replaced by 7. Condition (6.18) means that the graph of 7" is a positive Lagrangian
in T*C? x T*C? The operator .#; with kernel K,—2ir defined by the oscillatory
integral kernel (3.2) is a particular case with T = ¢ 2. The matrix e %" is a
positive matrix in Sp(d, C) according to [27, Lemma 5.2].

This generalization of Theorem 6.7 has been stated in [4, Proposition 8.1]. The
proof there is unfortunately wrong but it has been corrected [5].

The next result is a Gelfand—Shilov version of Lemma 4.2.
Lemma 6.10. If B C ¥,(R%) is bounded and N > 0 is an integer, then
{2D"f, f € B, |y+x| < N} C T, (RY)
is also bounded.

Proof. Using the seminorms (6.1) the assumption means that

(6.19) sup || flln =Cr < o0 Vh >0.
febB

We have for f € B and o, 8,7,k € N¢

1 j—lol
eop* ol = | X () Z s

o<min(8,7) 7o L
< Z (5) o) 2|«/| }}xa-i-ﬂ/—aDm—I—B—afHL2 ]
o<min(8,7)

As in the proof of Lemma 6.1 we next use 1 = 2s — § where 6 > 0. Let h > 0.
Since || - |[n, < || - [ln, Wwhen hy > hs > 0 we may assume that h < 1. Provided
|7 4+ k| < N we obtain using (6.2) and (6.19)

R PEE S

e
o<min(8,7)

<2VC, Y- @"!QS5}"&“””“2"'<<a+w—a>!<m+ﬁ—o—)!>s

o<min(8,7)

<2YC pl N (f) ol ((a + )k + B))°
)

o<min(8,y

< 2YCs.0 O WP (1B b sl Btrtal(y 1508
8,d,h Uh (alB) Z o (7!K1)

o<min(8,7)
< CN C&dﬁ Ch (23+1h)|a+5‘(a!ﬁ!)s.
This gives for some Cj 4, v >0
l7 D" f

Since 0 < h < 1 is arbitrary we have proved the claim. O

poiin < Csanne Y +EI <N, feB.
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The proof of the next result is omitted since it is conceptually identical to the
proof of Lemma 4.3.

Lemma 6.11. If B C ¥,(R%) is bounded and € > 0, then there exists K € N
and ¢; € Y4(RY) for 1 < j < K such that

B C U Be(cpj)

j=1
where the open balls B.(p;) C L?*(RY) refer to the L? norm.

We have now reached a point where we may prove that J#; is a strongly continuous
semigroup on Y (RY). It is a consequence of the following result.

Theorem 6.12. The map [0,00) > t — J#; is a semigroup on ¥,(R%), which
satisfies for each bounded set B C ¥,(R?) and all h > 0

(6:20) lim sup (5 — Il = 0.
t—0t pEB

Proof. The semigroup property J#;, 1+, = H#;, 4, for t1,ta > 0, as well as H#y = 1,
are immediate since they hold on L? and ¥,(R%) C L?, and Corollary 6.8 shows that
Hi: B,(RY) — X, (RY) is continuous for each ¢ > 0.

It remains to show (6.20) where h > 0 and B C ¥,(R%) is bounded as in (6.19).
We may assume that A < 1.

Let ¢ >0and N € N. If [+ 3] > N and 0 < t < 1, then we obtain from
Theorem 6.7

=D (A = Depllee _ < o latsl [2°DP Al 2 + [[2* D | 2
el 1) (5)*" (at1)°

<27 (1l + Il )
<

$27 (el +lielly) <& v e B,

for some hy > 0, provided N € N is sufficiently large, taking into account (6.19).
We also have to consider a, 3 € N¢ such that |a+ 3| < N. From Lemma 4.1 and
the contraction property of J#; acting on L? we obtain for 0 < ¢ < 1
(6.22)
|lzD? (% — Depllze < [Cap®)] (K = Da* D¢l 2 + |Cayp(t) — 1| |z D 2

+ Y (GO |l27 DR 2
[v+rl<la+p]

(7.R)#(@,8)
< Ol — Da* D¢l 2 + [ Cap(t) — 1] |z D% 2

+ > GO la" Dol e
[v+rl<lats|
(7:r)# (e, 8)
where C' > 0 and (4.2) hold.
By Lemma 6.10, {z*DPp: ¢ € B, |a+ | < N}
Lemma 6.11 there exists K € N and ¢; € X,(R9), 1

N

19
min [l2*D%p —pjllrs < S

(6.21)

Y(R?) is bounded. Thus by
J

-
< j < K, such that

la+ 5| <N, ¢ € B.
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The strong continuity and the contraction property of % acting on L? gives for
0<t<d

1 = Da* Dl 2 = min ||(A; — 1) (@D — o5 + ;) 12
UK
(6.23) <1g§k(MVglﬁ¢“¢ﬂh2+WK94—=U¢Hhﬂ

ehN ehN  ehlN
< = , < N, B,
10 Tac T oo lethl <
provided 0 > 0 is sufficiently small.
We have

(6.24) |2 Dl 2 < Ci(a!B) A, a, B €N, p€ B,
and for |y + k| < |a + B| < N we have

|27 D"llzz < Cuh* I (31)* < Gy max (141)* = Cow, ¢ € B
Y+r|<

Due to (4.2) the latter gives for 0 < ¢ < ¢

. eh
(6.25 S G0l < P2, ek <N, geB
[v+r|<]at+B]
(rm)(enB)

after possibly decreasing ¢ > 0.
Finally we insert (6.23), (6.24) and (6.25) into (6.22). Using (4.2) we obtain then
for 0 < t < 6, again after possibly decreasing § > 0,

lz* DO (A — Il

hlatb8l(a!B1)s
Cl|(A — Da*Do||.: |27 D || 12
< s FlCas® =Gt Y 10,0 A
[y+5|<] ot B
(v,r)#(@.8)
£ € ¢
stati=¢ la+ B <N, g€
If we combine this estimate with (6.21) we obtain for 0 <t < 0
lz DI (7 — Depll a
R+ Bl (1 B <e, a,peN? peB.
Since £ > 0 is arbitrary this proves (6.20). O

As a consequence, picking the bounded set B as a single element in Y, we obtain
the following result. The local equicontinuity is a consequence of Theorem 6.7.

Corollary 6.13. Fort > 0, #; is a locally equicontinuous strongly continuous
semigroup on ¥, (R%).

We denote the generator of the semigroup #; acting on ¥,(R%) by Ly, to distin-
guish from the generator A defined in (5.2). Because of 35 C . we have Ly C A,
cf. (5.4).

By |21, Proposition 1.3| the domain D(L,) C X,(R%) is dense, and by |21, Propo-
sition 1.4] L, is a closed operator in ¥,(R4).

Proposition 6.14. The generator L, is a continuous operator on ¥4(R?) and
thus D(L,) = ¥, (RY).
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Proof. First we consider the Weyl symbol ¢ € I'? defined in (3.1). It satisfies
10%(2)| < (2)271 2 e R¥M) o e N%, la] <2,
=0, la] > 2.
Combining with (cf. (6.2))

S

1\ el

ol ® (2dirg) 1

al=splel = < | —+5— ] <exp <25dh_§) ., aeN¥* h>o0,
al laf!

this gives
1
ol ~splelelEls

0%q(2)| S exp (sth_%> (2)%e7FF <O 2eR™ a e N* 1 >0,

where C' = Cy 4, > 0.
We have proved the estimates

1
10%(2)| < hlatsell* 2 e R* o e N Wh >0,

which by [3, Definition 2.4] implies that ¢ belongs to a space there denoted FS?S(RM).
According to |3, Theorem 4.10] the operator ¢*(z, D): ¥,(R?) — ¥,(R?) is thereby
continuous. Hence, referring to the seminorms (6.1), for any h; > 0 there exists
hs > 0 such that

(6.26) lg* (2, D)plln, < Nellney @ € Bs(RY).
We have D(L,) C ¥,(R%) C D(¢¥(x, D)). If f € D(L,), then the limit
L.f =1 -1 -1
of = m h™ (A — 1) f

exists in 3. Since || - |[z2 < || - ||» for any h > 0, the limit also exists in L?. Tt follows
that Ly f = —¢“(z, D) f for f € D(Ls), that is Ly C —¢"(z, D).

Let f € Y,(R%). By the density D(L,) C Y,(RY) there exists a sequence
(fu)n=1 € D(Lg) such that f, — f in X;. The estimate (6.26) gives for any hy > 0

HLS(fn - fm)th = qu(xv D)(fn - fm)th S an - mehQ

for some hy > 0. Thus (Lsf,)n>1 is a Cauchy sequence in Es(Rd) which converges
to an element g € X (R?). From the closedness of L, it follows that f € D(L,) and
Lof = g. Hence D(L,) = ¥,(R%) and L, is continuous on ,(R%). O

As in (5.6) we may extend L, uniquely to a continuous operator on Y (RY)
equipped with its weak* topology, denoted E;W(Rd). In fact we set, using the formal
L? adjoint Lf = —q“(z, D) acting on X,

(6.27) (Lgu, ) = (u, Lip), u € YL(RY), ¢ € I (RY.

The space X, (R?) equipped with its strong topology is denoted X/ . .(R?), and
the topology is defined by the seminorms
SR 3w sup|(u, 9)]
peB
for all bounded subsets B C ¥,(R%). Then L, defined by (6.27) is continuous on
Z/s str(Rd) .

We can now formulate and prove a Gelfand-Shilov distribution version of Theo-
rem 5.7.

Theorem 6.15. The semigroup J#; is:
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(i) strongly continuous on Y. and

5,W?

(ii) locally equicontinuous strongly continuous on ¥

s,str*

Proof. The semigroup property J#;, 1+, = H#;, 4, for t1,ta > 0, as well as H#y = 1,
on ¥/ (R?) defined by (6.17) follow from the corresponding properties on ¥, (R%), as
in the proof of Theorem 5.2.

Let v € Y. (R%) and let T > 0. For 0 < t < T fixed, a seminorm of J#u
considered as an element in ¥/, . is defined by a bounded set B C ¥,(R?) as

s,str

sup |(Hiu, )| = sup |(u, ;)|
peB

peB

and the right-hand side is a seminorm of u, since #;*B C ¥,(R%) is a bounded set
according to Theorem 6.7. This shows the continuity J: ¥, (R?) — ¥/ (R?) as
well as the continuity J7;: 3} ,(R?) — 3 ,(R?) for each fixed ¢ such that 0 < ¢ < 7.
Theorem 6.7 also shows that {#*B, 0 <t < T} C %,(RY) is a bounded set so #;
is locally equicontinuous on X . (R%).

Finally let B C ¥,(R%) be a bounded set and let v € ¥ (R%). For some h > 0
we obtain using Theorem 6.12

sup |((# — Tu, )| = sup |(u, (A" = I)p)| S sup (A" = Deplls — 0, £ — 07,

peB pEB pEB

which shows that J#; is strongly continuous on X (R?) as well as on X, ,(R?). O

s,str
and the

generator of the semigroup #; acting on ¥, . (R?) is denoted L, . By |21, Proposi-

s,str
tion 2.1] we have L, = Ly defined by (6.27), and hence D(L) = X..

The argument that proves A, = A! after Theorem 5.7 again shows that L., =
L’ . Again we may thus conclude that the two semigroups have identical generators.
Denoting L' = L., = L., we have D(L’') = ¥/. We may again invoke [21, Propo-
sition 1.2| and [20, pp. 483-84] to yield the following result which is conceptually
similar to Corollary 5.9. Note that the uniqueness space is again larger than the
solution space: C*([0, 00), X, ;) € C*([0,00), X ).

s,str

Corollary 6.16. For any uy € Y¥,(R%) the Cauchy problem (CP) has the so-
Iution #juy in the space C*([0,00),% ). The solution is unique in the space
C1([0,00), X ).

There is also an alternative way to show D(L!

The generator of the semigroup J#; acting on Z'S’W(Rd) is denoted L/

W)

L) = 2L, cf. Remark 5.8. In fact, if
we can show that ¥,(RY) is a reflexive space, then [21, Theorem 1 and its Corollary]|
show that ., considered as a strongly continuous semigroup on X , is necessarily
also strongly continuous on XX ; , and the two semigroups have identical generators.

Thus it remains to show that ¥,(R?) is a reflexive space (cf. [11, Theorem 1.6.2]),
which may be of independent interest. A locally convex space X is called reflexive
provided X + (X})}; is a topological isomorphism [30, p. 144]. Here X} denotes the

dual of X, equipped with its strong topology.
Proposition 6.17. If s > I, then the space £,(R?) is reflexive.

Proof. By |28, Exercise V.52| the Fréchet space X, (R?) carries the Mackey topol-
ogy. By [28, Exercise V.56 (a) and Lemma on p. 166] it remains to prove the following
statement: Every weakly closed and weakly bounded subset B C ¥,(R?) is weakly
compact.
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By [28, Theorem V.23] B C ¥,(R%) is bounded in the Fréchet space topology of
¥,(R%). The Fréchet space topology on ¥,(R?) is stronger than the weak topology.
This fact implies that B C ¥,(R?) is closed in its Fréchet space topology, and if B is
shown to be compact in the Fréchet space topology, then it is also weakly compact.

Thus it remains to show that B C ¥,(R%) is compact in its Fréchet space topol-
ogy. Since the Fréchet space topology of ¥i(R?) is metric we may prove compactness
of B by showing that any sequence (f,),>1 C B has a convergent subsequence. The
space ¥,(R?) is complete and B is closed so it is suffices to show the existence of
a Cauchy subsequence of (f,)n>1 € 3s(RY). We accomplish this by constructing
a subsequence which is Cauchy in the seminorm (2.14) for the space S, for each
0<h<l.

We have since B C ¥,(R?) is bounded

6.28 2D f,(x)| < CLhl Pl (1), zeRY, a,€eN? n>1, h>0,
(6.28) |

for some constants C}, > 0.
Let 0 < h <1 and let € > 0. The bound (6.28) gives

|2 DP fu()| = ||

d
> w3 DP f(x)
j=1

d_ /p latBl+2
< ‘x|72C% Z <§> (Oé!(()éj + 1)(()éj + 2)/@[)3

j=1
h |a+-0|

<l ey (3) (@aiydlial + 2

< |z| 720 Cy RletBla1ph)s, = e R\O, a,f €N n>1,

for some C' > 0. This gives

(6.29) sup [£* D (fnl) = fn()) <e n,m>=1,

apeNt, ppr (el

provided L > 0 is sufficiently large.
Next we consider the sequences (z*D?f,,(z))n>1 for |a + 8| > N where N € N
is to be chosen. Again (6.28) yields

h |a+B|
Dl <y (5) @y
< C%Q’Nh“”ﬁ'(alﬁl)s, reRY |a+B|>N, n>1,

which proves the estimate

(6.30) sup 2D (fu(z) = fn())] <e, n,m>=1,

la+B|>N, zeR? h|a+5‘(a!ﬁ!>s

provided N € N is sufficiently large.
Finally we study the sequences of functions (z*D”f,(x))nz1 restricted to the
compact ball By, = {z € R?: |z| < L}, where o, 8 € N¢ satisfy |a + 3| < N. If

1 < j < d we obtain from (6.28) if a; =0
|D;j(2° D fu) ()| = |2 DP* fu(2)] < Crhl* 1 (alpl)*(|6] + 1)°

<
< Cu(alBl)*(|8] +1)°, z € R,
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and if o; > 0
|D;(2*D” fu) ()] = |i7 a9 D7 fu(x) + 22 DP¥ £, ()|
< Cu(alB)* (a7t 4 P (]3] 4 1))
< Cr(@lB)*(lal + (18] +1)°), = eR™
The gradient is thus uniformly bounded with respect to x € R%:

sup |V(z°D?f,)(2)| < Chap < 0.
zeR4

The mean value theorem gives
(@D fo)(x) = (2°D° fu) ()] < Chaple —yl, 2.y € RY,

which shows that {z*D?f,, n > 1} is an equicontinuous set of functions on R¢ for
all a, B € N, particularly if | + 3] < N.

Combining with the bound (6.28) which is uniform with respect to z € R? and
n > 1 we find that the assumptions for the Arzela-Ascoli theorem [29, Theorem 11.28|
are satisfied for {x*DPf,,, n > 1}, for each «, f € N%

Thus we start by extracting a subsequence of (f,),>1 that converges uniformly
on By. We apply 2*D”? to the subsequence and extract a new subsequence that
converges uniformly on By, consecutively, first for all o, 3 € N¢ such that | +
B| = 1, and after that for all multi-indices o, 3 € N? of increasing orders |a +
Bl = 2,...,N. After a finite number of such subsequence extractions we obtain a
subsequence (fp, )k>1 such that

|29 DP (fu, () = fn ()]

6.31 sup <e, km>=K,
provided K € N is sufficiently large. When we combine (6.29), (6.30) and (6.31) it
follows that (f,,)r>1 is a Cauchy sequence in S ,. O
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