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Complex flows, escape to infinity
and a question of Rubel

JAMES K. LANGLEY

Abstract. Let f be a transcendental entire function. It was shown in a previous paper (2017)
that the holomorphic flow 2 = f(z) always has infinitely many trajectories tending to infinity in
finite time. It will be proved here that such trajectories are in a certain sense rare, although an
example will be given to show that there can be uncountably many. In contrast, for the classical
antiholomorphic flow Z = f(z), such trajectories need not exist at all, although they must if f
belongs to the Eremenko—Lyubich class B. It is also shown that for transcendental entire f in
B there exists a path tending to infinity on which f and all its derivatives tend to infinity, thus
affirming a conjecture of Rubel for this class.

Kompleksiset virtaukset, pako direttémyyteen ja Rubelin kysymys

Tiivistelm&. Olkoon f transkendenttinen kokonainen funktio. Aiemmassa tutkimuksessa
(2017) osoitettiin, ettd holomorfisella virtauksella 2 = f(z) on aina &irettomén montaa rataa,
jotka lahestyvat ddrettomyyttéd darellisessa ajassa. Téssd tyossa osoitetaan, etté téllaiset radat ovat
tietyssd mielessé harvinaisia, vaikka toisaalta ndytetddn esimerkilld, ettd néita ratoja voi olla yli-
numeroituva maara. Télle vastakkainen ilmio on se, ettd klassisella antiholomorfisella virtauksella
% = f(z) tillaisia ratoja ei tarvitse olla lainkaan, paitsi siind tapauksessa, ettd f kuuluu Eremenkon-—
Lyubichin luokkaan B. Lisiksi osoitetaan, ettd transkendenttisella kokonaisella funktiolla f € B on
olemassa darettomyytta ladhestyva polku, jota pitkin sekd f ettd sen kaikki derivaatat ldhestyvat

daretontd, mikd vahvistaa Rubelin otaksuman télle funktioluokalle.

1. Introduction

The starting point of this note is the flow
(1) 2= f(»),

in which f or its conjugate f is an entire function. A trajectory for (1) is a path z(t)
in the plane with 2'(t) = f(2(¢)) € C for ¢ in some maximal interval (o, ) C R. It
was shown in [15, Theorem 5| that if f is a polynomial in z of degree n > 2 then
there exist n — 1 disjoint trajectories for (1) which tend to infinity in finite increasing
time, that is, which satisfy 8 € R and lim; ,s_ 2(¢) = co. The following theorem for
holomorphic flows with transcendental entire f was proved in [12, Theorem 1.1].

Theorem 1.1. [12] Let the function f be transcendental entire: then (1) has
infinitely many pairwise disjoint trajectories which tend to infinity in finite increasing
time.

For meromorphic functions in general, such trajectories need not exist at all
[12], but a result was also proved in [12] for the case where f is transcendental and
meromorphic in the plane and the inverse function f~! has a logarithmic singularity
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over oo: this means that there exist M > 0 and a simply connected component U of
the set {z € C: |f(2)] > M} such that U contains no poles of f and log f maps U
conformally onto the half-plane H = {v € C: Rev > log M} [3, 16]. In this case [12,
Theorem 1.2, (1) has infinitely many pairwise disjoint trajectories tending to infinity
in finite increasing time from within a neighbourhood {z € U: |f(2)| > M’ > M} of
the singularity.

On the other hand, for entire f in (1), it seems that trajectories which tend to
infinity in finite increasing time are somewhat exceptional. For the simple example
Z = —exp(—=z), it is easy to check that all trajectories satisfy exp(z(t)) = exp(z(0))—t
and so tend to infinity as ¢ increases, but take infinite time to do so unless exp(z(0))
is real and positive.

It will be shown that for transcendental entire f there is, in a certain sense, zero
probability of landing on a trajectory of (1) which tends to infinity in finite increasing
time. To state the theorem, let f be transcendental entire and let

_ [
e Fw)

Then F(z) is defined near z, and is real and increasing as z follows the trajectory
(s, (t) of (1) starting at zp. Let § be small and positive and take the pre-image Ls(zp)
of the real interval (—d,9) under the function —iF'(z); then Ls(2p) is perpendicular
to (,,(t) at zp. The proof of the following result is adapted from that of the Gross
star theorem [16, p.292|.

(2) 20 € C, f(z)#0, F(2)

Theorem 1.2. Let f be a transcendental entire function and let zy and F' be as
in (2). For small positive § let Y5 be the set of y € (—6,0) such that the trajectory
of (1) starting at F~'(iy) tends to infinity in finite increasing time. Then Y; has
Lebesgue measure 0.

Theorem 1.2 seems unlikely to be best possible, but a construction from [18|
(see §3) gives rise to a transcendental entire f for which (1) has uncountably many
trajectories tending to infinity in finite increasing time.

It seems natural to ask similar questions in respect of the antiholomorphic flow

. dz

3) = =g(),

where ¢ is a non-constant entire function. Equation (3) appears widely in textbooks
as a model for incompressible irrotational plane fluid flow [19, pp.85-86], and is
linked to (1) insofar as if f = 1/g then (3) has the same trajectories as (1), since
g = f/|f]?, although zeros of one of f and g are of course poles of the other and in
general the speeds of travel differ. The trajectories of (3) are determined by choosing
G with G'(z) = g(z) and writing

(4) v=G(2), v=g(2)z=lg(z)]" 20,

which leads to the classical fact that trajectories for (3) are level curves of Im G(z)
on which Re G(z) increases with ¢. By the maximum principle, Im G(z) cannot be
constant on a closed curve. Thus, apart from the countably many which tend to a
zero of G’ = g, all non-constant trajectories for (3) go to infinity, but how long they
take to do so is less evident.

If a non-constant trajectory I' of (3) passes from z; to z; along an arc avoiding
zeros of g, then (4) implies that Imv = [ is constant on I' and X = Rewv increases
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from X; = ReG(z1) to Xy = Re G(z2), the transit time being given by
Xo+if 1 Xo+if d 2 Xo d 2
(5) / 2dv:/ i dv:/ 1 ax.
xiis 19(2)] xy+ip |V x, [dX

Suppose that G’ = g is a polynomial of degree n > 1 in (3), (4) and (5). If S € R
and R is sufficiently large and positive then each pre-image under v = G(z) of the
half-line v = r +4S,r > R, gives a trajectory of (3) which tends to infinity, on which
(4) delivers

dt 1 C1 Co

do ~ Jg(2)F " JaPr T JofPe/e
with ¢, co positive constants. Hence (5) implies that the transit time to infinity is
finite for n > 2 and infinite for n = 1. Thus, if ¢ is a non-linear polynomial, (3)
always has uncountably many trajectories tending to infinity in finite increasing time,
but it turns out that this need not be the case for transcendental entire g.

Theorem 1.3. There exists a transcendental entire function g such that (3) has
no trajectories tending to infinity in finite increasing time.

Theorem 1.3 also marks a sharp contrast with Theorem 1.1, and its proof rests
on the following immediate consequence of a result of Barth, Brannan and Hayman
[1, Theorem 2.

Theorem 1.4. [1] There exists a transcendental entire function G such that any
unbounded connected plane set contains a sequence (w,,) tending to infinity on which
U = ReG satisfies (—1)"U(w,,) < |w,|2.

To establish Theorem 1.4, take the plane harmonic function v constructed in |1,
Theorem 2|, using ¥ (r) as given by [1, p.364]. With U = v, and V a harmonic
conjugate of U, elementary considerations show that the resulting entire function
G = U + 1V cannot be a polynomial.

On the other hand, in the presence of a logarithmic singularity of the inverse
function over infinity, trajectories of (3) tending to infinity in finite increasing time
exist in abundance.

Theorem 1.5. Let g and G be transcendental meromorphic functions in the
plane such that G’ = g and either G~ or g~! has a logarithmic singularity over co.
Then in each neighbourhood of the singularity the flow (3) has a family of pairwise
disjoint trajectories vy,Y € R, each of which tends to infinity in finite increasing
time.

Theorem 1.5 applies in particular if g or its antiderivative G is a transcendental
entire function and belongs to the Eremenko—Lyubich class B, which plays a salient
role in complex dynamics [2, 6, 17| and is defined by the property that F' € B if the
finite critical and asymptotic values of F' form a bounded set, from which it follows
that if ' € B is transcendental entire then F~! automatically has a logarithmic
singularity over oco. A specific function to which Theorem 1.5 may be applied is
g(z) = e + 1; here g is in B, but its antiderivative G is not, and this example
also gives uncountably many trajectories of (3) taking infinite time to reach infinity
through the right half-plane.

Theorem 1.5 is quite straightforward to prove when the inverse of G has a loga-
rithmic singularity over infinity, but the method turns out to have a bearing on the
following question of Rubel [7, pp. 595-596]: if f is a transcendental entire function,
must there exist a path tending to infinity on which f and its derivative f’ both
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have asymptotic value co? This problem was motivated by the classical theorem of
Iversen [16], which states that oo is an asymptotic value of every non-constant entire
function. For transcendental entire f of finite order, a strongly affirmative answer to
Rubel’s question was provided by the following result [11, Theorem 1.5].

Theorem 1.6. [11] Let the function f be transcendental and meromorphic in
the plane, of finite order of growth, and with finitely many poles. Then there exists
a path v tending to infinity such that, for each non-negative integer m and each
positive real number c,

1 (m)
o gl
z—o0z€y  log|z]

= +oo and /|f(m)(z)|_c|dz| < 4o00.
gl

For functions of infinite order, Rubel’s question appears to be difficult, although
a path satisfying (6) for m = 0 is known to exist for any transcendental entire
function f [14]. However, a direct analogue of Theorem 1.6 goes through relatively
straightforwardly for transcendental entire functions f in the Eremenko—Lyubich
class B.

Theorem 1.7. Let f be a transcendental meromorphic function in the plane
such that f~! has a logarithmic singularity over oo, and let D € R. Then there
exists a path v tending to infinity in a neighbourhood of the singularity, such that
f(2) —iD is real, positive and increasing on vy and (6) holds for each integer m > 0
and real ¢ > 0.

This paper is organised as follows: Theorem 1.2 is proved in §2, followed by an
example in §3 and the proof of Theorem 1.3 in §4. It is then convenient to give the
proof of Theorem 1.7 in §5, prior to that of Theorem 1.5 in §6.

2. Proof of Theorem 1.2

Let f, F, zy and § be as in the statement of Theorem 1.2. For y € (=4, 9) let
g(y) = F~'(iy) and let T(y) be the supremum of s > 0 such that the trajectory
Coy)(t) of (1) with (4 (0) = g(y) is defined and injective for 0 < ¢ < s. If the
trajectory (4, (t) is periodic with minimal period S, then T'(y) = S, and (4 (%)
has the same period for ¢’ close to y [4]. Furthermore, if (4, (Z) tends to infinity in
finite time then T'(y) < +oo, while if T'(y) is finite but (y)(t) is not periodic then
limgry) Gy (t) = 00 [12, Lemma 2.1|. Set

A={iy+t:ye(—0,0), 0<t<T(y)}, B={Cu(t):ye(=0,0), 0<t<T(y)}.

Then G(iy +t) = (4y)(t) is a bijection from A to B.

For u = (y)(t), where y € (=6,6) and 0 < ¢t < T(y), let o, be the subarc
of Ls(zp) from 2y to g(y) followed by the sub-trajectory of (1) from g(y) to u, and
define F' by (2) on a simply connected neighbourhood D, of ¢,. Then F maps o,
bijectively to the line segment [0,iy] followed by the line segment [iy, iy + t], and
taking a sub-domain if necessary makes it possible to assume that F' is univalent on
D,,, with inverse function defined on a neighbourhood of [iy, iy + t].

Let v’ and ¢’ be real and close to y and t respectively. Then the image under
F~! of the line segment [iy/,iy’ + t] is an injective sub-trajectory of (1) joining
g(y') € Ls(2) to F'(iy + 1) = {yun(t') = G(iy' +t'), and so T'(y’) > t'. Thus
y — T'(y) is lower semi-continuous and A is a domain, while G: A — B is analytic.
Moreover, A is simply connected, because its complement in C U {occ} is connected,
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and so is B. Furthermore, F' extends to be analytic on B, by (2) and the fact that
f#0on B, and F oG is the identity on A because F'(G(t)) =t for small positive t.

For N € (0,+00), let My be the set of all y in (=6, ) such that (4 (t) tends
to infinity and 7T'(y) < N. To prove Theorem 1.2, it suffices to show that each such
My has measure 0, and the subsequent steps will be adapted from the proof of the
Gross star theorem [16, p.292] and its extensions due to Kaplan [10]. Let Ay C B
be the image of Oy = {w € A: Rew < N} under G, let r be large and positive and
denote the circle |z| = r by S(0,7). Then S(0,7) N Ay is a union of countably many
open arcs X,.

If y € My then T(y) < N and as t — T'(y) the image z = G(iy + t) tends
to infinity in Ay and so crosses S(0,r), and hence there exists ¢ in some X, with
Im F(¢) = y, since F': B — A is the inverse of G. Thus the measure uy of My is
at most the total length s(r) of the arcs F'(X,). It follows from the Cauchy—Schwarz
inequality that, as ¢ — 400,

2
W < s(t)? = ( / |F/<tei¢>|td¢)
tel? €A N

'(te?)|? 1(4 002
< (/tei4>eAN | F'(te')] tdgb) </tew€ANtd¢) < 2mt (/tewEAN |F(te')] tdgb).

Thus puy = 0, since dividing by 27t and integrating from r to r? yields, as r — +o0,

2 1 r? ) )
Ky 08T |F'(te) 2 tdpdt < [ |F'(tei®)|*t do dt
2 '

r tet?cAn AN

= area(€Qy) < 20N. O

3. An example

Suppose that G is a locally univalent meromorphic function in the plane, whose
set of asymptotic values is an uncountable subset E of the unit circle T. Suppose
further that there exists a simply connected plane domain D, mapped univalently
onto the unit disc A by G, such that the branch ¢ of G~! mapping A to D has no
analytic extension to a neighbourhood of any g € F.

Let ' = S(G), where S is a Mobius transformation mapping A onto {w €
C: Rew < 0}, and for 5 € E let « = S(f) and let L be the half-open line segment
[@ —1,a). Then M = S7!(L) is a line segment or circular arc in A which meets
T orthogonally at 5. Moreover, ¢(M) is a level curve of Im F' in D, which cannot
tend to a simple S-point of G in C because this would imply that ¢ extends to a
neighbourhood of 8. Hence ¢(M) is a path tending to infinity in D, on which Im F'(z)
is constant and F'(z) tends to «.

Since G and F' are locally univalent, f = 1/F’ is entire. As ¢t — 0— write, on
¢(M), ] L

t , z
dZ_F<z)—f(Z)’ dt_f<z>7
so that ¢(M) is a trajectory of (1) which tends to infinity in finite increasing time,
and there exists one of these for every  in the uncountable set F.

A suitable G is furnished by a construction of Volkovyskii [5, 18], in which T\ £
is a union of disjoint open circular arcs Iy = (ag, by,), oriented counter-clockwise. For
each k, take the multi-sheeted Riemann surface onto which (ay —bre®)/(1 —e*) maps
the plane, cut it along a curve which projects to I, and glue to A that half which

F(z)=a+t,
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lies to the right as I is followed counter-clockwise. This forms a simply connected
Riemann surface R with no algebraic branch points. By [18, Theorem 17, p. 71| (see
also [5, p.6]), the I can be chosen so that R is parabolic and is thereby the image
surface of a locally univalent meromorphic function GG in the plane. U

4. Proof of Theorem 1.3

Following the notation of the introduction, suppose that v = G(z) is a transcen-
dental entire function with derivative ¢ in (3), (4) and (5).

Proposition 4.1. Let ' be a level curve tending to infinity on which Y =
ImG(z) = B € R and X = ReG(z) increases, with X > a € R, and assume that
I' meets no zero of g. Suppose that (z,) is a sequence tending to infinity on I' such
that v, = G(z,) = X,, + i3 satisfies v, = 0(|z,|)?. Then the trajectory of (3) which
follows I' takes infinite time in tending to infinity.

Here it is not assumed that X — +oco as z — oo on I'.

Proof of Proposition 4.1. It may be assumed that I' starts at z* and G(z*) =
a + 1. Denote positive constants, independent of n, by C;. Then the Cauchy-
Schwarz inequality gives, as n and z, tend to infinity,
2
dX)

Xn | dz 2 Xn | dz
2 < -~ < el
lza? < (cw/a dX' dX) _2(/a et
Xn Xn dZ 2 Xn
<5 / ax / TN ) <2l + o) /
Xn 2
< 0 (|za]?) (/ dX) .

Thus (5) shows that the transit time from z* to z, tends to infinity with n. O

dX

The assumption in Proposition 4.1 that [' meets no zero of g represents no real
restriction since if Z is a zero of g of multiplicity m > 1, then the trajectory of (3)
starting at Z is constant. Indeed, if z tends to 2 as X = ReG(z) — X then, with c;
denoting non-zero constants,

X - X =G(2)—G2) ~cy(z — 2",
@
dX

? o 1 C2 > Co
lg(2)|? | X _X‘Qm/(m-i—l) X _j("

Thus formula (5) shows that Z cannot be reached in finite (increasing or decreasing)
time. 0

Proof of Theorem 1.3. Let GG be the entire function given by Theorem 1.4, and
set g = G'. As already noted, no trajectory of (3) can pass through a zero of g, and
it takes infinite time for a trajectory to approach a zero of g. Furthermore, if T" is
a level curve, starting at z* say, on which Im G(z) is constant and U(z) = Re G(2)
increases, and on which ¢ has no zeros, then there exists a sequence z, = w,, which
tends to infinity on I' and satisfies

U(2) < U(z) < [zl %, |G (z)] < U (z)| +O(1) < |22+ O(D).

Hence T satisfies the hypotheses of Proposition 4.1. It now follows that (3) has no
trajectories tending to infinity in finite increasing time. Since time can be reversed
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for these flows by setting s = —t and dz/ds = —g(z), the same example has no
trajectories tending to infinity in finite decreasing time either. O

5. Proof of Theorem 1.7

Let f be as in the hypotheses. Then there exist M > 0 and a component U
of {z € C: |f(2)| > M} such that v = log f(2) is a conformal bijection from U to
the half-plane H given by Rev > N = log M; it may be assumed that 0 ¢ U. Let
¢ : H — U be the inverse function. If u € H then ¢ and log ¢ are univalent on the
disc |w — u| < Reu — N and so Bieberbach’s theorem and Koebe’s quarter theorem
|9, Chapter 1| imply that

- S 4 |Sw|.
¢ (u)| ~ Reu—N" |é(u)| ~— Reu— N~
Lemma 5.1. Let vy be large and positive and for 0 < k € 7Z write
_ if . T m _ f®(2) _
(8) Vk—{vo+t€ tZO, —WSGSW}, Gk(U)—W, z—¢(v).

Then there exist positive constants d and c; such that

(9) |log ¢(v)] + [log ¢/ (v)| < dlog(Rew)
asv — oo in V] and |log |Gk (v)|| < ¢xlog(Rev) as v — oo in V.

Proof. For v € V}, parametrise the straight line segment from vy to v with respect
to s = Reu. Then (9) follows from (7) and the simple estimate |du| < v/2ds. Next,

the assertion for Gy, is trivially true for k = 0, so assume that it holds for some & > 0
and write

B f(k+1)(z) B f(k)(z) . f’(z) i f(k)(Z)
Grr1(v) = f(z)  flo)  f(») " dz ( f(z) )
B . § G;c(v) _ G’k(v) G;(U)
= Gk( )Gl( ) + gb'(’l}) gb'(’l}) (1 + Gk(’l})> .

Thus it suffices to show that G} (v)/Gr(v) — 0 as as v — oo in V1. By (8) there
exists a small positive d; such that if v € Vj 4 is large then the circle |u —v| =71, =
diRew lies in Vj, and the differentiated Poisson—Jensen formula [8, p. 22| delivers

! 27 16

G(v) _ 1/ log|Gk(vfrUe )| dh -0 log(Rev) S0
Gr(v) 7/, rpet? Rew

as v — o0 in Vi4q. This proves the lemma. 0J

To establish Theorem 1.7, take any D € R. Then there exist v; € [1, +00) and a
path

FC{veC:Rev>N, |Imv|<n/4} CH
which is mapped by e to the half-line {t +iD: ¢t > v1}. Thus f(z) —iD =e” —iD
is real and positive for z on v = ¢(I'), and I" \ V} is bounded for each £ > 0. Now
write, on I,

v 1

dt  t+1iD’
Hence, for any non-negative integers k, m, Lemma 5.1 gives, as v — oo on I,
fOE)] [ f(2)G()| _ |e'Gr(v)

om - om (b(U)m

1
e’ =t+iD, s:Revzéln(tQJrDQ).

S

e
> 5?2 5 co.
- Sckerd —
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It then follows that, for ¢ > 0,

[ edsl <0 + [ e Plgwl el <o) + [ e/ta

T

400 1
=0(1)+ /Ul (12 5 DY)z dt < +o0. O

6. Proof of Theorem 1.5

Suppose first that the inverse function of the antiderivative G of g has a loga-
rithmic singularity over infinity, and take D € R. Then Theorem 1.7 may be applied
with f = G and m = ¢ = 1, giving a level curve v = ~p, lying in a neighbourhood
of the singularity, on which ImG(z) = D and ReG(z) increases. This curve is a
trajectory for (3), traversed in time

1
/—dz < /|G’(z)|1 |dz| < +o0,
5 9(2) ¥

which completes the proof in this case.
For the proof of the following lemma the reader is referred to the statement and
proof of [13, Lemma 3.1].

Lemma 6.1. [13] Let the function ¢: H — C\ {0} be analytic and univalent,
where H = {v € C: Rev > 0}, and for v,v, € H define Z(v) = Z(v,v,) by

(10)  Z(v,vy) = /v €2 (u) du = 2e"2¢ (v) — 2”2/ (vy) — 2 /v e2¢" (u) du.

V1 U1

Let € be a small positive real number. Then there exists a large positive real number
Ny, depending on € but not on ¢, with the following property.

Let vog € H be such that Sy = Revg > Ny, and define vy, vy, v3, Ko and K3 by

2jSO

T 128
Then the following two conclusions both hold:

(1) Z = Z(v,v,) satisfies, for v € Ko,

(11) Z(v,v) = /v 2 (u) du = 2e*%¢' (v)(1 + 6(v)), [6(v)] < e.

v1

. i0 . T T
+'lT0, TOZIm’Uo, Kj:{vj+T€ .TZO, —ggegg}

(il) ¥ = ¥(v,vy) = log Z(v,vy) is univalent on a domain H,, with vy € H; C Kj,
and (H,) contains the strip

1
(12) {w(vo)+a+i7: aZlogg, —27T§7'§27T}. O

Assume henceforth that g is as in the hypotheses of Theorem 1.5 and the inverse
function of ¢ has a logarithmic singularity over infinity. This time there exist M > 0
and a component C' of {z € C: |g(z)| > M} such that ¢ = logg(z) is a conformal
mapping of C onto the half-plane given by Re { > log M. Since (3) may be re-scaled
via z = Mw and ¢(z) = Mh(w), it may be assumed that M =1 and 0 ¢ C. In order
to apply Lemma 6.1, let ¢: H — C' be the inverse function z = ¢(v) of the mapping
from C' onto H given by

v=2¢=2logg(z), g(z)=e"
As in the proof of Theorem 1.7, (7) holds for u € H, with N = 0.
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By (12) there exists Xy > 0 such that Z(v,v;) maps a domain Hy C H; C K3 C
H univalently onto a half-plane Re Z > X,. Hence, for any Y; € R, there exists a

path ' which tends to infinity in Hy and is mapped by Z(v,v;) onto the half-line
Lo ={X +1iYy, X > Xy + 1}. Consider the flow in Hy given by

(13) ¢ (v)0 = el
by (11) this transforms under Z = Z(v, v;) to
. dZ
(14) Z = %v =e"2¢' ()0 = |€").

Combining (7) and (11) shows that |e’| > |Z(v)|*? for large v on I'. Hence there
exists a trajectory of (14) which starts at X+ 1+ Yy and tends to infinity along L,
in time

Ty < / —| dX <0(1) +/ (X2 +Y2)¥*dX < +oo.
Xo+1 dX Xo+1

This gives a trajectory of (13) tending to infinity along I" and taking finite time to
do so, and hence a trajectory « of (3) in C, tending to infinity in finite increasing
time. Since Yy € R may be chosen at will, this proves Theorem 1.5. U

References

[1] BarTH, K. F., D. A. BRANNAN, and W. K. HAYMAN: The growth of plane harmonic functions
along an asymptotic path. - Proc. London Math. Soc. (3) 37:2, 1978, 363—-384.

[2] BERGWEILER, W.: Iteration of meromorphic functions. - Bull. Amer. Math. Soc. 29, 1993,
151-188.

[3] BERGWEILER, W., and A. EREMENKO: On the singularities of the inverse to a meromorphic
function of finite order. - Rev. Mat. Iberoamericana 11, 1995, 355-373.

[4] BRICKMAN, L., and E. S. THOMAS: Conformal equivalence of analytic flows. - J. Differential
Equations 25:3, 1977, 310-324.

[5] EREMENKO, A.E.: Geometric theory of meromorphic functions. - Lectures at Univ. Michigan
2006, http://www.math.purdue.edu/~eremenko/dvi/mich.pdf.

[6] EREMENKO, A.E., and M.YUu. LyuBiCH: Dynamical properties of some classes of entire
functions. - Ann. Inst. Fourier Grenoble 42, 1992, 989-1020.

[7] Havin, V. P., S. V. KHRUSHCHEV, and N. K. NiIkoL’skII (Eds.): Linear and complex analysis
problem book. - Lecture Notes in Math. 1043, Springer-Verlag, Berlin-New York, 1984.

[8] HaymAN, W. K.: Meromorphic functions. - Clarendon Press, Oxford, 1964.

[9] Hayman, W. K.: Multivalent functions. 2nd edition. - Cambridge Tracts in Math. 110, Cam-
bridge Univ. Press, Cambridge 1994.

[10] KAPLAN, W.: Extensions of the Gross star theorem. - Michigan Math. J. 2, 1954, 105-108.

[11] LANGLEY, J.K.: Composite Bank-Laine functions and a question of Rubel. - Trans. Amer.
Math. Soc. 354, 2002, 1177-1191.

[12] LANGLEY, J. K.: Trajectories escaping to infinity in finite time. - Proc. Amer. Math. Soc. 145,
2017, 2107-2117.

[13] LANGLEY, J.K.: Bank-Laine functions, the Liouville transformation and the Eremenko—
Lyubich class. - J. Anal. Math. 141:1, 2020, 225-246.

[14] LeEwis, J., J. Rossi, and A. WEITSMAN: On the growth of subharmonic functions along paths.
- Ark. Mat. 22:1, 1984, 109-119.

[15] NEEDHAM, D.J., and A. C. KING: On meromorphic complex differential equations. - Dynam.
Stability Systems 9, 1994, 99-122.



894 James K. Langley

[16] NEVANLINNA, R.: Eindeutige analytische Funktionen. 2. Aufl. - Springer, Berlin, 1953.

[17] SixsmITH, D. J.: Dynamics in the Eremenko-Lyubich class. - Conform. Geom. Dyn. 22, 2018,
185-224.

[18] VoLkovyskil, L. 1.: Investigation of the type problem for a simply connected Riemann surface.
- Tr. Mat. Inst. Steklova 34, 1950, 3-171.

[19] WunscH, A.D.: Complex variables with applications. 2nd edition. - Addison-Wesley, Reading
Mass., 1994.

Received 25 July 2021 e Accepted 20 December 2021 o Published online 19 June 2022

James K. Langley

University of Nottingham

School of Mathematical Sciences
Nottingham NG7 2RD, United Kingdom
james.langley@nottingham.ac.uk



	1. Introduction
	2. Proof of Theorem 1.2
	3. An example
	4. Proof of Theorem 1.3
	5. Proof of Theorem 1.7
	6. Proof of Theorem 1.5
	References

