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Parabolic rectifiability, tangent
planes and tangent measures

PERTTI MATTILA

Abstract. We define rectifiability in R” x R with a parabolic metric in terms of C'! graphs
and Lipschitz graphs with small Lipschitz constants and we characterize it in terms of approximate
tangent planes and tangent measures. We also discuss relations between the parabolic rectifiability
and other notions of rectifiability.

Parabolinen suoristuvuus, tangenttitasot ja tangenttimitat

Tiivistelm&. Maéarittelemme suoristuvuuden R” x R:ssé varustettuna parabolisella metriikalla
kiyttden C'-kuvaajia ja pienivakioisia Lipschitz-kuvaajia ja kararakterisoimme sen approksimatii-
visten tangenttitasojen ja tangenttimittojen avulla.

1. Introduction

Let || - || be the parabolic 'norm’
1z, Ol = /2] + [¢]

in P* = R® x R and d the corresponding metric d(p,q) = ||p — ¢||. Here, and later,
|z| is the Euclidean norm of x. The following is the main result of the paper:

Theorem 1.1. Let m and n be positive integers with 0 < m < n + 2. Let
E C P* be H™ measurable and H™(F) < oo. Then the following are equivalent:

(1) E is C'G m-rectifiable.

(2) E is LG m-rectifiable.

(3) E has an approximate tangent m-plane at H™ almost all of its points.

(4) For H™ almost all a € E there is an m-flat measure \, such that
Tan(H™L_E,a) = {cA,: 0 < ¢ < 0o}

(5) For H™ almost all a € E H™|_FE has a unique tangent measure at a.

Definition 1.2. We shall say that E is parabolic m-rectifiable if one, and hence
all, of the conditions (1) to (5) holds.

This requires some explanations, the precise definitions will be given later. First,
H™ is the m-dimensional Hausdorff measure related to the metric d. Notice that the
Hausdorff dimension of P" is n + 2. C'G refers to parabolic C!' graphs and LG to
Lipschitz graphs and E is defined to be C'G, respectively LG, m-rectifiable if H™
almost all of it can be covered with countably many C! graphs, respectively Lipschitz
graphs with arbitrarily small Lipschitz constants, over subsets of homogeneous linear
subspaces of Hausdorff dimension m. In Example 8.1 we shall show that we need
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small constants; Lipschitz graphs themselves are not always parabolic rectifiable.
Homogeneous means that the linear subspaces are invariant under the dilations

60 P — P 6,.(x,t) = (rz,r’t), r > 0.

Then they are precisely the linear m-dimensional subspaces of R™ x {0} and linear
(m — 1)-dimensional subspaces of R"*! containing {0} x R. A homogeneous linear
subspace V is an approximate tangent m-plane of E at a if near a E lies close
to V + a in a metric measure-theoretic sense. m-flat measures are just constant
multiples of the Lebesgue measures on homogeneous linear subspaces. The elements
of Tan(H™L_FE,a) are the tangent measures at a of the restriction of H™ to F,

H™L_E, that is, the weak limits of the normalized blow-ups of H™[_E. Finally,
the uniqueness of the tangent measures means uniqueness up to multiplication by
positive constants.

Rectifiable sets were defined in Euclidean spaces in the plane by Besicovitch in
the 1920s and in general dimensions by Federer in 1947 in [Fed47]. According to
Federer’s definition £ C R™ is m-rectifiable if almost all of it can be covered with
countably many Lipschitz images of subsets of R™. It follows from Rademacher’s
theorem that in Euclidean spaces this is equivalent to (1) and (2). Example 8.3 shows
that Euclidean m-rectifiable sets need not be parabolic m-rectifiable, but parabolic
m-rectifiable sets are Euclidean m-rectifiable by Theorem 6.1. Moreover, Euclidean
m-rectifiable sets are parabolic (m + 1)-rectifiable by Theorem 6.2. In Euclidean
spaces the equivalence of (1), (2) and (3) was proved by Federer and of (4) to these
by Preiss, who introduced the tangent measures in [Pre87]. The equivalence of (4)
and (5) was proved in [Mat05] in metric groups in a much more general setting.
Ambrosio and Kirchheim [AKO00] used Federer’s definition in general metric spaces
and they proved an analogue of (2) <= (3).

Rectifiability in Heisenberg groups, and in more general Carnot groups, has been
studied by many people starting with the pioneering work of Franchi, Serapioni and
Serra Cassano [FSS01]. An analogue of Theorem 1.1 in Heisenberg groups was proved
in [MSS10] and in general Carnot groups by Antonelli and Merlo in [AM22]. Our
parabolic space is a special case of a homogeneous group, which is not a Carnot
group. Idu, Magnani and Maiale [[MM21] proved in general homogeneous groups a
result similar to Theorem 1.1, but only for horizontal sets.

Although rectifiability can be defined in general metric spaces by Federer’s def-
inition, it is evident that it is not a natural definition in spaces with a special very
non-Euclidean structure, such as Heisenberg groups and P". In particular, we shall
see in Theorem 7.2 that in P" all Federer (n + 1)-rectifiable sets have Hausdorff n+ 1
measure zero. It is not always clear what a natural definition should be. One crite-
rion could be the condition (5) in Theorem 1.1: rectifiable sets should look the same
at all small scales around typical points, whenever such a statement makes sense. So
if we wish to have an optimally large collection with this property, we have a right
definition.

As far as I know, except for [IMM21] mentioned above, non-quantitative rec-
tifiability in the parabolic setting has not been considered before in the literature.
But uniform rectifiability in codimension 1 was introduced by Hoffman, Lewis and
Nystrom in [HLNO3] and [HLNO04]. Recently it has been investigated by many peo-
ple, see, for example, [BHHLN20] and [BHHLN21]. Relations between Euclidean
uniform rectifiability and boundary behaviour of solutions of elliptic equations and
related singular integrals have been investigated by great success during the recent
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decades. A motivation for parabolic uniform rectifiability comes, I believe, from the
desire to extend results of this type to parabolic equations.

After some preliminaries in Section 2 in Section 3 we characterize parabolic Lip-
schitz graphs with parabolic cones and relate them to rectifiability. In Section 4
we introduce approximate tangent planes and tangent measures and finish the proof
of the equivalence of (2), (3), (4) and (5) in Theorem 1.1. The arguments follow
the Euclidean pattern with several changes. In Section 5 we introduce parabolic C*
graphs and complete the proof of Theorem 1.1. There we also prove a Rademacher-
type theorem for parabolic rectifiable Lipschitz graphs, Theorem 5.2. In Section
6 we compare Fuclidean and parabolic rectifiability. We show that parabolic m-
rectifiability implies Euclidean m-rectifiability and Euclidean m-rectifiability implies
parabolic (m + 1)-rectifiability. The converse statements are false by examples in
Section 8. In Section 7 we discuss uniform, Ambrosio—Kirchheim and Heisenberg
rectifiability and their relations to parabolic rectifiability. In Theorem 7.2 we show
that all codimension 1 Ambrosio—Kirchheim rectifiable sets have parabolic Hausdorff
measure zero. In Section 8 we construct several examples. Example 8.1 shows that
the vertical Lipschitz graphs need not be parabolic rectifiable, in particular, Lips-
chitz does not imply almost everywhere differentiable in this setting.. In addition,
this gives a simple example of a vertical Lipschitz graph which is not uniformly recti-
fiable, an earlier such an example is due to Lewis and Silver in [LS88|. A modification
of this, Example 8.2, shows that the qualitative notion of rectifiability related to the
above mentioned uniform rectifiability differs from our parabolic rectifiability.

Example 8.1 means a failure of a strong type of Rademacher’s theorem. Similar
failure in some Carnot groups for intrinsic Lipschitz graphs was verified in [JNV21],
see Section 7.3.

Acknowledgement. 1 would like to thank referee for many useful comments.

2. Preliminaries

The metric d and the dilations 4, in P™ are as defined in Introduction. Then
d(0,p,0,q) = rd(p,q). In P" d(A) stands for the diameter of A, d(A, B) for the
minimal distance between the sets A and B and d(p, A) for the distance from a point
p to a set A. The closed ball with centre p € P and radius » > 0 is denoted by
B(p,r) and the open ball by U(p, ). The corresponding concepts with the Euclidean
distance are denoted by dgr and Bg.

We denote by L™ the Lebesgue measure in the Euclidean n-space R",n > 1. For
s > 0 the s-dimensional Hausdorff measure H® in P" is defined by

#°(A) = lim inf {;d(Ei) cAC UlE d(E;) < 5} .
Let Hj be the Euclidean Hausdorff measure defined as H® but the parabolic
diameter replaced by the Euclidean one.

Lemma 2.1. There is positive constant c(n,s) such that c(n,s)HT(A) <
H3(A) < H5(A) for A C P™.

Proof. The right hand inequality is trivial, because the Euclidean diameter is
at most the parabolic for small sets. The left hand inequality follows from the

observation that any Euclidean ball of radius r can be covered roughly with 1/r
parabolic balls of radius 7. O
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A set A C P" is called AD-m-regular if there are 0 < ¢ < C' < oo such that
er™ < H™MANB(p,r)) < Cr™forpe Aand 0 < r < d(A).
The upper and lower s-densities of A C P™ at a € P™ are defined by

O (A, p) = limsup(2r)*H*(AN B(p,r)),
r—0

©5(A,p) = lim ionf(QT)*SHS(A N B(p,)).
r—

If these agree, we define the s-density ©°(A, p) as their common value.

Theorem 2.2. If A C P" is H® measurable and H*(A) < oo, then

(1) 27° < ©*(A,p) <1 for H® almost all p € A,
(2) ©*(A,p) =0 for H* almost all p € P™\ A.

For the proof, see [Fed69|, 2.10.19(2),(4),(5), also the proofs of [EG92|, Sec-
tion 2.3, work in general metric spaces.

For 0 < m < n let H(n,m) be the set of linear m-dimensional subspaces of
R™ x {0} C P, the horizontal subspaces. For 1 < m < n +1 let V(n,m) be the
set of linear (m — 1)-dimensional subspaces of P" containing {0} x R, the vertical
subspaces. Then V(n,m) consists of the orthogonal complements in R™™! of the
horizontal subspaces in H(n,n+ 2 —m). We also set P(n,m) = H(n,m) UV (n,m).
Then P(n,1) = H(n,1) and P(n,n+ 1) = V(n,n+1). For V € P(n,m), V<t is the
orthogonal complement of V' in R™*!,

Denote by H the horizontal plane {t = 0} and by T the t-axis {x = 0}. Then
any vertical plane V' can be written as V =V N H +T. For V € P(n,m) let Py be
the orthogonal projection onto V, that is, Py (z,t) = (Py(x),0), when V € H(n, m),
and Py (z,t) = (Pyau(z),t), when V € V(n,m), where Py and Pyng also denote
the standard orthogonal projections in R™. Then

(2.1) I = 1P ()1 + |1 Py (0) 1%
All these projections Py : P" — P are 1-Lipschitz mappings. We equip P(n,m)
with the compact metric d, d(V, W) = ||Pvrng — Pwngl|, where || - || is the operator

norm: for any linear map A: P" — P" ||A] is the smallest number L such that
IA®)| < Llp| for p € P.

The results of this paper remain valid with small technical changes for other
commonly used metrics, too, for example the ones induced by [|(z,t)|| = (|z|*+[t]?)'/4,
[(z, )| = |z| + /]t] and ||(z,t)|| = max{|z|, \/|t|}, but the formula (2.1) makes d
more convenient. In particular, the validity of the statements of Theorem 1.1 is
independent of the metrics as long as they are bilipschitz equivalent.

We say that a subgroup of (P",+) is homogeneous if it is closed and invariant
under the dilations 6,, » > 0. It is easy to check that the homogeneous subgroups
are exactly the elements of P(n,m) together with P and {0}.

Lemma 2.3. For V. € P(n,m) there is a positive number p(V') such that

H™LV = %Ev, where Ly is the Lebesgue measure on V. In particular,
H™(V N B(p,r)) =p(V)r™ forp € V,r > 0. Moreover, p(V) = 2" for V € H(n,m)
and for 2 < m < n+ 1 there is a positive number v(m),1 < v(m) < 2™, such that

p(V) =wv(m) for Ve V(n,m).

Proof. The Hausdorff measure H™ on V € P(n,m) agrees with a constant
multiple of the Lebesgue measure of V' by the uniqueness of Haar measures, which
gives p(V). If V€ H(n,m), it is isometric with R™, whence p(V) = 2™, see, e.g.,
[EG92|, Theorem 2 in Section 2.2. If V € V(n,m) and m > 3 (for n = 2 we have
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only the t-axis), it is isometric with P™~2 which gives v(m). By Theorem 2.2(1) with
A=V,1<wv(m) < 2" The claim for balls in the horizontal case is clear. For
V e V(n,m), Ly(B(0,r)) = Ly (V N B(0,1))r"" because B(0,r) = 6,(B(0,1)) and
det(d,) = r"*2. O

I don’t know the precise value of v(m) but I expect it to be strictly less than 2.
As H™ on V € P(n,m) is doubling, Vitali’s covering theorem for it holds, which
together with Lemma 2.3 yields the density theorem:

Lemma 2.4. If V € P(n,m) and A C V, then ©™(A,p) = 27"p(V) for H™
almost all p € A.

We call the measures cH™ LV, V € P(n,m), ¢ > 0, m-flat, and horizontal m-flat
or vertical m-flat depending on whether V' € H(n,m) or V € V(n,m).
We shall denote by fxu the push-forward of a measure p under a map f: fuu(A)

= u(f7Y(A)). The restriction of u to a set A, ul_A, is defined by ul_A(B) =
(AN B). The notation < stands for absolute continuity. The support of a measure
v is denoted by spt 1. The closure of a set A is A.

By the notation a < b we mean that a < Cb for some constant C'. The dependence
of C', if not denoted explicitly, should be clear from the context.

3. Lipschitz graphs, cones and rectifiable sets

We now define Lipschitz graphs over homogeneous planes and characterize them
with cones.

Definition 3.1. We say that G C P" is an m-Lipschitz graph if there exist
0<L<oo,ACV € P(n,m)and g: A— V=+ such that ||g(z) — g(v)|| < L||z — y||
for z,y € Aand G = {x + g(x): x € A}. Then we also call G an m-Lipschitz graph
or (m, L)-Lipschitz graph over V. We write G = G

We say that G C P™ is a horizontal (resp. vertical) m-Lipschitz graph, or a hor-
izontal (resp. vertical) (m, L)-Lipschitz graph, if the above holds with V' € H(n,m)
(resp. V € V(n,m)).

Remarks 3.2. (1) If above ¢ is L-Lipschitz, then the map x — = + g(x) is
Vv L? + 1-bilipschitz. Hence Gy is AD-m-regular, if A is.

(2) Let P be the projection onto the t-axis; P(x,t) = t. If G is a horizontal
Lipschitz graph, then £'(P(G)) = 0. This follows applying the following Euclidean
fact to the last coordinate function of g with G = GJ:

If f: A — R, A C R™ satisfies |f(z) — f(y)] < Clx — y|? for z,y € A, then
LY(f(A)) = 0. This is a consequence of a Sard theorem. A simple proof for a special
case which suffices here can be found in [Mat95], Theorem 7.6.

(3) Immediately by the definitions, the horizontal Lipschitz graphs are locally
Euclidean Lipschitz graphs and the Euclidean Lipschitz graphs over vertical planes
are locally vertical Lipschitz graphs.

Lemma 3.3. If GG is a vertical m-Lipschitz graph, then the Euclidean Hausdorft
dimension of G is at most m — 1/2. In particular, H}(G) = 0.

Proof. This is a well-known fact about Holder graphs, but I give the simple
argument. Let g: A — V+ A CV € V(n,m), be L-Lipschitz and d(A) < 1. Cover
A with Euclidean cubes Q; € V, i = 1,..., N, < r'™™ of side-length 7. Then
{r +g(z): z € Q;} can be covered with Euclidean balls B; ;, j = 1,..., M, <r~/2,
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of radius r. Hence

ZdE<Bi,j)mfl/2 < plomg—1/2, m=1/2 _ 1,
Y]

from which the lemma follows O

Corollary 3.4. If G is a horizontal m-Lipschitz graph and G' is a vertical m-
Lipschitz graph, then H™(G N G’) = 0.

Proof. By Lemma 3.3 H}(G') = 0. Let P(z,t) = (x,0) for (z,t) € P*. Then
H™(P(GNG")) =HE(P(GNG") =0. So GNG"is a horizontal m-Lipschitz graph

over a set of measure zero and therefore H™(GNG') = 0. O

For V€ P(n,m),p € P" and 0 < s < 1 define the open cone around V/,

X(p,V,s)={qcP": |Pyr(q—p)|| <sllq¢—pl}
={qeP":d(g—p, V) <sl|lq¢—pl}

and for r > 0 set X(p,r,V,s) = X(p,V,s)N B(p,r).
Then by (2.1)

(3.2) X(p,VE V1 —82) =P"\ X(p,V, s).

Notice that for small s the parabolic horizontal cones are much narrower and the
vertical much wider than the Euclidean cones.

Lemma 3.5. Let V € P(n,m).

(1) If L > 0 and G is an (m, L)-Lipschitz graph over V', then (G \ {p}) \
X(p,V,s) =10 for p € G and for s > L.
(2) If 0 < s <1 and (G\ {p})\ X(p,V,s) =0 for p € G, then G is an (m, L)-

S

Lipschitz graph over V' with L = it

(3.1)

Proof. If s > L and G, is an (m, L)-Lipschitz graph over V, then for p =
r+g(z),q=y+g(y) € Gy, p # q, we have

|Pve(qg—p)|l = llg(z) — g(y)|| < Lllg — pl| < sllg —pl,

so g € X(p,V,s), and (1) follows.

If G satisfies the assumption of (2), then ||Py1(q¢ — p)|| < s|l¢g — pl|| for p,q €
G,p # q,s0 by (2.1) ||Py(¢ —p)|| > V1 — s?||¢ — p||. Hence Py|G is injective and its
inverse is (/1 — s?)~!-Lipschitz. Letting g = Py1 o (Py|G)~! we have G = G, with
g s(v/1 — s?)~-Lipschitz. O

Notice that by (3.2) (2) can be written as: If 0 < ¢t < 1 and (G \ {p}) N
X(p,V+,t) =0 forp € G, then G is an (m, L)-Lipschitz graph over V with L = 1t_t :

We now define

Definition 3.6. A set £ C P" is LG m-rectifiable if for every 0 < L < oo there
are (m, L)-Lipschitz graphs G;, i = 1,2,..., such that

e (#10e) -

A set E C P™is purely LG m-unrectifiable if H™ (ENF) = 0 for every LG m-rectifiable
set [' C R".

i
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Definition 3.7. For 0 < L < 0o a set £ C P" is (m, L)-rectifiable if there are
(m, L)-Lipschitz graphs G;, i = 1,2,..., such that

H" <E\6Gi> = 0.

E C P" is purely (m, L)-unrectifiable if H™(E N F) = 0 for every (m, L)-rectifiable
set F' C P".

Thus F is LG m-rectifiable if and only if it is (m, L)-rectifiable for all L > 0 and it
is purely (m, L)-unrectifiable if and only if H"(ENG) = 0 for every (m, L)-Lipschitz
graph G.

In the above definitions it is enough to consider Lipschitz graphs G,,g: A — V-,
where A is closed, since for arbitrary A C V' ¢ can be extended as a Lipschitz map
with the same constant to the closure of A. If V is vertical we could take A =V,
because real valued (with the standard metric) Lipschitz functions on any metric
space can be extended without increasing the constant, see [Fed69], 2.10.44. But if
V is horizontal, the last coordinate function of every Lipschitz map g: V — V- must
be constant, so we cannot always extend.

As in the Euclidean case, see Theorem 15.6 in [Mat95], any E C P™ with
H™(E) < oo has an H™ almost unique decomposition £ = R U P where R is LG
m-rectifiable and P is purely LG m-unrectifiable. Similarly for (m, L)-rectifiability.

Theorem 3.8. Let £ C P" be H™ measurable and H™(E) < cc.
(1) Let s > L > 0. If E is (m, L)-rectifiable, then for H™ almost all a € E there
is V € P(n,m) such that
(3.3) limr "H™(E N B(a,r) \ X(a,V,s)) =0.

r—0

(2) Let 0 < s < 1 and L > = If for H™ almost all a € E there is V €

P(n,m) such that (3.3) holds, then E is (m, L)-rectifiable.

Proof. To prove (1) suppose that E is (m, L)-rectifiable and s > L. Then
there are (m, L)-Lipschitz graphs G;, i = 1,2,..., over V; € P(n,m) such that
H™(E\U;2, G;) = 0. By Theorem 2.2 for H™ almost all a € G;, ©*™(E\ G;,a) = 0.
By Lemma 3.5, (G; \ {a}) \ X(a,V;,s) =0 for a € G;. Thus

(3.4) lirré r~"H™(EN B(a,r)\ X(a,Vi,s)) =0.
r—
For (2) we use the following lemma. Its proof below is a slight modification of
the proof of Lemma 15.14 in [Mat95].

Lemma 3.9. Let V € P(n,m) and let t,L,§ and X\ be positive numbers with
O<t<landL > —Vlt’tQ If E C P" is purely (m, L)-unrectifiable and

(3.5) H™(ENX(a,r, V1)) < ™ fora€ E, 0 <r <9,
then
(3.6) H™(EN B(a,d/6)) < C(m, L, t)\0™ for a € P".

Proof. We may assume that £ C B(a,0/6). Choose 0 < k < 0 < 7 < 1,

0 <k < (7 —0)/2, depending on L and ¢ such that L > 1;5(”)2. Let F be the set
of p € E for which

ENX(p,V*, ot) #0.
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As E is purely (m, L)-unrectifiable we have by Lemma 3.5(2) and the remark after
it that H™(E \ F') = 0. Let

h(p) =sup{|l¢ —p||: ¢ € ENX(p,V*, ot)} €(0,6/3] forpe F
and choose p* € EN X (p, V*, ot) with 7h(p) < ||p — p*|| < h(p). Letting
Cp = (Pv)" (Pv(B(p, sth(p)))) = (Pv)~"(V 0 B(Py(p), Kth(p)))

we have
(3.7) FNC,c X(p,2h(p), V*,t) U X (p*,2h(p), V*,t) forpe F.

To prove this let ¢ € F'N C,. Then ||Py(q — p)|| < kth(p). We have ||g — p|| < h(p),
because if ||¢g — p|| > h(p), then ||Py(¢ — p)|| < kth(p) < otllg — pl||, so ¢ € EN
X(p,V*, ot), whence |lq — p|| < h(p).

Suppose ¢ & X (p*,2h(p), V+,t). Then

thlg —p*l| < [Pv(q =0 < [[Pv(p— ") + | Pv(q — p)l
< at|lp — p*|| + Kth(p) < (o + K)th(p),

whence ||¢ — p*|| < (0 + k)h(p). As ||p — p*|| > Th(p), we obtain

lp=all = llp =p = lIp" = all > (= — 0 = &)h(p) = [|Pv(p — DI/,
because ||Py(p — q)|| < kth(p) < (1 — 0 — k)th(p), since 2k < T — 0. Consequently,

q € X(p,2h(p),V*,t) and we have verified (3.7).
By (3.5) we now have

H™(F NC,) < 2A(2h(p))™.

By a standard covering lemma, see, e.g., [Mat95, Theorem 2.1|, we can cover Py (F)
with countably many balls Py B(p, kth(p)),p € S C F, such that the balls Py (B(p,
kth(p)/5)) are disjoint. Then F' C UyesCp. As H™(V N B(g,r)) < 2™r™ for q €
V,r > 0, by Lemma 2.3, we have

H™E)=H™F) <Y H"(FNC,) <Y 10" "2\ (kh(p)/5)™
peS peS

< C(m, k, ) XH™(V N B(Py(a),0)) < C(m, L,t)\6™. O

Let us return to the proof of Theorem 3.8. To prove (2) suppose that for H™
almost all @ € E there is V' € P(n,m) such that (3.3) holds. Let 0 < s < u be
such that L > \/1117 Suppose that F is purely (m, L)-unrectifiable. It is enough to
show that then H™(E) = 0. There is n > 0 such that X (a,V,s) C X(a, V', u) for all
V, V' € P(n,m) with d(V, V') < n and for all a € P". Splitting E into a finite union,
we may assume that there is V' € P(n,m) such that (3.3) holds with s replaced by
u for this V' and for all @ € E. Let A > 0. We can assume that there is a positive
number § such that with ¢t = v/1 — u?2,

(3.8) H™(ENX(a,r, V1) <H™(ENB(a,r)\ X(a,V,u)) <™

for a € E,0 < r < 0, because FE is a countable union of such sets. Then by
Lemma 3.9,

H™(EN B(a,r)) < C(m, L,t)\r™ for a € P",0 <r < /6.

Choosing A sufficiently small, we have ©*™(E, a) < 27" foralla € E. Thus H™(FE)
0 by Theorem 2.2.

I
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4. Approximate tangent planes and tangent measures

Definition 4.1. A plane V' € P(n,m) is an approzimate tangent m-plane of a
set ¥ C P" at a point a € P if for every s > 0,

liII(l] r~"H™(E N B(a,r)\ X(a,V,s)) =0.

Recall that here m is the Hausdorff dimension of V' and the linear dimension of
V' is either m or m — 1.

If £ C P*is AD-m-regular, then V' € P(n,m) is an approximate tangent m-
plane of E at a if and only for every 0 < s < 1 there is » > 0 such that £ N B(a,r) \
X(a,V,s) = (. This is pretty obvious.

Lemma 4.2. Let E C P" be H™ measurable and H™(F) < co. If V € P(n,m)
is an approximate tangent m-plane of E at a, then for every ¢ > 0,

(4.1) lim r "H"™(ENB(a,r)N{p: dlp—a,V)>dr})=0.

Conversely, for H™ almost all a € E, if V € P(n,m) and (4.1) holds for every 6 > 0,
then V is an approximate tangent m-plane of E at a.

Proof. The first statement is obvious, since X(a,r,V,s) C B(a,r) N{p: d(p —
a, V) < sr}. For the converse, observe that for all ¢ > 0,

B(a,r)\ X(a,V,s) C (B(a,r) N{p: d(p —a,V) > esr})U B(a,er),
and use the fact that for H™ almost all a € E,0*"(FE,a) < 1 by Theorem 2.2. [

An approximate tangent m-plane need not be unique at every point, but it is at
almost all points:

Lemma 4.3. Let E C P" be H™ measurable and H™(E) < oo. Then at H™
almost all points of E where an approximate tangent m-plane of E exists, it is unique.

Proof. Let us first check that for any V, V' € P(n,m), V # V', there is n(s) > 0
for s > 0 with lim,_,o7n(s) = 0 such that for a,p € P",

d(p—a,V) < sllp—af and d(p—a,V") < sllp—al| = d(p—a,V V') < n(s)|[p—al.

To prove this we may assume that a = 0 and, using the dilations &, , that ||p|| = 1.
If the claim is false, there are n > 0, p; € P*, ||p;|| = 1, and s; > 0 with lim; ,,, s; =0
such that d(p;, V) < s;, d(p;, V') < s; and d(p;, V N V') > n. Taking a converging
subsequence of (p;) we obtain a contradiction.

By Theorem 2.2(1) there are H"™ measurable sets E; C E, j = 1,2,..., and
positive numbers r; such that H™(E'\ J; £;) = 0 and

(4.2) H™(E; N B(p,r)) < (3r)™ forpe E;,0<r <rj.

By Theorem 2.2(2) it is enough to prove that the approximate tangent m-planes of
each I are unique almost everywhere in Ej;.

Suppose that E; has approximate tangent m-planes V.V’ € P(n,m) at a € E;
with V # V', Let 0 <r <r;,0 < s <1 and let n(s) be as above. Then for r > 0,

X(a,r,V,s)N X (a,r, V' s) C{peP:d(p—a,VNV')<n(s)r}.

Let k& < m be the Hausdorff dimension of VN V’. By Lemma 2.3 for any ¢ € VNV,
p >0, H*(VNV'NB(q,p)) = p(VNV')p*, which implies that any ball of radius 2r in
VNV’ can be covered with N < n(s)~* balls of radius n(s)r. Thus E;NB(a,7)N{p €
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P*:d(p—a,VNV') <n(s)r} can be covered with N balls of radius 47(s)r centered
in ;. Hence by (4.2)

H™(E;NB(a,r)N{peP:d(p—a,VNV')<n(s)r})
< N(12np(s)r)™ S n(s)™Frm < ™,

if s is sufficiently small. Now E; N B(a,r) is contained in the union of the sets £; N
B(a,r)\X(a,V,s), E;NB(a,r)\X(a, V', s) and E;NX(a,r, V,s)NX(a,r, V', s). From
these we deduce that ©*"(E;, a) < 27 and the lemma follows from Theorem 2.2. [

Tangent measures were introduced by Preiss in [Pre87| to solve the density char-
acterization of rectifiability.
Define

Tor(p) = 61/p(p—a), p,acP" r>0.
So T, blows up the ball B(a, ) to the unit ball. Now we also blow up measures.

Definition 4.4. Let pu be a Radon measure on P”. A non-zero Radon measure
v is called a tangent measure of p at a € P™ if there are sequences (¢;) and (r;) of
positive numbers such that , — 0 and ¢;7},,, 21t — v weakly. We denote the set of
tangent measures of p at a by Tan(u, a).

Tangent measures tell us how the measure looks locally. We say that p has a
unique tangent measure at a if there is v such that Tan(p,a) = {cv: 0 < ¢ < c0}.

The following result was proved in [Mat05], Theorem 3.2, in metric groups in a
much more general setting:

Theorem 4.5. Let i be a Radon measure on P". Then the following are equiv-
alent:

(1) For p almost all a € P" there is an m-flat measure v such that Tan(u,a) =

{cv: 0 < ¢ < o0}
(2) For p almost all a € P* u has a unique tangent measure at a.

We shall use the following lemma.
Lemma 4.6. Let p and v be Radon measures on P".
no i : u(B(a,r)\B)  _
) r—=0 " (Blar) )
(1) If B C P" is p measurable, a € sptyu and lim,_ 0, then

w(B(a,r)
Tan(ul_ B, a) = Tan(y, a).
(2) If v < p, then Tan(v,a) = Tan(u, a) for v almost all a € P".

In Euclidean spaces this is the same as Lemmas 14.5 and 14.6 in [Mat95]. The
same proof works for (1), and it works for any other homogeneous metric in place
of d, too. The proof of Lemma 14.6 of [Mat95| works for (2) provided the density
theorem for p and v holds. This would require Besicovitch’s covering theorem and
I don’t know if it is true with the metric d in P"”. But it is true for some other
homogeneous metric by a very general result of Le Donne and Rigot [LR19| and also
by the special case ||(z,t)|| = max{|z|, \/|¢|} treated by Itoh [Ito18]. Statement (2)
then follows, since it only involves dilations and not the metric explicitly.

I believe that Besicovitch’s covering theorem in P” is valid also with d, but it
may be a bit trickier to prove than Itoh’s case. Le Donne and Rigot have shown that
in Heisenberg groups there are also homogeneous metrics for which it fails.

Lemma 4.7. Let ACV € P(n,m), g: A — V* Lipschitz and G = G,. Then
for H™ almost all a € G, Py(sptv) =V for every v € Tan(H™_G, a).
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Proof. Let a € G and suppose that there are v € Tan(H™L G,a) and b €
V'\ Py (sptv), which means that there is R > 0 for which v(V N B(b, R) + V) = 0.
Since 0, and Py commute, one easily checks that for r > 0,

T, (VNB(b,R)+ V') =V N B(Py(a) +6,(b), Rr) + V*.
Hence
Ty (H™LG)(V N B(b,R) + V) =H™G N (VN B(Py(a)+ ,.(b), Rr) + V1))
> H™(AN B(Py(a) + 0,(b), Rr)).

We have for some ¢ > 0 and some sequence r; > 0 with lim; ,,o7; = 0, v =
clim; oo, Ty (H™LG), see [Mat95, Remark 14.4(3)]. It follows that

lim r; ™" H™ (AN B(Py(a) + 6,,(b), Rr;)) = 0.

Since B(Py(a) + 6,,(b), Rr;) C B(Py(a), (R + ||b]|)r;), this implies that Py (a) is not
a density point of A. Hence by Lemma 2.4 the H™ measure of the set of such Py (a)
is zero, which is the same as to say that the set of a € G as in the first sentence of
the proof has H™ measure zero. O

Lemma 4.8. Let E C P" be H™ measurable and H"™(E) < oo. Then at H™
almost all points of E the following is true: if there is an m-flat measure \, =
H™LV,,V, € P(n,m), such that Tan(H™L E,a) = {c\,: 0 < ¢ < oo}, then V, is
an approximate tangent m-plane of E at a. Conversely, for H™ almost all a € E, if
O™(E,a) > 0 and E has an approximate tangent m-plane V, at a, then sptv C V,

for every v € Tan(H™L_E, a).

Proof. Suppose that there is an m-flat measure A\, as in the first statement. Let
0 < s < 1. By Lemma 2.5 of [Mat05| the assumption implies that for H™ almost all
a € F there is ¢ > 0 such that WTM#(H’”LE) converges weakly to ¢\, as
r— 0. As B(0,1) \ X(a,V,,s) is compact we have

0=cA\(B(0,1)\ X(0,V,,s))
) 1
= I B Blar)
Since H™(E N B(a,r) \ X(a,Va, s)) = Torux(H™L E)(B(0,1) \ X(0,V,,s)) and
limsupr "H™(E N B(a,r)) < 00

r—0

Trse (ML E)(B(0,1)\ X(0, Va, s)).

for H™ almost all a € E by Theorem 2.2, we obtain for such a,
lin% r~"H™(EN B(a,r)\ X(a,V,,s)) =0,
r—

as required.

For the converse statement, let a € E be such that 0 < O7(E,a) < ©*"(E,a) <
oo and let v € Tan(H™L E, a). As in the proof of Lemma 4.7 we have for some ¢ > 0
and some sequence 7; > 0 with lim; oo 7, = 0, v = clim; oo 7; " T2 (H™ L E). Then
the lower semicontinuity of the weak convergence yields with similar arguments as
above that v(U(0, R)\ X (0,V,,s)) =0forall R > 0,0 < s < 1. Hencesptv C V,. O

We have the Lebesgue density theorem for parabolic rectifiable sets, recall Lem-
ma 2.3:
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Theorem 4.9. Let E C P" be H™ measurable and LG m-rectifiable with
H™(E) < oco. Then for H™ almost all p € E,

O™(E,p)=1 or O™(E,p) =2""v(m).

Proof. If g: A — V+ A C V € P(n,m), is L-Lipschitz, then x — z + g(z),
x € A, is (L + 1)-bilipschitz, so it changes Hausdorff m measure at most in ratio
(L +1)™. Hence the theorem follows from Theorem 2.2(2) and Lemmas 2.3 and 2.4,
cf. the proofs of Lemma 3.2.17 and Theorem 3.2.19 in [Fed69]. O

For horizontally rectifiable sets, see Definition 4.10, this is a special case of Kirch-
heim’s theorem in general metric spaces, see [Kir94|.

I don’t know if the converse holds, or even if the analogue of Preiss’s theorem
[Pre87| holds. That is, does the existence of positive and finite limit lim, o r=™H™(E
NB(p,r)) almost everywhere imply parabolic rectifiability? In Euclidean spaces this
is a very deep and difficult result, but recently Merlo succeeded in proving an analogue
in Carnot groups in [Mer22] and [Mer20]. Maybe his methods could be adjusted to
P"?

Now we complete part of the proof of Theorem 1.1.

Proof of (2) <= ... <= (5) in Theorem 1.1. (2) = (3): Suppose that F
is LG m-rectifiable. Let s; > 0,lim; .o s; = 0 and let 0 < L; < s;. Then for each
i Eis (m, L;)-rectifiable. By Theorem 3.8(1) for every ¢ there is £; C F such that
H™(E \ E;) =0 and that for all a € E; there is V;(a) € P(n,m) for which

li_r)r(l) r~™"H™(E N B(a,r) \ X(a, Vi(a),s;)) = 0.
Let a € M;E; and choose a subsequence V; (a) of Vi(a) converging to some V €
P(n,m). If s > 0 then for a sufficiently large j, X(a,Vi;(a),s;,) C X(a,V,s), from
which (3) follows.

(3) = (2): Suppose that F has an approximate tangent m-plane at H™ almost
all of its points. Let L > 0 and 0 < s < 1 such that L > ﬁ Then for H™ almost
all a € F there is V € P(n,m) such that (3.3) holds, whence by Theorem 3.8(2) E
is (m, L)-rectifiable.

(4) = (3): This follows from Lemma 4.8.

(2) and (3) = (4): Let E be LG m-rectifiable. Then at H™ almost all points
a € E by Lemma 4.3 E has a unique approximate tangent m-plane V, and by
Theorem 4.9 the positive and finite density ©™(F, a) exists. It follows by the same
proof as that of Corollary 14.9 of [Mat95] in the Euclidean case that for H™ almost
all a € F every v € Tan(H™L_FE, a) is m-uniform, that is, for some positive number
¢, v(B(p,r)) = er™ for p € sptv and for r > 0. By Lemma 4.8 sptv C V, and then
by Lemma 4.7 spt v = V,,. The uniqueness of uniform measures, see Theorem 3.4 in
[Mat95], implies that v is m-flat.

(4) <= (5): This is Theorem 4.5. O

Parabolic rectifiable sets split into horizontal and vertical parts.

Definition 4.10. A set £ C R" is horizontally (resp. vertically) LG m-rectifiable
if for every 0 < L < oo there are horizontal (resp. vertical) (m, L)-Lipschitz graphs
Gi,1=1,2,..., such that

e (E\[jai):o.
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The horizontal and vertical C*G m-rectifiable sets are defined in the same way based
on Definition 5.3.

Of course, according to this definition there are no horizontally LG (n + 1)-
rectifiable sets and no vertically LG 1-rectifiable sets in P". In particular, F is LG
(n + 1)-rectifiable if and only if it is vertically LG (n + 1)-rectifiable.

For subsets of R™ x {0} the LG m-rectifiability is equivalent to the horizontal
LG m-rectifiablity and to the Fuclidean rectifiability, as well as for the subsets of
countable unions of vertical translates of R™ x {0}.

Proposition 4.11. Let E C P" be ‘H™ measurable and horizontally LG m-
rectifiable with H™(E) < oo. Then there is a set T C R such that £L'(T) = 0 and
H™(E\ (R*xT))=0.

This follows immediately from Remark 3.2(2). We shall show in Example 8.5
that we cannot always take T' to be countable.

The following theorem follows by the same arguments as Theorem 1.1, the equiv-
alence of (1) to other conditions is still to come.

Theorem 4.12. Let E C P"™ be H™ measurable and H™(E) < oco. Then the
following are equivalent:

(1) E is horizontally (resp. vertically) C'G m-rectifiable.

(2) E is horizontally (resp. vertically) LG m-rectifiable.

(3) E has a horizontal (resp. vertical) approximate tangent m-plane at H™ al-
most all of its points.

(4) For H™ almost all a € E there is a horizontal (resp. vertical) m-flat measure

A, such that Tan(H™_FE,a) = {cA,: 0 < ¢ < o0}.
Then we say that E is horizontally (resp. vertically) parabolic m-rectifiable.

Corollary 4.13. Let E C P"* be H™ measurable and parabolic m-rectifiable
with H™(E) < oco. Then there are a horizontally parabolic m-rectifiable set E; and a
vertically parabolic m-rectifiable set Fy such that F = E; U E,. The decomposition
is unique up to H™ null-sets.

5. Parabolic differentiability and completion of the proof of Theorem 1.1

To define parabolic differentiability let H = R™ x {0} C P".

Definition 5.1. Let A C V € P(n,m) and g: A — V1. We say that g is
parabolically differentiable at p € A if there is a linear map A,: VN H — V*+ such
that with p = (z,t),q¢ = (y,u),

(5.1) lim  {lg(q) —g(p) — Ap(y — 2)|I/llg — pll = 0.

q—p,q€A,q#p

We say that ¢ is continuously parabolically differentiable, denoted C*, if the map
p+— A, p € A, is continuous. Then G, is called an m — C* graph over V.

For any g as above we denote §(p) = p + g(p) for p € A so that G, = g(A).

When V' € H(n,m), this is just ordinary differentiability except for the use of the
parabolic metric. When V' € V(n,m), we require that the differential A, depends
only on the horizontal variables, which means that the approximating planes are
vertical. The graph of A,, of A,(x,t) when V is vertical, is the ordinary tangent
plane of G, immediately by (5.1).
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Using this notion of differentiability Orponen proved in [Orp21] a Rademacher
theorem for regular parabolic functions, see Section 7.1 for the meaning of 'regular’.
We have the following Rademacher-type theorem for parabolic rectifiable Lipschitz
graphs

Theorem 5.2. Let ACV € P(n,m) and g: A — VL. If A is H™ measurable,
g is Lipschitz and G = G, is LG m-rectifiable, then g is parabolically differentiable
at H™ almost all p € A.

Proof. Let us first check the following: Let W € P(n,m) be such that Py: W —
V is bijective. Set A = Pyi o (Py|W) ™V = V+tand A = (P|W) 1V = W,
so that W = A(V). If h: B — W B C W, is L-Lipschitz and h(q;) = §(p:) and
h(gs) = G(p2) for some py,ps € A and ¢y, g2 € B, then

(5.2) lg(p1) = 9(p2) = Alpr = p2)|| < ALIA[P P2 = poll,

provided L||A|| < 1/2. Observe that if V' € V(n,m), the values of A can be written
as A(x,t) = (Pyr(Pyng|W N H)"(z)),0), so they depend only on z as required in
Definition 5.1. o

For i = 1,2, set p; = Py(q;). We have p; = Pv(g(pi)) = Pv(h(A(p}))) and
p; = Py(Ap}). Thus

p1 = p2 = Pr(h(A(p}))) — P (h(A(p)))
= Pr(A(p} — b)) + Pr(h(A(p1)) — h(A(ph)) = py — P + v,

where v = Py (h(A(p})) — h(A(py))). Hence if LIA|l < 1/2, |lv]] < LIAJ[lpy — poll <
Ipy = poll/2 and |[ph — pol| < 2[lpy — po|. Thus

lg(p1) = 9(p2) = Apr = p2)l| = 13(p1) = 3(p2) — Apr — p2))l|
1R(A(PY)) = A(A(P)) — Alpr = p2))|
= [IA(, — ) + A(A(P)) — h(Aph)) — Alpr = p2))
H (P1)) = h(A(ph)) = A@)| < LIAIlpy = pall + LIAIP[lpy — Pl

LIAIL+ APy = P51l < 2LIAN L + [AID][pr = pall < ALJAJ? (P2 — p2l.

(A
Alp
h(A

since ||A| > 1. The estimate (5.2) follows from this.

Let L be such that G is an (m, L)-Lipschitz graph and choose (L) > 0 such
that % +¢e(L) < 1. Next we verify that if there is an (m, e(L))-Lipschitz graph
Gu,h: B — Wt B c W € P(n,m), for which H™(G N G}) > 0, then Py|W is

bijective and
(5-3) (P~ < I,

where I’ depends only on L. Notice that by Corollary 3.4 W is horizontal, if V is,
and vertical, if V' is.

Denote € = ¢(L). We may assume that G;, C G. Let p,q € B. Then there are
p', ¢ € A such that

P +g@) =p+nhp),qd +9(d)=q+h(q).
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We have
|A(p) = Rl < ellp—all, llg(®") — 9(d)I| < Lllp" = 4'll,
p—q=p —q +90)—9(q) = hip)+ i),
Pyi(p—q) =g(p') — g(d") — Pyo(h(p) — R(q))-
Hence

1
lp—ql > 1—+€Hp’ —q +9(") — 9(d)l],
|Pye(p—q)ll < llg(") — g(d)ll +€llp —all,
L
l9(p") — g(d)| < ﬁ||p’ —q +90) —9(d)].

Therefore for p,q € B,
L(e+1)

5.9 Peto= ol < (o2 e o=l

As B has positive Lebesgue measure in W, we can find with the help of the Lebesgue
density theorem points p; in B and A € R for which A(p; — py) nearly form an
orthonormal bases of W. This implies that (5.4) holds for all p,q € W. Then for

L'=(1- (\L/(La%li +¢)%)7Y2, we have ||p|| < L'||Pv(p)| for p € W and our claim is
proven.

Let L; > 0 with lim; ,o, L; = 0 and L; < (L) where (L) was defined above. By
the LG rectifiability of G there are (m, L;)-Lipschitz graphs G} ; over closed subsets of
Vij € P(n,m) such that H™(G\ U, Gi;) = 0 and H™(GNG, ;) > 0, we may assume
of course that H™(G) > 0. Let A;; = g~ '(GNGij). Then H™(A\J; Aij) = 0. The
sets A; ; are H™ measurable. Then for every ¢ and j and for H™ almost all p € A, ;,
O (A\ Aij,p) = 0. Hence for B; = J;{p € Ai;: ©(A\ Ai;,p) = 0} we have
H"™(A\ B;) =0, and so H™(A\ ), Bi) = 0.

Let p € M;B;. Then there is a sequence (A; := A;;,) such that p € A; and
O (A \ A;,p) = 0 for all i. Choose a decreasing sequence (r;) of positive numbers

such that ., r7" < 2rf}; and

H™((A\ A;) N B(p,r)) <r™/i for 0 <r <.

Set .

B = UAi N B(p,ri) \ B(p,rit1).

i=1
If rivy <r <r; we have
H™((A\ B) N B(p,r)) < H"((A\ A) N B(p,r)) + > H"((A\ A;)) N Blp, )
j>i
e I
j>i

Hence ©*"(A\ B,p) = 0.

Let V; = Vj. As L; < ¢(L), P‘1|V;: Vi — V is bijective. Set A; = Py1 o
(Pv|Vi)~' Ai = (Pv|Vi)~'. By (5.3), ||Aill < L'. Replacing (A;) by a subsequence we
may assume that A; — A. For sufficiently large 7, L;||A;]| < 1/2 and we can apply
(5.2) to obtain

lg(q) — 9(p) — Alg — p)|| < (ALL” + ||A; — A|)[lg — pl]) for g € A;.
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If ¢ € B, there is a unique i such that ¢ € A, N B(p,r;) \ B(p,ri+1). Hence

l9(q) —g(p) — Ag —p)|l < <(llg —pl)llg —p|| for q € B,

where £(r) — 0 as r — 0. This means that g is parabolically approximately differ-
entiable at p. But approximate differentiability combined with Lipschitz condition
implies differentiability. This is the content of Lemma 3.1.5 of [Fed69] in the Eu-
clidean setting. Exactly the same argument works in the parabolic case, so I omit
it. O

Definition 5.3. A set £ C P" is called C'G m-rectifiable if there are m — C*
graphs G; such that H™(E \ |, G;) = 0.

We can now finish the proof of Theorem 1.1. We have left to show that (1) is
equivalent to the other conditions.

Proof of theorem 1.1. (2) = (1): Let Gy, C E be m-Lipschitz graphs covering
H™ almost all of E. By Theorem 5.2 each g; is parabolically differentiable almost
everywhere. The map sending p to the parabolic differential A, is easily seen to be
Borel measurable. Hence by an application of Lusin’s theorem H™ almost all of G,
can be covered with countably many m — C* graphs, from which (1) follows.

(1) = (2): This follows from the following lemma. O

Lemma 5.4. If ACV € P(n,m) and g: A — V* is parabolically differentiable
in A, then Gy is LG m-rectifiable.

Proof. For every p € A thereis A,: V — V+ such that (5.1) holds and A, (z,t) =
Ay(y,t) for z,y € R", ¢t € R. For each 0 < L < 1 we can decompose A into countably
many sets A; such that for some A;: V — V=, of the above type,

lg(q) — g(p) — Ai(q — p)I| < Lllg — p|| for p,q € A;.

To see this, choose first for every p € A a positive number r(p) such that

l9(2) = 9(p) = Ap(g = P)Il < Lllg = pll/2 for ¢ € AN B(p,r(p)).
Then A is the union of the sets B; = {p € A: r(p) > 1/i},i=1,2,.... Write each B;
as the union of sets B; ; such that d(B; ;) < 1/i. Choose linear maps Ay: VNH — V4,
k = 1,...,N, such that for every linear map A: VN H — V= there is A for
which [|[A — Ag|| < L/2. Then A is the countable union of the sets A; , = {p €
B, j: ||Ap — Ag|| < L/2}. This gives the required decomposition.

We shall show that each G4, is an (m, L(1— L?)~1/2)-Lipschitz graph, which will
complete the proof. Define A;(p) = p+A;(p) forp € V, h = go/ii_lz Ai(4;) — G, and
h = Py.oh: Nj(A;) = W, where W = {Ai(p): p € V} = Gy,. Let p/, ¢’ € Gya,,
p'=9(p), ¢ = 9(q), p,q € A;. Then

1Pw s (0 = )l = 1Pw(3(p) — 3(a) — Ai(p — @)

= [1Pw(9(p) — 9(q) = Ailp — )|l < Lllp — gl < Lllp" — ¢l
Hence G4, = Gj, with h = Py o(Pyy|Gyja,) ", which is L(1— L?)~'/? Lipschitz. O

Notice that continuity of the differentials is not needed in Lemma 5.4.

6. Euclidean rectifiability

Federer defined in 1947 a set £ C R™ to be m-rectifiable (or countably (H™,m)
rectifiable according to his terminology) if there are Lipschitz maps f;: A; — R,
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A; € R™, such that HE(E \ U2, fi(A;)) = 0. We say then that E is Fuclidean
m-rectifiable. This is equivalent to covering with Lipschitz, or even C!, graphs with
small Lipschitz constants.

In this section we answer the following question: what are the relations be-
tween parabolic and Euclidean rectifiability for sets E for which both parabolic
and Euclidean Hausdorff measure is positive and finite? There are two possibilities:
0<H™E)<ooand 0 < HE(E) <ooor 0 <H™(E) <ooand 0 < HE(E) < .
In the first case parabolic rectifiability implies Euclidean by Theorem 6.1, in the
second case Euclidean rectifiability implies parabolic by Theorem 6.2. The converse
statements are false by Examples 8.3 and 8.4.

We have the following very simple result:

Theorem 6.1. If £ C P" is parabolic m-rectifiable, then it is Fuclidean m-
rectifiable. Moreover, if E is vertically parabolic m-rectifiable, then the Euclidean
Hausdorff dimension of E is at most m — 1/2. In particular, H}}(E) = 0.

Proof. By Lemma 2.1, H%(A) = 0 whenever H™(A) = 0. Since horizontal
m-Lipschitz graphs are Euclidean m-Lipschitz graphs, horizontally parabolic m-
rectifiable sets are Fuclidean m-rectifiable.

The second statement follows from Lemma 3.3 U

Euclidean m-rectifiable sets are characterized by the almost everywhere existence
of approximate tangent planes, see [Mat95|, Theorem 15.19. They are defined as in
Definition 4.1 but H™ replaced by H}} and the parabolic cones replaced by the
Euclidean cones

Xg(a,V,s)={peP": dg(p—a,V) < s|p—adl},

when V' € G(n+1,m), the Grassmannian of linear m-dimensional subspaces of R"*.
In the following theorem H = R™ x {0}.

Theorem 6.2. If ¥ C P" is H} measurable and Euclidean m-rectifiable, then
it is parabolic (m + 1)-rectifiable. Moreover, if HE(E) < oo,
(1) if for H' almost all a € E the Euclidean approximate tangent plane of E at
a is not contained in H, then FE is vertically parabolic (m + 1)-rectifiable,

(2) if for H almost all a € E the Euclidean approximate tangent plane of E at
a is contained in H, then H™ ™ (E) = 0.

The proof is based on the following lemma:

Lemma 6.3. Let 0 <m <n+1and V € G(n+ 1,m) such that V¢ H. Let
W ={(v,t):ve VNH, teR}. Then there is s(V), 0 < s(V) < 1, such that for
0 < s < s(V) there is r(s) > 0 for which

Xp(a,V,s*) N B(a,r(s)) C X(a,W,s) forall a P
Proof. We may assume a = 0. Let e = (e1,e2) € V, ex € R, with |e|] =1
be orthogonal to V' N H. Then ey # 0. Let p € Xg(0,V,s%). Then we can write
p = v+det+q, wherev € VNH, A € R, g € V* with ¢ = (2,t), r € (VNH)* C R” and
lq] < s%|p|. We need to show that when ||p|| is small enough, then |Py 1 (p)| < s||pl,
or equivalently

(6.1) Aey + 2| < s/|v]? + | Xer + ]2+ [Ney + t].
If s < 1/2, the inequality |q| < s?|p| implies |q| < 2s*|v + Ae| which means that

(6.2) VIZP + £ < 282/ + A%
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Suppose that s < 1/8 and |\| < s|v|/2. Then |z| < 4s%*|v| < s|v|/2 and
|Aer + x| < A+ |z| < slv],

from which (6.1) follows. Suppose then that s|v| < 2|A|. Then by (6.2) |z| < 6s|A| <
|A] and |t| < 6s|A| < [Aea|/2 if s < |ea|/12. Hence if |A| < s?|es|/16,

|IAer + x| < 2|\ < sv/|Aea|/2 < s/ |Aea + 1.

Hence (6.1) follows also in this case. O

Proof of Theorem 6.2. The first claim follows from (1) and (2). Recall from
Lemma 2.1 that H™™ < HZ in particular, H™ "' (A) = 0 whenever H72(A) = 0.

Let E be as assumed in (1). By Theorem 3.2.29 in [Fed69| H} almost all of E
can be covered with countably many m-dimensional C' submanifolds M; of R™*,
Each of them has a classical tangent plane V;(a) € G(n + 1,m) at all a € M;, which
implies that for all 0 < s < 1,

M; N B(a,r) \ Xg(a,Vi(a),s*) =0

for sufficiently small » > 0. Then by the Euclidean analogue of Theorem 2.2, V;(a) is a
Euclidean approximate tangent plane of E for H almost alla € ENM;, so Vi(a) ¢ H
by assumption. Thus the vertical plane W;(a) related to V;(a) as in Lemma 6.3 is
a parabolic approximate tangent plane of £ for H™"! almost all @ € E N M;, again
also with the help of Theorem 2.2. Then (1) follows from Theorem 1.1.

Let E be as assumed in (2). Let € > 0. By Theorem 2.2 there are ry > 0 and
F C E such that H™"(E \ F) < ¢ and

(6.3) H™ Y (E N B) < 5d(B)™!

for all parabolic balls B with BN F # () and d(B) < ro. For H}} almost all a =
(ar, 7) € E there are arbitrarily small » > 0 such that

(6.4) HZ(ENBg(a,r)\ H(a,e,r)) <er™ and HE(E N Bg(a,r)) >1r™,

where H(a,e,r) = {(z,t): |x — | < 1|t — 7| < er}. By Vitali’s covering theorem
for H'?, see, e.g., Theorem 2.8 in [Mat95]), there are disjoint balls Bg(a;, 1;),a; €
E, 0 <r; <eg,and 2r; < ry, satisfying (6.4) such that H(E \ U, Be(a;, ;) = 0.
Each Bg(a;,r;) N H(a;,e,r;) can be covered with N; < e/r; parabolic balls B; ; of
radius r;. Then by (6.3) and (6.4),

Hm+1(E) S Hm+1(F) te
N;
<5 Z Z d(BZ‘J‘)m-H + ZHm+1(E N BE(aiari) \ H(aia g, ’rl))) +e
i j= i

1 7
SZNiT;”+1+Z€T;n+5§52r;n+g

<eY HP(ENBg(a;,ri)) +e < eHp(E) +e.

Hence (2) follows. O
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7. Other notions of rectifiability

7.1. Uniform rectifiability. In Euclidean spaces uniformly rectifiable sets were
introduced by David and Semmes in the 1990s, see [DS93|. They have turned out to
be more appropriate than the ordinary rectifiable sets for many topics in analysis, in
particular, in harmonic analysis and partial differential equations. Although in many
cases the converse is true, too. Because of this several people have been motivated to
develop the corresponding theory in the parabolic setting. So far this has only been
done in codimension 1, which is the most natural setting for such applications. Para-
bolic uniform rectifiability was defined by Hofmann, Lewis and Nystrém in [HLNO3]
and [HLN04] in terms of (58, that is, uniform L? approximation by vertical planes.
In [BHHLN20] this has been shown to be equivalent to a ’big pieces of big pieces of
regular vertical Lipschitz graphs’ result, which means a quantitative local approxi-
mation by regular vertical Lipschitz graphs. But vertical Lipschitz graphs as defined
in 3.1 are not the right class. They need not be uniformly rectifiable. This was shown
at the end of [HLNO3| based on an example in [LS8§], see also Observation 4.19 in
[BHHLN20|. Regularity of a Lipschitz graph means that the half-derivative with
respect to t satisfies a BMO condition.

See [BHHLN20| and [BHHLN21] for some of the latest results, surveys on earlier
results and further references.

For the precise definition of uniform rectifiability, see Definitions 2.20, 2.21 and
4.1 in [BHHLN20]| or Definition 2.19 in [BHHLN21|. From these it follows that
Example 8.1 is another example of an ordinary parabolic Lipschitz graph which is
not uniformly rectifiable; use the estimates H"™(G' N B(a,2r) N{q: d(¢g — a,V) >
sr}) 2 rtifor VeVinn+1),a€G 0<r<1.

In light of the above mentioned results on uniform rectifiability, a definition of
(n + 1)-rectifiable sets in P™ could be given using regular vertical Lipschitz graphs
in place of vertical O graphs, or vertical Lipschitz graphs with small Lipschitz con-
stants. Mateu, Prat and Tolsa suggested that notion of rectifiability in [MPT22],
page 4. Orponen proved in Theorem 3.10 of [Orp21] Rademacher’s theorem for reg-
ular Lipschitz functions from which it follows that rectifiable sets based on regular
vertical Lipschitz graphs are C'G rectifiable. Example 8.2 will show that the converse
is false. In terms of approximation by planes, the difference between these possible
concepts of rectifiability seems to be that while the parabolic rectifiability of this
paper can be decided by looking at each single small scale separately the one based
on regular graphs might require multiscale approximation.

Since parabolic C' and LG rectifiability can be characterized with approximate
tangent planes, it would seem reasonable to expect that there could be quantitative
versions of these results, that is, one type of uniform rectifiability. If so, would it
agree with that of [HLNO3| and [HLNO04|? My guess is that it would not.

7.2. Metric space rectifiability. In [AK00| Ambrosio and Kirchheim used
the same definition as Federer to define rectifiable sets in general metric spaces X.
They proved the characterization by approximate tangent planes in this setting, see
Theorem 6.3 in [AKO00]. Kirchheim had already proved a substitute for Rademacher’s
theorem in [Kir94] and using it the analogue of Theorem 4.9. There need not be any
planes in X but X can be embedded isometrically into a Banach space, which gives
a linear structure. Theorem 6.3 in [AKO0O| is stated with a positive lower density
condition, but it holds without it. To see this one can again modify the arguments
of [Mat95], in particular of Lemma 15.14, or the proof of Lemma 3.9 of this paper.
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Let us say that E C P™ is Ambrosio—Kirchheim m-rectifiable, if there are Lipschitz
maps f;: A; — P", A; C R™, such that H™(E \ U2, fi(4:)) = 0.

Theorem 7.1. Let 0 < m < n+1 and let E C P" be H™ measurable with
H™(E) < oo. Then E is horizontally parabolic m-rectifiable if and only it is
Ambrosio—Kirchheim m-rectifiable. In particular, horizontal m-Lipschitz graphs are
horizontally parabolic m-rectifiable

Clearly, horizontally LG m-rectifiable sets and horizontal m-Lipschitz graphs are
Ambrosio—Kirchheim rectifiable. We shall verify the remaining part in Subsection
7.3.

Now we show that codimension 1 Ambrosio—Kirchheim rectifiable sets in P" are
trivial.

Theorem 7.2. If f: A — P", A C R""! is Lipschitz, then H"**(f(A)) = 0.

Proof. We may assume that A is bounded and since f trivially has a Lipschitz
extension to the closure of A, we may assume that A is compact. Let L be the
Lipschitz constant of f, N be a positive integer and let a be a Lebesgue density point
of A. Then for sufficiently small R > 0, there is a closed cube @) of side-length R
containing a such that ANQ; # 0 fori =1,..., N"* where the Q; form a partition
of @ into closed cubes of side-length » = R/N. Let P, P(z,t) = t, be the projection
onto the t-axis. If @; and @); meet, then the Euclidean distance dg(P(f(A N Q;)),
P(f(AN@Qy))) < r*. The implicit constant here and below only depends on L and
n. For every @; there is chain Q;,...,Q;,, k¥ < (n+ 1)N, with Q;, = @1 and
Qi = Qi such that Q;; and @;; , meet, whence dp(P(f(ANQ))) < Nr? = Rr. Thus
f(ANQ) C @ x I, where @ C R" is a cube of side-length < R and I C R is an
interval of length < Rr. Hence we can cover f(AN Q) with M, M < (R/vVRr)",
parabolic balls B;, i =1, ..., M, of diameter v/Rr, for which we have

M
Zd(Bz’>n+1 g M(@)ﬂri’l g Rn\/E _ RnJrl/\/N.
i=1

We can cover £ almost all of A with cubes @; with side-length R; satisfying the
above in place of @ and R and such that >, R < £"F1(A). Then each f(ANQ;)
is covered by parabolic balls B, ;, j = 1,...,M;, which satisfy Z;w:'l d(B; ;)" <
R /V/N. Therefore H"*! almost all of f(A) is covered by the balls B;;,j =
1,....M;,1=1,2,..., for which

D d(Bi)" Y RTYVN S L (A)/VN.

As we can take N arbitrarily large, it follows that H"T!(f(A)) = 0. O

7.3. Heisenberg groups. Heisenberg group H! is somewhat similar to P?,
but with essential differences. It is R® with a non-Abelian group structure and non-
Euclidean metric. Balls have the same ellipsoidal shape as in P? but the structure
is more complicated in that the axis of the ellipsoids turn when the center moves.
On the other hand, H' also has advantages over P?. It is a geodesic space; any two
points can be joined with a rectifiable curve of minimal length, whereas in P? no two
points with different ¢ coordinates can be joined by any rectifiable curve. There are
also many analytical tools available in H!, for example Pansu’s Rademacher theorem.
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The same comments apply to H* = R?**! n > 2. but there are more differences to
parabolic spaces.

Franchi, Serapioni and Serra Cassano [FSS01| used two different definitions for
rectifiability in H". For low-dimensional, m < n, sets Federer’s definition is fine,
but for high-dimensional sets, m > n + 2, it would only give trivial zero measure
sets, recall from Theorem 7.2 the same in P for codimension 1. For m-dimensional,
m > n + 2, sets [FSS01] used covering with C* (in the Heisenberg sense) level sets.

An analogue of Theorem 1.1 in Heisenberg groups was proved in [MSS10], and in
[IMM21] for horizontal sets in general homogeneous groups. Antonelli and Merlo have
developed in [AM20] and [AM22] rectifiability theory in arbitrary Carnot groups with
many deep results, in particular on relations between rectifiability, tangent planes and
tangent measures including an analogue of Theorem 1.1.

In Heisenberg and Carnot groups intrinsic differentiable and Lipschitz graphs
have recently played a fundamental role in many respects. They are defined geomet-
rically in terms of cones. In Heisenberg groups a Rademacher theorem was proved
in [FSS11]| for codimension 1 sets and recently by Vittone for vertical sets of general
dimensions in [Vit22]. But Julia, Nicolussi Golo and Vittone showed in [JNV21] that
this is false in some Carnot groups.

For n > 1 P"* can be considered as a vertical subspace of H" = R?"*! identifying
(x,t) € P* with (x,0,t) € H". In this way Chousionis and Tyson [CT15] obtained
Marstrand’s theorem ’existence of s-density implies that s is an integer’ in P" after
proving it in Heisenberg groups. In the same manner we can finish the proof of
Theorem 7.1: For m < n Ambrosio—Kirchheim and Franchi—Serapioni—Serra Cas-
sano m-rectifiable sets are the same immediately by the definitions. For subsets of
P C H” the condition (3) of Theorem 4.12 characterizing horizontally parabolic m-
rectifiable sets is exactly the same as the characterization [MSS10], Theorem 3.14(iii),
of Franchi-Serapioni—Serra Cassano m-rectifiable sets. Hence these two classes are
the same, too.

I suppose it is not necessary to go via Heisenberg groups to prove this, but since
it was available, I didn’t try to find another way.

8. Examples

We now construct several examples. We first show that Lipschitz graphs need
not be parabolic rectifiable.

Example 8.1. There are a function f: [0, 1] — R such that f is Holder contin-
uous with exponent 1/2 and positive numbers ¢ and s, 0 < s < 1, with the following
properties: Let G = {(f(t),y,t) € P*: y € [0,1]""!, t € [0,1]} be the graph of the
Lipschitz function g, ¢(0,y,t) = (f(¢),0,0). Then for all V- € V(n,n+1),a € G
and 0 < r < 1 there is p € G N B(a,r) for which B(p,sr) C {q: d(¢ —a,V) > sr}
and H"(G N B(p,sr)) > cr™™!. Hence G does not have any approximate tangent
planes and so it is not parabolic (n + 1)-rectifiable.

Proof. The last inequality follows from the AD-regularity of Lipschitz graphs.
Let f be the Weierstrass function defined by

f(t) =co Z 27k 2 cos(2%), t e [0,1].
k=1
Then if ¢y > 0 is sufficiently small, f has the following properties:

(8.1) [f(t) = fW) < VIt =t for t,¢" €[0,1],
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there is ¢ > 0 such that for every subinterval I of [0, 1] there are ¢,¢" € I such that

(8.2) [f(t) = f(E)] > ev/d(I).
For the proofs, see [BP17|, Lemma 5.1.8 and Theorem 5.3.1.

Let 0<s<1/4,0<r<1,a=(f(r),8,7) € Gand V € V(n,n+1). Then for
some unit vector e = (e1,e3) € R, e; € R, e3 € R* 1 VL = {(Xe,0): A € R} and
for p=(f(t),y,1) € G,

Pyi(p) = ((erf(t) + €2 - y)e, 0),
whence
dlp —a,V) = |Pyi(p —a)|l = les(f(t) = f(7)) +e2- (y = B)I.
Suppose that |e;| > 1/2 and let p = (f(t),8,t). If d(p — a, V) < 2sr, then |f(t) —
f(7)] < 2sr/|ei| < 4sr. Suppose that 7 +1r?/2 < 1, the other case 7 — r?/2 > 0 can
be dealt with in the same way. By (8.2), there are ¢,t' € [1 + r?/4, 7 + r?/2] such

that |f(t) — f(t')] > cr/2. Consider p = (f(t),5,t), p' = (f(t'),5,t') € G. Then
p,p € B(a,r). If d(p —a,V) < 2sr and d(p’ — a, V') < 2sr, then by the above

cr/2 < |f(t) — f(t')] < 8sr.
This is impossible if we choose s = ¢/16. With this choice d(p — a,V) > 2sr or
d(p' —a, V) > 2sr. Suppose this holds for p. Then B(p, sr) C {q: d(p—a,V) > sr},
as required.
Suppose then that |e;| < 1/2, so |ea] > 1/2. Let 0 < r < 1/2 and choose
p=(f(7),y,7) € G such that y — (3 is parallel to e; and r = |y — §| = ||]p — a||. Then

dp—a, V) =|Pyr(p—a)| =lex|r >1/2 = 2sr,
since s < 1/4. This completes the proof. O

The following example shows that parabolic (n + 1)-rectifiable sets in P" need
not be rectifiable in terms of the regular Lipschitz graphs, recall the discussion in
Subsection 7.1. T don’t give a formal definition of these graphs, I only state a weaker
property that will suffice: if G, C P is a regular (n + 1)-Lipschitz graph over V' x R,
V € G(n,n — 1), then there are a measurable function ¢: C' — R, C C R"! x R,
and a rotation p of R" such that p({0} x R*™') = V and g(p(0,y),t) = é(y,t)ey,
where ey € R"™! is a unit vector orthogonal to V and,

|t = ul?
see [DDH18|, Theorem 2.3.

Example 8.2. There is an H""! measurable parabolic (n + 1)-rectifiable set
E C P" such that 0 < H""(FE) < oo and H""'(E N G) = 0 for every regular
(n + 1)-Lipschitz graph G.

Proof. Let fy: [0,1] — R be a function satisfying (8.1) and (8.2), fy and ¢ will
be fixed throughout the proof.

Let us first check the elementary fact that for every subinterval I of [0, 1] there
are

(8.4) a,b€ I, a<b, such that fy(a) = fo(b) and b — a > éd(I) where & = ¢*/128.

To prove this let N be an integer such that 1/N < ¢?/16 < 2/N and let I;, j =
1,...,2N, be subintervals of I of length d(I)/(4N) and d(I;,I;+1) = d(I)/(4N) for
j=1,...,2N = 1. Let t; < t; in I; be the points given by (8.2). We may assume

t) — 2
(8.3) / [9(y,8) = 6(y, v)] du < oo for almost all (y,t) € C,
u:(y,u)eC
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that there are N intervals [, i = 1,..., N, such that for u; = t;, < u; =t} <
Uiy1 = tj,,,, @ < N —1, we have fo(u;) — fo(u;) > ¢y/d(I)/(4N). Notice that also

lu; — uf] > Ad(I)/(4N). It fo(ui1) < fo(ul), then there are a and b such that
fola) = fo(b) and either a < u} and b = w;1; or a = u; and b > w}. In both cases
b—a>c*d(I)/(4N) > (c*/128)d(I). We assume then that fo(u;) < fo(uiq) for all

1=1,...,N — 1 and derive a contradiction. Then
V(I) > foluly) = fo(uy) = Z(fO( wiy) = fo(tipa) + fo(uira) — fo(w;))

Z(fo( wy) = foltipn)) > (N — Den/d(I)/(4N) > ey/Nd(I) /4 > +/d(T).

=1

Let I be a subinterval of [0,1] andlet f: I > R, 0< L' <L <1,0< </,
tr,th € I, be such that

(8.5) |f(t) |<L\/\t—t’ for ¢, €1,
(8.6) |f(tr) — f(t)| > L/d(I).

Now we shall show that there are non-overlapping closed intervals I; = [a;,b;] C I,
j 1,2,..., such that f(a;) = f(b;) for all j and letting A = |J;I; we have

LY(I\ A7) = 0 and there is a continuous f;: I — R for which

7) () (L'/L)(f(t) = flaz)) + f(a;) for t € Ij,

.8) |f1(t) — f1(t)| < L/|t — | for t,t' €1,

9) |f1(t) t/)‘ LI\/‘t t/ for t,t E[j, =12 ...,

10) | fr(tr) — fi(E)] > "L'\/d(1).

Let N be a positive integer with 0 < 1/v/N < (¢ L —¢"L')/2. Partition I into N
intervals I7, ..., Iy of length d(I)/N. Choose first by (8.4) a11,b11 € 17, a11 < b1 1,
SUCh that f(am) = f(bl,l) and bl,l — a171 Z éd([o and set [1,1 = [CLl,l, bl,l]- Let Jl, J2
be the complementary intervals of Iy 1; I \ (a11,b11) = J1 U Jo (with only one of
them if a;, or by; is an end-point of I]). Let ay2,b12 € Ji, a2 < by o, such that

f(aLz) = f(bl,g) and b172 — CLLQ Z 5d(J1) Set [172 = [CLLQ, bl,Q]. In the same way ﬁnd
1173 = [aLg, b173] C JQ. Then Ll(I{ \ 1171) S (1 — 6)d([) and

LY\ (L UL UT)) < (1—8é)2d(]);

the measure of the complement of the selected intervals decreases geometrically. Con-

tinuing in this manner we find the intervals [y ; = [a1;,b1;] C 1], 7 =1,2,..., such
that f(al,j) = f(bl,j> and £1<[{ \ Uj [Lj) =0.
Next we perform the same operation on each I},... I} getting the intervals

Iy ; for k = 1,...,N. We denote all these by I; = [a;,b;] and set A; = U,I;.
Then LI\ A;) = 0 and f(a;) = f(b;) for all j. Define f; on A; by fi(t) =
(L'JL)(f(t) — f(a;)) + f(a;) for t € I and set fr(t) = f(t) when t € I'\ A;. Then f;
is continuous, since it agrees with f at the end-points of every I;.

We now check the properties (8.7)—(8.10). First (8.7) holds by definition. To
check (8.8) we may assume that for some j, j',t € I; and ¢’ € I/, since Ay is dense.
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Suppose j # 7' and ¢ < ¢'. Then t < b; < ay < ¢’ and we get by (8.5)
fr(t) = fi()] = |(L'/L)(f(t) = fF{) + (1= (L'/L))(f(b;) — faz))|
<DVt =]+ (L= L)/ 1b — ay| < L/t =¥/,

The case j = j' is easier and gives (8.9).
Let us first check (8.10) when ¢; € I; and ¢t} € I;; for some j, j'. Then by (8.6),

[fr(tn) = f1@)] = [f(tr) = f@E)] = (1= L'/L)(|f(tr) = flap)| +1f ) — flap)])
> L\/d(I) — 2+/d(1)/N > 'L'/d(I)

by the choice of N. If, for example, ¢; is not in Ay, then there are a;, converging to
tr and fr(a;,) = f(aj,) from which (8.10) follows by a similar argument.

Let (Ly) and (c) be strictly decreasing sequences of positive numbers with L; < 1
and ¢/2 < ¢ < c¢. Now we perform a recursive construction by first applying the
above with f = fo, I =1[0,1], L=1,L' =L, =¢, =¢;, t;y =tand ) =1,
where ¢,¢' € [0,1] are as in (8.2). Set Ay = Ay, fi = frand I ; = [a1 4, b1 ;] = [a;, bj].
Suppose that for some k& > 1 we have constructed the non-overlapping intervals
It ; = |ak;, bk ;], the continuous function fi: [0,1] — R and the points t; ;, thj € Irj
such that

(8.11) Je(t) = (Li/Le—1)(fr-1(t) = fe-1(ary)) + fr-1(ar;) for t € I,
(8.12) 1f(t) = @) < L/t =] for t,t' €L, 1<k, j=1,2,...,
(8.13) | fr(trg) = fulti ;)] > culiy/d(L ;).

Then we apply the above construction on each I ; with f = fi, L = Ly, L' =

Lk+1, C/ = Cg, C” = Ck+1, to obtain [k+1,j = [akHJ, karLj] Wlth fk<ak+1,j) = fIC(karl,j)
and A = Uj Iiv1; with £1([0,1] \ Ax11) = 0. Again each [} ; is first divided into

Ny equal parts where 0 < 1/v/Ny. < (cx Ly — cpr1Lr+1)/2. We define fr 1 on Axyq by

(8.14) Jre1(t) = (L /L) (fe () = fulans1,5)) + felarer;) for €€ Dy
and extend it to [0, 1] by continuity. Then by the construction,

(8.15) | fer1(t) = fea ()| S L/t =] for t,t' € I, I<k+1, j=1,2,....

Finally we have

(816) |fk+1<tl,j> - fk+1<t;7j>| > Ck+1Ll d<[l,j) for [ S k -+ 1, j = 1, 2, .

where the points tj11 5, ; € lr41,5, still need to be introduced. Going down from
k to 0 with the formula (8.11) we see that fri1|lk+1,; = Lg+1follr+1, + g1 for
some 115 € R. Hence we can apply (8.2) to find t,,,; and t; ., ; so that (8.16)
holds for [ = k + 1 even with ¢ in place of ¢;1;. For I < k + 1 (8.16) follows from
(8.13) by the same argument we used for (8.10).

Note that by the construction each interval of level £+ 1 is contained in a unique
k level interval. We choose the integers N large enough so that

(8.17) d(Ii14) < (¢/16)%d(I}.;) whenever Ij,1; C Iy ;.

Let A = (), Ax. Then £([0,1] \ A) = 0. For every t € A the sequence fi(t)
converges, because, if t € I ;, then by (8.17),

|fx() = fr1()] = (1 = Li/ Lg—1) [ fr—1(t) — fr1(ar ;)| < 4/d(I1;) < 27",
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Let f =limg o fr: A — R. By (8.15) and (8.16) f has the following properties for
all 7, k,

(8.18) 1f(t) = f(t)| < Lp/|t —¥| for t,t' € Iy,
(8.19) F(tes) = P > Tele/2)\ /().

We choose the sequence (Ly) so that
(8.20) kh_)rrolo Ly, =0 and ; L} = oo.

Next we verify that if B C A is Lebesgue measurable, then

2
(8.21) / ) = Sl du = oo for almost all ¢ € B.
B |t—ul?

We shall prove this at every density point ¢ of B. There are intervals Iy, := Iy, ;, ,
k=1,2,..., such that ¢t € I for all k. Let dx = d(Iy,), tx = txj,, tp, =t} ;- Then
by (8.19) and (8.18), |f(tx) — f(t,)| > Li(c/2)V/dy and |ty — t}| > (¢/2)%dy. 1If, for
example, [ (1) — J(1)] > Lu(¢/4)y/dr, then by (8.18) |F(t) — T(u)] > Lu(e/8)v/ds
when u € I}, and |u — t;| < (¢/8)?dy. Hence there is an interval J, C I, such that
d(Jy) = (¢/8)%dy, and |f(t) — f(u)] > Lix(c/8)Vdy for u € Jy. Since L}(I41) <
(¢/16)2dy by (8.17) and ¢ is a density point of B, for sufficiently large k we have
LY BN I\ Is1) > (¢/32)%d},, which implies

[ OSSR G g
BN\ Ik q1

—a> T T((/8)2dn)?
and so by (8.20)

£ () = f(w)]” 2 116 —
/deu > ;Lk/lfi—oo.

Let £ ={(f(t),y,t): y € [0,1]"" 1t € A} = G}, with h(y,t) = (f(1),0,0). Then
F is a Borel set with 0 < H""(F) < oo. For every k, E is contained in the union
of the (n + 1, Ly,)-Lipschitz graphs G jn-1x1,,5 J = 1,2,..., 50 £ is LG (n + 1)-
rectifiable.

Now we can finish the proof. Let G = G, C P" be a regular Lipschitz (n + 1)-
graph over V x R,V € G(n,n — 1), as in (8.3) and before it:

GQ = {(p(ov y) + gb(yv t)e\/a t): (y7 t) S C}
Let e = (1,0,...,0) € R". If (f(t),y,t) € F NG, then for some y € R" 1
(f(8):y,t) = (p(0,y) + 6y’ t)ev, ) and
f(t) = ex-(p(0,¢) + 6y, tev).

For y € [0,1]" ' let E, = {t € [0,1]: (f(t),y,t) € ENG}. Then by (8.3) for almost
all y € [0,1]""! and almost all t € E,,

/ f(t) — f)l?

By |t — ul?

On the other hand, whenever £'(E,) > 0 this integral is infinite for almost all
t € E, by (8.21). Hence L'(E,) = 0 for almost all y € [0,1]""! and so, with
P(z,y,t) = (y,t), H""H(P(ENG)) = ¢(n)L"(P(E N G)) = 0 by Fubini’s theorem.
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Hence H"™(E N G) = 0, because E N G is a countable union of parabolic Lipschitz
graphs over subsets of P(ENG). O

The vertical axis is Euclidean 1-rectifiable but not parabolic 1-rectifiable, but it
has infinite H! measure. We now show that neither the Euclidean rectifiable sets
with finite parabolic Hausdorff measure need to be parabolic rectifiable.

Example 8.3. For 0 < m < n there is a compact Euclidean m-rectifiable set
E C P with 0 < HE(E) < oo and 0 < H™(E) < oo which is not parabolic
m-rectifiable.

Proof. 1 first perform the construction in P!. Let (n;) be a strictly increasing
sequence of positive integers and set Ny =ny - --ng and r, = 1/Ng for k=1,2,....
For each k partition [0, 1] into intervals Iy ; = [zg;, ki +Tk), ¢ = 1, ..., Ni, of length
1. Thus every Iy ; is partitioned into nyy; intervals [y ;. Define the line segments

Jk,i = {<x7tk,i+rk(~r—xk,i)): YIS [k,i}u 1= 17"'7Nk7 k= 1727"'7

so each Ji; has length ryy/1 + r2 and slope 7. The t;; are chosen so that ¢t;;, = 0
and for k& > 2 the left end-point of Jj; lies on Ji_; j, where Ij,; C Ij_1 ;.

Let Ry; = Ix; X [tk tei + 7“,%] Then each Rjy41; is contained in some Ry ; and
the parabolic diameter d(Ry ;) < 2rj. Define

s N
E =Rk
k=1i=1
Then 1 < HL(E) < 2and 1 < HY(E) < 2. Forany p € F and 0 < r < 1, the
projection of E'N B(p,r) on the z-axis contains an interval of length r, which implies

(8.22) HYENB(p,r)) >

If a = (o, 7) € E, then for a sequence i(k), a € Iy ), and there are 7, for which
(o, ) € Jpiry and 0 < 7y — 7 < 17y, where 117y /17 = 11 /T — 0 as k — oo.
Let pr = (zx,tx) € E with x € I ;). Then there is ¢, such that (xx,t},) € Jriw)
and 0 <t —t, < rgp1rk. Now

Tp—Q tp—T t —t Ty —o t—T Te — T
Ta,rk(pk) = < u ’ u 2 ) = (07 ‘ 2 k) + ( u ) k 2 k) + (07 b 2 ) .
Tk Tk T Tk T T

The second coordinates of the first and third term in the sum tend to zero when
k — o0o. The middle term is

Tp—a b — T Tp —Q Tp—
(e i) (a2

Suppose, for example, that there are infinitely many ki, ko, ..., such that o belongs
to the left half of Iy, ;). Then (x, — )/rk, ranges between 0 and 1/2 when wy,
ranges between a and a + 1y, /2. It follows that T, (E) converges to a closed set
which contains the segment {(y,y): 0 <y < 1/2}. Using (8.22) this implies that the
horizontal line cannot be an approximate tangent line of E at a. Neither can the
vertical line be, but this is not relevant here, since F is 1-dimensional. But for higher
dimensional modifications of the construction this should be taken into account.

Finally, to show that E is Euclidean 1-rectifiable, connect first the end-points
of the segments J;; to each other by vertical segments of length r? and then for
each £k > 2 connect the end-points of the segments Jj; to each other by vertical
segments of length ryry_; — r2. This gives curves T, of length at most 3. The limit
of them is a rectifiable curve containing £. This last argument does not work for
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higher dimensional examples, but one can also easily show that the horizontal line is
a Euclidean approximate tangent line and this can be generalized.

For general 0 < m < n, let E C P! be as above. Then {0}"™™ x [0,1]""! x E
works. I leave the routine checking to the reader. O

I only do the following example in P!, but similar examples can be given in higher
dimensions.

Example 8.4. There is a compact vertically parabolic 2-rectifiable set £ C P*
with 0 < H%(F) < oo and 0 < HL(E) < co which is not Euclidean 1-rectifiable.

Proof. Let r, > 0, k = 1,2,..., be such that r; = 1,limy .7, = 0 and
rr = nprie1 for some strictly increasing sequence of positive even integers ny. Let
No =1 and Ny, = ny - --ng for k > 1. Then rt 1 = 1/N,. We construct squares
Qri, 1 =1,..., Ny_1, with side-length r, and rectangles Ry ;, ¢ = 1,...,2Ny_4, with
side-lengths 7411 and 7y /2: starting with Q11 = [0,1] x [0, 1], Ry ; = [0, 2] x [0, 1/2],
Ryo=[1—r9,1] x [1/2,1]. We define recursively;

if Qi = @k, ki + i) X [brs, b + i), then
Ry 2i—1 = [k, @k + Tht1] X [br, Ok + 71/2],
Ry0i = [an; + T — Thg1, Qi + 73] X [bri + 75/2, b + 78]

For k > 1 the squares @); are obtained by partitioning each Rj_;; into ng_;/2
squares of side-length 7. Define

00 Nk:—l o0 2Nk:—1
E=(1U Q=1 U B
k=1 i=1 k=1 i=1

If @ € Ry, there is j # ¢ such that Ry ;U Ry ; C Bg(a,2ry). From this one easily
sees that E cannot have Euclidean approximate tangent lines at any of its points, so
it is Euclidean purely 1-unrectifiable.

The projection of E on the vertical axis is [0, 1] which implies that both H?(E)
and HL(E) are positive. For every k we have Y., dp(Qr;) = V2, from which by
Lemma 2.1 we get that these measures are finite, too.

Let m: P! — R be the projection m(z,t) = t. Then

(8.23) H*(n(F)) = H*(F) for every compact set F C FE.

The inequality H2(w(F)) < H?(F) holds, since 7 is 1-Lipschitz. To check the opposite
inequality, observe first that d(Ry;) = tx\/7/2, where limg_,o tx = 1. The intervals
m(Rg;), i = 1,...,2Ng_q, cover m(E) and they have disjoint interiors, so if ¢ > 0,
then for large enough k we can cover F' with Mj, rectangles Ry ;, ¢ € I, such that
H2(7(F)) + & > Myry,/2. Then

H*(F) < liminf > " d(Ry;)* < liminf Mytiry/2 < liminf £ (H?(x(F)) + <),

k—o0 ier k—00 k—o00

from which H2(F) < H?(n(F)) follows.

Define rectangles R; ; C Ry, so that if Ry; = I x [b,b + /2], then R}, =
I x[b+rg/2 —7’2/2, 7/2]. The sets 7(EN Ry ;) and 7(EN R}, ;) are intervals of lengths
r,/2 and r2/2, whence by (8.23) H*(E N Ry,;) = 2\/rxH*(7(E N Ry;)). Set

OOOONk

E=UUENR;,

I=1k=li=1



882 Pertti Mattila

We have for every [,

oo Ng oo Ng 0o
HE) <D Y HAENR) =YY 2ymH (ENRy) = 2/mH*(E
k=l i=1 k=l i=1 k=l

As >, /T < 00, we obtain H*(E') = 0.

Let a € E'\ E’ Then there is [ such that for every k > [, a € R}, for some iy.
Let 0 <r < 1,0 <6 < 1and let k be such that ri /5 <7 < rk/é For large enough
k, % < (r/0)? < r2/2 Then B(a,r) does not meet any other Ry, except Ry, . Let
T be the vertical axis. As 1,1 < dr, it follows that

ENnB(a,r)N{p:d(p—a,T) > or}) =

Recalling Lemma 4.2 T is the approximate tangent line of F at H? almost all points
of E and thus F is vertically parabolic 2-rectifiable. O

By Remark 3.2(2) horizontal Lipschitz graphs project to measure zero on the
t-axis. But the projection can be uncountable:

Example 8.5. For 0 < m < n there is a compact horizontally parabolic m-
rectifiable m-Lipschitz graph G C P" with H™(G) > 0 such that P(G) is an un-
countable Cantor set, where P(z,t) = t.

Proof. Let F' C [0, 1] be a compact Cantor set with £'(F”) > 0 defined as

0o 2k
= ﬂ U [li'.iv
k=1i=1
where inside each I} ; two intervals I}, ; and I;, ; are selected by deleting from
the middle of I ; an interval of length ;. Associate to these the intervals I, ; such
that d(Iy;) = d(I;,;)* and the gaps ), at the k level satisfy 7, = r}'. Let

co 2F
F= UL
k=1i=1
and define f: F" — F such that f(z) € Iy, if v € I ; . Then |f(z)— f(y)| S [z —y|*
for z,y € F'. Define g: F' — {0} x R C P! by g(x) = (0, f(z)). Then

lg(z) — g(y)]

limsup{ Cle—y| <, x,yEF’}:O.

r—0 |:p — y|

It follows that P(G,) = F and for every L > 0 G, can be expressed as the union of
finitely many horizontal (1, L)-Lipschitz graphs. Consequently G, has the required

properties when m = 1.

For m > 1 we can again take {0}"~™ x [0,1]™"! x G. O
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