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On the full regularity of the free boundary for
minima of Alt—Caffarelli functionals in Orlicz spaces

J. EDERSON M. BRAGA and PATRIcIA R.P. REGIS

Abstract. In this paper, we discuss two issues about the full regularity of the free boundary
for overdetermined Bernoulli-type problems in Orlicz spaces. First, we show that in dimension
n = 2 there are no singular points on the free boundary F'(u) := d{w > 0} N Q of minimizers of the
Alt—Caffarelli functional

Tatw) = [ (GVa) + Nepuso)) do

for suitable N-functions G. Next, we prove as a consequence of our main results that there exist a
critical dimension 5 < ng < 7 and a universal constant £y € (0,1) such that if G(¢) is “cp-close” of
t2, then for 2 < n < ng, F(u) is a real analytic hypersurface.

Altin—Caffarellin funktionaalin minimoijien

vapaan reunan tiyssdinnoéllisyys Orliczin avaruuksissa

Tiivistelma. Téassd tyossa tarkastelemme kahta yliméaritettyjen Bernoullin-tyyppisten on-
gelmien vapaan reunan tayssaannollisyyttd koskevaa kysymystd Orliczin avaruuksissa. Ensinnékin
osoitamme, ettd Altin—Caffarellin funktionaalin

Tatw) = [ (G(Va) + Nepuso)) do

minimoijien vapaalla reunalla F'(u) := d{u > 0} N Q ei sopivilla N-funktioilla G ole lainkaan singu-
laarisia pisteitd ulottuvuudessa n = 2. Paatuloksemme seurauksena todistamme, ettd on olemassa
sellainen kriittinen ulottuvuus 5 < ng < 7 ja yleinen vakio gg € (0, 1), ettd F'(u) on reaalianalyytti-
nen hypertaso kaikissa ulottuvuuksissa 2 < n < ng, jos G(t) on "go-lihelld” funktiota ¢2.

1. Introduction
In [13], the authors consider the following optimization problem

(1.1) min Jg(u),

vEK,

where
Je(u) = / (G(Vu]) + Apunoy) de
Q

Q C R" (n > 2) is a smooth and bounded domain, G is a suitable N-function, A is
a positive constant, 0 < p € WHE(Q) N L>*(99Q) and K, := {v € W'¥(Q): v — ¢ €
W)}, In this work was proved that if G satisfies the Lieberman’s conditions
(see [12]), i.e,

e Primitive Condition:

(PC) G'(t) = g(t), where g € C°(]0, +00)) N C((0, 4+00));
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e Quotient Condition: for 0 < § < gy fixed constants,

tg'(t
(QQC) 0<5§Qg(t)::§<—<t>>§go, Vit>0,
then any minimizer u of (1.1) is a bounded and nonnegative function, locally Lipschitz
continuous and satisfies (in some weak sense) the following one-phase Free Boundary

Problem (FBP)
Aju=0 in{u>0}NQ,

(1.2) |[Vu| = * on F(u) :=0{u >0} N,
U= on 0,
where
Ay = div (%vu) L g=G' and HOY) = Mg(\) — GOY) = A,
u

Besides, it was shown that the free boundary F'(u) is locally of finite Hausdorff
H"1 measure, the measure-theoretic reduced boundary F(u)eq := Opeqfu > 0} N
Q) is a union of C'® hypersurfaces and the set of singular points of F(u) satisfies
H" Y F(u) \ F(u)rea) = 0 (see Theorem 1.3 of [13]). The original purpose of this
paper was to extend the free boundary theory for minimizers developed by Alt—
Caffarelli in the pioneering work [2] (the Laplacian operator) and the paper [6] (the
p-Laplacian scenario).

Among the differences observed between the results presented in [2| and the
papers [6, 13|, we can highlight that in two dimensions, if G(t) = 2, the free boundary
has no singular points (see Theorem 8.3 of [2]). Actually, it is well known that if
G(t) = t?, then the free boundary for any minimizer of (1.1) is also a full regular
surface for n = 3 and 4 (see for instance [5, 9]) and if n = 7 there exists a singular cone
ug as an absolute minimizer (see [8]). By results of Weiss [16], we also know that there
exists a critical dimension ng such that if u is a minimizer of (1.1), for G(t) = 2,
the set F'(u) is full regular since n < ng. In the case where n = ng, the singular
set F'(u) \ F(u),eq consists of at most isolated points and has Hausdorff dimension
at most n — ng, if n > ny. Particularly, we have 5 < ng < 7. Such information
reveals an interesting and curious parallel between FBPs and the theory of minimal
surfaces. For this reason, the problem of the full regularity of the free boundary of
the Bernoulli-type problem (1.2) has attracted the attention of specialists from both
areas of mathematics.

The issue about the full regularity of the free boundary for minimizers in the
p-Laplace case was investigated in [7]. In this work, the authors provided a partial
answer to this question. Precisely, they proved that in two dimensions, if u is an
absolute minimizer of (1.1), where G(t) = t*, then there exists a universal constant
0 < g9 << 1 such that if p is in the range 2 — gy < p < 0o necessarily F'(u) is fully
regular. The fundamental step to prove this result was to show that any absolute
minimizer is sufficiently close to a halfspace solution' near any free boundary point.
Very recently, a new geometric approach has been considered in [10] to study the
regularity of the free boundary in dimension two for more general weak solutions of
(1.2). These techniques work well in the presence of the finite Morse index solutions
when G(t) = t? with p > 2, and there exists the curvature measure of F'(u), and it

LA halfspace solution has the form u(z) = (z — x¢,e), for some free boundary point zy and unit
vector e.
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is nonnegative. For the general case, uniform density property on the set {u = 0}
around points of the free boundary needs to be imposed, and the set F'(u) needs to
have finitely connectivity.

The critical dimension results for the p-Laplacian operators has been considered
in [14]. Again the partial result was obtained. In fact, it was shown that if 1 < p < oo
belongs to in a small (universal) interval around 2, then the free boundary of a
minimizer in dimension 2 < n < ng is an analytic hypersurface.

In this paper, we use a similar method as in [2, 7, 14| to study the full regularity
of the free boundary for minimizers of (1.1) under Liberman’s conditions (PC) and
(QC). From now on, the minimization problem (1.1) and the Lieberman’s conditions
are associated. In this point, an important fact that should be noted in the papers
[7, 14]. In most results, arguments of compactness are crucial, especially in the ranges
p € (1,2) and p € (2 —€,2+ €). In the specific cases, the authors rely on indirect
arguments and compactness results. Unfortunately, classes of N-functions that meet
Lieberman’s conditions are weak to provide compactness (see examples in [3, 4]). As
pointed in [4], the main reason for this failure is the absence of a uniform modulus of
continuity for the quotient (),. To address this lack of compactness in more general
cases, we assume that @), satisfies the following Dini type control

(DT0) [Tl a<coma () o (1),

for a modulus of continuity w,” of @, and some functions &;: (0,00) — (0,00) (for
more details see Definition 2.1).

Inspired by works [2, 7, 14|, we provide the following improvement of the men-
tioned results above.

Theorem 1.1. Let n = 2 and u be an absolute minima of (1.1). If § > 1, then
F(u) is fully regular. For § € (0,1) we have two possibilities:

i) There exists a universal constant o € (0,1) such that if
l—o<d<go<1l+op,

then F(u) is fully regular;
ii) If additionally (), satisfies a Dini type control (DTC), then F(u) is a smooth
surface provided
1—p<d<go<oo,
for some universal (small) constant p > 0.

Indeed, we will provide a result that has a more general statement than Theo-
rem 1.1. The above theorem will be established in terms of classes of minimizers (see
Theorem 6.1).

To state our next theorem we establish the following definition.

Definition 1.1. Fixed the constants 2 < n € N, A > 0 and n € (0, 1], we define
G(n, A, n) be the set of pairs (4, go) with 0 < § < gg < oo such that any minimizer of
(1.1) with n < G(1) < ! on any open subset  C R" has no singular free boundary
points.

If we consider only N-functions G such that @), satisfies (DTC) we replace
G(n, A\, n) by Ge e,(n, A\, m). Clearly, Ge ¢,(n,A,n) € G(n,\,n), for any functions
&1, & satisfying the conditions of Definition 2.1. We know that (1,1) ¢ G(7,\,n)
and by Corollary 1.3 of [14], there exists a universal constant £y > 0 such that if
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1—e9<p<1+eg, then

(p:p) €G(n,Am), 2<n<np
Theorem 1.2. Consider the following constants 2 < n € N, 0 < §* < gj < o0,
A >0 andn € (0,1]. Then,
i) If6* = g5 and (0%,0%) € G(n, A\, n), there exists a constant gy = 0o(n, 0*,1, A) >
0 such that V (9, go) with

0" — 00 <0< go <6+ 0o,

we have (d,g0) € G(n, A\, n).
ii) If (6%, 95) € Geye,(n, A, m), there exists a universal constant pig = pio(n, 0%, g3,
n, A, &1,&) > 0 such that ¥ (6, go) with

0" —po < 0 < go < g + Ho,
holds (9, go) € Ge, ¢,(n, A, m).
The following corollary is an immediate consequence of Theorem 1.2.

Corollary 1.1. Let u be a minimizer of (1.1) in dimension 2 < n < ngy. There
exists a universal constant g = eo(n, G(1), ) € (0,1) such that if

1 —e9<d<go <1+ ey,
then the free boundary F(u) is an analytic hypersurface.

We observe that if G(t) = t? for some 1 < p < oo, then @, satisfies trivially
(DTC), in particular, Theorem 1.1 and Theorem 1.2 extend the results obtained in
[7, 14| for more general singular/degenerate elliptic equations.

2. Background results and main definitions

In this section, we present some background results that will be used throughout
the paper. In this point we remember that G is a N-function if G(t) = fotg(s)ds,
where ¢: [0,00) — R is a positive nondecreasing function such that ¢(0) = 0,
limy o0 g(f) = 00 and g is right continuous, that is, if ¢ > 0 then lims_,;; g(s) = g(?).
Basics properties and results in Orlicz Spaces theory can be found in [1|. Here we
also present part of the theory of Orlicz—Sobolev spaces and the regularity theory of
singular/degenerate elliptic equations of the type Aju = B(z,u, Vu). Some proofs
can be found in [12, 13]. Here we use freely the definitions, results, and properties of
the N-functions obtained in Section 2 of [13].

Initially, we observe that the conditions (PC) and (QC) imply the properties
below.

Lemma 2.1. Let G a N-function satisfying the conditions (PC) and (QC). Then,
for all t,s > 0:

(9 —1) min{s’, s"}g(t) < g(st) < max{s’, 5" }g(t);

-2 120 <G < g0,

(G —1) G is convex and C*(0, 00);

(G —2) %go min{s'*, sHOLG(E) < G(st) < (1 + go) max{s™®, sV G (1):
(G—3) Gla+b) <291+ g0)(Gla) + G(b)),¥ a,b > 0.
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Proof. See Lemma 1.1 of [12], Lemma 2.1 and Remark 2.2 of [13]. O
The next lemma is an important tool to prove the Theorem 1.1.

Lemma 2.2. Let G a N-function satisfying the conditions (PC) and (QC). Then,
there exists a constant Cy = Cy(0, go) > 0 such that

ﬂMD__ﬂMD’ oold=m .
’Ifl5 |77|nS ’ W+M|E nl, V&neR™

In particular, if 6 € (0,1), then

(2.3)

oD, gl [ p il
e |2 2y < g max {1, 11+ e - ol

Proof. For any (£,n) € R™ x R™ define

P 'g<|§|>g ) g(|n|)n’ wd Hen o 20EE D

§ 7] €1+ In]
In this case, it is enough to show that
_ M <C, V&4

S

Since for £ = 0 we have W(0,7) = 1, we can assume that £ # 0. Still, because ¥
is invariant by orthogonal transformations we can also assume that £ = |£|e; where
e; = (1,0,---,0) € R". Now, we notice that

(25) yelenn) = 05 (en 1),

for g(t) = g(|¢]t). In particular, if

we know that G also satisfies the conditions (PC) and (QC). By (2.5), it is sufficient
to prove that Uy (e;,n) < C. We divide the proof in two cases:

Case 1: Assume that |e; — | < 3. By mean value theorem, (QC) and (g — 1) we
get

Fy(esn) < §(1)]es — | + )5( - <|'”|'>\ )
< 3(U)fer — 0l + F)Chler — nl- Il < F1)Caler — .
Thus,

9(1)Csler —n|

(26) \Ilg (61,’/]) S 29(1 |€ ?7| < Cg.

Case 2: Suppose that |e; — | > % Since g is increasing

O+MD(()+MWD<2O+MD

< < Cy.
ler —nf-g(1+ |n]) ler — )

(2.7) Pg(er,n) <
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Combination of the estimates (2.6) and (2.7) assures (2.3). Finally, note that if
5 € (0,1), using (2.3),

g(1€ g9(n - _
e 2y < gy ma (€] + b, (6l + ) Yl =
< C-g(1) - max {1, (|| + [n)*~°}|& —nl*.
This proves (2.4). O
Now, we remember the definition of modulus of continuity. A modulus of conti-
nuity is a nondecreasing continuous function w: [0, 00) — [0, c0) where w(0) = 0 and

w(t) > 0,Vt > 0. Now, for G € G(9, g0), Q, as in (QC) and for any 0 < ! < L < o0,
we define

(28)  wit(t) =sup {|Qy(2) = Qy(y)|: I <2,y < L and |z —y| < t}.
Definition 2.1. (A Dini modulus of continuity for (),) Let G a N-function
satisfying (PC) and (QC). We say that (), satisfies a Dini type control if, for the

nondecreasing functions &;,&: (0,00) — [0,00) with lim; o+ &(¢) = 0 and any
0 <l < L < 0, the following estimate holds

(DTC) /O - @ at < C5(6,90) - & (%) & (?) |

In the sequence we present the main results about the regularity theory of weak
solutions to

Ayu=0 1in B;.

Theorem 2.1. Let G a N-function satisfying the conditions (PC) and (QC).
Suppose that

Aju(z) =0 xz € By,
in the distributional sense. Then,

i) (Harnack inequality) There exists a constant Cy; = Cy(n, 6, go) > 1 such that

supu < C inf u.
B2 31/2

ii) (Regularity) There exist constants a € (0,1) and Cy > 0 depending only on
n,d and go such that

[ullcras, ) < C2 - |ullp(sy)-
Proof. See Theorem 1.7 and Lemma 5.1 in [12] or Theorem 3.1 in [3]. O

3. Regularity and nondegeneracy of minimizers

We start this section with a definition.

Definition 3.1. Let the constants 0 < § < gg < +o0, n € (0,1], A > 0 and
xo € 0 for some open set 2 C R". We say that u € S(9, go, 1, A, xo, 2) if:

(1) There exists a N-function G satisfying the conditions (PC) and (QC) with
n<G1)<n

(2) u>01in Q and u € WY (Q) N L>=(Q);

(3) w is an absolute minimizer for (1.1) in €;

(4) o € F(u).
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If g = G' and @, satisfies (DTC), then we say that u € S¢ (0, go, 1, A, 2o, 2).
Observe still that

S§17§2 (57 go, 1, )‘7 Xy, Q) g 5(57 9o, 1, )‘7 Zo, Q)

For Q = B,(z) we use S(9, go,n, A, B,(x9)) instead S(4, go,n, A, 2, €2). Finally, if
u € S(0, go,m, A, zo, 2) for every open set 2 C R™, then u is called a global minimizer.
We denote the class of global minimizers by S(d, go, 7, A, xo, R™).

Remark 3.1. The class S(d, go,n, A, Br(z0)) enjoys the following scaling and
translating property:

u < 5(57 907777>‘aB7"(x0)) — up,a:o € S(5a 9o, 1, )\,B%(O)),

where
u(xg + pr)
Up 2o (T) = — p > 0.
More precisely, if u is an absolute minimizer of (1.1) in B;(0), then u, ,, is an abso-

lute minimizer of (1.1) in Bi(x). The same facts are true for the class S, ¢, (9, go,
A, By(o)). '

The next Theorem is a combination of the important results in [13].

Theorem 3.1. Let u € S(9, go,n, A, B1(0)). Then:

i) (Uniform Lipschitz regularity) There exists a universal constant C' = C(n, d,
90,1, A) > 0 such that

VUl LB, 500 < C.

ii) (Nondegeneracy) There exists a positive and universal constant ¢ = c(n, ¢,
go, M, A) such that

1
2 1
(/ u2daz) >c-r, D<r <-—.
B, (0) 2

iii) (Density property) There exists a universal constant co = co(n,d,go,n, A) €
(0,1) such that

[{u =0} B.(0)| 1
Cop < |BT(O)| < 1—cp, O<T<2.

Proof. Following the same strategy of [13], we observe that the proof of i) depends
in a crucial way of a variant on the Theorem 4.1 and Lemma 4.3 of [13]. Such results,
in turn, depend on the estimates in Theorem 2.1. However, we need these results
in the context of classes. Thanks to Theorem 6.1 of [3|, we obtain direct proof to i)
via Theorem 2.1. For the proof of ii), we indicate Lemma 5.1 of [13|. Finally, the
proof of iii) follows similarly as in Theorem 5.1 of [13] (see still Theorem 7.1 and
Theorem 7.2 of [3]). O

Now, we present a gradient Holder estimate for minimizers. Before, we consider
a useful remark.

Remark 3.2. (Non divergence structure of the g-Laplace operator) Denote A,(z,
Vu) = 9D 7y, In this case, we have the g-Laplace operator

[Vul
Agu = div(A,(z, Vu)).
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Thus,
Hy([¢]) - € for £ #0;
Ay(z,§) ==
0 for £ =0,

where H,(t) = @ for t > 0. We observe that for any w € C?(Q2) such that Vw # 0
the non divergence structure of the g-Laplace operator is

Ayw(x) = Hy(|Vw(z)]) Tr(A,(z) - D*w(x)) Vr € Q,
where
7 = g ([Vw(z))) wiz) -1 Vw(z) _ Vw(x) ;
A= (|G ™11 (o wac) +2) =%
In particular A, is (As, Ay, )-elliptic where As := min{1,} and Ay := max{1, go}.

Theorem 3.2. (Gradient Holder estimate) Let u € S(d, go,n, A, B1(0)). Then,
there exist positive constants C' = C(n, 6, go,n, \) and o = «(n, 0, go,n, ) < 1 such
that

1
sup |[Vu| < AN 4+Cr®, 0<r<-.
B,(0) 4

Proof. Let GG the N-function satisfying the conditions of the Definition 3.1, A* > 0
such that H(A\*) = X and ¢ € (0,1). We consider the function

v(x) = [[Vu] = (\)? — €]

By Lemma 7.4 of [13] it vanishes in a neighbourhood of the free boundary. Since
ve > 0 implies [Vu| > A*+¢ the closure of {v. > 0} is contained in {|Vu| > \*+¢/2}.
By Remark 3.2, u satisfies

Tr(A,(z) - D*u(x)) =0, Vac{|Vul >\ +¢/2}.
The proof now follows similarly as in Theorem 7.1 of [6]. U

A simple consequence of above theorem is the gradient bounds for global mini-
mizers.

Corollary 3.1. Suppose u € S(6, go,n, A, 0,R™). Then,
|Vu| <X in {u > 0}.

4. Flatness implies regularity

In this short section, we recall substantial results from [13] related to the regu-
larity of the free boundary. As in the previous section, we state the result based on
the classes of Definition 3.1. The proof can be obtained by small changes from the
corresponding results in [13]|. First, we establish a definition of the flatness class.

Definition 4.1. Let 0 < o,,0_ <1 and 7 > 0. We say that u is of the flatness
class F(o,,0_;7) in the ball B,(0) if:

1) u € 5(57 90,7, >‘7 BT(O))7

ii) u(x) =0, for x,, > oyr;

iii) u(x) > —(z, +o_r), for z, < —o_r;
)

iv) |Vu| <147, in B,(0).
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If u € Se £,(0, go,m, A, B-(0)), then we say that u is of the flatness class F, ¢, (0,
o_;7) in the ball B,.(0). We observe that more generally, changing the direction e,, by
a unit vector v and the origin by z( in the definition above, we obtain definition of the
flatness classes F(oy,0_;7) and Fg, ¢,(04,0_;7) in the ball B,(x) in the direction
v.

Lemma 4.1. (Improvement of flatness) Given u € S(4, go,n, A, B1(0)) and 6 €
(0,1), there exist positive constants gy = 0g(n, ), cg = cg(n,8) and C = C(n, 9, go)
such that

u € F(o,1;7) in Bp(0) in direction v
with 0 < 0y and 7 < 0y0?, then
u € F(f0,00;6°7) in B,(0) in direction v
for some cgp <1 < 1p and |V — v| < Co.

Proof. See Lemma 9.5 of [13]. O

Theorem 4.1. (Flatness implies regularity) Let u € S(4, go, 1, A, B1(0)). There
exist positive constants «, 3,09, T depending on n,d, gy,n and A such that if u €
F(o,1;00) in B,(0) where 0 < o0y and r < Toaém, then F(u) N B,4(0) is a C1*
surface.

Proof. See Theorem 9.3 of [13]. O

Similar theorems holds if u is of the flatness class F, ¢, (0, 1; 00) in B;(0).

5. Blowups and halfspace solutions

In the current section, we present convergence lemmas for absolute minimizers.
These results are easily applicable to blow-up sequences of minimizers. Let u a
minimum of (1.1) in B;(0) and pr — 0. We can define a blow-up sequence

u(prx
ug(z) = ( ), x € By, (0).
Pk
By previous results, we can assume that, up to a subsequence, u; is converging in
C&?(R") to a function u.. The function u., will be called the blow-up limit. This
definition can be used in classes as in Definition 3.1.

Lemma 5.1. Suppose uj, be an absolute minimizer of (1.1) in Bg, (0) for some
Ry — oo. Then, there exists a Lipschitz continuous function u., in R™ such that, up
to subsequence, for any a € (0,1),
Uy — U in CUX(RM)

loc

Vur — Vus a.e. in R™.
Moreover, uy, is a global minimizer, i.e., u is an absolute minimizer for (1.1) in Bgr(0)
for any R > 0.

The proof of Lemma 5.1 follows as in the lemma below put in the context of
classes.

Lemma 5.2. Suppose uy, € S¢, ¢,(0k, gok, 1, A, Br, (0)) where R, — co. Assume
still that there exist 0 < 0 < gy < oo such that § < 0, < go < go. Then, there
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exists a Lipschitz continuous function u., in R™ such that, up to subsequence, for
any o € (0,1),

Uy — U in CUX(R™)

loc

Vur — Vus a.e. in R"™.

Moreover, uy, € S(0, go,n, A, Br(0)), for any R > 0.

Proof. The convergences mentioned above follows similarly as in Lemma 4.1 of
[7] by using Theorem 2.1 and Theorem 3.1. We proof that us, € S(6, go,n, A, Br(0)),
for any R > 0. In fact, firstly we know that there exists ky € N such that R, > R
for any k > k. In this point, let ¢ € C§°(Bg(0)) where 0 < ¢p < 1. Then, for any
Voo With U — Vs € C§°(Bgr) we define

Uk = Voo + (1 — ) (ug — uso)-

We note that v, = u on dBg. Now, since uy € Sg, ¢, (0%, Go: ;s A, Br, (0)) there
exists GG a N-function satisfying the conditions of Definition 3.1 related to ug. In
particular,

(5.9) / (Gr(|Vur]) + AXu>0y) dz < / (Gr(IVuk]) + A {0y ) d.
Br(0) Br(0)

By Theorem 6.1 of [3] there exists a N-function G, satisfying the conditions (PC)
and (QC) such that Gy, converges to G, in C? topology on compact subsets of (0, cc)
and in the C! topology on compact subsets of [0, 00). By i) of Theorem 3.1, definition
of v, and since Vup — Vu, a.e., we conclude by dominated convergence theorem
that

/ GrllVurl)de — | Gool|Vu))
BRr(0) BRr(0)

and

/ Gr(|Vug|) de — Goo(|VUssl).
Br(0) Br(0)

Still, as
X{vp>0} = X{vee>0} T X{u<1}
we obtain by (5.9),

/ (Goo(|[Vuco|) + AXquo>0p) da
Br(0)

< / (Goo (Vo)) + AX(ume0)) d + X / X{w<1} dT-
Br(0)

BRr(0)

Now, the proof of lemma follows by choosing a sequence of functions 1 such that
[{» < 1}| — 0 and by ii) of Theorem 3.1. O

By the proof of lemma above we obtain the following corollary.

Corollary 5.1. Suppose u, € S(0k, gok, 7, A, Br,(0)) where R, — oco. Assume
still that there exist 0 < § < gy < oo such that

0 <6, <gor<go and gy—0p=o(k).
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Then, there exists a Lipschitz continuous function u., in R™ such that, up to subse-
quence, for any a € (0,1),

Up — U in CUX(R™)

loc

Vu, — Vus a.e. in R™.

Moreover, for some § < p < go, us € S(p,p,n, A, Br(0)), for any R > 0.

Lemma 5.3. (Characterization of halfspace solutions) Let u, be as in Lemma 5.1,
Lemma 5.2 or Corollary 5.1. Suppose that

Vi = A a.e. in {uy > 0}.
Then, there exists a unit vector e such that
Uoo () = N (2, €) "
for any x € R™.

Proof. The proof follows the same guide lines of Lemma 4.2 of [7| by using the
non-divergence structure of g-Laplacian operators (Remark 3.2) and iii) of Theo-
rem 3.1. U

By Remark 3.1, the three lemmas above and the Corollary 5.1 we can state the
conditions that guarantee that the blowup limit is a halfspace solution. For a proof,
we indicate Lemma 4.3 of [7].

Lemma 5.4. Let u; be as in Lemma 5.1 or Corollary 5.1 and suppose that for
some sequence ¢, — 0 we have

(1) \Vuk| S ¥ + &k in BRk;

(ii) for all 0 < r < Ry

1 [HO\) — H(| V)] dz < e

2
" JB.n{u,>0}

Then, there exists a unit vector e such that over a subsequence

up, — Nz, e)"  in CON(RM).

loc

A similar lemma holds in the context of classes. Precisely,

Lemma 5.5. Let uy, is as in Lemma 5.2 or Corollary 5.1 and suppose that for
some sequence €, — 0 we have

(1) |Vug| < X; + €k in Bp, ;

(ii) for all 0 <7 < Ry,

L (o) — H(Vu)] do < o1

2 BrN{uz>0}
where
Hi(Ar) = Agre(Ar) — Gre(Ar) = A
with g, = G} and Gy is the N-function associated with uy according to
Definition 3.1.

Then, there exists a unit vector e and a positive constant \* such that, up to a
subsequence, A}, — \* and

up, — Nz, e)"  in CO%(R").

loc



972 J. Ederson M. Braga and Patricia R. P. Regis

6. Full regularity of the free boundary

The proof of the main result will follow by three lemmas. First, we prove that
any absolute minimizer is sufficiently close to a halfspace solution in a small neigh-
bourhood of the origin.

Lemma 6.1. Let n =2, u € S(§,90,m, A, B1(0)) and 0 < §p < d < go < g§ < o0.
Then, if § > 1,
1
(6.10) lim sup —2/ [H(X*) — H(|Vul)] dz < 0.
™o T JB.n{u>0}

If 6 € (0,1) there exist a positive constants C* depending only on dy, g3,n and A, and
~v = () such that

1
(6.11) lim sup —2/ [H(X*) — H(|Vul])] do < C* - .
™NO T JB.n{u>0}

In particular, v — 0 when § /1. Moreover, the both inequalities are uniform in the

sense that for every € > 0 there exists 1o = ro(e,d) > 0 such that, for any 0 < r < 1

1 * *

> [H(\*) — H(|Vu])] de < C* -y +¢,
BrN{u>0}

where we assume v = 0 in the case 6 > 1.

Proof. Let G the N-function associated to uw by Definition 3.1. Still, consider
¥ € C57(B1(0)), ¥ = 0 and € > 0. Clearly, u. = max{u — e1,0} is an admissible
function. In particular,

Jo(u) < Ja(ue).
Thus, by above inequality, convexity of G and Aju =0 in {u > 0} we have

/ Nz < —/ G(|Vul) dz +/ G(Vua]) — G(|Vu)] da
{0<u<ey} {0<u<ey} {u>ey}

< —/ G(|Vul|) dz —/ IV G (T — V) da
{0<u<ey} fusepy | Vie|

< —/ G(|Vul) dx —/ MVUE-V(E@ZJ) dx
{0<usey} fusey) Vel

+/ g(Vu) o V(min{ey), u}) dx
B1(0)

[Vl
[ wpwas [ [Afe, s(Te)
{0<u<ey} {u>e}

|Vul |V
Since A = H(A\*) we conclude that
[ o) - BT ds
{0<u<ey}

g(|Vul) 9(|Vu|)
= /{M} {WV“ - WW} View)dr.

ws] -V (et) dw

(6.12)

We proceed with the proof by dividing it into two cases.
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Case 1: 0 > 1. By i) of Theorem 3.1 we know that there exists C' = C(n, oo, g5, 7, A) >
0 such that

u<C-r, 0<r<1/2

Thus, if we choose e = C' - r and

1 in B,(0),

(6.13) Y(z) = w in Br(0)\ B,(0),
log (1)
0 in B1(0) \ Br(0),

there exists C, = Ci(n, do, 95,1, A) > C where
max{|Vu5|, |V(e¢)|} <C. in Bi0).

Combining (2.3) of Lemma 2.2, (6.12), (¢ — 1) and (g — 2) of Lemma 2.1 we get

[ moen-aqvar<c, [ AR
{0<u<ey} {u>ey} |VU| + |VU5|

V()] da

< Cp-max {(C+C,)" 1 (C+C)" '} g(1) / IV (ev)[? da
{u>ey}

< / V() da,
{u>ey}

where Cy = Cy(dg, g3) and Cy = C1(n, by, g5, m, A) are positive constants.
Observing that B, C {0 < u < e} and by direct computation of the integral of
¥ in the ring Br(0) \ B,(0) we conclude that

1
limsup—Q/ [H(\") — H(|Vu|)] dz < Cy - limsup =0,
{0<u<ey}NB,

r—0 T r—0 lOg (%)

para some Cy > 0 with the same dependence of C;. This proves the Case 1 and
(6.10).

Case 2: § € (0,1). By using estimates (6.12) and (2.4) of the Lemma 2.2, we
obtain similarly as in the previous case

(6.14) / [H(\*) — H(|Vu|)] dz < Cyr'+?. / (V' da,
{0<u<ey} {u>ey}

for some C3 = Cs(n, do, g5, m, A) > 0. Now, putting ¢(x) = p(x/r), where

1 in B,(0),

5—1 5—1

xl~d — p 5 .
(6.15) o(x) == ||1—5£ in B,(0) \ B1(0),

0 elsewhere,

)

25 —1\"°
we remark that for 0 < r < (T) )

B}

1— )
(6.16) rito / Vo' da < 4nr? (—5) :
Br(0)\B: (0) 0
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Taking v = (1%5)6, observing that B,(0) C {0 < u < ¢} and combining (6.14) and
(6.16), we obtain that

limsup/ [H(\*) — H(|Vu|)] dz < C* -,
{u>0}NB,(0)

r—0

where C* = 47 (3. The proof is now complete. O

Lemma 6.2. Let n =2 and u an absolute minimizer of (1.1). Assume still that
0 > 1. Then, for any o > 0 there exists p = p(o,0, gy, G(1), A) > 0 such that u is of
the flatness class F'(o,1;00) in B,(0) in some direction v.

Proof. Assume that the conclusion of the lemma is not true. Then there exists
o > 0 and sequences pr — 0 and uy absolute minimizers of (1.1) in B;(0) such that
uy, is not of class F'(0,1;00) in B, (0) in any direction . Now, consider the following
rescaling

v(x) = uk(/ikx), z € B (0).

Pk

By Remark 3.1, Lemma 6.1, Theorem 3.2 and Lemma 5.4, up to subsequence, v, —
A*{x,€), uniformly on every compact subset of R?. By iii) of Theorem 3.1, we obtain
that for sufficiently large k, v, must vanish on B;(0) N {\*(z,e) < —c}. But, this
implies that vy is of the flatness class F'(o,1;00) in B1(0). In particular, uy is of the
flatness class F'(o, 1;00) in B, (0), contrary to our assumption. The proof of lemma
is complete. 0

Lemma 6.3. Let n = 2 and u € S(6, go,n, A\, B1(0)) where 6 € (0,1). For any
o > 0 there exists a small and positive constant gy = oo(o,n, A) € (0,1) such that if

1—00<d<go<1+ g0,

then w will be of the flatness class F(o,1;00) in B,(0) in some direction v and
for some radius p = p(o,n,A) > 0. For u € Sg ¢,(6, 90,7, A, B1(0)) there exists
= (o, go,m, A\, &1,&) € (0,1) such that if

1l—p<d< gy <o,

then u will be of the flatness class I, ¢,(0,1;00) in B,(0) in some direction v and
for some radius p = p(o, go,n, A, &1, &2) > 0.

Proof. We prove the case where u € S(6, go,n, A, B1(0)) the other case follows
by a similar argument. Since we expect 1 — ¢ and gy — ¢ close enough to zero, we
can choose without loss of generality that dp = 1/8 and g5 = 2 to use the Lemma
6.1. Thus, for 1/8 < 0 < go < 2 there exists r5 = 75(5) > 0 such that for any
u € S(0,90,m, A\, B1(0)) and 0 < r < rs we have

1
~ [H(N) — H(IVul)] dz < (C* +1) -7,
" JBrn{u>0}
for some constant C* > 0 depending on 7 and A. Still, 75 — 0 as § " 1. Besides, by
Theorem 3.2, we can assume that there exists €5 = £5(go, 17, A, 9) such that
|IVu| < A\*+¢e5 in B,(0),

and 5 — 0 as § /' 1. We claim that one can take ps = r? in the assertion of the
lemma. Assuming the contrary, there exist o > 0, sequences go; and d; such that

o /1 and gox — 6 = o(k),
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and u, € S(6k, gor, N, A, B1(0)) such that wj, does not belong to the flatness class
F(0,1;00) in By, (0) in any direction v. Similarly as in Lemma 5.3 of [7] we define
Uk<SL’) = M, n Bl/M(O)
Py,
Now, since we can assume that p;, — 0 as d; " 1 follows by Lemma 5.5 there exists a
unit vector e and a positive constant \* such that over a subsequence, v, — A*(x,e)
uniformly on every compact subset of R By iii) of Theorem 3.1, for k sufficiently
large,
vy =0 on {\(z,e) < —0}.

We conclude that vy, is of the flatness class F(o,1;00) in By(0). Thus, ug is of the
flatness class F'(o,1;00) in B, (0), contrary to our assumption. The proof of the
second part of the lemma is analogous to the first part. O

The proof of Theorem 1.1 is an immediate consequence of theorem below.

Theorem 6.1. Let n = 2, constants n € (0,1], A > 0 and 0 < § < gy < o0.
Consider still functions &1, &y as in Definition 2.1. If § > 1, the free boundary of any
u € S(6, go,m, A\, B1(0)) is real analytic. If 6 € (0,1) two possibilities can occur:

i) There exists a universal constant o = o(n, \) € (0, 1) such that if
l-o<d<g<1l+op,

then the free boundary of any u € S(0, go,n, A, B1(0)) is real analytic;
ii) There exists a small constant u = p(go,n, A, &1,&2) € (0,1) such that if

1l—p<d< gy <o,

then the free boundary of any u € Sg, ¢,(9, go,n, A, B1(0)) is an analytic hy-
persurface.

Proof. Suppose initially 6 > 1 and consider u € S(d, go,n, A, B1(0)). There exists
a N-function G associated to u by Definition 3.1 satisfying conditions (PC) and (QC)
and n < G(1) < ! such that u is an absolute minimizer of (1.1). By Lemma 6.2,
for any o > 0, there exists p = p(o,d, go, G(1), A) > 0 such that wu is of the flatness
class F(0,1;00) in some direction v. Thus, choosing 0 < 0 < gp and 0 < p < 7005/2
as in Theorem 4.1 we conclude that F'(u) N B,4(0) is a C* surface. The analyticity
of F(u) follows by [11]. The proof of the case § € (0, 1) follows the same guide lines

of the previous case by Lemma 6.3 and Theorem 4.1. 0

7. The critical dimension result

In the last section we establish the proof of Theorem 1.2 that will follow by two
lemmas. First, we state a Bernstein type result similarly as in the minimal surface
theory [15]. The proof is analogous to Theorem 3.1 of [14] by using Theorem 3.1,
Lemma 4.1 and Corollary 3.1.

Lemma 7.1. (Bernstein Lemma) Let u € S(4,go,7, A, 0,R"). Suppose that
(0,90) € G(n, A\,n). Then, there exists a direction e such that

u(z) = AN(x,e);, VreR™

The next lemma is the core of Theorem 1.2, and the statement and the proof
keep the same spirit of the Lemma 6.3. In fact, the proof follows by a contradiction
argument similar to Lemma 6.3, where the use of Lemma 5.4 is replaced by the use
of Lemma 7.1.
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Lemma 7.2. Consider the following constants 0 < ¢* < gj < oo, A > 0, n €
(0,1] and 2 < n € N, and some functions &;,&, as in Definition 2.1. Then, for any
o> 0,

i) If 6* = g§ and (6%, 6%) € G(n, \,n), there exist small and positive constants
00 = oo(n,0,0%,m,A\) and ry=ro(n,o,0",n,N)
such that for every u € S(9, go,n, A, B1(0)) we have
u € F(o,1;00) in B,(0) in some direction v,
provided
0" —00<0<gy<d0"4+0 and 0<r <r.
ii) If (6%, 95) € Gey 6,(n, A, 1), there exist positive constants
po = to(n,0,0%, g5,m, A\, &1,€2)  and 1o =ro(n,0,0%, g5, m, A, €1, €2)
such that for every u € Sg, ¢,(9, go,n, A, B1(0)) we have
u € F(o,1:00) in B,(0) in some direction v,
provided
0 — 1o <0 <go<gs+p and 0<r <ry.
Proof of Theorem 1.2. We prove i). The proof of ii) is analogous. For (§*,0%) €
G(n,\,n) we take (3,09 and 7y as in Theorem 4.1 and choose 0 < 01 < g¢. Now, let
00 = oo(n,01,6",m,\) and 1o =ro(n,o.,d6",n,\)
as in previous lemma. Define
r1 = min {TO,TOU€/2} .
Again by Lemma 7.2, for every u € S(4, go, 1, A, B1(0)) we have
u € F(o,1;00) in B,(0) in some direction v,
provided
0" —00<0<gy<d*+90 and 0<r<rg.

Then, by Theorem 4.1, there exists a universal a € (0, 1) such that F(u) N Bz (0)

is a C1@ surface. By results of [11] and scaling properties we conclude that (4, go) €
G(n, A, n). 8
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