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Frequently oscillating families
related to subharmonic functions

ADI GLUCKSAM

Abstract. The goal of this note is to extend the result bounding from below the minimal
possible growth of frequently oscillating subharmonic functions to a larger class of functions that
carry similar properties. We refine and find further applications for the technique presented by
Jones and Makarov in their celebrated paper from 1995.

Aliharmonisten funktioiden kaltaisia taajaan heilahtelevia perheiti

Tiivistelm&. Tyon tavoite on yleistdéd taajaan heilahtelevien aliharmonisten funktioiden hi-
taimman mahdollisen kasvun alarajaa koskevaa tulosta suurempaan funktioluokkaan, jolla on sa-
mankaltaisia ominaisuuksia. Tarkennamme Jonesin ja Makarovin kuuluisassa tydssdan (1995) esit-
teleméd tekniikkaa ja loyddmme sille uusia sovelluksia.

1. Introduction

In [4], the author bounded from below the minimal possible growth of frequently
oscillating subharmonic functions. We used a technique originally presented by Jones
and Makarov in [6]. Here we refine those techniques more and harness similar results
for a larger class of functions by identifying the required properties to show the same
lower bound.

1.1. A family of functions related to subharmonic functions. Let
Y1 [0,1] — Ry be a monotone increasing continuous function, with lim, g+ 1 (¢) = 0.
We will denote by my4 the d-dimensional Lebesgue measure, and let i be a measure of
density w for some non-negative function w: R? — [0, 00), i.e. du(z) := w(x)dmqg(z).

We define the collection My (R?) to be all Borel measures satisfying that for
every ball, B C R?, and Borel-measurable set £ C B

WE) _ (malE)
M (B =Y (md<B>) |

One example of such measure is defined by the density function w(z) := ||z||* for
a > 0 with the function ¥(¢) = 4¢-6% - t. In fact, if a measure is not absolutely
continuous with respect to Lebesgue’s measure, then it cannot satisfy Condition (1)
since we can find a set E so that the left hand side of the inequality is positive, while
the right hand side is zero. We may therefore assume without loss of generality that u
is defined as above, making Condition (1) well defined. However, not every measure,
which is absolutely continuous with respect to Lebesgue’s measure, satisfies (1) for
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some function 1. For example, define the function w: R? — R? by
w(z) = Z 13(2“7&)(96) ccos (k- |z — 2nk]) + eI,
k=1

and consider the measure induced by the function w, i.e.,

w(E) ::/Ew(x) dms(z).

This measure is absolutely continuous with respect to Lebesgue’s measure, while, for
every k € N

p (B 27k, 57)) B fB(2wk,ﬁ) cos (k - |z — 27k|) + eIl dmy(2)

' 2k
w (B (2mk, 1)) ) cos (k- |x — 2mk|) dmo(z) + fB(ZTrk,l) e~ Il dmy(z)

fB(ka,ﬁ

T—2 w2 my (B (2nk, 7))

=1 —k =
T—24m- ek o) > 4?2 mo (B (27k, 1))

as k — oo. We see that no matter which ¢ we choose, Condition (1) would never
hold, and so the class of measures for which Condition (1) holds is a subset of the class
of measures which are absolutely continuous with respect to Lebesgue’s measure.

Given constants A, B > 1, and a measure u € M (R?), we denote by F(A, B, i)
the collection of upper semi-continuous functions v: R* — R so that

—0

e 1 satisfies a weak maximum principle: for every K C R? convex

(2) sup u(z) < A- sup u(z).
zeK r€OK
e u satisfies a weighted mean-value inequality: There exists ry so that for every
T >T,

1
3 u(xr) = esslimsup u(y §B~—/ udp.
( ) ( ) Yy—T ( ) ,u(B(x,r)) B(z,r)

Remark 1.1. We only require the maximum principle to hold in convex sets,
because we only use it in cubes anyways, while it is easier to verify on convex sets.

1.1.1. Basic Properties of the set F(A, B, ). The following properties are
simple to verify:

e For every A, B > 1 and every measure u, F(A, B, ) contains all the non-
negative constants. Note that if A > 1, then it cannot contain negative
constants at all.

e For every u € F(A, B, 1) and constants A\, 7 > 0 we have A-u+7 € F(A, B, ).

o F(A, B, ) is closed under maximum operation, i.e., for every u,v € F(A, B, ),
max {u,v} € F(A, B, p).

1.1.2. Motivating examples.

(i) Note that if p is Lebesgue’s measure, and A = B = 1, then subharmonic
functions all belong to F(1,1,my).

(ii) A second large class of examples arise from the following observation:

Observation 1.2. Let u: RY — R, be a non-negative function satisfying Har-
nack’s inequality, i.e., there exists a constant ¢ so that for every ball B

sup v < ¢ - inf u.
B B

Then u € F(c, ¢, my).
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We include the proof here for completeness:

Proof. To see that u satisfies the weak maximum principle, let K be a convex
set and let B be a ball large enough, which compactly contains the set K. Then
following Harnack’s inequality,

sup u(z) < sup u(z) < c¢- inf u(z) < c- sup u(x).

zeK z€B zeB 2€OK
To see that u satisfies a weighted mean value theorem with Lebesgue’s measure, note
that for every ball B containing x,

c c
u(z) < sup u(y) <c-inf u(y) = inf u(y)dmyg < u(y) dmg. U
(@) < sup uty) < - inf uty) = 5 [ int at)dmy < s [ty amg
(iii) Another large class of examples of such functions are sub-solutions of quasi-
linear elliptic equations (called A-subharmonic functions).

These and other examples will be discussed in Section 4 more extensively.

1.2. Frequently oscillating functions. We next consider a sub-collection of
functions in the family F (A, B, i) which satisfy additional requirements.

A cube I is called a basic cube if I = H;l:l[nj,nj +1) forny, - ,ng €7Z, ie, I
is a half open half closed cube with edge length one, whose vertices lie on the lattice

Z%. Let N € Neyen, N > 1 and let Q = -, N7,

T2 2
Given a function u € F(A, B, 1) and a basic cube I, we consider the properties:
Inz,
(P1)  supu(x) >1 (P2) nil0z,) >1-A
zel M(I)

where A = A(A, B,d, 1) is a small enough constant, and Z,, := {u < 0}. If a basic
cube [ satisfies both properties, we say that the function u oscillates in I. Otherwise,
we say [ is a rogue basic cube.

Given a monotone non-decreasing function f () < t¢, a function u € F(A4, B, u),
and a cube Q C R with edge length £(Q), we let

u B _ #{I C Q, I is a rogue basic cube}
77(@) = 7(Q) Q)

We say u is f-oscillating in @ if u is defined in a neighbourhood of @, and v(Q) < 1.
We say u is f-oscillating if

limsup v([-N, N]%) < 1.
N—00

The study of estimates on the growth rate of subharmonic functions with a
given well distributed zero set is a fundamental question dating back to the works
of Jensen, Nevanlinna, Phragmén and Lindelof, and others. However, frequently os-
cillating functions also have the requirement of having some uniform lower bound
near its zero set. This special combination arose in [2], while investigating the lower
bound in Theorem 1A. In this paper we studied the minimal possible growth of entire
functions in the support of translation invariant probability measures. Given such
a measure, it follows from the point-wise ergodic theorem, that almost every en-
tire function must satisfy that the subharmonic function us(z) := log |f(2)| satisfies
conditions (P;) and (P,) above when the number of rogue basic cube is propor-
tional to Lebesgue’s measure and the basic cube I is replaced by some cube of fixed
edge-length. Pursuing a more accurate lower bound and extending this for different
asymptotic of the number of ‘rogue’ basic cubes inspired [4]. The work presented
here is a further extension to a more general setup.



208 Adi Gliicksam

1.3. The result and a word about the proof. In this note we prove a
lower bound on the minimal possible growth of frequently oscillating functions in
F(A, B, i), measured by the asymptotic behavior of the function R — M,(R) :=

SUP.eB(0,R) u(z):

Theorem 1.3. Every f-oscillating function u € F(A, B, 1) must satisfy

log(M,(R))

oo R jogit (2 + @)
d

L+ (L) 7

> 0,

provided that f(t) < cq-t¢ for all t large, where c; is a small constant, which depends
on A, B,d and the function v appearing in Condition (1).

We would have loved to provide a construction showing this result is optimal
for at least some subclass which is not subharmonic functions. The most natural
candidate is, off course, A-subharmonic functions. However, the construction for
subharmonic functions heavily relies on the connection between subharmonic func-
tions and harmonic measures. While there have been numerous attempts to extend
these for the more general setup of p-harmonic measures, these attempts were not
successful. If you aim at a measure that recovers a p-harmonic function, which is
what we need, the measure you get is not linear, i.e., not a measure (see e.g. [7]). A
completely new idea for constructing optimal examples is therefore required, which,
after consulting with experts in the field, seemed extremely challenging.

1.3.1. The idea of the proof. The idea of the proof of Theorem 1.3 is to
use a similar stopping time argument, as the one appearing in Jones and Makarov’s
paper, [6]. However some small modifications were required for the proof to work, for
example due to the presence of the constants A, B in the weak maximum principle
(Condition (2)) and in mean-value property (Condition (3)). This method will be
wrapped in a separate technical lemma (see Lemma 2.1 in Section 2 below), and then
used as a ‘black box’ to prove Theorem 1.3. The author believes this lemma or a
slight modification of it, can be used in other stopping time arguments as well.

In the first section of this paper we provide notation, and state a technical lemma,
which is the heart of the stopping time argument used here. We then use the lemma
to prove Theorem 1.3. In the second section we provide a full proof of the lemma. In
the last section we provide examples of classes of functions contained in F(A, B, 1)
for some function v and constants A, B.

The structure of the paper is as follows: In the first section of this paper we
provide notation, and state the technical lemma, Lemma 2.1, which is the heart of
the stopping time argument used here. We then use the lemma to prove Theorem 1.3.
In the second section we present the proof of Lemma 2.1. In the last section we
provide applications of Theorem 1.3. We consider the examples presented in 1.1.2,
show they belong to F(A, B, i) for some function ¢ and constants A, B, and present
new examples of classes of functions contained in F(A, B, u).
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2. The proof

As mentioned in the introduction, the proof relies on a technical lemma. We

begin by presenting some notation and stating this lemma. Define the collection

:= {1, basic cube ,I C @}, and let Q denote the collection of all possible cubes
composed of elements of P.

For every basic cube I € P we de- v
note by @Q;(I) the cube centred of I YO YYV4
composed of j layers of basic cubes YYDV
surrounding /. Formally, we define Y4 ) yYys
this by recursion: @Qo(/) = I and a4 « Y4
Qjn(l) = Ujmggg#w J (see Figure 1 Yod @ Y4
to the right). Néxt, for every x € Q S
we let I(z) be the basic cube so that S
x € I(x). Lastly, we write A < B if
there exists a constant o > 0 so that Figure 1. Qp(I) is the gray cube centred at I,
A < «- B and write A ~ B whenever while Q4(I) is the stripped area. The grey lines
A< Band B < A are the boundary of the basic cubes.

Lemma 2.1. Given € > 0, g > 1, there exist constants ¢y € (0,1) and Ny € N
both depend on the dimension alone, so that for every N > Ny and every collection
of cubes, & C P, if i—é < g - ¢g, then at least half of the basic cubes I € P satisfy
that there exists a sequence {k;(I)} so that

1. For every x € 0Qy, (1) there exists j = j(x) > % satisfying
(a) Qi) (I(7)) C Quryyr(r) \ Quj_y(1)-
(b) #{I € &, 1CQun(I(2))} <& ma Qo (I(2))).

2 # (0} 2 ot s (24 25).

Let us first show how the proof of Theorem 1.3 follows from this lemma, and
then prove it:

The proof of Theorem 1.3. In general, the proof follows the same lines as the
arguments done in [4, p. 8-9]. However, because we have a weak maximum principle
as in (2), and a generalized mean-value property as in (3), some adjustments to the
proof need to be made. We will indicate these adjustments throughout the proof.

Let ¢y be the constant defined in the Lemma 2.1 with ¢ that will be chosen later
and will depend on the A, B, d and . Let f be a monotone non-decreasing function
satisfying that f(t) < e - cot? for all large enough ¢, and let u € F(A, B, u) be an
f-oscillating function. We define the collection

E ={I € P, I is a rogue basic cube},
#E < #{I € P, I is a rogue basic cube} = f(N) -7 (Q) < f(N) < e-coN®.



210 Adi Gliicksam

We may therefore apply Lemma 2.1 to conclude that for at least half of the basic
cubes in @ there exists a sequence {k;(I)} so that
1. For every x € 0Qy,(r) there exists 1, = % > % so that
(8) B(2.2r5) C Qi) (1(2)) € Quppai \ Qi 1(1
(b) #{I €& INB(w,r,) #0} <H#{T€E, I CQjw(I(x))}
<e-my (Qj(z (1 (a:))) )
2 # 02 e w log#= (2 + Z5).
Following the weak maximum principle in (2), there exists z; € 9Qy, so that u(x;) >

M, (Q;). On the other hand, following property 1(b) of the sequence {k;(I)},
there exists 7; so that

#{I €& INB(zxjr;) #0}<e-(2r;+ 1)d <cq-e-mg(B(xj,1;)),

for a constant ¢y which depends on the dimension alone.
The first adjustment to the proof is here. We need to bound from above the ratio
w(B(z;,r;){u>0})
u(B(zjrj)) )
does not scale like Lebesgue’s measure, and therefore we need a new argument to
bound this quantity. Using Condition (1), we see that since the cubes are disjoint

. However, the measure p is not, in general, translation invariant, and

p(B(zj,m5) N{u > 0}) < (B(xj’rj) N UIeE I)
o (B(xj,75)) N p(B(zj,715))
N p(B(xj,rj) \ B(xj,r; — Vd))
(B, ;)
Z rer\e (I N {u > O})

ICB(:CJ',T‘]')

1 (B(zj,r;))
mq (B(xj,75) N Ujee 1)
=¥ ( mq (B(z;,7;)) )
ma(B(z;,7;) \ B(a;,r; — Vd))
+ < myg (B(ffj»rj)) )

+

+ A Z
lepe ‘”Jv TJ))
ICB(x T )

g
s¢wwa+¢(drz>+A

5. 0d
sw(cd-dw(d 2>+A

To

where the second inequality is since I ¢ £ satisfy property P,. Note that this bound
is uniform in z;, and only depends on the number of ‘rogue’ cubes intersecting the
ball B(x;,r;) and on the choice of A, €, and 7y which will depend on the function ,
the constants A and B, and the dimension d.
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Next, following the weighted mean-value property in (3), for every ball B(z;,r;)
we have

1
A-u(xj)SA-B-—/ wdp
B(zj,r5)

w(B(zj,15))
w(B(x;,r;) N {u > 0})
<A-B-M/(B(zj 1)) w(B)

<A-B-M,(B(zj,7j)) <w (ca-e)+ <d2 .Qd) + A) :

To

Note that, generalizing the original proof, an additional constant A was required due
to the weak maximum principle in (2). We conclude that if A and e are chosen
small enough (depending on A, B, and the function ) and rq is chosen large enough
(depending on v, d and the constants A, B) then there exists § > 0 so that

A-B-|vY(cg-e)+v . +A ]l <1=0<e”
0

implying that
M (Qryi) 2 Mu(B) 2 A-ufzy) - € > My(Qy,) - €,

following property 1(a) of the sequence {k;(/)} and the maximum principle. Applying
this argument inductively and using the maximum principle,

#{k;(I)}-1
M) "7 M@
M (Qrypa(r)

< exp (—=#{k;(1)} - )

Jj=1

N &
<exp| —c- —110gd%1 (2+ #—N)
L+ (2)™ 5

for some constant ¢, which depends on the dimension, the constants A, B and the
function ¢. To get a similar bound with f(V) instead of #&, we note that the
function 1 defined by

is monotone decreasing in some neighbourhood of oo, which depends on the dimen-
sion. Combining this with the fact that #& < f(N), we see that for every N large
enough

M, (1) e ( #5)
MU(Q)geXp c 1_;_(;%_5)%1 log 2+
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On the other hand, as without loss of generality ¢y < %, more than half of the basic
cubes in @ satisfy that M, (/) > 1. We conclude that there exists at least one cube
satisfying M, (1) > 1 and the inequality above, implying that

N N
M,(Q)>exp|c- - log% (2 + M) M, (1)

1+ (f(N)> = e N
eN
N N

>exp | c- . log%l (2+f(]\2>

)\ T & -

1+ (452)

As this holds for every N € N large enough,
Reco R |oodsT M)
1 (LE) 7T log <2 e

concluding our proof keeping in mind that € was a constant which depends on the
parameters A, B, d, and . d

3. The proof of Lemma 2.1

This lemma is a refinement of [4, Lemma 2.1|. In [4, Lemma 2.1] we obtain a lower
bound on the maximum of a subharmonic function which is frequently oscillating in
some large cube. Here we extract the geometric property that allows us to find
that lower bound, namely Property (2.1) in the Lemma, by using a collection of
‘rogue’ cubes denoted £ and bounding its density in all cubic annuli centered on
some special sequence of cubic annuli, Qy; (/). This geometric property may find
applications elsewhere as well.

There is also some novelty in this version of the lemma. In [4, Lemma 2.1] we
look at the density in cubes whose sizes ranges from 1 to oo and the density was
bounded from bellow by some fixed constant corresponding to 1 — §; where ¢4 is
assumed to be small, i.e., we allow many ‘rogue’ cubes. Here we look at the density
in cubes of edge size at least 1y and the density is bounded from above by &, both
are parameters the user is free to choose. The proof is very similar to the proof done
in [4, Lemma 2.1| while keeping the parameters rg, ¢ in mind. We include it here for
completeness.

Let p: P — {0,--- , N} be the function describing the edge-length of the smallest
cube so that Q,)(/) does not contain many ‘rogue‘ cubes. Here comes the first
difference in the proof- we look at the density of the set of ‘rogue’ cubes instead
of the set where we have ‘good’ behavior. In addition, the notion of ‘not many’ is
quantified by ¢ instead of 1 — d4, and the ‘smallest’ allowed edge-length is 7. Both
ro and ¢ are parameters given by the user and not constants. Formally,

p(I) :=inf{j >ry, #{J €& JCQ;(I)} <5 -mq(Q;(I))},

where my denotes Lebesgue’s measure on R%. For every I € P if I C [-N + W]id,
N — L]d
102d) »

#{IES, JcQLTdeJ(I)}<g-co-ng§-md(QLLJ(1))
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as long as ¢g is chosen numerically small enough, depending on the dimension alone.
Then for every such I, we know that p(I) is finite. It could be infinite for I close to
the boundary of Q.

For every basic cube I we denote by
A(Lk) = Qr(I) \ Qr_1(I). Intuitively,
this is the kth layer of basic cubes sur-
rounding I (see for example the alternat-
ing grey and black cubed annuli in Figure
2 to the right). Let Qo := [-N + 120]2\;, N —

25214, We will construct a monotone non-
decreasing function M: N — N, so that

for every k fixed it satisfies

11

M (k)
(Q) = 4a 2N
M(k — M(k))
where K is a set defined for every basic Figure 2. In this figure one can see the layers
cube I € P with I C Qo by about the cube I which are coloured alter-

nately.

Klzz{ke{l,- éid} Vr € QN ALK, plx) < M(k)}.

Note that if I ¢ Qo, then it is possible that p(z) = oo for some x € Q N A(I, k)
and K; is empty or small. For now, we assume such a function exists. For every
cube I € P, define the monotone increasing sequence {x;} = {x;(I)} in the following
reversed recursive way:

ky(y c=max{k € K}, r;:=max{ke K, k <rjr1—M(kju1)},
where N(I) is the eventual length of the sequence. We choose a cube [ so that I C Q,
then in particular, QL J( ) C Q. Let ; denote the boundary of Q; := Qy;([),
102
then by the way the set i 1 was defined, for every = € 1,

p(I(z)) < M(r;) < dist (75, %j41) = Qo (2)) C @j4a-
On the other hand, since k;_1 < k; — M(x;), then

Qi) (2)) N Qj—1 = 0.
Overall, Property 2.1 holds. Property 2.1 holds by the way the function p was defined.
To conclude the proof, we need to bound from bellow # {x;} for all but at most half
of the basic cubes I € P.

Note that if the function M is too big, the sequence {x;} will be a very short
sequence, for most cubes. On the other hand, the smaller the function M is, the
harder it becomes to satisfy Property (M).

We shall conclude the proof in three steps:

Step 1. Show that at least %N 4 of the basic cubes I € P satisfy

(5 #0053 Z Tt
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Step 2. Define the function M, show it is non-decreasing, and prove that it satisfies
conditions (M) and (Q)

Step 3. Bound the sum Z,i‘ﬂf M from below.

3.0.1. Step 1: Bounding Z,;Ozf M(k) from below.

Claim 3.1. For at least 12N of the basic cubes I € P, (§) holds.
Proof. For every basic cube I € P let

B(I) :=
keKy
and define the collection
1 % 1
X =<1 B(I)>— E—
B 2 552 375

We will first show that every basic cube I € X satisfies (§). Since M is a monotone

non-decreasing function with M (1) > 1, and by the way the sequence {r;} was
defined, for every I € X

& 1 {H’J} 1
— =12 =12 —
i < > 2 2 W
k=1 keK ] KK}
71VI(K, )<k<n-

#{r;} K #{Ks}

<12 Z > <12 Z +(i])) < 60 {;},

following Property (Q). To conclude the proof it is left to show that #X > 12N
Following Property (M),

\z

102d

%) > _B() ZZM ZT#{IEP be Ky = 5N Zﬁ

IeP IeP keK; k=1 —1
On the other hand, by the way the set X was defined,
1 wizd 1
12 ma I ¢ Xv
B(I) < M
102d 1 7 X
PRI
Then
N N
102d 1 ; 1 102d 1
B(I) = B(I B(I) < #X — N —H#X) — —_—
STBU) = YOB() + YoB) < 4K s+ (V- 4) 53 b
IeP Iex I¢x k=1 —1
N
11 1 D41 w12 /11 1
== — N4 N B(I
(12# 12 ) p M(k) — 11N¢ (12# 12 ); (1)
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10
= #X > N
#X = N,
concluding the proof. O

3.0.2. Step 2: constructing the function M. The definition of the function
M will heavily depend on a collection of sets, M, with special properties. To define
the collection M we will need the following definition:

24 = 16
Given k an interval I is called a dyadic = >

interval of order k if there exists j so
that [ = £27°F + [0,2’“). A cube C 2 =3
is called a dyadic cube of order k if

there are d dyadic intervals of order 2=4
k, I, I, Iy so that C = []1_, I;.
We say a cube C is a dyadic cube if
there exists £ so that C is a dyadic Izl:z
cube of order k (see Figure 3 to the

right). Note that a dyadic cube of
order k is a disjoint union of 24(*~7)
dyadic cubes of order j, and that ev- -

ery distinct dyadic cubes of the same o

order are disjoint. This means we can Figure 3. This figure depicts dyadic cubes. The
define a partial order on the collection grey cube is not a dyadic cube even though it has
of dyadic cubes. edge-length 4.

We assume without loss of generality that N is a dyadic integer. Note that p,
defined on elements of P, assumes a finite number of values, and one may order the

cubes I € P as I}, -, Iya in an ascending p-order, i.e. so that p(I) > p(Ix41). For
every I, € P we find a dyadic cube Ji so that:
1. I, C J,.

We define the collection M to be the collection of maximal dyadic elements {J},

that is

k—1

k€M = L]

i=1
for if I, C J; for some i < k, then since p(I;) > p(Ix), Jx € J;. M forms a cover
for [-N + 25, N — :57]? and it is uniquely defined. Let n, denote the number of
elements in M with edge length 2°. We will define the function M to be a step
function, with steps

1
d—1
: aNd m—+2 N
S 1= min ~o T (o
2ln, 102d

1>m

for some numerical constant o which we shall choose later. Note that this is a mono-

tone non-decreasing sequence. We denote the index of the first element satisfying

Sm = IOLQd by m+1 and stop defining the sequence there. Let mg be a constant, which
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will depend on the dimension and on ry, and will be determined later by Claim 3.2,
and define the function

M) =2 k< S
T2 s <k <sm,ome{mo+1,--- m+1}.

Since the sequence {s,,} was monotone non-decreasing, the function M is monotone
non-decreasing as well.

The function M satisfies Property (Q): Fix k and let m be so that s, 1 < k < spp,.
Then, by monotonicity of the function M, if mqg < k < m + 1,

1

d—1
aN?
k—Mk)> S$pm1—M(sp) = | ————— gmtl _ om
(8 2 sus = Mlsw) = | < |+
>m—1
_1 1
d—1 d—1
aN? Lom s aN? 4 gm
= | —— ~ = Sm—2-
Z 2671,@ - 2%4 2
>m—1 £>m—2

In particular, by monotonicity of the function M,

M(k)  _ M(sn) _ 2"

ME = ME) = M(sy,) 2m2 *

Though the definition of the steps of the function M may seem forced and unnatural
now, we will soon see it is in fact very natural.

The function M satisfies Property (M): We relay on two key claims. The first
claim bounds the total number of elements in P with large p by bounding the total
measure of elements in M with large edge-length.

Claim 3.2. There exist a numerical constant C'} which depend on the dimension
d, and an index mqy which depends on rqy so that

Z omdp < w

IS
m>mg

This claim is a generalization of [4, Claim 2.3|. While in the original proof mg only
depended on the dimension, here it must also depend on the scale ry. In addition, the
constant '} depended on the dimension alone, as the upper bound on the density,
1 — 44, was fixed and assumed to be bigger than % Here we must divide by e, which
is now a parameter and may be as small as the user may wish. The proof is the same

keeping track of these two parameters.

Proof. Define the set
K =],

Ieg

and recall that the maximal function for cubes is defined by

1
0 [ fwimaty)

My(z) == sup
C some cube 114
with ze€C
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Fix x so that p(I(z)) > 2r¢, then by the way p is defined
M (K N Q@(I(a:)» N £ my (Q@(I(:ﬂ))) e
i (Quuen (@) ma (Quugn (1)) 2

and, by definition, the maximal function M, satisfies

md(C N K)
lK (x) C s()srrlltIZubc md(C) \/C’ K(y) md(y) C sosmucl?:ubc md(C)
with zeC with z€C
my (K N Qp([(z)) (I(I)))
> : >

DO | ™

ma (Quagen (1(2)))
We note that the same holds for every y € Qouwy (I(z)). We conclude that
Qoue) (I(x)) C {MlK > %} Using the maximal function theorem for cubes,
2

M mi| U Q@) ] <mi({an, > 5)) g 28 - #E

€ €
{z, p(I())>2ro}

where the last equality is by the definition of the set K.

Let J € M be so that ¢(J) > 8ry. Then there exists z; € J with p(I(z;)) >
@ > 2rg, implying that J C Qspr(x))(I(x)). We choose my to be the first integer

satisfying that 2™ > 8ry. By using the inclusion above, since the elements in M are
disjoint,

Z 24, = Z 2™ 0y, = JEA; mq(J) = JZA; ma (J 0 Qsp(i(e) (1(2)))

£(J)>2m0 £(J)>2m0

disjointness
of J

ma | U (TN Qoo (I(x1)))

Jem
£(J)>2"0
inclusion
< ma| U @spueI@)
JeM
£(J)>2M0

< 30%my U QM(I@J))

JeM
£(J)>2™M0

<s0m [ U Quum ) | £ 75

(o, p(I(@))>2r0) ¢

the last inequality is by (1), concluding the proof. To show that (x) holds we look at
two cases:
Case 1: If the shrunken cubes are disjoint, then

107 - my(Cy U Cq) = 10% - (mg(Cy) + ma(Cy)) = mga(10C,) + mg(10C,)
Z mq (1001 U 1002) .
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Note that it is possible that x; is very close to the boundary of J and therefore
Qoue (I(zy)) ¢ J. In particular, it could be the case that for J # J' we have

2
Qp<1<;J>> (I(zy)) N Qe (L(xy)) # 0.
2
Case 2: If the shrunken cubes intersect, and without loss of generality ¢(C}) <

0(Cy) (where ¢(C') is the edge-length of the cube ), then C; C 3C5 implying that
10C, C 30C, and therefore

307 - mgy (C1 U Cq) > 30% - mg (Cy) = my(30Cy) > my (30C, U 10CY)
Z mq (1002 U 1001) .

The argument in Case 2 can be extended for any finite number of cubes, proving (%)
holds. U

The second claim gives a softer condition to guarantee that Property (M) holds.

Claim 3.3. There exists a numerical constant Cy so that for every ¢, small
enough if a = CLQ (% — %) — ¢oC7 > 0, then for all m > my, for every k <

_1
(%) " at least % of the basic cubes I € P satisfy that p\A(M)ﬁQ < 2™,

It becomes clear now why the sequence {s,,} was defined in that particular way:
Fix k and let m be so that s,,_1 < k < s,,, then by definition M (k) = 2™. Next,

ke K — P‘A(I,k)mQ < M(k‘) = 2™,
On the other hand,

1

. d ﬂ
I e
Zzzm 2'n,

Following the claim above, at least % of the basic cubes I € P satisfy that p| AN S

2™ or, in other words, # {I, k € K;} > %Nd, and so the function M satisfies Prop-
erty (M).
{J)

Proof of Claim 3.3. For every J € M, for every basic cube I C J, p(I) < =57,
by the way the collection M was defined. In particular, if /(J) < 2™, then for every
basic cube I C J, p(I) < 2™ as well. We conclude that for I C Qo, if A(I,k)
only intersects J € M with ¢(J) < M(k), then every = € A(I,k) must satisfy
p(I(x)) < M(k), as M forms a cover for [N + 155, N — 1255]%. Overall, we need to
bound how many elements are in

{ICQo3IJeM, JNAUEK)#0 and ((J) > 2™}
c | {rAaumns#0y= J Bk

JeM JeM
£(J)>2m o(J)y>2m

We will bound the number of elements in B(J, k), i.e. given J € M and k €
{1, e wlgd}, how many elements I € P satisfy that J N A(I, k) # (7

To bound this quantity we will look at two cases. The first and simpler case is
when ¢(J) > 2k + 1. Since ¢(J) > 2k + 1, the cube J must contain at least one outer
vertex of the set A(I,k). We begin by choosing some order on the outer vertices
of A(I,k). Then we can associate each basic cube I € B(J, k) with the location
of the first outer vertex of A(I,k) lying inside J (see Figure 4b below). Because
J is a union of basic cubes and so is A(I, k), the number of sites in J, in which
such a vertex could be found, is equal to the number of basic cubes in J. We can
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therefore bound from above the number of elements in B(J, k), in this case, by the
number of possible vertices in A(I, k) times the number of basic cubes in J, that is
by 2¢mg(J) = 24 - 0(J)%,

The second case is when ¢(J) < 2k + 1. In this case, if J N A(I, k) # 0, then the
boundary of J must intersect A(I, k). In particular, there are two adjacent vertices of
J one in the set bounded by the outer boundary of A(I, k) or in A(7, k) and the other
outside (or on) A(I, k). We can identify every basic cube I in B(J, k) by indicating
the basic cube on A([0,1]%, k) where the intersection of A(I,k) and J occurs, and
the basic cube on the one dimensional facet connecting the two adjacent vertices of
J mentioned earlier (see Figure 4a below). If more than two vertices satisfy this,
we choose an order on the collection of one dimensional facets and use the first one
intersecting A(I, k). We conclude that the number of elements in B(.J, k), in this case,
is bounded by the number of basic cubes whose closure intersects a one dimensional
facet of J times the number of basic cubes in A([0,1]¢, k), which is bounded by

2% 0(J) - 6d - (2k + 1) <) - kT

AL k) . A(ILK)

(a) The case ¢(J) < 2k + 1. (b) The case £(J) > 2k + 1.

Figure 4. This figure describes what happens in dimension d = 2. In both figures, the black
cube is the basic cube we choose to indicate I € B(J, k).

Overall, we conclude that
#{I C Qo, 3T e M, JNA(I, k) # 0 and ¢(J) > 2™}
< D #BUE)S DY () + R

JeM JeM
L(J)>2m o(J)>2m
5 E md(J) + l{id_l E g(J) = E 2€'dng + ]Cd_l E 24’/15.
JEM JEM >m >m
£(J)>2m L(J)>2m

Combining this with Claim 3.2, we see that if k%1 < 2—25 and #& < e-¢yN?,
L>m
then there exists a constant Oy, which depends on the dimension alone, so that

#{I C Qo, 3T € M, JNA(I, k) # 0 and £(J]) > 2™}
- < CgZQg'dng + C’gk’d_lean

>m >m
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<0, Ci#€

1 1
+C2a'Nd§Nd(CQClco+CQOé):Nd <E_%>’

as we assume that #& < e-¢y - N%, and by the way we defined a. We therefore get
that

#{I C Qo, Yz € QN A(I k) with p(I(z)) < 2™} =

d
= N¢ <1— 102201) —#{I,3 € M,JNA(LK) #0, and ((J) > 2™}

2\ 11 1 1 1 11
>N (1 = — ) >N (1= — 4 — ) = =N¢
= (( 102d) (12 50)) ( 50 12+50) 12

concluding the proof. O

3.0.3. Step 3: Bounding Z,;Ozld M(k) from below.
Claim 3.4.

=
a

N _d_ #5
— loga—1 (2+ )
M 1+ ( )CH e-N

Proof. If s,,, = 1555, then by the way the function M is defined, for all & we have
M (k) = 2™ implying that,

ZHM

_N_ _N_
102d 102d
1 1

M) Z omo
k=1
where the constant depends on mg, which depends on ry since this is how mg was
defined. This yields a longer sequence than the one indicated in the theorem. Other-
wise, assume that s,,, < 02 5+ Since the function M was defined as a step function,

~ N,

=

102 m—+1

SH

1 Smo
Mk) 2m > 2 ~ Sm-1)
k=1 m=mo-+1
< 41 m+1
mo —m —m
2m0 - Z 2 Z 2 Sm—1
m=mo+1 m=mo+1
m+1 L
= 2- Sm — 5 Z 2- Sm
m=mgo m=mo
1 S —-m —m—1 —m -
=§Z2 SmA2 " e v N2 Y
m=my m=my
To bound Zm —my o from below, we use Jensen’s inequality with the convex function
g(t) s t d 1:

m m(d—1)
2m(d=1) 2 m=my 9 (—2 Sd‘fll )

m Sm m _
— = — (7 — 1 m
> o3 (T ) s momery =
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7 (d—1)
Zz:mo 27:%—1 (m — mg + 1)1+ﬁ

> (m—my+1 = .
= ( 0 )g m—mo+ 1 (Zm Qm(dl))dil

To bound Zzzmo % from above, we note that by definition

1 1
. d d—1 . d d—1
S = CY—]VK + 2m+2 Z a—jvg .
ZKZm 2 Ny ZKZm 2 T

This implies that

m 2m(d—1) 1 m 1 ¢
m(d—1) 0 14 m(d—1)
D o S 2 2T 2= m > 2 y 2
m=mg m m=mg >m £>mp m=mg
1 #HE
~ 2d-€ ~ T
aN‘ DZ e UNG
2mo

following Claim 3.2. Then, using the estimate above,

N
10%d m A\ 7T
1 ; s ; L (e NP\
—  _  ~92TMUN E 2mo>o-m o N LopltaT . .
k=1 (k) ' m=mg am = o ( #8 )

We would like our lower bound to hold for every m. To find the optimal inequality,

we define the function
1
N -1
= 271 1+ﬁ . .
p(z) +a (5 : #5)

As we know nothing about m, we will look for the absolute minimum of ¢ in [1
and use whatever inequality this minimum satisfies:

g) = 9= 1 \(e:N\TT o L (#ENTT
¢'(r) = —2 log(2)+(1+d_1><#8) xd1 =0 < ga12 (5-N)

and the later is a minimum point since ¢” > 0. The lower bound this minimum
produces is

o7

N
(o ),
L+ ()™ 3

concluding the proof. O
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4. Examples

In this section we find a few examples of families of functions satisfying the
requirements of the theorem, which are not the traditional subharmonic functions,
treated already in [4].

4.1. Examples related to Harnack’s inequality. In this subsection we will
discuss two classes of examples. In both cases, the weighted mean value property
arises from some form of Harnack’s inequality, and in both we are dealing with
solutions to special differential equations. Lastly, we will show in both examples that
they belong to F(c, ¢, my) where ¢ is a constant which depends on the parameters of
the differential equation.

Let a: R? — R4 be so that

e Forevery r € R? a(z) = {aj,k(:z;)}ikzl is a symmetric positive definite matrix,

whose eigenvalues lie between A\~! and \.
e For every 1 < j,k < d the function = — a;;(z) is Lebesgue integrable.

4.1.1. Special elliptic differential equations. In a paper from 1961, [§],
Moser found a large class of functions which satisfy Harnack’s inequality. Following
Observation 1.2, all the functions in this class belong to F(c, ¢, mg). Moser studied
all the solutions of the uniformly elliptic differential equation induced by a described
above:

0 ou
(4) — (a () - —> =0.
1S§Sd0xj J (9azk

Let D C R% be a domain. A function u: R — R which satisfies that
/ (v + ||Vu||2)dmd < 00
D

is called a (weak) solution of (4)in a domain D if for every continuously differentiable
compactly supported function ¢,

_ 9
/D(VQS,aVu)dmd_ Z /D@_xj'a]’k(x) ka_o'

1<j,k<d

Theorem 4.1. [8, Theorem 1| If u is a positive solution of (4) in a domain D
and D' C D is a compact subset of D, then there exists a constant which depends
on A\, d,D, D’ so that

min u(z) <c- min u(x).

If u is a solution of (4) in R?, then for every ball B, u is a solution in a ball twice
its size, and by rescaling the constant above does not depend on B at all.

Following Observation 1.2, we see that if we fix the dimension and A, then every
weak solution of (4) belongs to F(c,c,mg) for some constant ¢, which depends on
the dimension, d, and on A. In fact, since weak solutions of linear elliptic operators
satisfy the maximum principle (see e.g. [3, Theorem 8.1]), every such solution will
belong to F(1,c,my).

4.1.2. Special parabolic differential equations. In another paper a few
years later, Moser studied solutions of a ‘heat equation with weighted laplacian’.
More accurately, he looked at non-negative solutions u: R — R, of the parabolic
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differential equation

ou 0 ou
(5) =+ > oz, <aj,k(t,x) : G_xk> = 0.

1<j,k<d

Note that here a = {a;(t, x)}]k LR x RY — R4 gatisfies the requirements
described in the beginning of this subsection. A weak solution of the differential
equation (5) in a domain D is defined as a function for which the first derivatives,
Ut, Uy, , - -+, Uy, are square integrable in D and which satisfies that for every continu-
ously differentiable compactly supported function ¢ = ¢(t, x),

/¢ + (Va6 aVau) dmg = /¢ dtd+z /8x ca;p( gxkdtdx_o
J

1<4,k<d

As mentioned before, it is known that solutions of parabolic differential equations
satisfy a weak maximum principle, and in particular would satisfy Condition (2) with
A = 1. To show that a weighted mean value property holds we will need some kind
of Harnack’s principle. However, the Harnack type inequality Moser obtained in [9]
is not the standard one.

Theorem 4.2. |9, Theorem 1| Let R = [0,T] x [0, p]* C R*"! be a rectangle.
Given 0 < 7 < 7o <7 < T and p/ < p we define
R_:=[r,m] x[0,0]% Ry :=[r,T] x[0,p]"

(see Figure 5a below). There exists a constant ¢ which depends on A\, d, 1y, 7o, 7, T, p,
so that for every weak positive solution of (5) in R,

max u < ¢-min u.
R_ Ry

Observation 4.3. Let u be a weak positive solution of (5). Then u satisfies a
weighted mean value property with © = mg,1 and a constant which depends on the
parameters of the equation.

Proof. Fix (t,z) € R x R? and r > 0 and define the rectangle

T T d+1
A+ 1 Vd+1

Note that R C B((t,x),r). We define the parameters

R:= (z,t) +

r r / 3r

N7 o LV ES 2\/d+ INZES

while, according to the way R was defined, p = T' = —=—. Note that (t,z) € R_

and that R_, Ry C R C B((t,x),r) (see Figure 5b below). Following Theorem 4.2,
there exists a constant ¢ which may depend only on A and the dimension d so that

max u < ¢ - min u.

R Ry
We point out that the reason why it does not depend on the rest of the parameters is
since the theorem is scale invariant and once we rescale everything to have r = 1 we
see that all the rest of the parameters are constants which depend on the dimension

mas1(BUt2)1) 3o another constant which depends on the

alone. Next, we note that
’ mat1(Ry)
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dimension alone. We see that by inclusion,
u(t,x) <maxu < ¢-min u
R Ry

c c
= mln u(y) dmgpr < —/ u(y) dmayq
md+1( +) Ry

mar1(Ry) Jr
< may1(B((t 95) )) c

v u m
ma1(Ry) md+1(B((t,x),r)) /B((t’x)ﬂ,) (y) dima

< ¢ / u(y) dm
o de(B((t, 5‘3)7 7’)) B((t,x),r) o

where ¢ is a constant which depends on A and the dimension alone, concluding the

proof. ([l
T
Ry
T R
T2
R_
t T1
P
p/
T
(a) The rectangles R,R_, R, in Theorem 4.2. (b) The ball B((t,z),r) and the rectangles

R, R_, Ry in the observation above.

Figure 5. This figure describes the rectangles R, R_, R and how they relate with the ball
B((t,z),r) in the proof of Observation 4.3.

Following the observation above, we see that if we fix the dimension and A, then
every weak solution of (5) belongs to F(1, ¢, mg1) for some constant ¢, which depends
on the dimension and A alone.

4.2. Functions satisfying a weighted average property. The second class
of examples we present have A = B = 1 but the measure p is not Lebesgue’s measure.

In a paper from 1965 [1] Bose investigated functions satisfying a weighted average
property. More precisely, given a nonnegative locally bounded function w: R? — R,
he looked at the collection of functions satisfying

: dmy
( u(r) = f3<}r> uly) - <d ) " )(y)

Note that if w = const # 0 then the collectlon of functions satisfying (6) is precisely
the set of harmonic functions. However, if w is not constant we get a different
collection of functions.

He showed several interesting properties of functions satisfying (6). First, a
maximum principle holds:

Theorem 4.4. |1, Theorem 6] Let Q C R%. If u satisfies (6) in €, then u cannot
assume a maximum (minimum) at a point in §2 unless u is constant in §).
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This tells us that if w is a measure satisfying Condition (1), then every function
satisfying (6) belongs to F(1,1,w - dmy).

More interestingly, he showed that if w is an eigenfunction of the laplacian, i.e.,
there exists A € R so that

Aw+ \w =0,

then u € C? satisfies (6) if and only if it is a solution of the equation
w - Au+ 2 (Vu, Vw) = 0.

For more information see [1, Theorem 5|. In this case, the characterization of func-
tions satisfying an w-weighted mean value theorem, as described in (6), can give rise
to defining w-subharmonic functions, as sub-solutions of the equation above. These
will also belong to F(1,1,w - dmg) and Theorem 1.3 could also be applied to them.

If w is not an eigenfunction of the laplacian, then every function satisfying (6)
will still be a solution of the equation above, but there are solutions of the equation
above, which do not satisfy (6). For more information see |1, Theorem 4| and the
remark that follows the proof.

4.3. Sub-solutions of quasilinear elliptic equations. The last class of ex-
amples we would like to mention, is where B > 1 and the measure p is not necessarily
Lebesgue’s measure.

Let A,, 1 < p < 00, denote the Muckenhoupt class which consists of all nonneg-
ative locally integrable functions w in R? satisfying

2, (o 20 ) (g [ 0™ d) = ow < 0

If w e A, then it is also p-admissible with the same p. (See [5, p. 10]).
Let A: R? x R? — R? be a mapping satisfying that

1. (a) The mapping = — A(x,£) is measurable for all £ € R%
(b) The mapping & — A(x, ) is continuous for a.e. z € R%
2. There exists o > 0 so that for all £ € R? and a.e. € R? we have

(A(2,£),€) 2 - w(x) [¢]".
3. There exists 3 > 0 so that for all ¢ € R? and a.e. € R? we have
A2, )] < 8- w() [P
4. For every 51 7£ 527 <A(.I‘, gl) - A(l’, §2)a€1 - €2> > 0.
5. For every A € R, A # 0, A(x, \6) = M |A[P2 A(x, €).
For a mapping satisfying properties 1-5 above we look at the quasilinear elliptic
equation
(3) —div(A(z, Vu)) = 0.

Let Q C R? be a bounded domain. A function u is called A-harmonic in  if it
is a continuous weak solution for (€39) in Q. A function w is called A-subharmonic in
Q if

(a) It is upper semicontinuous.

(b) In every component of Q, u Z —o0.

(c) For every D & Q open, for every A-harmonic function v which is continuous

on D, if u <wvon 0D, then u < v in D.
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This class contains all p-subharmonic functions, when A(z,y) = [y[** - .

While subharmonic functions and A-subharmonic functions share some proper-
ties, there are some very elementary properties of subharmonic functions that require
modifications to extend for the more general setup, and others that do not extend at
all. For example, if u,v are both A-subharmonic it is not necessarily the case that
u + v is A-subharmonic. We list here a partial list of interesting properties:

1. If A > 0 and 7 € R then for every A-subharmonic function \ - u + 7 is also
A-subharmonic.

2. If u,v are both A-subharmonic then max {u, v} is A-subharmonic.

3. A maximum principle. A non-constant A-subharmonic function v cannot
attain its supremum inside the domain €.

4. Every A-subharmonic function is a sub-solution of Equation (€3).

5. A weighted mean-value property. Let u be a non-negative A-subharmonic
function in a ball B, then

1
u(z) = esslimsup u(y) < C - —/ udp,
y—a 1(B) Jg
where 4 is the measure associated with the weight w, i.e. u(E) := [, w(z) du,
and C'is a constant which depends on «, 3, p, d and the constant that controls
the Poincare-type inequality the measure p satisfies (see [5, Lemma 3.44]).

To see that p satisfies Condition (1) we refer the reader to the following lemma:

Lemma 4.5. [5, Lemma 15.8, p. 299] If w € A, then there exists ¢ € (0,1) and
¢ > 1 both depending only onn, p, ¢,,, so that for every ball B and every measurable

set ' C B
q
@ <c (md(E)) .
u(B) = \ma(B)

Observation 4.6. For every A-subharmonic function, u there exist constants
¢, B>1,q € (0,1) so that u € F(1, B, ) for some measure u € My(R?) where
Y(t) :==c-te

Proof. Following Property 3, every A-subharmonic function satisfies the maxi-
mum principle , and therefore Condition (2) holds with the constant A = 1. Next, fol-
lowing Lemma 4.5, the measure p satisfies Condition (1) with the function ¢ (t) := c-t?
for the constant ¢ > 1, ¢ € (0,1) in the lemma above. Lastly, following the mean-
value property, Property 5 listed above, the function u satisfies Condition (3) with
the constant B = C' where C' is the constant appearing in Property 5, which depends
on «, [, p, d. This concludes the proof of the observation. O
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