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The Teichmiiller problem
for LP-means of distortion

GAVEN J. MARTIN and CoNG YAO

Abstract. Teichmiiller’s problem from 1944 is this: Given x € [0,1) find and describe the
extremal quasiconformal map f: D — D, f|OD = identity and f(0) = —x < 0. We consider this
problem in the setting of minimisers of LP-mean distortion. The classical result is that there is an
extremal map of Teichmiiller type with associated holomorphic quadratic differential having a pole
of order one at 0, if  # 0. For the L'-norm it is known that there can be no locally quasiconformal
minimiser unless x = 0. Here we show that for 1 < p < oo there is a minimiser in a weak class and
an associated Ahlfors—Hopf holomorphic quadratic differential with a pole of order 1 at f(0) = —z.
However, this minimiser cannot be in Wéf (D) unless © = 0 and f = identity. Hence no minimiser
for the LP-Teichmiiller problem can be locally quasiconformal other than the identity.

Similar statements holds for minimisers of the exponential norm of distortion. We also use our
earlier work to show that as p — oo, the weak LP-minimisers converge locally uniformly in D to the
extremal quasiconformal Teichmiiller mapping, and that as p — 1 the weak LP-minimisers converge
locally uniformly in D to the identity.

LP-keskivairistyméin Teichmiillerin ongelma

Tiivistelm&. Teichmiillerin ongelma vuodelta 1944 on seuraava: Annetulla « € [0, 1) on etsitté-
v ja esitettdvd adrimméainen kvasikonformikuvaus f: D — D, jonka rajoittuma f|0D on identtinen
kuvaus ja f(0) = —z < 0. Tarkastelemme kysymysta LP-keskiviédristymén minimoimisen mielessi.
Klassisen tuloksen mukaan on olemassa ddrimméainen Teichmiiller-tyyppinen kuvaus, johon liitty-
vélla holomorfisella neliddifferentiaalilla on ensimmaéisen kertaluvun napa origossa, jos x # 0. Tie-
detiin, ettd L'-normin suhteen ei voi olla paikallista kvasikonformista minimoijaa, paitsi jos = = 0.
Tésséd tyossd osoitamme, ettéd arvoilla 1 < p < oo on olemassa minimoija heikossa luokassa seké sii-
hen liittyva Ahlforsin—Hopfin holomorfinen neliddifferentiaali, jolla on ensimméisen kertaluvun napa
pisteessii f(0) = —z. Témé minimoija ei voi kuitenkaan kuulua luokkaan W,L?(D), paitsi jos z = 0
ja f on identtinen kuvaus. Téten LP-Teichmiillerin ongelman ainoa paikallisesti kvasikonforminen
minimoija on identtinen kuvaus.

Vastaavat viitteet ovat voimassa véaristymén eksponentiaalisen normin minimoijille. Lis&ksi
kiytdmme aiempaa tyotdmme osoittaaksemme, ettd heikot LP-minimoijat suppenevat paikallisesti
tasaisesti kiekossa D kohti darimméistd kvasikonformista Teichmiillerin kuvausta, kun p — oo, ja
kohti identtista kuvausta, kun p — 1.

1. Introduction

Teichmiiller’s problem originated in his 1944 paper [24]. There is a nice commen-
tary on this paper by Alberge [23, Chapter 23]. The problem is this:

Teichmiiller’s problem. Find and describe the quasiconformal map f: D — D
from the unit disk D to itself with
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e f|0OD = identity,
e f(0)=—z,2€(0,1),
e f has minimal distortion among all such mappings.

Teichmiiller solved this problem by reducing it to the Grotzsch problem for map-
pings between quadrilaterals after constructing certain double branched covers of D
over 0 and over —x. It is important to note that the existence and the uniqueness
of the extremal mapping cannot be deduced from the Teichmiiller theorem, [25].
However, the extremal mapping here is a Teichmiiller mapping;

(1) pp(z) = % =k %, where k € [0,1) and ¢ is meromorphic.

In this case, ¢ has a pole of order 1 at 0 € D. In fact in his 1962 ICM talk [12]
Jenkins wrote: “Teichmiiller enunciated the intuitive principle that the solution of a
certain type of extremal problem for univalent functions is determined by a quadratic
differential for which the following prescriptions hold. If the competing mappings are
to have a certain fixed point the quadratic differential will have a simple pole there.”
This will be an important observation in what follows. Generalising these ideas a
little Kra defined a metric (now known as the Kra metric) on a Riemann surface ¥
as

(2) ks(z1, 22) 1nf10g\/77 KsziirtZE ;||

where the infimum is taken over all Ky-quasiconformal self mappings f: ¥ — X
homotopic to the identify and such that f(z;) = zo. That this is related to the
Teichmiiller problem can be seen by lifting f to the universal cover f : D — D where
f |0D will be the identity if, for instance, ¥ has finite area. Further, the projections
are locally conformal and therefore do not change the maximal distortion. Modulus
of continuity estimates for both f and f~! (also quasiconformal) easily imply that
the infimum is attained in the Kra metric.

We now state the problem we address in this article. A mapping f: D — D has
finite distortion if

1. f € W,2!(D), the Sobolev space of functions with locally integrable first
derivatives,
2. the Jacobian determinant J(z, f) € Li (D), and

3. there is a measurable function K(z) > 1, finite almost everywhere, such that

(3) IDf(2)]* <K(z)J(z, f), almost everywhere in .

< 00,
Loo()

See [3, Chapter 20| for the basic theory of mappings of finite distortion and the
associated governing equations; degenerate elliptic Beltrami systems. In (3) the
operator norm is used. However this norm loses smoothness at crossings of the
eigenvalues and for this reason when considering minimisers of distortion functionals
one considers the distortion functional

D2 -
() K(z. f) = {” e 20

1, if J(z, f) =0.
Here ||Df(2)|| is the Hilbert—Schmidt norm. The utility of this norm in defining
the distortion was already realised by Ahlfors in his seminal work proving Teich-
miiller’s theorem—the existence and uniqueness of extremal quasiconformal map-
pings between compacts Riemann surfaces—and establishing the basics of the theory
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of quasiconformal mappings, [1, §3, pg. 44]. We reconcile (3) and (4) by noting
K(z, f) = 3(K(z) + 1/K(z)) almost everywhere, where K(z) is chosen to be the
smallest functions such that (3) holds.

1.1. The L? Teichmiiller problem. Fix p > 1. Find and describe the mapping

f: DD — D of finite distortion attaining the infimum of

1 P
(5) H}f ;/DK(Z, f)Pd

among all homeomorphisms of finite distortion with f|0D = identity and f(0) = —z,
z € 0,1).

We address this problem as follows. First we establish existence: If p > 1, any
minimising sequence has a convergent subsequence in a regular class of mappings
described below. We identify an associated meromorphic Ahlfors—Hopf quadratic
differential and show it has a pole of order 1. Second we show that, other than the
identity, none of these minimisers can be very regular—in particular they cannot be
quasiconformal near 0. Finally we show that as p — oo these irregular solutions still
converge in WH4(D), all ¢ < 2, to the extremal quasiconformal mapping, and that
as p — 1 these solutions must converge to the identity. This is encapsulated in the
following theorems.

Data. Let fo: D — D, fy|0D = identity and f,(0) = —x < 0 be the extremal

. . . . . 14+
quasiconformal mapping, with distortion K" = {=.

Theorem 1. Let p > 1 and « € [0,1). There is a mapping f: D — D, f|OD =
identity, f(0) = —=z, and of finite distortion which attains the value

1
(6) inf —/K(z,g)p dz
9 T Jp

among all homeomorphisms g: D — D, g|0D = identity and of finite distortion.
Further f € WH4(D, D) with the bound

1+k2)z7_51

o) < —
(7) DAl < 7 (15

and there is h: D — D of finite distortion, which is

e a continuous surjection from D — D,

e 1|0D = identity and h(—z) = 0,

e h € W1%(DD) is monotone (the preimage of a point is compact, connected and
contractible).

e The Ahlfors—Hopf quadratic differential

®(w) = K(w, h)P hoyhe

is holomorphic in D\ {—x} and if x # 0, ® has a pole of order 1 at —z.
e There is a measurable set X C D such that |D — X| =0, (ho f)(z) = z for
every z € X, and J(w, h) = 0 for almost every w € D — f(X).

We call h a pseudo-inverse of f and can therefore in a sense assert f(0) = —z
and f|0D = identity. We call ® the Ahlfors-Hopf differential as these holomorphic
quadratic differentials first appeared in Ahlfors seminal paper from 1953 [1] which
gave the first complete proof of Teichmiiller’s theorem; he used the variation of LP-
means of distortion, and then after a careful analysis let p — oc!
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We expect uniqueness for minimisers in Theorem 1, but have not yet established
that for Ahlfors—Hopf differentials with a pole.

Theorem 2. Let f: D — D, f(0) = —z, f|0D = identity and of finite distortion
which attains the infimum value (6) in Theorem 1. If either

1. f € WY(U) for any open set with 0 € U, or

2. K(w, h) € LY(V) for any open set zy € V,
then = 0 and f = h = identity.

In particular we have the following corollary.

Corollary 1. No minimiser for the LP-Teichmiiller problem can be locally qua-
siconformal other than the identity.

Theorem 3. Let { f,}1<p<co be any family of mappings of finite distortion f,: D
— D, f,|0D = identity which for each p > 0 attains the infimum value (6) in
Theorem 1. Then there are subsequences
e p; — oo with f,, — fo in W' (D), all 1 < 2, and fy is the extremal
quasiconformal mapping of Teichmiiller type, fo(0) = r and h,, — hy in
W2(D).
e q; — 1 with f,, — identity in W (D) and hy, — identity in W"?*(ID).
Remark. By way of contrast we make the following observations. For the
associated LP-Grotzsch problem, p > 1, of minimising the LP mean distortion,

1
0 - [y

T JA
of homeomorphisms of finite distortion between annuli f: A — A/,

A={z:1<|z|<R<o}, A={z:1<]z|]<S <0},

always has a minimiser. Moreover that minimiser is a diffeomorphism of Teichmiiller
type, meaning ps(z) = k:(z)‘%, k(z) € [0,1), ¢ holomorphic, [16]. When p =1 a
minimiser exists if and only if R 4+ 1/R < 2S. This latter range of moduli is called
the Nitsche range [3]. For the Grotzsch problem of mappings between quadrilaterals,

that linear maps are the LP” minimisers is, more or less, a direct consequence of the
polyconvexity of the integrand K(z, f)?, p > 1.

In the case of exponential distortion we have existence of minimisers because of
the modulus of continuity of estimates [2]. Yet these minimisers again cannot be
locally quasiconformal. Indeed they must be quite irregular.

Theorem 4. Fixp > 0,x € [0,1). Then thereis f: D — D with f|0D = identity
and f(0) = —z a homeomorphism of finite distortion, minimising

(9) l/ PK(2.f) 15
™ Jp

among all homeomorphisms of finite distortion with f|0D = identity and f(0) = —z.
Further, it cannot happen that both e/ € Ll (D), and K(z, f)eP*=5) ¢ L1(D)
for any q > p.

We expect that the minimiser of Theorem 4 has a meromorphic Ahlfors—Hopf
differential with a pole of order 1 at 0,

(10) d(w) = "M (w)hy(w), h=f1:D—=D.



The Teichmiiller problem for LP-means of distortion 1103

It is certainly the case that ® is meromorphic in D with a pole of order 1 at 0 if
e8¢ L1 (D \ {0}) for some ¢ > p. A key issue is that it is not clear that ® as
defined at (10) lies in L] (D).

loc
2. Existence

We first discuss the natural class where one might find a minimiser. If {f;}32, is
a minimising sequence of homeomorphic mappings of finite distortion, then Holder’s
inequality gives the a priori bounds (see [11])

(11) [/D”ij(z)”%dz] < [[R ) U (Z,fj)dzr
§7Tp/DKp(Z’ fi) dz

2
Thus there is a subsequence f; — f weakly in Wl’P_fl(]D)). Meanwhile, the sequence
of inverses, h; = f;l, satisfies

/D||Dhj(w)||2dw:/DK(w,hj)J(w,hj)dw

< / K? (1, hy)J (1, hy) dwo = / K (2, f;) dz

so they converge in W12?(D). Note the change of variables formula follows from
[7, 13]. Such a sequence h; converges to a continuous function h locally uniformly
in D [6, 10] dues to a modulus of continuity estimate for W1?(ID) mappings of finite
distortion, [2|. In fact in [9] it is proved that h will be locally Lipschitz. However,

(12)

on the f side, functions in Wl’%(ﬂ)) are not usually continuous. The remainder of
Theorem 1, obtaining the set X of full measure and the vanishing of the Jacobian on
this set are basically local and exactly follow the arguments of our earlier work [17,
§5]. For the statement of that the Ahlofrs—Hopf quadratic differential is holomorphic
in D\ {—z}, see [11]. Since |®| < CK(w, h)?J(w, h) € L*(D), the order of the pole is
1; otherwise h is the identity and z = 0, which we will see in the proof of Theorem 2
below.

3. Equations

Set D* =D\ {0}. It is essentially proved in [11] that a minimiser of Problem 1.1
must satisfy the following inner-variational equation:

(13) 2p/DK(z,f”1+| |2sozdz—/K Po.dz, V€ C3 (D)

The only difference in that case was D replacing D* but the calculation is local.
This equation arises as follows. Let ¢ € C3°(D*) with ||[Vp||rem) < 1. Then for
t € (—1,1) the mapping ¢'(z) = z + tp(2) is a diffeomorphism of D to itself which
extends to the identify on the boundary S and has ¢*(0) = 0. If f is a mapping of finite
LP-mean distortion distortion, then so is f o (¢*)~! and fo (¢*)7! € Wol’Qp/(pH)(]D)).
If f is a homeomorphism, so is f o (¢*)~!, and if f(0) = 2z then f o (¢")7}(0) = 2.
Thus, for each ¢, f o (g')~! is a candidate for the extremal problem.
The function

(14) to 1 [ R (Fote) i
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is a smooth function of ¢. Thus if f is a minimiser in any reasonable class (that is
we may relax the assumption that f is a homeomorphism) we have

d 1 B e
pm —/H)K(z,(fog)) dz = 0.

t=07T"

It is a nice calculation to verify that this equation is equivalent to (13). As a hint,
use the change of variables z = ¢'(w) and then the composition formula for Beltrami
coefficients [2, Theorem 5.5.6]. It is interesting to note that (13) implies that yu is
constant on any open set that |us| is constant.

Next, (13) tells us that if we solve Fx = K(z, f)? — 1, which we can do using the
Cauchy transform on DD, then we have

(15) /Fzgogdz:/Fg%dz, Vo € C5° (DY),
D D

where

2ppiy
F. =Kz, f)f ———
1+ |pg]?

and F € Wh(D). This calculation is carried out carefully in [17, Lemma 2.1]. As
there, it leads to the following autonomous equation for F,

(16) Fr=A(E]), 0< Al <

SHE

In [8] it is shown that W,"*(ID*) solutions to this equation, s > 1+ 1/p are C* and
both F' and F, are %—quasiregular. In fact as observed in [21] the injectivity of
Beltrami operators in the borderline case [5], and see [2, §14.4.2], implies that F is

smooth if it is in the space VVI1 1+1/p(]D)*)

Lemma 1. If U is open, 0 € U, and K(z, f)? € L'**V/?(U \ {0}), then f|U is a
diffeomorphism.

Proof. We have already observed that in these circumstances F' is smooth and
quasiregular as it implies F, € L'*1/P(U). The Stoilow factorisation theorem [2, §5.5]
tells us we can write F' = ¢og where g: D* — D* is %—quasconformal and ¢: D* — C
is holomorphic. The point 0 is an isolated singularity for the quasiconformal map g
and is hence removable and g € WH1*?(ID)—again using borderline injectivity. Then
for z € D*

¢(2) = (Fog').=Flg )(g)+F( (9w,

15 dnl = [ [Fga] < ( / |F\1“/pdz) ( / |gz|1+pdz) |
<C(/K p“dz)+, C >>1.

Hence ¢/ € L'(U) and holomorphic on U \ {0}, and therefore ¢ has 0 as a removable
singularity. Thus F' is smooth and bounded in U as F' also solves (16). Hence piy is
smooth and f|U is a diffeomorphism. O

We now argue similarly on the other side.

Lemma 2. IfV is open, r € V, and K(w, h) € L*(V), then f|U is a diffeomor-
phism.
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Proof. Tt was essentially first proved by Ahlfors [1] that the function h, a pseudo
inverse of minimiser of Problem 1.1, must satisfy the following inner-variational equa-
tion:

(17) / K hyhopzdz, Vo € C(D*).
D
Since

Kp_l(w, h)hwh_w = Kp_l(w, h)|hw|2m =KP(w,h)J(w,h)

Ty < L)

the Weyl lemma implies the Ahlfors—Hopf differential
(18) d(w) = KP~H(w, h)hyhe

is holomorphic in D* with a pole of at most order 1 at —zx.
This equation arises just as above. Let ¢ € Cg°(D\ {—x}) with |Vl ey < 1.

Then for ¢ € (—1,1) the mapping ¢'(2) = z + tp(z) is a diffeomorphism of D to

itself which extends to the identify on the boundary S and has ¢*(r) = r. For each ¢,
ho (g')~! is a candidate for the extremal problem. The function

1

(19) 0o - [ K ho(6) 1) Teho(6) ) ds
T Jp

is a smooth function of ¢ and

d 1
dt to% /DK@ (hog")yJ(z fol(g) ) dz=0,

leads to (17). Now h € W12(D) is a monotone mapping of finite distortion with

K(w, h) € L'(V), by hypothesis. Thus [22] implies & is discrete and open, and hence

h|V is a homeomorphism. Set h(V) = U and note that if |up| > 3’2\/5, then

L+ |pf?
|n

since ® is continuous in D. On the other hand, if |u;| < %, then

KPH (w, h)J(w, h) = K(w, h)®(w) < 3K(w, h)®(w) € L (V)

K (w, b J (w, h) < %J(w, h) € L(D)

We thus have K(w, h)P*1J(w, h) € L' (V) and hence

/Kwththdw—/K Pt dz,

and so Lemma 1 now applies to show f is a diffeomorphism. O

4. Proofs and results

4.1. Proof of Theorem 2. We have shown above in Lemmas 1,2 that under
either of the hypotheses of Theorem 2 the mapping f is a diffeomorphism near 0.
Hence h is a diffeomorphism near —z and hence the Ahlfors—Hopf differential @ is
holomorphic in D. However, there is a unique monotone mapping in W1?(D) with
holomorphic Ahlfors—Hopf differential in I and h|0D = identity, see [21]. It is of
course the identity. Thus z = 0 and f = identity.

4.2. Limiting regimes. The arguments concerning what happens as p — oo in
large part go back to Ahlfors again. The case p = 1 is also by now well-known [4]. But
the direct methods suggested here apparently fail for we do not get a uniform elliptic
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estimate and we must resort to an alternative approach. In [21] we prove that as
p — 1 the pseudo-inverses h, of minimisers f, converge locally uniformly in D\ {—z}
to a harmonic mapping Ay in D\ {—=z}. The limit h; is continuous due to the modulus
of continuity estimate independent of p > 1. Then r is a removable singularity and
h, = identity. It directly follows that the convergence is locally uniform in ID as stated
(consider a small circle around r and the modulus of continuity). When p — oo we
show the local uniform limit exists and is an extremal quasiconformal mapping and
further we identify when the approximating sequence is a Hamilton sequence, making
this limit a uniquely extremal Teichmiiller mapping for its boundary values. These
are carefully spelled out in [17, §7] and we leave the reader to explore that section.

Second, the only uniqueness statement we currently know requires ® € L'(D).
However, if e?®®@h ¢ [l (D*) for any ¢ > p and ® € L'(D), then both these
problems can be resolved and f (and hence h) will be a diffeomorphism, [21] and the
proofs follow the same argument.

5. The Kra metric

From what we have above, it follows that given zy, z; € D the problem describing
the mapping f: D — D of finite distortion attaining the infimum of inf % fD K(z, f)?
dz among all homeomorphisms of finite distortion homotopic to the identity and
f(20) = z1 has exactly the same outcomes.

5.1. LP extremals on a Riemann surface. For a Riemann surface ¥ of finite
area and zp, 2; € X the problem is a little more interesting when minimising

ir}f /EK(Z’, fPdo(z).

As above, modulus of continuity arguments show that there is a monotone h: ¥ — 3
in W12(3, %) with meromorphic Ahlfors—Hopf differential with a pole of order 1 at
z0. If K(w,h) € L'(D), then h is a diffeomorphism and there is no pole. To see
this simply argue locally as above. Thus f = h™!: ¥ — ¥ is a critical point for the
problem of identifying the extremal mapping for the LP(X)-mean distortion (in the
homotopy class of the identity). We expect uniqueness for this problem. Note that
now f and h lift to diffeomorphisms of D which are the identity on the boundary.
The lift, say il, also has a holomorphic Ahlfors-Hopf differential ®.

Conjecture 5.1. 'Suppose h:D—>Dis a diffeomorphism of I, a homeomor-
phism of D and h|0D = identity. If & = K(w, h)*~*h,hgn(h) is holomorphic, then
h = identity.

Here 1 is the hyperbolic area density on X.

We know the conjecture is true in the case ® € L!(ID), but in this case we see that

if P is a convex hyperbolic fundamental domain for the action of the fundamental
group I' of ¥ by hyperbolic isometries of D we may calculate that

@F/ ] = /|®
/]D) Uyery(P) Z V(P)

yel

=3 [ eeie =3 [ 18 = o0,

~vel ~yel

IWe have recently resolved this conjecture in the affirmative.



The Teichmiiller problem for LP-means of distortion 1107

unless ® = 0. In a later article we expect to address this problem of uniqueness on
Riemann surfaces of finite area.

5.2. The exponential extremals on a Riemann surface. We have noted
there is a minimiser because of modulus of continuity estimates for both f and
its inverse h, [2]. These equicontinuity estimates carry over to mappings of finite
distortion between Riemann surfaces. One may formally perform the variational
calculations as above to find the pointwise defined differential

®(w) = e’ M h han(h).

There are two issues. First f might be non-variational, [18]. This means that
DK (2, f) € Lige(2), s0

loc

O(w) = PN han(h) ~ K(z, h)e"™ M J(w, h) & L (X)

loc

and so we cannot directly conclude it is holomorphic, see also [19]. However, in the
setting of Riemann surfaces this is addressed in [20, Theorem 3| using the Riemann—
Roch theorem and only minor changes are necessary to those arguments to conclude
that the the case at hand @ is indeed a meromorphic Ahlfors—Hopf differential with
a pole of order 1 at zy and holomorphic in ¥\ {2}. Then, as before regularity at
2o implies that h is a diffeomorphism. Precisely we would require e?(=#) ¢ L1(U)
for some open U containing zy and any ¢ > p. Thus we return to the problem of
uniqueness as per Conjecture 5.1.
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