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Limiting Sobolev and Hardy inequalities
on stratified homogeneous groups

JEAN VAN SCHAFTINGEN and Po-LAM YuNG

Abstract. We give a sufficient condition for limiting Sobolev and Hardy inequalities to hold
on stratified homogeneous groups. In the Euclidean case, this condition reduces to the known
cancelling necessary and sufficient condition. We obtain in particular endpoint Korn—Sobolev and
Korn—Hardy inequalities on stratified homogeneous groups.

Sobolevin ja Hardyn epiyhtilSiden rajatapaukset
kerrostuneissa homogeenisissa ryhmissa

Tiivistelma. Esitdmme riittdvin ehdon Sobolevin ja Hardyn epéyhtéloiden rajatapausten voi-
massaololle kerrostuneissa homogeenisissa ryhmissa. Euklidisessa tilanteessa tdmaé pelkistyy tunne-
tuksi riittavéksi ja vilttdmattomaksi kumoutumisehdoksi. Todistamme erityisesti Kornin—Sobolevin
ja Kornin—Hardyn epéayhtaldiden rajatapaukset kerrostuneissa homogeenisissa ryhmissa.

1. Introduction

Let n, k be positive integers with n > 2 and let V, E' be finite dimensional inner
product spaces over R. Let D be the gradient on R" and

A(D): C*(R" V) = C*(R" E)

be a (matrix-valued) homogeneous linear injectively elliptic operator of order k& with
constant coefficients—that is

A(Dyu =Y A0

|a|=k

with A, € End(V; E) where A(£) = >, —4 4a€” € End(V; E) is injective for all
¢ # 0. For such operators, while it is well-known that

(1.1) ID*ul| o vy < Coll A(D)ull Lo(we; )

for all w € C*(R™, V) and 1 < p < oo, the same inequality generally fails when
p = 1. Nevertheless, under the above conditions on A(D), the following statements
are known to be equivalent:
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(a) An endpoint Gagliardo—Nirenberg—Sobolev inequality
(1.2) D" ul| sy gy < CAD)ull 1),

holds for all uw € C>*(R™, V);
(b) An endpoint Hardy inequality
(1.3) < ClAD)ullpr ;).

H D1y,
L'(R™V)

||

holds for all uw € C*(R™, V),
(c) A(D) is canceling, that is,

N AQWV]={o}.

£eR™M\{0}

Note that if (1.1) were to hold when p = 1, then (1.2) and (1.3) would be a con-
sequence via Sobolev embedding and the Hardy inequality for the gradient on R™
respectively. The above equivalence was accomplished in a series of works originating
from sharp and delicate endpoint estimates by Bourgain and Brezis |7, 33, 8, 9, 36,
37, 10, 11, 34, 35, 38, 13]. This canceling condition also plays a role in endpoint L
estimates [26, 25, 12, 23].

In this paper, as in [39, 14|, we consider instead of the Euclidean space R™ a
stratified homogeneous group . This means that G is a connected and simply
connected real Lie group, whose Lie algebra g is nilpotent and admits a direct sum
decomposition

(1.4) 0=01DPg® Dy,

where [g;, 9;] C giy; for all 4,7 (and g,4; is understood to be zero for i + j > r);
furthermore, g, is assumed to generate g as a Lie algebra. The additive group R" is
the simplest example; all other examples are non-abelian, with the next simplest ones
being the Heisenberg groups H™ that arise in connection to several complex variables
and quantum mechanics. The Heisenberg groups are step 2 groups, meaning that r
can be taken to be 2 in (1.4); our results, on the other hand, are valid for groups of
arbitrarily high steps.

Of particular importance to us is the homogeneous dimension () of GG; it is defined
as

(1.5) Q= ZJ' - dim(g;)

and arises naturally when one computes the push-forward of the Haar measure dx
on G by an automorphic dilation (see (2.1) below). The homogeneous dimension
@ will play the role of n, in our generalization of estimates such as (1.2) to G. To
describe such a generalization, let us write X, ..., X,, for a basis of g; (in particular,
m = dim g;). Each vector X;, i = 1,...,m, gives rise to a left-invariant vector field
on (G, which by abuse of notation we also denote by X;. Let now k be a positive
integer, and Zj, be the index set {1,...,m}". For v = (v,...,7) € Ty, we write X,
for the left-invariant differential operator on G given by

(1.6) X, =X, ... X,.
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Note that X, depends on the ordering of the indices within « if the group G' is not
abelian. If AY € End(V; E) for all indices v € Zj, then

=Yy AX,,

YELy

defines a homogeneous left-invariant linear partial differential operator A(D): C*(G;
V) — C*(G; E) of order k on G from V to E with real coefficients. We are interested
in when the inequality

(1.7) 1Dl pera-n(ayy < CIIAD)ull i),

holds for such an operator A(D), for all u € C°(G; V), where D* v == (X u)ez, -
The inequality (1.7) is the natural generalization of (1.2) to stratified homogeneous
groups.

If A(D) = D, then (1.7) is an endpoint Sobolev inequality which is known to hold
[19, 18]. In the particular case, where G is a Heisenberg group, Baldi, Franchi and
Pansu have proved that (1.7) holds when A(D) is a (first- or second-order) operator of
the Rumin complex [1, 2|; their proof relies on the structure of the Rumin complex
and on a Bourgain—Brezis duality estimate on stratified homogeneous groups [14]
generalizing the Euclidean results [35, 34, 36].

Our main result asserts that for a homogeneous left-invariant linear partial dif-

ferential operator A(D): C*(G; V) — C>(G; E) of order k as above, if
(i) A(D) is maximally hypoelliptic, that is, if there exists some C' > 0 such that

ID%ull2vy < CIIA(D)ull 268
for all u € C*(G; V), and

(i) there exists a finite dimensional inner product space F', a positive integer ¢ and
some linear homogeneous left-invariant partial differential operator L(D) =
> ez, B* X\ of order £ on G from E to F (so each B* € End(E; F)) such
that the symmetrized operator Sym(L)(D) is cocanceling, that is

N {eeE Y Bl :0} = {0},

EeER™ AELy

then (1.7) holds for all u € C°(G; V) (see Theorem 4.1 below). Under the above
hypotheses (i) and (ii) on A(D), we also obtain Hardy—Sobolev inequalities of the
form

l)k Z
(1.8) H < ClJA(D)ulr(6:m)
[ LY(GV)
where [|z|| is a homogeneous norm on G and ¢ € {1,..., min{k,Q — 1}} (see Theo-

rem 5.1(a) below); when ¢ = 1 this is the analog of (1.3) on G. Similarly, if £ > @,
the same assumptions on A(D) implies the L> estimate

|1 D*Cu| vy < C|A(D)ul| )

which holds for all u € C°(G; V) (see Theorem 5.1(b) below).

When G is the Euclidean space R", both the ellipticity of A(D) and the existence
of L(D) as above are known to be necessary for (1.7) to hold (see [37]). Another
reason why the maximal hypoellipticity condition on A(D) is a natural one is because
under this condition, one has, for all u € C°(G; V) and all 1 < p < oo, that

(1.9) 1D ull oGy < Coll AD)ull o(eiry
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(see e.g. Theorem 3.3 below), which implies both

(1.10) 1Dl parr@-micvy < Cpll A(D)ul| Loc:p)
for 1 < p < @Q via Sobolev embedding, and
Dk,
(1.11) el < GollA(D)ul ey
LP(G;V)

for £ € {1,...,min{k,Q — 1}}, 1 < p < Q/¢ via Hardy’s inequality for D’. (Indeed,
if ¢ €{1,...,Q — 1}, then for every u € C°(G;R), one has

1
u(x SC’/ Du(zy™)|——=—dy
|u(z)] G| ( )I”y”Q,g

(this will follow e.g. from Theorem 3.3 below). By Ciatti, Cowling and Ricci [15,
Theorem A, one then has
u(z
Hl <o ulmen

[z LP(G;R)

for all 1 < p < @/¢ (see also Ruzhansky and Suragan [28, Theorem 7.1.1]). It follows
that if u € CX(G; V), ke N, £ € {1,...,min{k,Q — 1}} and 1 < p < Q/¢, then

k—0
T <G,

edl Lp(G;V)
which together with (1.9) implies (1.11).) The estimates (1.7) and (1.8) are then
respectively a limiting case of (1.10) and (1.11) as p — 17. It may be worth pointing
out that the maximal hypoellipticity condition on A(D) is actually equivalent (under
our other assumptions on A(D)) to a hypoellipticity condition on A*(D)A(D); see
again Theorem 3.3. It is an interesting open question whether the validity of (1.7) for
all w € C*°(G; V) implies the conditions (i) and (ii) on A(D) on a general stratified
homogeneous group G.

In order to apply our main theorems, given the operator A(D) one must con-
struct a compatible L(D) as in condition (ii) above. In Proposition 6.1 we develop
a robust way of doing so that works in many examples of interest. In particular, in
Proposition 7.2 below, we obtain the Gagliardo-Nirenberg—Sobolev type estimate

1D ull per@-niey < C Y 1 XFull e
i=1
for every u € C2°(G;R), and if k > @, we get an L™ estimate

ID*ul ey < C Y X ull 1.
i=1
We also obtain, in Theorem 7.3 below, a Korn—Sobolev type estimate

lull Leso-n(@) < C Y I1Xiu; + Xjuill .
i=1
for every u € C2°(G; g1); this Korn-Sobolev inequality was known in the Euclidean
case [30], but it seems to be new in the case of any other stratified homogeneous group.
Furthermore, certain limiting Hardy inequalities are obtained for the operators u
(XFu, ..., XFPu) and (up, ..., up) — (Xu;+ Xju;)1<i<j<m in Section 7 if G # R (i.e.
if @ > 2).
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Our proofs of the estimates rely on a representation formulas through a con-
struction of fundamental solution which extends to high-order operators the result of
Baldi, Franchi and Tesi [3]| (which is the content of Theorem 3.1, Corollary 3.2 and
Theorem 3.3 below), the Bourgain—Brezis duality estimate on stratified homogeneous
groups [14] (see Lemma 4.3 and its variant Proposition 5.2 below) and various tools
to construct L(D) (as in Proposition 6.1 and Lemma 6.2).

2. Set up and preliminaries

Let G be a stratified homogeneous group and g be its Lie algebra. The expo-
nential map = € g — exp(z) € G defines a global coordinate chart on G, and allows
one to identify G' with g; we will always use this global coordinate chart to identify
G with a Euclidean space (in particular, the identity element of G will be denoted
by 0, and G inherits the Lebesgue measure dx from the underlying Euclidean space;
note dx is then the Haar measure on G). The homogeneous dilation on G is given
by x + dyx, where

5)\33‘ = ()\.Tl, )\2.1’2, ey )\TZL’T)
if A\ >0and x = (x1,29,...,2,) € g1 D gD --- D g,; for any A > 0, 6, is an
automorphism of GG, and the pushforward of dx by 9, is
(2.1) (6x)s(dz) = \"“du,

where @) is the homogeneous dimension of G defined in (1.5). For d € R, a function
¢: G — R is said to be homogeneous of degree d whenever

¢ o 6x(z) = Ne(z)

for every x € G \ {0} and every A > 0. An example is given by the homogeneous
norm function on G, defined by

1

r - 271
L
o] = (z o )
j=1

ifr=(r1,...,2,) €Eg1 D gD - D g,; this function is homogeneous of degree 1 and
C*> on G\ {0}.

Throughout this paper, we will write X7, ..., X, for a basis of g; (in particular,
m = dim g;). Each vector X;, i = 1,...,m, gives rise to a left-invariant vector field
on G, which by abuse of notation we also denote by X;:

d

XZ' = —

ba) = &

for ¢ € C°(G;R). The vector field Xj is left-invariant because it commutes with left

translations (i.e. X;[¢(yz)] = (X;0)(yx) for any y € G and any ¢ € C*°(G;R)). We
will also denote by

o(zexp(sX;))

s=0

ng = (X1¢77Xm¢)
the subelliptic gradient of any function ¢ € C*°(G; R).
Let IN denote the set of positive integers and Ny := NU{0}. For k € N, let Ty(g1)
be the k-fold tensor product of g;. We will write Z; for the index set {1,...,m}*,
and

X=X, ® - 0X, ifyv=...,%m) €L
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so that { X}, ¢z, is a basis of Ty.(g1). One then has a linear surjection from T} (g, ), to
the vector space of all homogeneous left-invariant linear partial differential operator
of order k£ on G with real coefficients, given by

XY= X,

where X, is the differential operator defined in (1.6). The operator X, is homo-
geneous of order k, because it sends every homogeneous function in C*°(G;R) to
another homogeneous function whose degree is k lower. It is known (see e.g. [17, 6])
that if £ € Ng and f € C™(G; R) satisfies X, f = 0 for all v € Z;, then f is a poly-
nomial of z on G of non-isotropic degree less then k, i.e. f(x) is a linear combination
of

=t
where a = (q,..., ) € NI ... NO™0 — NJ™8 satisfies ||or|| < k; henceforth
lall =) jlayl.
j=1
Later we will also need right-invariant versions of Xi, ..., X,,. They are defined
by
R d
Xfol) = | slep(sXi))
s s=0

fori=1,...,m and ¢ € C*(G;R); equivalently,
Xl = X
where ¢(z) = ¢p(z~1). We write DR¢p = (XBo, ..., XE¢), and write
Xl T X

if v = (71,...,7) € Iy; it is also homogeneous of order k. If ¢ is a C*™ function on
G taking values in a real vector space, then for each kK € N and v € Z, X,¢ and
ngb are defined componentwise.

Derivatives with respect to the coordinates x on G will be denoted by 95 where
a € Ngimg is a multiindex; they are typically neither left nor right-invariant and we
will only use them in local considerations.

Let D(G) = C*(G; R) denote the space of test functions on G. Upon identifying
G with the underlying Euclidean space, D(G) is endowed with a LF-topology (strict
inductive limit of Fréchet spaces, see e.g. Rudin [27], Grubb [20]), which we recall as
follows. For any compact subset K of G, let D(K) be the set of all ¢ € D(G) with
support contained in K. D(K) is equipped with the usual Fréchet (i.e. locally convex,
metrizable and complete) topology, via a countable family of separating seminorms
{II - lemx): m € No} where

I8llene) = Y sup 07 (x)]

\Oé|§7lx€
for ¢ € D(K); here |af is the length of the multiindex o € Ndme defined by
la| = ™%, if @ = (ay,. .., Qdimg)- A sequence (¢;)ien of D(K) converges in

the topology of D(K) to some ¢ € D(K), if and only if

}ggo |¢; — @llenix) =0
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for all n € Ny; indeed, if U, . = {¢ € D(K): ||¢|lcn(x) < €} then {U,.: n € Ny, e >
0} is a local basis for the system of neighborhoods at 0 € D(K) (cf. [20, Remark
B.6]). From this it is not difficult to show that a linear functional u: D(K) — R is
continuous, if and only if there exists n € Ny and ¢ > 0 such that

[u(9)| < clldllonx)

for all ¢ € D(K); similarly, a linear operator T': D(K) — D(K) is continuous, if and
only if for any n € Ny, there exists n’ € Ny and C' > 0 such that

1T 9llcnirey < Cll@llon (1)

for all ¢ € D(K) (cf. |20, Lemma B.7]). If (K;);en is an increasing sequence of
compact subsets of G that exhaust G, then D(K;) — D(K ) is continuous whenever
i <1, and
D(G) = | D(K)
i€EN

is endowed with the direct limit topology in the category of locally convex topological
vector spaces, i.e. the finest (a.k.a. strongest) locally convex topology on D(G) so
that the inclusions D(K;) — D(G) is continuous for every i € N. This topology is
independent of the choice of the compact exhaustion of G (and finer than the topology
on D(G) inherited from the Fréchet topology of C*°(G), which we will never use).
With the topology of D(G) in place, the space D'(G) of all real distributions on G
is then defined as the space of all continuous linear functionals from D(G) to R;
as usual D'(G) is equipped with the weak™ topology. More concretely, a sequence
(¢;)jen of D(G) converges in the topology of D(G) to some ¢ € D(G), if and only if
there exists 7 € N so that ¢, ¢; are supported in K; for every j € N, and ¢; converges
to ¢ in the topology of D(K;). A linear functional u: D(G) — R is in D'(G), if and
only if for any ¢ € N, u restricts to a continuous linear functional on K;. A sequence
(uj)jen of D'(G) converges in the topology of D'(G) to some u € D'(G), if and only
if uj(¢) = u(¢) for every ¢ € D(G). Finally, a linear operator T': D(G) — D(G) is
continuous, if and only if its restriction T': D(K;) — D(G) is continuous for every
i € N (this will be the case, for instance, if T" restricts to a continuous operator from
D(K;) to D(K;) for every i € N); it then induces by duality a continuous linear
operator T*: D'(G) — D'(G), via (T*u)(¢) = u(T¢) for all ¢ € D(G).

If V is a finite dimensional inner product space over R, we write D(G;V) =
D(G) ® V (the space of V-valued test functions), and D'(G;V) = D'(G) ® V (the
space of V-valued distributions); they are isomorphic to products of finitely many
copies of D(G) and D'(G) respectively, and hence are endowed with the corresponding
topologies. The natural pairing between D(G; V') and D'(G; V') will be denoted by
(-, )v.g. Similarly we define C*(G;V) = C®(G)® V, L*(G;V) = L’(G) ® V for
1 <p<oo,and H*(G;V) = H*(G)®V for s € R with the natural H*(G; V') inner
product; also, D(K;V) :=D(K)®V if K is a compact subset of G, and D(K;V) is
endowed with the natural topology from D(K).

A distribution u € D'(G; V) is said to be homogeneous of degree d € R, whenever

wod, = st

for all s > 0; here u o §, is defined by
<u o 587 ¢>V,G = <u7 S_ng o 58*1>V,G

for all ¢ € D(G; V) and all s > 0. For instance, from now on, let § € D'(G) be the
Dirac delta at 0. Then for any multiindex o € N3™?, the distribution 926 ® v, €
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D'(G; V) is homogeneous of degree —Q) — ||| where v, is any vector in V. Later we
will need the fact that if u € D'(G; V) is supported at {0}, then u is a finite linear
combination of such 990 ® v,; in particular, if in addition u is homogeneous of some
degree d > —(@), then u = 0.

Let V, E be finite dimensional inner product spaces over R and £ € N. We will
always identify V' with its dual space V* via the inner product, and similarly for E,
so that End(V; F) = E® V. The space End(V; F) ® T(g1) can be viewed as either
the space of all linear maps from V to E whose coefficients are k tensors on g;, or
the space of all degree k tensors on g; whose coefficients are linear maps from V' to
E; we usually adopt the second point of view. The formal adjoint A*(D) of A(D) is
an operator A'(D): C*(G; E) — C*(G;V), given by

AND) =Y (A)'X!

YEL
where (A7)t € End(E; V) is the transpose of A7, and
(X“/)t = <_1)kX’Yk X

- Ay

if v = (v,...,7%) € Zy. Since AY(D): D(G;V) — D(G; E) is continuous (in fact,
AY(D): D(K;V) — D(K; E) is continuous for every compact subset K of G), we
may extend A(D) as a continuous operator A(D): D'(G;V) — D'(G; E) via

(A(D)u, dp)p.c = (u, A(D))v,c

if u e D'(G;V) and ¢ € D(G; E). The operator A(D) is said to be hypoelliptic,
whenever for any v € D'(G;V) and any open set Q@ C G, A(D)u € C*(Q; E)
implies u € C*(Q; V). Similarly, we may extend A‘(D) as a continuous operator
AYD): D'(G; E) = D'(G;V), and define what it means for A*(D) to be hypoelliptic.

Let k € Nand A € End(V; E)®@Tk(g1). Given ¢ € D(G; V') we would eventually
like to achieve two goals:

(a) solve the equation A*(D)u = 1), and
(b) recover ¥ from A(D),

both under appropriate conditions on A(D); this will be accomplished in Theorem 3.3
below. Due to the invariance of A(D) under left translations, a useful tool in achieving
these goals is convolutions on G, whose basics we review next.

First, if 1, ¢ € D(G; R) then the convolution of ¢ with ¢ is defined to be

v ola) = [ wlota) dy = [ vy ot) dy € DG
Note that if G is not abelian then generally 1 * ¢ # ¢ % 1. It is easy to check that if
1 <i < m, then

Xi(x ) =v* (Xig), X{'(Yx¢)=(X[¥)*x¢, and (Xip)*o =1 *(X'9)

for all ¢, ¢ € D(G). If v € D(G) and u € D'(G), then ¢ *x u € D'(G) is defined by
duality as

(1 u)(¢) = ul( * )
where ¢(x) == (z71). We still have
Xi(*u)=v* (Xu), XE*u)= (X )*u, and (X)) *u=1* (X u)
for ¢ € D(G) and u € D'(G).
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Now let 1 € D(G;V) and K € D'(G;End(V; E)) = D'(G; E® V). Let {v;}dmV
and {e; }?;‘?E be orthonormal bases of V' and E respectively, and write

dimV dimV dim E
=) di(x)y; and K(z)= Y > Ki(z)e; @ vi.
i=1 i=1 j=1
Then the convolution ¢ x K € D'(G; E) is defined by
dim E dim V'

VK=Y [+ Kiyle
j=1 i=1

It satisfies )
(W * I, @) p.c = (K,¢* P)pev.c
for all ® € D(G; E) where
dim V dim E
=) > [+ 0i(x))e; @v; € D(GEERV)

i=1 j=1

if P — ZdlmE ( ) e;.
To proceed further, since End(V;V) = V® V and End(V;FE) = E® V, the

operator A(D): D(G; V) — D(G; F) extends via tensor product with V' as a con-
tinuous operator A(D): D(G;End(V;V)) — D(G;End(V; E)), so that A(D)(y ®
v) = (A(D)Y) @ v if ¢ € D(G;V) and v € V; in particular, if ¢,¢ € D(G;V),
o) = T i), o) = 350" 65()v; with

dimV dim V/ ~

* Q= Z Z [1h; * ¢5]v; ® vi,

=1 j=1

then B B
A(D)[¢p* ¢] = ¢+ A(D)o.

We may then define A*(D): D'(G;End(V; E)) — D'(G;End(V;V)), so that if u €
D'(G;F) and v € V, then A (D)(u®v) = (AY(D)u) @ v. If £ € D'(G;End(V; F))
is such that
(2.2) ADK=621 onG
where ¢ is the delta function at 0 € G and [ is the identity map on V', then

A(D)[Y = K] =
for all ©» € D(G; V), because then for every ¢ € D(G; V') we have

(W * K, A(D)) g = (K, x A(D)) pevie = (K, AD)[ * @) pev.e

= (@1, Syveva = (U, O)va-

Hence our goal (a) above reduces to the construction of K € D'(G;End(V; E)) so
that (2.2) is satisfied. Indeed, under suitable hypothesis on A, we will construct some
K° € D'(G;End(V;V)) for which AY(D)A(D)K° = § ® I, and set K = A(D)K°.
The distribution K° will also allow us to construct K € D'(G; End(E; V) such that
Y — (A(D)¥) * K is in the nullspace of A*(D)A(D) for any ¢ € D(G; V). If further
k < @, we will see that ¢ — (A(D)vy) * K = 0, which achieves our goal (b) above.
Finally, for ¢ € N, a distribution I € D'(G;End(V; E)) is said to be a kernel
of type ¢, if K is homogeneous of degree ¢ —  and C* on G \ {0}. Since ¢ > 0,
necessarily such K are given by integration against an End(V; F)-valued function,
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that is homogeneous of degree ¢ — @ and C*™ on G \ {0}. Furthermore, for every
v € Iy, the map

= x X K,
initially defined for ¢y € D(G; V'), extends to a bounded linear operator from LP(G; V)
to LP(G; E) for every 1 < p < oo; this is a consequence of Calderén—Zygmund theory
on G, and follows, for instance, from Theorem 4 in [29, Chapter XIII, Section 5.3]. It
should be noted that so far we refrained from defining kernels of type ¢ when ¢ < 0; in
that case, the correct definition of a kernel of type ¢ should involve certain additional
cancellation conditions, which we will not go into.

3. A left inverse to A(D) and a right inverse to A*(D)

Our first result provides a first sufficient condition on A € End(V; E) ® Ti(g1)
under which the equation A*(D)u = 1) may be solved for every ¢ € D(G; V).

Theorem 3.1. Let k € N, V. E be finite dimensional inner product spaces
over R, and A € End(V; F) ® Tx(g1). Suppose A(D): D'(G;V) — D'(G; E) and
AYD): D'(G;E) — D'(G;V) are both hypoelliptic. Then there exists K € D'(G;
End(V; E)) such that

A DK =6®1 onG
where § is the delta function at 0 € G and [ is the identity map on V. Furthermore,
if k < @, then K is a kernel of type k; on the other hand, if k > (), then there exists
an End(V; E)-valued C* function K+, on G \ {0} that is homogeneous of degree
k — @, and a homogeneous End(V'; E)-valued polynomial P of degree k — (), such
that
K=K(x)+ P(x)log|lz|| onG

(in the sense that K is distribution given by integration against the right hand side).

The above theorem is essentially contained in Theorem 3.1(i,ii) of Baldi, Franchi
and Tesi [5] if we impose the additional hypotheses that V = E, A(D) = AY(D)
and k£ < @. Their proof, whose essence can be found in [4] and [3| and has its
roots in Folland [16, Theorem 2.1], can be extended with relatively little difficulty
to cover our slightly more general case in Theorem 3.1, where we allow possibly
V # E, A(D) # AY(D) and k > Q. We will provide a proof of Theorem 3.1 in an
Appendix. Roughly speaking, the hypoellipiticity assumption on A(D) allows for the
construction of a local right inverse of A*(D), while the hypoellipticity assumption
on A'(D) allows one to rescale the above local right inverse to A*(D) to a global right
inverse /C.

In practice, the application of Theorem 3.1 is limited by the fact that it only
applies when both A(D) and A'(D) are hypoelliptic. There are natural situations
where this assumption is not satisfied; for instance, when G = R", V =R, £ = R"
and A(D) = D the usual gradient on R", then A(D) is (hypo)elliptic, but A*(D) =
—div is not hypoelliptic when n > 2. Still we expect the equation —divu = 1 to be
solvable for all ¢» € D(G;V): one would first solve —Av = 1) and let u = Dv, and
this works because —A = A'(D)A(D). This argument gives us the following more
robust sufficient condition under which the equation A*(D)u = ¢ is solvable for all
e D(G;V):

Corollary 3.2. Let k € N, V, E be finite dimensional inner product spaces over
R, and A € End(V;E) @ Ti(g1). Suppose A'(D)A(D): D'(G;V) — D'(G;V) is
hypoelliptic. Then the conclusions of Theorem 3.1 continue to hold.
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Proof. Indeed, since A*(D)A(D) is its own formal adjoint, Theorem 3.1 implies
the existence of a fundamental solution K£° € D'(G; End(V;V)) so that

AYD)A(D)K* =5®1 on G.

It remains to observe that K == A(D)K° € D'(G; End(V; E)) satisfies the conclusions
of Theorem 3.1, by considering separately the cases 0 < k < Q/2, Q/2 < k < Q,
and £k > Q. When 0 < k < @/2, then K° is a kernel of type 2k, so A(D)K® is a
kernel of type 2k — k = k. When Q/2 < k < @, then K£° = K}, + P°(z) log ||z||
where KP. . € D'(G;End(V; E)) is homogeneous of degree 2k — ), and P°(z) is a
homogeneous End(V'; V')-valued polynomial of degree 2k — @Q < k; but K = A(D)K°
involves k homogeneous derivatives of K7 + P°(x)log||z||, so at least one of the
k derivatives must hit the log ||z|| factor in the second term in order for it to make
a non-zero contribution, transforming the second term into one that is homogeneous
of degree k — (). This shows that IC is a kernel of type k in this case. Finally, when
k> @, we still have K° = K} + P°(z)log||x||, but now that £ > @, the degree
2k — @ of the polynomial P° is at least k. As a result, the best one can get out of the
above argument is that K = Ky (z) + P(x)log ||z|| for some End(V; E)-valued C*
function K on G'\ {0} that is homogeneous of degree k — (@, and some homogeneous

End(V; E)-valued polynomial P of degree k — Q. O
To proceed further, let A € End(V; FE) ® Ty(gy) for some k£ € N. Then the
following conditions are equivalent:
(a) There exists an open set {2 C G containing 0, and some Cq > 0, such that

(3.1) 1D ull 2wy < Co [ AD)ull2Gi) + ull 2]
for all u € D(Q, V) (henceforth D¥ is a shorthand for X, for any vy € Zj).
(b) There exists some C' > 0 such that
(3.2) 1D ull 2wy < CIAD)ul| ey
for all u € D(G, V).

In fact, the first condition implies the second condition by scaling and homogeneity
of A(D), and the second condition clearly implies the first. If A(D) satisfies either
of these conditions, then A(D) is said to be mazimally hypoelliptic. 1t implies that

(3.3) |1 D*ul|r2(cvy < Co [(AY(D)A(D)u, w)v,i + |[ull r2cv)]

for all u € D(Q,V), which is sometimes described as A'(D)A(D) being mazimally
hypoelliptic of type 2 on Q (see Street [31, Section 2.4.1]), or A*(D)A(D) being
mazimally subelliptic on Q (see Baldi, Franchi, Tesi [5, Theorem 4.1]). Again we
may scale away the lower order term on the right-hand side of (3.3), and obtain

(3.4) |1 D*ul 12y < C{AY(D)A(D)u, u)yv,c

for all uw € D(G; V). It is known that via microlocalization techniques, (3.4) implies
that AY(D)A(D): D'(G;V) — D/(G;V) is hypoelliptic on G (see e.g. [31, Theo-
rem 2.4.11], [5, Theorem 4.1]). To summarize, maximal hypoellipticity of A(D)

implies the hypoellipticity of A*(D)A(D). We will see that the converse also holds,
and in fact we have the following theorem.

Theorem 3.3. Let k € N, V, E be finite dimensional inner product spaces
over R, and A € End(V; E) ® Ti(g1). Then A(D): D'(G;V) — D'(G; E) is maxi-
mally hypoelliptic, if and only if A*(D)A(D): D'(G;V) — D'(G;V) is hypoelliptic.

Furthermore, under either of these conditions, the following conclusions hold:
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(i) There exists K € D'(G;End(V; E)) such that for every ¢ € D(G; V') we have

(3.5) b = A(D)[p % K]
Furthermore, for any ¢ € Ny and any y € I, there exists K, € D'(G; End(V; E))
such that

(3.6) (X)) = AY(D)[y * K,

for every p € D(G; V). If { > k — @, then KC, is a homogeneous End(V'; E)-
valued distribution of (negative) degree k — ¢ — ), and K, agrees with a
End(V; E)-valued C* function on G \ {0}, so if further { < k, then K, is a
kernel of type k — (.

(ii) There exists K € D'(G;End(E;V)) such that for every ¢ € D(G;V) we have

(3.7) U(x) — (AD)) * K(z) = {2@) i: ; g

where in the second case p(x) is a polynomial of x whose non-isotropic degree
is at most k — ). Furthermore, for any ¢ € Ng with ¢ > k — ) and any
v € Ty, there exists K, € D'(G; End(E;V)), homogeneous of (negative) degree
k —{— @ and agrees with an End(E; V')-valued C* function on G \ {0}, such
that

(3-8) Xy = (AD)) = K,

for every ¢ € D(G; V). So if further ¢ < k, then IC, is a kernel of type k — £.
Finally, for 1 < p < oo and ¢ € D(G;V),

(3.9) D X 8llir@ry < CIAD)Y o)

YEL

This improves upon our Theorem 3.1 earlier, because if A(D) and A'(D) are
both hypoelliptic, then so is A*(D)A(D) and Theorem 3.3 applies. It also strength-
ens Theorem 3.1 of Baldi, Franchi and Tesi [5], because if V = E and A(D) = A*(D)
is hypoelliptic, then again A*(D)A(D) is hypoelliptic, and the conclusions of The-
orem 3.3 imply the conclusions (i)—(iv) of [5, Theorem 3.1]. Again we note that
we impose no upper bound assumption on the order k of the operator A(D) in our
Theorem 3.3.

Given what we have done so far, the main remaining difficulty in proving The-
orem 3.3 is in the proof of conclusion (ii). To that end, a useful tool is a clever
Liouville-type theorem from Baldi, Franchi and Tesi [5], as we will see below.

Proof of Theorem 3.3. Let A € End(V; E) ® Ty(g;) for some k € N. We have
already seen that if A(D): D'(G;V) — D'(G; E) is maximally hypoelliptic, then
AYD)A(D): D'(G;V) — D'(G; V) is hypoelliptic.

So now suppose A'(D)A(D): D'(G;V) — D'(G; V) is hypoelliptic, so that Corol-
lary 3.2 applies. We will prove the conclusions (i) and (ii). The last conclusion of (ii),
or more specifically (3.9) applied with p = 2, shows that A(D): D'(G;V) — D'(G; E)
is maximally hypoelliptic, and this will complete our proof of the present theorem.

In order to prove (i), from Corollary 3.2, we obtain some K € D'(G; End(V; E))
so that

ADK =6® 1.

As observed before, this shows 1) = AY(D)[y * K] for all ¢» € D(G; V'), which is (3.5).
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Next, let £ € Ng, v € Z,. We apply the above identity to (X,)%) in place of 1.
Then
(X)) = AYD)[[(X,)"y] * K] = A((D)[¢ * K]
where
K, = (-1)'XFK € D'(G; End(V; E)).
This proves (3.6). Now by Corollary 3.2, we may write
K= ’Chomo + P(ZL‘) log ||ZL‘||,

where Kyomo € D'(G;End(V; E)) is homogeneous of degree k — @, and P(x) is a
homogeneous End(V; E)-valued polynomial of degree £k — @ if & > @, and zero
otherwise. If ¢ > k — @, then the formula of K, shows that K, is a homogeneous
End(V; E)-valued distribution of degree k — @ — ¢. This is because at least one
of the ¢ derivatives in X must hit log [|z|| for it to give a non-zero contribution,
which transforms this factor into something homogeneous. Finally, K, agrees with
an End(V; E)-valued C* function on G \ {0}, because K is C*° away from 0 by
Corollary 3.2. Thus if further ¢ < k, then K, is a kernel of type k — £. The last
assertion in (i) is now established.

In order to prove (ii), let £° € D'(G;End(V;V)) be the distribution in the proof
of Corollary 3.2 so that

(3.10) AYD)A(D)K® =61 on G.

This K° was constructed using Theorem 3.1, with A*(D)A(D) in place of A(D) and
2k in place of k. Hence K° is C* on G \ {0}, and satisfies a pointwise bound

] B O(l) if 2k < Q,
(3.11) Ke(z) = {O(HxH%Q(l + log ||;p||)) if 2k > Q.

as ||z|| = oo. Furthermore, we may write
(3.12) K = Kiomo + P°(2) log || z],

where Ky ., € D'(G;End(V;V)) is homogeneous of degree 2k — @), and P°(x) is a
homogeneous End(V; V)-valued polynomial of degree 2k — @ if 2k > @, and zero
otherwise.

Now let A(D) =3 ., A7X, and let K € D'(G;End(E;V)) be defined by

K= (=" XIKo (A

vELy

YELK

Suppose ¥ € D(G; V). Then
(A(D)Y) * K = (A"(D)A(D)y) * K°.
As a result, if
w = — (A(D)) * K = ¢ — (AY(D)A(D)y) * K2,
then from (3.10) we have
AY(D)A(D)w = 0.
In particular, hypoellipticity of A*(D)A(D) implies that w € C*°(G; V). The point-
wise estimate for £° in (3.11) shows that, as ||z|| — oo,

~ foq) if 2k < O,
w(w) = O(|z)|#91 +log |z]))  if 2k > Q.
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In particular, w is an V-valued tempered distribution on G. Using the Liouville-
type theorem in Baldi, Franchi and Tesi [5, Proposition 3.2|, we then see that w is a
V-valued polynomial on G.

To proceed further, if £ € No, £ > k — Q and v € Zy, we claim that X ,w = 0 on
G. Indeed, then

Xyw =X — (A(D)y) * K,
where
K, =XK=(-1)" ) X,XIK(A") € D'(G;End(E;V)).
v €L

By (3.12), we then have

(3.13) K= (=18 D2 XX (Ko + P°(2) log ] ) (47"
v €Ly
However, since ¢ > k — @, this shows ICY is homogeneous of degree
2k—Q—-(U+k)=k—(—-0Q<0.

This is because when ¢ > k — @), we have ¢ + k > 2k — (), so at least one of
the £ + k derivatives in X, X! must hit the factor log [|z| in (3.13) for it to give
a non-zero contribution, making the term homogeneous. Furthermore, ICY agrees
with an End(E; V)-valued C* function on G\ {0}. Since ¢ € D(G; V), we see that
(A(D)Y) * K (x) = 0 as x — oo. Thus X, w(z) — 0 as ||z|| = oo as well, and from

the fact that w is a polynomial, our claim X,w = 0 follows.
If now k£ < @), we apply the above claim with ¢ = 0, and see that w = 0, i.e.

v — (A(D)Y) *« I = 0.
If £ > @, we apply the above claim with ¢ = k — @ + 1, and see that w = ¢ —
(A(D)1) * K is a V-valued polynomial whose non-isotropic degree is < k — Q. This
establishes (3.7).

If ¢ > k—Q and v € Z,, applying X, to both sides of (3.7), we see that
X, = (A(D)4)*K,, where as in the above, K, := X, K. Indeed all desired properties
of /@ have already been established above. This establishes (3.8).

Finally, if v = (v1,...,7) € Ty, then K, = X%Ie(v2 ,,,,, w) 1s a left-invariant

derivative of a kernel of type 1. Together with (3.8), this implies (3.9), as we have
seen towards the end of the last section. O

We finish this section with some examples of maximally hypoelliptic operators

on G.

Example 3.1. (Subelliptic gradient) Let V =R, F = g} and e!,..., ™ be the
basis of £ dual to Xq,...,X,,. Let A € End(V; F) ® T1(g1) be such that
(3.14) ADu= > Xué

1<j<m

if u e D'(G;V). Then A(D): D'(G;R) — D'(G; g7) is obviously maximally hypoel-
liptic.

Example 3.2. More generally, let k e N,V =R, E =g} and A € End(V; E)®
Tr(g1) be such that

(3.15) ADyu= > Xfue

1<j<m
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if w € D'(G;V). (This generalizes the previous example, which is the case k = 1.)
We will show that A(D): D'(G;R) — D'(G; g}) is maximally hypoelliptic.
To see this, note that A*(D)A(D): D'(G;R) — D'(G; R) is given by

AYD)AD)u= (XP*+ -+ XX, ueD(G;R)

which is hypoelliptic by a theorem of Helffer and Nourrigat [21] (see also Melin [24]).
Indeed, as in Folland and Stein [17, (4.20)], suppose 7 is an irreducible (complex)
representation of (G, which determines a representation dm of the Lie algebra g as
skew-Hermitian operators on S;. Then dr extends to a representation of T} (g) (still
denoted dr) as operators acting on S, and if dr(X2 + .- + X2*)v = 0 for some
v € S;, then

0= (dr(XP*+ -+ X2, 0) = Y (dn(X)Fv, dr(X;) )
i=1
so dm(X;)*v = 0 for 1 < i < m. It follows that whenever ¢ € N and 2° > k,
then dr(X;)*v = 0 for 1 < ¢ < m. A similar argument as above then shows

that dn(X;)v = 0 for 1 < i < m. Since Xj,..., X,, generates g, this shows that
dr(X)v = 0 for all X € g, so either 7 is the trivial representation, or v = 0. This
verifies what is called the Rockland condition, and the aforementioned theorem of
Helffer and Nourrigat implies that X% + - .- + X2* is hypoelliptic. It follows now
from our Theorem 3.3 that A(D) given by (3.15) is also maximally hypoelliptic.

Example 3.3. (Korn-Sobolev) Let V = g1, E = S3(g1) the subspace of all
symmetric tensors in Th(g;) and e', ..., €™ be a basis of V. Write ¢” as a shorthand
for Sym(e’ @ €7), so that {€”}1<;<j<m is a basis for E. Let A € End(V; F) ® Ti(g1)
be the Korn operator

A(D)u = Z (XZU] + Xjul-)eij
1<i<j<m

ifu=732_cpnue € D'(G;V). We will show that A(D): D'(G;R) — D'(G; Sa(g1))
is maximally hypoelliptic.

Fix 1 <i < j <m, and let u € D(G;V). We want to estimate || X;u;||.2(q)
in terms of |A(D)ul|r2;p). But pick & = 2r where r is the step of the group G
(so that g, # {0} in (1.4)); we assume r > 2 for otherwise we are in the Euclidean
situation and the ellipticity of A(D) is well-known. We will express (X} X;u;)1<o<m
in terms of order k derivatives of A(D)u. A tool that comes in handy is the following
observation: for 1 < ¢,/ < m and s € N,

X2 0Xp €051 +8:s0X0+ - +01 @ X

which can be proved easily using induction on s; indeed,

X; Xy = (;) (ad X,)*(Xp) + G) (ad X,)* 1 (Xp) X0 + . ..

+ (8 ° 1) (ad X0)(Xp) X2 + (i) Xo X

which is a general identity that holds in all associative algebras. Since g,.; = {0},
this shows

(316) XZX(/ = C&gl(D)Xg where C&zl € gr + gr—1 X Xz + -+ g1 X X?(T_l).
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Recall we fixed 1 < i < 57 < m, and wrote k = 2r. Let now 1 </ < m. We will
express X/ (X;u;) in terms of order k derivatives of A(D)u.

Case 1: ¢/ = j. Then
Xy (Xiuy) = X7 (Xiuy) = Cj4(D)(Xjuy)
by (3.16), so
(3.17) X7 (Xiuy) = X[ Cj4(D)(Xjuy).
Case 2: ¢ = 4. Then
Xy (Xiuy) = X{ (Xpuy) = X{ (Xouy + Xju;) — Xi Xju;
= Xi (Xiu; + Xju;) — Ci (D) (Xiu;)
by (3.16), so
(3.18) X7 (Xouy) = X7 (Xguy + Xjug) — X[ Ci (D) (Xuy).
Case 3: 1 </ <m, ¢ +#inorj. Then by (3.16),
XZ(XZUJ) = C&Z‘(D)(Xguj‘) = CAZ'(D)(XKUJ‘ + XjUg) — CAZ'(D)X]‘UK.

But
X;Coi(D) = C’M(D)XZ for some éz,z‘ €gr+o 10X+ +h® Xf)(r_l).
As a result,

Xf(Xlu]) = XZC&Z(D)(X@U] -+ XjUg) — ég,i(D)XZXjUg
which in light of (3.16) gives
(319) XE(XZUJ) = X;C&Z(D)(Xguj + XjUg) — égJ(D)Cg,j(D)(XgUg).
Now since dim g; > 2 and dimg; > 1 for 2 < 57 <r, we have

! ! r24r+4+2
=S j.dimg; >2+) j=— ">
Q ;] g; > ]Z;] 5 >

with a strict inequality unless both r = 2 and dimg; = 2. If Q > 2r = k, then
using the ellipticity of u — (XFu,..., X*u) as in Example 3.2, and using (3.7) in
Theorem 3.3, we conclude the existence of Ky, ..., Km € D (G;R), each a kernel of
type k, such that

=1
But using (3.17), (3.18) and (3.19), we have expressed X} X;u; as a derivative of order
k of components of A(D)u. As a result, we may express X,;u; as the convolution of
A(D)u with the order k derivative of a kernel of type k. As observed at the end of
the last section, this shows
dim V'

(3.20) > I Xsull 2@y < IIAD)ul|26:m)-
=1

On the other hand, if indeed r = 2 and dim g; = 2, then ) = 4 and we didn’t have
Case 3 above. So we may express (X7(X;u;), X3(X;u;)) in terms of second order
derivatives of A(D)u, which then allows us to express X;u; as the convolution of
A(D)u with the second order derivative of a kernel of type 2. Hence (3.20) also holds
in this case, and this completes our proof of the maximal hypoellipticity of A(D).
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4. L' estimates

In this section we prove L! estimates for certain A(D) satisfying the conditions of
Theorem 3.3. To set up some notations, let Sy(g;) be the subspace of all symmetric
tensors in Ty(g;). There is a symmetrization map Sym: 7;(g1) — Se(g1), which is a
linear surjection given by

f' Z o(A) A€y,

oc€Sy
where Sy is the symmetric group on ¢ elements, and o(\) = (Asq),. .., As(p)) if
A=(1,..., ) €Zyand o € Sp. Let I, .= {f = (P1,...,0m) € NJ': | 5| = £} for the
set of all multiindices of length ¢. For A\ € Z, and 8 € I, we will write § = Sym(\)
if for 1 <7 < m, B; is the number of indices among A, ..., A\, that is equal to j. If
B € I, it will also be convenient to write

X% = Sym(X?)
where A is any element in Z, with Sym(\) = 3. Note that S;(g;) is isomorphic to the
vector space of all commutative homogeneous polynomials of £ = (&,...,&,) € R™
of degree ¢ with real coefficients, via the map
X e? pel

where €8 .= ¢ . &b for B € I,
Let now F' be a finite dimensional inner product space over R. The sym-
metrizaiton map Sym: Ty(g;) — S¢(g1) extends to a linear map
Sym: End(E; F)) ® Ti(g1) — End(E; F) ® Si(g1);

more explicitly, for L € End(E; F) @ Ty(g1), if L = Y,z B*X} where each B* €
End(E; F'), we have

Sym(L) = Y B*Sym(X}) =) ByX®’
AEZLy Bel,
where
Bg = Z B* for each 8 € I,.

AEZy: Sym(A)=0
As before, we may associate to each such Sym(L) a homogeneous left-invariant linear
partial differential operator Sym(L)(D) of order ¢ on G. Moreover, by identifying

Se(g1) with the space of all commutative homogeneous degree ¢ polynomials on R™,
we may identify Sym(L) € End(FE; F) ® Sg(gl) with

(4.1) Sym(L)(€) = > Bse”.
Bel,
This polynomial in ¢ is usually called the symbol of Sym(L)(D); we say Sym(L)(D)
is cocanceling, if and only if
M ker Sym(L)(€) = {0}.
£eR™
This is the same as saying that

ﬂ ker By = {0},

BEIL,
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if Sym(L)(€) is as in (4.1); this follows, for instance, from a variant of the proof of
Lemma 6.2 below.
One of our main results is as follows.

Theorem 4.1. Let k € N, let V| E be finite dimensional inner product spaces
over R, and let A € End(V; E) ® Ty(g1). Suppose A(D) is maximally hypoelliptic.
Assume there exist L € End(FE; F) ® Ty(g1) for some finite dimensional real inner
product space F' and some ¢ € N, such that

L(D)o A(D) =0,
and that Sym(L)(D) is cocanceling. Then for any v € I, we have

X0l g, ) < ClADr

for all u € C*(G; V).

The proof of Theorem 4.1 depends on Theorem 3.3(i), as well as the following
proposition, in the spirit of [37]:

Proposition 4.2. Suppose L € End(E; F) ® Ty(g1), such that Sym(L)(D) is
cocanceling. Suppose f € C*(G; E) is such that L(D)f = 0. Then for any ¢ €

CX(G; E),
/ (. 6)e
G

To prove Proposition 4.2, we need Theorem 5.3 of [14] (see also [34, 36] for its
Euclidean precedent). We reformulate it as follows:

S [ llzvemll Dol Le k).

Lemma 4.3. Suppose f € C*(G;T,(g1)) is given by
F=Y X3
AEZy
where each f* € C*°(G;R). Assume that

d Xur=o

AELy
Then for any ¢ € C°(G; Si(g1)), we have

/G (f, o)1)

where (-, -)1,(g;) 15 an inner product on the inner product space Ty(g:).

S Ml @ron Dol a@:s, @)

The above lemma easily generalizes to the situation where f and ¢ takes value
in FF®Ty(g1) and F @ Sy(g1) for some finite dimensional inner product space F over
R. More precisely, we will need the following corollary of Lemma 4.3:

Corollary 4.4. Let F' be a finite dimensional inner product space over R. Sup-
pose f =3 1, XY € C*(G; F @ Ty(g1)) is such that

> Xafr=0

ANELy

componentwise. Then for any B € I, and any ¢ € C®°(G; F'), we have

/G o ove| < S 1 Fslloncm | DOl o

BEI,
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where (-, ) is an inner product on the inner product space F. Here
fo= >t
AEZy: Sym(A)=p

Proof. Tt suffices to take v = 37\ 7 . gomo—p @Xs € C=(G;Si(g1)) and apply
Lemma 4.3 to each F-component. 0

Proof of Proposition 4.2.  Let L = Y, B*XY € End(E; F) ® Ty(g1), and
Sym(L)(§) = > _sey, Bse?. Since Sym(L)(D) is cocanceling, the map

e > (Bs(e))per,

is an injective linear map from E to F'N where N is the number of elements in ;.
This map has a left inverse, i.e. for every 8 € I, there exists a linear map Cs: ' = E

such that
e = Z Cgége
Bel,
for all e € E. It follows that for any f € C*(G; E), we have
f(z) =) CsBsf(x)
Bel,
for all z € G. Now

(f,8)e =D (Bsf, Cso)r,

BEL
where C5: E'— F is the adjoint to Cs. The condition L(D)f = 0 guarantees that
> X\BM =0.

AELy

Thus Corollary 4.4 applies, and we obtain the bound

\ [ Bs5.C3005| S 1l Do
G

for all 5 € I,. Summing over 3 gives the desired estimate for [, Af, D) e O
We may now prove Theorem 4.1.

Proof of Theorem 4.1. By Theorem 3.3(i), for any v € Z;_;, and any ¢ €
C>*(G; V), we have

Xé@b = AY(D)[y x K]

where K, is a End(V; E)-valued kernel of type 1. Hence for any u € C*(G; V), we
have

(Xyu, ¥)r2yvy = (A(D)u, ¥ * Ky) 126)
We may then apply Proposition 4.2 to f = A(D)u and ¢ = 1 x IC,. Since there
exists L € End(E; F') ® Se(g1), such that L(D) o A(D) = 0, and that Sym(L)(D) is
cocanceling, the above gives
(X, 9) r2a) | < CIAD)ull s 1D Kyl ey
< CllAD)ull @p 1Yl Loy O
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5. Hardy inequalities
In this section we prove certain Hardy inequalities under the same assumptions
as in Theorem 4.1, in the spirit of [13].

Theorem 5.1. Let k € N, let V| E be finite dimensional inner product spaces
over R, and let A € End(V; F) ® Ty(g1). Suppose A(D) is maximally hypoelliptic.
Assume there exists L € End(F; F') ® Ty(g1) for some finite dimensional real inner
product space F' and some ¢ € N, such that

L(D)o A(D) =0,
and that Sym(L)(D) is cocanceling. Then
(a) for any ¢ € {1,...,min{k,Q — 1}}, and any p € [1, %), we have

0 k-t p dz "7
([ G- 10 sty 255} < DIl

for all w € C°(G;V); furthermore,
(b) if k > @, then

1D ul|p=(cvy < CIAD)ullpesm)
for all u € C*(G; V).
The proof relies on Theorem 3.3(ii), as well as the following proposition:

Proposition 5.2. Let E, F be finite dimensional inner product spaces over R,
and ¢ € N. Suppose L € End(E; F) ® Ty(g1), such that Sym(L)(D) is cocanceling.
Suppose f € C*(G; E) is such that L(D)f = 0. Then for any ¢ € C>*(G, E), we

have
JRXr

The key here is that the sum on the right hand side begins with j = 1 (instead
of j =0).
Proof of Proposition 5.2.  Let L = Y, B*XY € End(E; F) ® Ty(g1), and

Sym(L)(§) = > sep, BseP. Since Sym(L)(D) is cocanceling, we may construct, as in
the proof of Proposition 4.2, a linear map Cyz: F' — E for every 8 € I, such that

€ = Z C'ﬁf?ge

BEIL,

l
> /G (@)l D () 2l d.

for all e € E. Now write 2? for " ... zP for 8 € I,. Then
1 %
aLt(D)(ﬂfﬁ) = B3

for all 5 € I, so

o) = L'(D)Y

|
BEL A
for all € G. Plugging this back into [,(f,¢)g, and noting that L(D)f = 0, we

have
G

(27Cho(x)) + O <Z IISUIIjIchb(x)IE)

J=1

l
<oy /G @)D 6(@) )z de.
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as desired. O

Proof of Theorem 5.1.  For (a), first let £ € {1,..., min{k,Q — 1}} so that
k—Q < k—{ < k. By Theorem 3.3(ii), for any v € Z_, and any u € C*(G;V),
we have

Xu(x) = /G Ko (v~ 0)[A(D)ul (y) dy

for all 2 € G, where K, is an End(E; V)-valued function, that is C*> on G'\ {0} and
homogeneous of degree k — @ — (k —{) = —(Q — ¢). Let p € C°(R;R) be a cut-off
function, so that p(t) = 1 for |t| < 1/4, and p(t) = 0 for |t| > 1/2. We then have
Xyu(x) =1(x) + II(z), where

and

To estimate I(x), since L(D) o A(D) = 0 and Sym(L)(D) is cocanceling, we may

then apply Proposition 5.2 to f(y) = [A(D)ul(y) and ¢(y) = p <%) K, (z). Hence

Since p > 1, from Minkowski inequality, it follows that

» » dx 1/p
(5.1) ([ Qe mon)y 55) - < clamlun,

Next,

e s (HAD) e dy

x||@-¢
. / =™ A DY) dy.

lyizlzl [y~ el @t

Since p € [1, &), from Minkowski inequality again, it follows that

dz \'*
z||@* x) |y b < Ul 1(cE)-
52) ([ Qe imon) 1555) - < ClADulues

Combining (5.1) and (5.2), we get the desired conclusion in part (a).
For (b), note that

DF 9y (0) = —/ ka_Qu(éAxo) A
0

for any zy € G with ||z¢|| = 1. Hence

| DF=Cu(0)]y < / > N DI DR Qu(dyo) v dA
for any such z(. Integrating over all such xy, we see that
@@=y (x)|y

k—
IDu(0 <0/Z'D =
k=
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Hence by part (a) above (with p = 1), we have
DM 2u(0)]v < AD)ullzr i),
proving part (b). O

6. Construction of a compatible L(D)

In applying Theorem 4.1 and Theorem 5.1, we need to find some L(D) such that
L(D) o A(D) = 0 and that Sym(L)(D) is cocanceling. In that regard, we remark
that the left-invariant differential operators on G form a left Noetherian ring [22,
Proposition 3.27 and Problems 3.11-3.13], and the left-invariant differential operators
K(D): C*(G; E) — C*(G;R) such that

K(D)o A(D) = 0

form a left module over this left Noetherian ring. Hence by a non-commutative ver-
sion of the Hilbert basis theorem, this module is finitely left-generated. Let us think
of each K (D) in this module as a row vector, multiplying the matrix A(D) on the
left, and let L(D) be a matrix of left-invariant differential operators so that the rows
generate this module. By multiplying some further left-invariant differential opera-
tors, we can make L(D) a homogeneous operator while maintaining L(D)oA(D) = 0.
The question is then whether one can find such an L(D) such that Sym(L)(D) is
cocanceling. Below we develop a robust way that works for our examples of interest.

Proposition 6.1. Suppose Ly € End(E; F') ® Ty(g1), and suppose Sym(Lg)(D)
is cocanceling. Let M € End(F; W) ® Ty(g1) for some finite dimensional real inner

product space W and some ¢’ € N. If there exists & € R™ such that Sym(M)(&) is
injective, then Sym(M o Ly)(D) is cocanceling.

Here
(MoLo)= 3" > (Mo Lj)X5® X7 € End(B;W) ® Trre (1),
Y €Ly vEL,
if M =3, M'X5 and Ly = 3 7 LiXS.

The point of this proposition is that given A(D), typically it is not too difficult, by
looking at the Euclidean analog for instance, to come up with an Ly € End(E; F') ®
Ty(g1) with Sym(Lg)(D) cocanceling such that Lo(D) o A(D) is almost zero (in the
sense that it involves a lot of commutators). We will then apply some M (D) that
satisfies the conditions of Proposition 6.1, to the composition Ly(D) o A(D), hoping
that we have

(Mo Ly— N)(D)o A(D) =0

for some N(D) with Sym(N)(D) = 0. Then we may apply Theorem 4.1 and The-
orem 5.1 with L(D) = (M o Ly — N)(D), because Proposition 6.1 guarantees that
Sym(L)(D) = 0. See examples in Section 7.

The proof of Proposition 6.1 relies on the following lemma:

Lemma 6.2. Suppose L € End(E; F)®Ty(g1). Then Sym(L)(D) is cocanceling,
if and only if
(M) er Sym(L)(€) = {0}
ceU
for any non-empty open subset U of R™.



Limiting Sobolev and Hardy inequalities on stratified homogeneous groups 1087

Proof. Suppose Sym(L)(D) is cocanceling, and U is a non-empty open subset of
R™. Then there exist vectors vy,...,v,1¢-1 € R™ such that the following holds:

(i) any m distinct vectors from vy, ..., Vo1 are linearly independent;
(ii) for any set S of ¢ distinct vectors from vy, ..., Vi1, the orthogonal com-
plement of the m — 1 vectors in {vy,...,vy10-1} \ S contains some &g € U.

Let A be the collection of all sets of ¢ distinct vectors from vy, ..., vy 1. For S € A,
let’s write vg - § as a shorthand for [[ .qv - & Then {vg - &}sen is a basis of Sy(g).
Hence Sym(L)(&) can be expanded as

Sym(L)(§) = Y Cs(vs - )
SeA
where each Cg € End(E; F'). By setting £ = g, we see that C's = Sym(L)(£s), so
Sym(L)(€) = Sym(L)(&s)(vs - £).
SeA

This shows that
n ker Sym(L)(&s) C n ker Sym(L)(§),

SeA ¢eRm
which is {0} since Sym(L)(D) is cocanceling. It follows that
() ker Sym(L)(¢) = {0}.
¢eU
The converse is obvious. 0J

Proof of Proposition 6.1.  Suppose Sym(Lg)(D) is cocanceling, and suppose
there exists & € R™ such that Sym(M)(&) is injective. Then there exists an open
neighborhood U of &, such that Sym(M)(€) is injective for all £ € U. Now

Sym(M o Lo)(§) = Sym(M)(£) o Sym(Lo)(§)
for all £ € R™, and

ker [Sym(M)(&) o Sym(Lo)(§)] = ker Sym(Lg) ()

whenever £ € U. As a result,

ﬂ ker Sym(M o Ly)(€) C ﬂ ker [Sym(M)(&) o Sym(Lo)(§)]

£eER™ £eu

= ﬂ ker Sym(Lg)(&) = {0},

Eeu

the last equality following from Lemma 6.2. Hence Sym(M o Lg)(D) is cocanceling.
0

7. Applications

We are now ready to revisit the Examples 3.1, 3.2 and 3.3. As usual, X;,...,X,,
represents a basis of g;.

Much of the following proposition is not new. We include it here mainly for the
purpose of exposition, to illustrate how our methods apply in this simple case.
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Proposition 7.1. Suppose G is a stratified homogeneous group with homoge-
neous dimension ) > 2. Let u € C°(G;R). Then

(7.) I, iy < O 2 Wl
Furthermore,
|u(z)]

(7.2) dr < CY || Xjull oy,
j=1

il

and more generally

- dr 1/p m
7=1

for all p € [1, %)

Proof. We will use the notations from Example 3.1. Additionally, let ' = A?(g?).
Define Ly € End(E; F') ® T1(g1) such that

LQ(D)f = Z (le] — X]fl)e’ A Gj

1<i<j<m

for f =3 ;e [i€' € C%(G; E). Then

Lo(D) o A(D)u = Z (X, Xjlue' A e

1<i<j<m
if u e C°(G; V). Furthermore, define M € End(F; F') ® T,.(g1) such that
M(D)g = Z X7gij€e Ne
1<i<j<m

for g = Zl§i<j§m gije' A el; here r is the step of the Lie algebra g, so that any
commutator of length r + 1 of elements from g; is zero. Then there exists N €
End(E; F) ® T,41(g1) such that

(Mo Lo — NY(D)o A(D) = 0
and
Sym(N)(D) = 0.
This holds because
X71XG, X5 = X77HX, X)X + XGHXG, [XG, X
= X77HXG, XG1XG 4+ X2 1XG, (X X)X 4+ X2 XG, X, [XG, X))

K

= ZX;*S (X5, X5, [ X Xl X 4 [XG [XG, - - - [ X, X

J/ J/

-~

TV
s brackets r + 1 brackets

while the last term is zero since it has r + 1 brackets; hence it suffices to take

J/

N(D)f = iX]’TS\[Xj, (X5, [ X, X)) f N
s=1

TV
s brackets
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if f=3" 1) /. Since Sym(M)(&) is the identity map on F when & = (1,...,1),
and Sym(Lg)(D) is cocanceling (here we use m > 2 which follows from the assumption
() > 2), by Proposition 6.1, we have Sym(M o Ly — N)(D) being cocanceling. Taking
L= Mo Ly— N, (7.1) now follows from Theorem 4.1, and (7.2), (7.3) follow from
Theorem 5.1. 0J

Next we generalize the previous proposition to a ‘higher order gradient’.

Proposition 7.2. Suppose G is a stratified homogeneous group with homoge-
neous dimension ) > 2. Let k € N and u € C°(G;R). Then

(7.4) ||Dk—1u||Lz%(GR) <O [IXFullpery,
) j:l
and for all ¢ € {1,... , min{k,Q — 1}}, we have
| D fu(z)] -
(7.5) /GW dr < CY || XSl ey
j=1
and more generally
Q—t| yk—t dr \'? - k
I O K ) IREC) B B e
j=1
for all p € [1, %) If k > Q, we also have
(7.7) ID* e my < C Y I X full o cimy.
j=1

Proof. We adopt the notations from Example 3.2. Additionally, let F' = A%(g3}).
Define Ly € End(F; F) ® Ti(g1) such that

Lo(D)f = ) (Xffi—X[f)e Aé
1<i<j<m
for f =37, [i€? € C=(G; E). Then
Lo(D) o A(D)u = Z [XF, XFlue' Aé,
1<i<j<m
or more explicitly
LoD)o ADyu= Y Y XXX, XXX e el

1<i<j<m 1<s,t<k
if u e C°(G; V). Furthermore, define M € End(F; F') ® T}2,(g1) such that

M(D)g = Z X]’?Q’"gij e'nel

1<i<j<m

for g = Zl§i<j§m gije' A €’; again r is the step of the Lie algebra g. Then there
exists N € End(E; F) ® Thgri1)(g1) such that

(Mo Ly — N)Y(D) o A(D) =0

and

Sym(N)(D) = 0.
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This holds because

2p k(kr—s

s brackets kr + 1Eackets
We claim that the last term is zero: this is because there are kr + 1 brackets, each
of which involving at least one X;’s, but there are only £ X;’s; hence at least one of

the X;’s is in a bracket of length at least r 4+ 1, which is zero. As a result, it suffices
to take

D)f = ZX P [XE XPXE S e A

~
s brackets

if f=3 1", fje’. Since Sym(M)(&) is the identity map on F' when § = (1,...,1),
and Sym(Lg)(D) is cocanceling (here we use m > 2 which follows from the assumption
() > 2), by Proposition 6.1, we have Sym(M o Ly — N)(D) being cocanceling. Taking
L= MoLy— N, (7.4) now follows from Theorem 4.1, and (7.5), (7.6) and (7.7)
follow from Theorem 5.1. O

Finally, on a general stratified homogeneous group G with G # R, we have the
following endpoint Korn—Sobolev inequality, and the following endpoint Korn—Hardy
inequality.

Theorem 7.3. Suppose G is a stratified homogeneous group with homogeneous
dimension @ > 2. Let uy, ..., u, € C*(G;R) where m = dim g,. Then

(7.8) Z sl 2, e S C Y N1Xiw; + Xjuil o oim)-
ij=1
Furthermore,
[ ()]
(7.9) > ] <CZ||XUJ+XUZ||L10R
j=17G ij=1

and more generally

m

B dr \ P e
@10 ([l @) <0 Y Xy Xl

j=1 ij=1

for all p € [1, QQl)

Proof. We adopt the notations from Example 3.3. Additionally, let F' = A%(g,)
and define Ly € End(E; F') ® Tz(g1) such that

24 2
LQ(D)f = Z (w — XZX]fZ]) ei N ej

1<i<j<m
if f= Zlgz‘g]’gm fij €. Then
Lo(D)o AD)u= Y (Xi[X;, Xjlu; + [X], XiJu;) e A €
1<i<j<m
if u=73_;c,uje’. Furthermore, define M € End(F; ') ® Ty(2r44)(g1) such that
M(D)g = Z X:(QHQ)X]Z’"QU el Ne

1<i<j<m
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for g = Zl§i<j§m gije' A €’; again r is the step of the Lie algebra g. Then there
exists N € End(E; F)) ® T, (2,44)+2 such that

(MoLy— N)(D)o A(D) =
and
Sym(N)(D) = 0.
This holds because

XXX, X ZXQ”S jo [ Xl Xl X+ [XG, [X

TR

Xl X, XTI,

TV
s brackets 2r + 1 brackets

the last term being zero because there are 2r + 1 brackets, but only two X;’s; also

27’+2
X7 X X2 X Z X[ X (X XGTXT X)X

~
s brackets

+ [XZ7 [XZ7 e 7X_72T[X_]27X7«H]7

J/

-~
r(2r + 2) + 1 brackets

the last term being zero because there are r(2r 4+ 2) 4+ 1 brackets, but only 2r + 2
X,’s. As a result, it suffices to take

2r
Z ZX:(QHQ)X]ZT—SLX],’ (X5, - ,Xi[Xian]]lfjj el Ne

1<i<j<m s=1

~
s brackets

r(2r+2)
Z Z Xr(2r+2 Z7[XZ'7"' 7XJ2T[X]27XZ]]leZ€ZA€J
1<z<j<m s=1 v

s brackets
if f=31", fje’. Since Sym(M)(&) is the identity map on F' when § = (1,...,1),
and Sym(Lg)(D) is cocanceling (here we use m > 2 which follows from the assumption
() > 2), by Proposition 6.1, we have Sym(M o Ly — N)(D) being cocanceling. Taking
L = MoLy— N, (7.8) follows from Theorem 4.1, and (7.9), (7.10) follow from
Theorem 5.1. 0J

Appendix A. Proof of Theorem 3.1

In this appendix we prove Theorem 3.1. For this we will need to work with
(isotropic L?-based) Sobolev spaces H*(G), defined for s € R to be the set of all real
tempered distributions v on the underlying Euclidean space, for which

He(G) = /G(l + 472 €5 | Fu(€) |2 dé < oo;

here Fu is the (Euclidean) Fourier transform of u, which is required to agree with a
locally integrable function if u € H*(G), where we use the convention

Fo€) = [ e o(a)du.

The space H*((G) is a real Hilbert space under the real inner product

(1, 0) ey = /G (1+ dn[€]2)° Fu(€) Fu(—€) de.

i
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For every s € R, the dual space to H*(G) is H*(G), via the pairing

(u,6) = /G Fu(€)Fo(—€) de

ifue H*(G) and ¢ € H*(G).

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1.  First, the hypoellipticity of A(D) will be used to show
that AY(D) is locally solvable (cf. Tréves [32, Theorem 52.2|): in particular, there
exists a bounded open set 2 C G containing 0 and some K, € D'(G;End(V; E))
such that

A D)Kipe =0 @1 on Q,
where we have extended by tensor product with V' to obtain a continuous linear
operator AY(D): D'(G;End(V; E)) — D'(G; End(V;V)).
Indeed, let K be any compact subset of G. We claim that for every s € N there
exists s € N and C' > 0 such that

(A1) 1@lls5@vy < CUAD)N s ) + 19l 22(:v)

for all ¢ € D(K;V). To prove this, let 7 be the Fréchet topology we endowed on
D(K;V), and T be the locally convex metrizable topology on D(K; V') given by a
countable family of separating seminorms {||-||,: s € No} where

olls = APl sz (i) + |1l 2wy

for ¢ € D(K;V). One can check that D(K;V) is complete under the topology 7,
making (D(K;V),7T) a Fréchet space as well. This is because if (¢;)ien is a Cauchy
sequence in (D(K;V),7), then there exists ¢ € L*(G;V) and ® € H*(G; E)
such that

s€Np

lim [|¢; = 0l| 2y =0 and  lim [[A(D)¢; — @|[gs(6;8) = 0

for every s € Ny. In particular, the case s = 0 shows that A(D)¢ = ® in D'(G; E),

and Sobolev embedding implies ® € C(G; E), so the hypoellipiticity of A(D) im-

plies that ¢ € C*(G;V), and the support conditions on the sequence ¢; further

implies ¢ € D(K;V). Furthermore, [|¢; — @, = ||A (D) — P||l=c:p) + || —

P|l2vy — 0 as @ — 400, for every s € Ny. Thus the sequence (¢;)ien, converges

n (D(K;V),7), and this verifies the completeness of D(K; V') under the topology 7.
Since for every s € Ny, there exists n € Ny and ¢ > 0 such that

ol < cllellonuvy

for all ¢ € D(K; V), the identity map is a continuous linear map from (D(K; V), 1) to
(D(K;V), 7). Since both (D(K; V), ) and (D(K; V), 7T) are Fréchet spaces, the open
mapping theorem implies that the identity map is also continuous from (D(K; V), 7)
o (D(K;V), ), which implies (cf. [20, Lemma B.7|) that for every n € Ny, there
exists s’ € Ny and ¢ > 0 such that

[pllenacvy < ¢l

for all ¢ € D(K; V). This in turn establishes our previous claim (A.1), because

9]
for all ¢ € D(K;V) and s € Ny,.

ey < Csl|Blles v
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Now fix s € N large enough so that 6 € H™*(G). Let ¢ and C be chosen as
in the claim (A.1) depending on s. If 2 C G is an open neighborhood of 0 with
sufficiently small diameter, we claim that

1
(A.2) Cligll2 vy < Sllollas@v
for all ¢ € D(Q; V). Indeed, by the fundamental theorem of calculus, or equivalently,
by Poincaré’s inequality, for all ¢ € D(€); V'), we have

9]l 2(cvy < (diam Q)|[@][ v,
so it suffices to take diam © < 1/(2C) for the desired inequality to hold. In this case,
it follows from (A.1) and (A.2) that

1ol zsivy < 2C1 AP e 6.1y
for all ¢ € D(Q; V). Let Y be the closure, in H*'(G; E), of the set
{A(D)p € H' (G, E): ¢ € D(Q;V)}.
By density, the map A(D)¢ — ¢ can be extended to a continuous linear map of Y into
H*(G;V). Tt can be further extended as a continuous linear map 7: H* (G; E) —
H*(G; V), by setting it to be zero on the orthogonal complement of Y in H*(G; E).

The adjoint 7* is then a continuous linear map 7*: H~*(G;V) — H~*(G; E), such
that for all w € H=*(G; V), one has

A D)YT*u=u on
indeed, for every ¢ € D(;V), we have (A (D)T*u,d)ve = (u,TA(D)p)va =

(u, ¢)v.c. It remains to observe that if {v;}mV is an orthonormal basis for V, then
dim V
ICloc = Z T*<5 ® Ui) & v;
i=1
isin H=*(G; E)®V = H™*(G;End(V; E)) C D'(G; End(V; E)) and
dim V'
AD)Kpe = > 6@ v;@v; =001 on,
i=1

as desired.
Next, using the assumption that A*(D) is hypoelliptic and homogeneous of order
k, we may use a rescaling of Ky, to construct a global K € D'(G; End(V; E)) such
that
ADK =61 onG.
Indeed, since A*(D) is hypoelliptic and A*(D)Kjoc = 0 on ©\ {0}, we have
Kioe € C(Q\ {0}; End(V; E)).

Let n € C(2; R) be such that n(x) = 1 in an open set containing 0. Then letting
KW = nKoe, we have
ADKY =51 +dY on @

where &1 € C*°(G; End(V;V)) vanishes in an open set containing 0. Now for A > 0,
let
KX = NCxM o661 and &N = N9 o
so that
ADKY =T +dY on @
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for every A > 0. As A — +o0, ®* — 0 in the topology of D'(G; End(V;V)) because
® vanishes in an open set containing 0. We claim that
(i) if £ < Q, then K™ converges in the topology of D'(G;End(V; E)) as A —
+00;
(ii) if £ > @, then there exist End(V; E)-valued polynomials pg, p1, ..., pr—q on
G, with p; homogeneous of degree i for all i € {0,...,k — Q}, such that
k-Q
(A.3) KW = K™ — (log Npr—g — Z NDr_gi
i=1
converges in the topology of D'(G; End(V; E)) as A — +o0.
In the first case, we define K € D'(G; End(V; E)) to the limit of KM as A — +o0; in
the second case, we define K € D'(G; End(V; E)) to be the limit of KM as A — +oc.
We then have
AD)K=6®1 on@G
in either case, as desired.
To prove the claims above, first observe that

L KA — @)

S S v

exists in D'(G; End(V; E)). This is because for any ¢ € D(G;End(V; E)),
KXY — by MNepody— ¢
< A—1 ’¢>:<K()’ A—1 >
and
Negody—o
A—1

converges in the topology of D(G;End(V; E)) as A — 1 (indeed, recalling our nota-
tion x = (z1,...,2,) Eg=g1 D - D g,, we have

o5>\_ _)Z]xj. wj

in the topology of D(G; End(V; E)) as A — 1, which shows that
Mg oy —

1 —>k;<;5 +ijj o, @

in the topology of D(G;End(V; E)) as A — 1). Furthermore, X' is compactly sup-
ported (since KW is), and AY(D)K' € C=(G;End(V;V)) (indeed, by the continuity
of AY(D): D'(G;End(V; E)) = D'(G; End(V; V),

()\k—Q]C(l) 00y-1 — ]C(l))

AYD)K' = lim A'(D)

A—1 )\ —1
_ AQUAYDIKEM) 0 51 — (AY(D)KD)
= lim
A—1 )\ —1
A QDM 6 5y — o) a
% — _0pM _ (1)
/l\gri 1 QP ;jl’] 0., @ ()

which is in C*°(G; End(V;V))), so the hypoellipticity of A*(D) implies that we have
K'e C*(G;End(V; E))). It follows that K" € D(G;End(V; E)). Now for every A >
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0, the derivative
because

LKW exists in D'(G; End(V; E)) and is equal to AF=971K" 0 §y-1,

1 KOs e 1 =R o §mr — KW
) A A VS 20
A s—1 s—1 A s—1 s—1

converges to A*"@~1K" o §y-1 in D'(G;End(V; E)). We now consider two cases. If
k < @, then for every ¢ € D(G; End(V; E)), we have

/fK%K(A)’M dA :/100 ALK 0 031, 9)] dX

<K oo tmmacv s 1l 1 mmacy o) / A1) < oo,
1

(@] 5)\—1

Hence in this case, K& = KW + fA LKW dy converges in D'(G; End(V; E)) as
A — 400, verifying claim (i). On the other hand, if £ > @, for every i € Ny,

dl
det
is an End(V'; E')-valued homogeneous polynomial of degree i, and K'od. can be Taylor
expanded at € = 0, leading to

AL AL g)-Q gh—Q+1 )
K’ o 6y ( qu /0 ( = Q))! (K 06 () de

(K 0 0. ()]

e=0

qi(z) =

for A > 0. We then have
d
alcm (2) = N971K 0 651 (2)

AL -1 k—Q jk—Q+1
k—Q—i—1 k—Q—1 (A —¢) d
g:(2)A +A /0 o ek o) e

B
Q

k—Q—1
log A () ——
G—q(x) log A+ ; W) o
for some e (x) € C(G; End(V; E)); taking py—q = gx—q and py_q-i = == for
i=1,....k—Q, and defining KM by (A.3), we have
d

ﬁﬁm = eW(x).

It remains to observe that for every compact subset K C G, there exists a constant
Ck (depending also on k) such that
dk‘*QJrl

W’C/ o (5€<.§L’>

I
- it
(@)

Sy

A

sup
e>0

Lo (K;End(V;V))
As a result, for every A > 0 and every ¢ € D(G;End(V; E)), we have

ALyl \k—-Q
—o— A € 3
(€™, )] < Coupp o |0l 1 cmmaqsmp A"~ 1/ L) i —de SAT
0 (k—Q)!

< Ck.

Integration in A yields

| (R ) an= [ e o) ar < o
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so that KM = KO + fl)‘ %K(“) dp converges in D'(G;End(V; E)) as A — +o0,
verifying claim (ii).

Finally, to complete the proof of the second conclusion of the theorem, note that
K always agrees with some End(V; E)-valued C* function on G'\ {0}, by hypoellip-
ticity of A*(D). Suppose first £ > Q. Then

k—-Q
— lim € = 71 (Y — i A
K= lim K% = lim | K% — (log \)pi—q Zl AN'pr_qi
satisfies
(A4) Kody=s""9(K+ (logs)P)

for all s > 0, where P := —p;,_¢. Indeed, recall KN = M\=QKWM 0§, 1, which gives,
for any s > 0, that

KN o6, = k=@,
It follows that

k-Q
KW o, = s# QK — (log A" Ppp_g — Z Nsh =@~y o
i=1
k-Q
= " KA — (log(As™))pr_q — Z()\s_l)lpk_Q_i] — 5" 9(log s)pr_q
i=1

— sFORNT) — " Qlog s)pr_q

for all s > 0. Letting A — oo, we obtain (A.4), which implies that K — P(z) log ||z||
is homogeneous of degree k — Q). Since k — Q > —Q), we see that I — P(z) log ||z||
is given by integration against some End(V; E)-valued C* function K., on G\ {0}
that is homogeneous of degree k — (), as was to be proved. A similar but simpler
calculation shows that if £ < @, then K is homogeneous of degree k — (), hence a
kernel of type k. This completes the proof of the theorem. O
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