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Dimension estimates on
circular (s, t)-Furstenberg sets

JIAYIN Liu

Abstract. In this paper, we show that circular (s,t)-Furstenberg sets in R? have Hausdorff
dimension at least
max{% +s,(2t+1)s —t} forall 0 <s,t<1.

This result extends the previous dimension estimates on circular Kakeya sets by Wollff.

Furstenbergin (s, t)-ympyrijoukkojen ulottuvuuden arvioita

Tiivistelma. Tissd tyossi osoitetaan, ettii tason R? Furstenbergin (s,t)-ympyrijoukkojen
Hausdorffin ulottuvuus on véhintdan

max{% +s, (2t +1)s —t} kaikilla 0 < s, < 1.

Tamaé tulos yleistdd Wolffin aiemmin todistamia Kakeyan ympyréjoukkojen ulottuvuusarvioita.

1. Introduction

Let F be a circular (s, t)-Furstenberg set in R?. That is, there exists a parameter
set K C R with Hausdorff dimension

such that for every (z,7) € K,
(1.1) dimy(FNS(x,r)) > s

where R} := {(z,7) = (z1,22,7) | r > 0} and S(z,r) is the circle centered at = € R?
with radius r. A special class of circular (1,1)-Furstenberg sets is the family of
circular Kakeya sets, that is, Borel sets in R? that contain circles of every radius.

The study on the Hausdorff dimension of Furstenberg sets was initiated from
their linear version. In this paper, we call a set F' C R? a linear (s,t)-Furstenberg
set if there exists a parameter set K in A(2,1) with

such that for every L € K,
dimy(FNL)>s

where A(n, k) denotes the family of k-dimensional affine subspaces in R™.
In 1999, Wolff [16] showed that linear (s, 1)-Furstenberg sets with parameter set
K containing lines in every direction have Hausdorff dimension at least

(1.2) max{s + 5,25} forall 0 <s<1.
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In the sequel, there is a series of works improving the above lower bound and providing
the one for linear (s,¢)-Furstenberg sets with some of them only considering special
values of s, t. We refer the readers to |9, 1, 11, 10, 12, 7, 3, 2, 13] and references therein.
Moreover, in higher dimensions, one can similarly define linear (s, ¢t)-Furstenberg sets
with parameter set K in A(n, k). See |5, 6] for some recent progress.

It is not clear whether the above lower bound estimates on the Hausdorff di-
mension for linear (s,t)-Furstenberg sets in R? are sharp for any value of s and ¢
except s = 1. Hence determining the sharp lower bound remains open for Hausdorff
dimension of linear (s,t)-Furstenberg sets.

In terms of circular (s, t)-Furstenberg sets in R?, Wolff in [17, Corollary 3| showed
that circular Kakeya sets in R? have full dimension 2 employing techniques from
harmonic analysis. Also, in [15, Corollary 3|, Wolff proved that Borel sets in R?
consisting of circles with ¢-dimensional set of centers have Hausdorff dimension at
least 1+ t. Later, in [8], as an application of their techniques to prove a Marstrand-
type restricted projection theorem, Kdenméaki-Orponen—Venieri were able to show
that the above lower bound 1+ ¢ in [15] holds true for analytic t-dimensional family
of circles. Hence they provide an alternative method showing the dimension of sets
containing full circles. Since the above results concern special cases of circular (1,)-
Furstenberg sets, these bounds are sharp. To the best of the author’s knowledge,
these works and earlier results on families of full circles are the only ones concerning
the Hausdorff dimension for circular Furstenberg sets.

In this paper, we extend the existing result to general 0 < s,t < 1. We show the
following;:

Theorem 1.1. For any 0 < s <1 and 0 < t < 1, the Hausdorff dimension of a
circular (s, t)-Furstenberg set F' in R? is at least

(1.3) max{% + s, (2s — 1)t + s}.

We remark that for any 0 < ¢ < 1,if 0 < s < 2, then the maximum in (1.3)
is attained by £ 4 s. Otherwise, it is achieved by (2s — 1)t + s. Indeed, these two
bounds are obtained by different approaches. Hence Theorem 1.1 is a combination
of the following two theorems.

Theorem 1.2. For any 0 < s <1 and 0 < t < 1, the Hausdorff dimension of a
circular (s, t)-Furstenberg set F' in R? is at least

Ly
- S.
3

Theorem 1.3. For any % < s<1and0<t<1, the Hausdorff dimension of a
circular (s, t)-Furstenberg set F in R? is at least

(2s — 1)t + s.

Below, we briefly outline our ideas of the proof of Theorem 1.2 and Theorem 1.3,
which will imply Theorem 1.1. Here, we will focus on explaining some informal
ideas on obtaining the Minkowski dimension lower bounds for circular Furstenberg
sets. Then we can derive the Hausdorff dimension lower bounds from the Minkowski
dimension lower bounds in a standard way. To this end, in the proof, we will work
with a discretized version of the circular (s, t)-Furstenberg set F' in the following sense.
That is, instead of studying the ¢ dimensional parameter set K, we will concentrate
on a finite subset V' C K which is a (0, t)-set (See Definition 2.2). In brief, V' is a
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d-separated set with cardinality d—¢ and satisfies a ¢t-dimensional non-concentration
condition.

With this discretized circular Furstenberg set (J, ., S(z) N F, we consider an
arbitrary cover U = {B(z;,1;)}icz,, of this set by balls of radii between ¢/2 and §

where § = 27% (k; € N) is sufficiently small. We will give a lower bound of #Zy,
independent of the choice of the cover Y. Recall that the desired lower bound is %—k s
in Theorem 1.2 and (2t + 1)s — ¢t in Theorem 1.3, so we need to show that

1\3"°
(1.4) HTy, 2 <5> in Theorem 1.2
and
1 (2t4+1)s—t
(1.5) #Th., 2 (5> if 1 < s <1 in Theorem 1.3.

Indeed, this will imply

tis 1 %+S t
Z rd 2 (—) 637 >1 in Theorem 1.2
and

1 (2t+1)s—t
Z 7“1(2”1)8% pe (5) §RtF)s—t > 1 if % < s <1 in Theorem 1.3,

1€Lk,

which further imply that the £+ s (resp. (2t+1)s—t) dimensional Hausdorff measure
of F is positive and therefore the Hausdorff dimension of F is at least £ 4 s (resp.
(2t 4+ 1)s —t).

To show (1.4), we adapt the approach for showing the lower bound for the Haus-
dorff dimension of linear (s, 1)-Furstenberg sets used by Wolff in [16] together with
some geometric observations from planar geometry. The heuristic idea is that, since
three points determine a unique circle in the plane provided they are not collinear,
we can show that three well-separated o-balls B;, B;, By determine a “unique” cir-
cle S(z) (not necessarily unique in reality, see the statement before (3.22)), z € V,
with the help of Lemma 2.5, which intuitively means that there exists a unique cir-
cle S(z) with z € V such that S(z) N B; # 0 for I = i,j,k. This further enables
us to identify the circle S(z) with the triple (¢,7, k). Indeed, the above manipu-
lations are motivated by Wolff [16] to show the lower bound 1/2 + s in (1.2) for
the Hausdorff dimension of linear (s, 1)-Furstenberg sets where 1/2 appears from
the fact that two points determine a unique line in the plane. For circular (s,1)-
Furstenberg sets, we can only get the lower bound 1/3 + s since we need three points
to determine a circle. On the other hand, since S(z) N F has Hausdorff dimen-
sion no less than s, we need, roughly speaking, at least ~ d=* §-balls in U to cover
S(z)NF. Hence we can identify each S(z) N F by the triples (i, j, k) € Ty, X Ty, X Iy,
(or equivalently, (B;, Bj,Bx) € U x U x U) where S(z) N B, # 0 for | = 4,5, k.
Then each S(z) N F gives rise to § *(67* — 1)(6~* — 2) ~ 6~ many distinct triples
(1,4, k) € Ty, X Iy, X Iy, representing three distinct d-balls in ¢ and therefore we ob-
tain a total number #V x §73¢ = 6735~ many distinct triples. Finally, since all these
triples are contained in Zy, X Ty, X Zy,, we deduce that (#Zy,)% = 637t which gives
(1.4). This is the rough idea behind the proof of the Minkowski dimesion version of
Theorem 1.2.
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On the other hand, inequality (1.5) is obtained by applying the result from
Kéenméki-Orponen—Venieri in [8] utilised to find the Hausdorff dimension of ¢-di-
mensional analytic sets of circles. Heuristically, as discussed above, since one needs
at least ~ d=* 0-balls in U to cover S(z) N F for each z € V, if each J-ball in U only
intersects one S(z) N F for some z € V, then U consists of at least § S#V ~ §=5*
many J-balls. However, this may not be the case. In general, if each J-ball in U
intersects no more than §=¢ (0 < £ < t) many sets from the family {S(z) N F}.cv,
then we can deduce that U consists of at least (S;ﬁv ~ ‘5;: many J-balls. Actually,
by applying [8, Lemma 5.1|, we can show that for more than half of points z in V,
there exists S'(z) C S(z)NF with dimy S’(2) = dimy[S(2)NF] > s such that each 6-
ball in U intersects no more than §“2*=2 many sets from the family {S’(2)}.cy where
t(2s —2) arises from the choice of the parameter A when applying Lemma 5.1 in [8] to
guarantee (4.15) holds. We refer readers to the discussion around (4.17) in Section 4

for details. This fact will imply that there exist at least % ~ 01D~ many
S-balls in U, which is equivalent to say #Z, > 0~ [?**1)s= Hence (1.5) holds and
this concludes a heuristic discussion regarding Theorem 1.3.

Finally, we remark that we do not know if the bound max{% +s, (2s—1)t+s} in
Theorem 1.1 is sharp and we here make a conjecture that the sharp lower bound for
Hausdorff dimension of circular (s, 1)-Furstenberg sets is 34325 for 0 < s < 1. Indeed,
in the following example, based on the example in [16], we construct a circular (s, 1)-
Furstenberg set whose Hausdorff dimension does not exceed % + %s forall 0 < s <1.

Example 1.4. Due to the construction in [16, Section 1| by Wolff, for all 0 < s <
1, there exists a linear (s, 1)-Furstenberg set /' C B(0,4) \ B(0,1) whose Hausdorff
dimension does not exceed % + %s. Now considering R? as the complex plane C,
using the map w: C — C, z — %, all lines in C are mapped to circles through (0, 0).
Also noticing that w|p(o4)\B(0,1) is a biLipschitz homeomorphism, we deduce that
F' := w(F) is a circular (s, 1)-Furstenberg set with same dimension as F. That is,
dimy (F') < § + 3s.

The paper is organised as follows. In Section 2, we clarify our notations and
symbols, as well as introduce definitions and results employed in the proof. Sections 3
and 4 are devoted to showing the proof of Theorem 1.2 and 1.3 respectively. In the
last section, Section 5, we complete the proof of some auxiliary lemmas needed in
the proof of Theorem 1.2 using planar geometry.

Acknowledgement. J.L. would like to thank K. Féssler and T. Orponen for
many motivating discussions and their constant support. J.L. would also like to
convey his gratitude to the anonymous referee for pointing out a mistake in the
proof of Theorem 1.2 and for providing many valuable suggestions which significantly
improved the final presentation of the paper.

2. Preliminaries
In this paper, we denote by S°(x,7) the 6-neighbourhood of S(z,7), i.e.
SO(z,r) == B(x,r +0)\ B(x,r —9).

We also use the notation z = (z,r) € R?. Moreover, we use the notation f < g (resp.
f Snyg) for f < kg (resp. f < k(h)g) where k is a constant that depends only on the
ambient space (resp. the parameter h), and may change from line to line. Likewise,
f 2 g and f ~ g are understood correspondingly.
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The notation H* stands for the s-dimensional Hausdorft measure, and H?_ stands
for s-dimensional Hausdorff content. The notation | - | and || - || will denote the
Lebesgue measure and the Euclidean distance respectively in R? or R3. We also use
dist(A, B) to denote Euclidean distance between A and B where A and B can be
either points or sets. #A will denote the cardinality of a set A.

We have the following observation which makes it possible to restrict ourselves
to circular Furstenberg sets with bounded parameter set.

Remark 2.1. (i) Since we are concerned with the Hausdorff dimension of the
circular Furstenberg set F, we claim that it is enough to consider the case that F
has parameter set K C By where

(2.1) By = {(z,r) € R* | v € B(0,1) and L <r <2}.

To see this, consider the following covering of the parameter space R%. For k,l,m €
Z, let

Dyt = {(x,7) € R® | x € B((2*™ 2k, 2°™72]),2*™2) and 22! <y < 221},
Then

R = U Diim
kl,m
and
By = Do,0-
Hence for each € > 0 sufficiently small, there exists k., [, m. such that
(2.2) dimy (K) — dimy (K N Dy j.m.) < €.

Let F, be the circular Furstenberg set with parameter set K N Dy ;. ... Denote by
S,: R? 5 R? S, (x) :=x —y for any y € R? and by Dy: R* = R? D,(x) := Az for
any A > 0.

Then, letting y = (22 2k, 22™<72].) and X\ = 272" we observe that

ﬁe = D2—2m5 o 8(22m€—2k6722m5—2l6)(F€>

is a circular Furstenberg set the parameter set K. contained in B, and satisfying

(23) dlmH(Ke) = dlm'H(K N Dke,le,me)-

If F is a circular (s,t)-Furstenberg set, then by (2.2) and (2.3), for 0 < € < ¢, we
know F. is a circular (s,t — €)-Furstenberg set and

(2.4) dimy, F' > dimy F, for every 0 < e < t.

Now, assume Theorem 1.1 holds for circular Furstenberg sets with parameter set
contained in By, then

(2.5) dimy, F, > max{5¢ +5,(25s — 1)(t —€) + s} for every 0 < e <.
Combining (2.4) and (2.5), we deduce that

dimy F > li_r)%rnabx{t%6 +5,(25s = 1)(t —€) + s} = max{f + s, (2s — 1)t + s}.
Hence to show Theorem 1.1, we only need to consider the case that [’ has parameter
set K C By.

(ii) Note that |S?(x, )| < ¢od for all (z,r) € By where ¢ is an absolute constant.

We introduce the following:
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Definition 2.2. ((9,q)-sets) Let 6 € (0,1),¢ > 0, and let P C R" be a finite
d-separated set. We say that P is a (d, ¢)-set, if it satisfies the estimate
r\ 4

(2.6) #gwux%m}g(g, z€R", >4

We recall from [4, Lemma 3.13] the following

Lemma 2.3. Let 6,q > 0, and let ) C R™ be any set with HZ (Q) =: 5 > 0.
Then there exists a (6, q)-set P C Q) with cardinality #P 2 [5-079.

Remark 2.4. If Q C By and HZ (Q) = 3, by Lemma 2.3, we know that for any
d > 0, there exists a (0,q)-set P C @ with cardinality #P 2 §6~9. Furthermore,
letting r = diam By in (2.6), we know #P < 079, if § < diam By. We conclude that

BT S H#P S 6

To show Theorem 1.2, we need to establish the following result from planar
geometry. Since the proof relies on two more auxiliary lemmas, we postpone it to
the last section.

Lemma 2.5. Let A, B,C € R? such that min{||A— B||,||[A—C]||, ||B—-C]|,2} >
2c¢. For a > 0 such that a < 2—1002, define

b—a<|z—Al<b+a,
(2.7) Wi=1q (z,b)eR*x [1,2]:  b—a<|z—B|<b+a,
b—a<|lz—C| <b+a
Then
) a
(2.8) diam W < =l
It is worth mentioning that Lemma 2.5 shares a very similar conclusion with the
one in [16, Lemma 3.2 (Mastrand’s 3-circle lemma)|. Indeed, if we let ¢ = § = a,
r=b,A=c t=1/2—aand r; = ry = r3 = a therein, then the set W in Lemma
2.5 will be contained in Q) defined in [16, Lemma 3.2|. And the conclusion of |16,
Lemma 3.2| says that €, is contained in the union of two ellipsoids in R? with
diam Qq\ < %. Since we only consider the case 1 = ry = r3 = a (that is, Cs(z;,7;)
become balls B(z;,2a) for i = 1,2,3 in [16, Lemma 3.2|), we can deduce that W lies
in one cuboid in R? based on an approach which differs completely from the one of
[16, Lemma 3.2].
Now, we start the preparation for the proof of Theorem 1.3. Let P C R? be a
(0,q)-set. For any p € P, let A, be the Dirac measure centered at p. Then

(2.9) [ip = # oA,

peP

is a probability measure satisfying the Frostman condition pup(B(z,7)) < r? for all
z € R and r > 4. Indeed, for any ball B(z,r) with r > § we have

pp(B(z,1)) = # (Z Ap> (B(z,7)) = #Z%(B(Z’T))

peEP peEP

1
= ﬁ#(P NB(z,1)) Sri.
Below in Section 3 and 4, thanks to Remark 2.1(i), we will assume the circular
(s,t)-Furstenberg set F' has parameter set K C By.
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3. Proof of Theorem 1.2

Proof of Theorem 1.2. Let F be a circular (s, t)-Furstenberg set with parameter
set K C Bg. It suffices to show, for any ¢ >0, 0 < s’ <sand 0 <t <t,

/

t
dimy (F) > 3+ s —e.
Hence in the following, we fix s',t and 0 < € < %/ +5.
We notice that there exists a > 0 and K; C K such that H!_(K;) > «, where

(3.1) K, ={2€ K|H(FNS(2)) > a}.
Indeed, by the subadditivity of Hausdorff content, and the fact

K =|J{ze K|HL(FNS(2) > 1},
we deduce the existence of a such that H%_(K;) > « for K, defined as in (3.1).

Next, since € > 0, we can find §y = dg(€, ') > 0 sufficiently small such that for
any 0 < < &y, we have

1 *(%+§)
(3.2) 0 ¢ <log 3) > 1.
and
) 1 1/s 1 2/s'
. 4 = =7 | = — 1.
(3.3) 6400 <7 =71(0) == (16) (log%) <

Then we choose ky to be an integer larger than log(%) also satisfying

(3.4) a>> %

k=ko

Now, we outline the main steps of the proof. We start with an arbitrary cover
U = {B(x;,7;) }iez of F by balls of radius less than 27%. In the sequel, we will derive

a lower bound
er ze,t/,s’ 1
€T
with 0 = t//3 + s’ — € independent of the choice of the particular cover. This will
imply
H?(F) > 0.
To this end, we divide the proof into 4 steps. Let

Ik; = {’L cT | 2—(/€+1) <r; < Q_k}’ Fk = {U B(ZL‘Z',T'Z') | 1€ Ik} .

First, in Step 1, we will deduce that there exists ky > ko and a (9, )-set V C K
with § = 27% such that for every circle z = (x,7) € V, we have

(3.5) HE(S(2) N Fy,) > k2

Then, in Step 2, we modify Wolff’s approach for linear (s, 1)-Furstenberg sets to
fit our circular case. For each circle S(z) with z € V, we will extract from S(z) three
T-separated arcs h, h,hX such that

zr "z "z

(3.6)  HL(WINFy) 2 k% HL(hD NFy) 2 k% HG(BI NEy) 2 k2

~Y
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These arcs enable us to define an index set 7 C Zy, X Zy, X I, x V whose
cardinality will be estimated in the following steps and will imply the lower bound
for #7y,.

Next, in Step 3, we will deduce that the cardinality of T is upper bounded by
the cardinality of Zj, with the help of Lemma 2.5. Indeed, we will show

#T ,S (#Ikl )37‘76'

Finally, in Step 4, we will estimate the lower bound of #7 which also serves as the
one of #Zy,, hence #Z with the aid of (3.6). This will enable us to conclude the
proof.

Step 1. Let « be as in (3.4). Hence by pigeonhole principle we deduce that for
each S(z2) € K, there exists k(z) > ko such that H5(S(z) N F N Fyy) > k(2)72

Moreover, by applying pigeonhole principle again we obtain that there exists
ki1 > ko such that

(3.7) HE () > ki?

where Ky :={z € K;: k(z) = ki }.
We remark that for every circle z € K5, we have

(3.8) 0o > M (S(2) N Fr) > HE(S(2) N F N Fy) > k2.

By letting 6 = 27%, ¢ =t and Q = K, in Lemma 2.3, we know that there exists
a (0,t")-set V C K, with cardinality
(3.9) #V > HE(K,) - 67"

Hence for every z € V, (3.8) implies (3.5), which concludes Step 1.
Step 2. We start the procedure of extracting three disjoint arcs for any S(z), z =
(xz,r) € V, which is illustrated in Figures 1, 2 and 3. Let
0= 1(z) = HL(S(2) N Fry).

Also let v = (%)1/5/. Divide S(z) into N arcs I,--- , Iy such that

e the length of I1,--- , Iy_1 is 7,
e the length of Iy is at most 7,
e and Nvy > 2nr.

Since v = ()¢ < L and z = (z,r) € By implies r > %, we know

N> TS g
T 16
Note that if [ is an arc in S(z), then
(3.10) HE (1) < (diam I)* < (HY(I))*.
This implies for all [ =1,--- | N,
(3.11) Hﬁhmﬂggﬁimngﬁ:f%

See Figure 1 for N arcs.
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Figure 1. N arcs on S(z).

Since

n=HL(S(z) N Fy) = HL (UL, LN Fy)
<HLUNSP LN F) + SN o HL (LN )
<HL(ULPLNE,)+ 124

where in the last inequality we use (3.11), we obtain
HZ;( 11\512 In Fk1> > 41177-

This guarantees that there exists Ny € [2, N — 12] which is the smallest integer
satisfying

(3.12) MU LN Fy) > iy
and
(3.13) He (U LN Fy) < 1.

Let bt := U, ;. By (3.12) and (3.13), we know

1 / / — /
1 < (WD) S HL(ULT L0 F) + HE (I 0 Fiy)
1 1 3
3.14 < - —n=—n.
(3.14) <Nt 1" = 16"

See Figure 2 for the construction of A}
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Figure 2. The construction of h}.

Hence the arc h} satisfies the first inequality in (3.6). We continue to construct
the other two arcs. Notice that

(3.15)  HLUN LN Fy) < HL) + HL U N ) < S0+ fn =,

We remark that since Ny < N — 12, we know N; +1 < N — 11. Combining this,
(3.15) and (3.11), we have

n:Hi(U;V1]lka1)

SH;( Nl+1]lﬂFk1)+Hs( = N+QIlka‘1)+Zl]\;N—7Hg/o(]lﬂFk1)
1
Z n+Ho( 1= N+2]lﬂFk1)+8

which implies

HS( 1= N+2Ilka1)Z%ﬂ]‘

Hence we can find Ny € [N] 4+ 3, N — 8] which is the smallest integer satisfying

(3'16) HS ( 1= N+2[lka1>2%77
and
(3.17) H (N TN ) < L.

Let h; = UleNlJrQ I;. By (3.16) and (3.17), we know

1 _ ,
—n < HL(h) < HL(Uy o TN Fry) + H (In, N Fyy)

8

11 3
1 < o4 —n= "p.
(3.18) =37 16" 16"

The construction of the third arc hX C S(z) is similar. See Figure 3 for an illustration.
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hz
In,+2 Iy,

Figure 3. The construction of h; and hJ.

That is, we can find A} = Uf\fNﬁQ I; for some integer N3 € [Ny + 3, N — 2] such
that

1 / 3
3.19 —n < H (h]) < —=n.
(319) 1< HL(R) <
We omit the details here. By the construction, it is clear that

dist(h}, h,) = diamly, 1, dist(h,,h)) = diamIy, 1, and dist(h], h}) > diamly, ;.

z1'%z z)' 7z z))' "z

Recall for any 1 <1 < N—1, H'(I;) = 7. Hence diaml; > 7 'y forany 1 <1< N—1.
We conclude that

min{dist(h, k), dist(h;, hX),dist(h], h})} > 7 1.

zr'7z z)' "z z)r "z

Therefore, for each circle S(z), we have found three m~!v-separated arcs h}, h;

h} C S(z) with the property in (3.14), (3.18) and (3.19) respectively. Furthermore,
recalling v = (£)V* and n > & = ﬁ, we deduce that hl,h;,h} are 7 =
1 og 5
7T_1(1—16)1/5'(@)2/5/—separated. Hence by combining with (3.8), we have showed that
5
(3.6) holds.

We end Step 2 by defining

N F, 0B, #0,
T = (Z'+,Z',,Z'><,Z) GIkl kal X:Zkl xV: hz_kal N B;_ 7’é (Z),
h N F, N B #0

where B;, = B(x;,,ri,), Bi_ = B(x;_,r;_), and B;, = B(x;,,ri,). In the following,
we will write 2 instead of x;, for short and other lower indices will be abbreviated
correspondingly.

Step 3. We estimate #7 from above.

First we fix i, ,7_, 7« and estimate the upper bound of the number of z € V' such
that (i4,i_,ix,2) € T, where V is chosen as explained above (3.9).

To this end, we observe that a necessary condition for (iy,i_,ix,2) € T is that

(320) S(Z) N B¢+ # @, S(Z) N BZ‘_ # @, S(Z) N Bz'x 7é (Z)
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and
(3.21) min{||lz; — z_|[, oo — ||, |2 — x|} > T —20 =7 — V45 > %
since hi,h;,h} are T-separated and B;, = B(zy,ry), B,. = B(z_,r_), B,

B(zy,ry) are balls of radius between 0/2 and 6. Moreover, in the last inequality of
(3.21) we recall (3.3).

Hence we will provide an upper bound of z satisfying (3.20) and (3.21) in the
following. Assume for some z = (x,r) € V, (3.20) holds. Then we know

r—0<|lx—zy|<r+d6 r—0<|vr—z_||[<r+d r—0<|rv—a <r+4,

which implies

(z,r)el:=1¢ (y,d)eR*x[5,2]: d—6<|y—a_| <d+3,
d=0<|ly—ax|<d+6

by the fact that z € By implies r € [3,2]. Also by (3.21) and by § < &5 > from (3.3),

610
we can apply Lemma 2.5 with AABC Azyr 1wy, a =0,b=rand c =7 to

deduce that
diamT" < %
Recall V is a d-separated set in By C R3. Then for any 2,2/ € V NT,
B(z, %) N B(7, %) = (),
which, together with diam(V NT) < §772, implies

U B9 S

zevnl’

Hence #(V NT) < 775 We can deduce that there are at most only < 775 many
z € V satisfying (3.20) for fixed i, ,i_ and i.. As a consequence, we have

(322> #T ri #Ikl X #Ilﬂ X #Ikl x 770 5 (#Ik1>3 NS’ (#Ikn) (log )12/8
which completes the proof of Step 3.

Step 4. We estimate #7T from below. To this end, recall Fj, = U,-ezle(xi, Ti).
Hence for any z € V', we have

hinF, ¢ |J Blanr), hznF, C | Blar), hXnF, c ) B
’iEIkl iEIkl iGIkl
For each z € V| define
I,jl(z) ={i €Iy, | hi N B(xy,r;) # 0}, T (2) ={i € Ty, | h; N B(xi, 1) # 0},

and

#(V NT)6* ~ #(V NT)|B(z3)| = [diam (V N T)]* < 83776

Ty (2) = A{i € Ty, | b2 0 B(wi, ri) # 0}
With the help of (3.6), we have

<1og§>2 Se HL (BN Fu) < 3 (diamB(ai, )" ~ ) 67 < #I(2)8

ieI,jl( 2) z€I+1( 2)
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for all z € V', which implies
1

(329 L () 20 5

(log3)™ forall z€ V.

Similarly, we have

1 1
(3.24)  #I (2) 2 g(log 57 and #I)(2) 2 g(log b7 forallze V.

On the other hand, recalling the definition of 7 in thew end of Step 2, we know
T = JZ (2) x I (2) x T} (2) x {z}.

zeV

Employing the lower bounds in (3.23) and (3.24), we arrive at
: : _ : x 1 _
#T > min {#I,1 (2) } < min {#T,_ () } x min {#I} ()} x #V 2o =5 (log5)"#V.
Combining (3.7) and (3.9) we conclude
1 _
#T 2o Sguzw(log 575
Recalling (3.22) we obtain

1

1 O\ V3 o 1 s
HTy, Zs (W(l()g%) 8) (lOg%) 12/s" _ T (10g%) (5+57)
We deduce that

s'+t'/3—e s'+t'/3—¢ —k1(s'+t'/3—¢)
E :Ti > E Tz s 2

i€l €T,

2 5_€(log%)_(%+%) > 1.

(8,12
s (log )T

where in the third inequality we recall § = 27" and in the last inequality we recall
(3.2). This enables us to deduce

t/
dlmH(F) ZSI—{—g—E
for any 0 < s’ < s, 0 <t <t and e > 0. Therefore,

t
dimy(F) > s + 3

We conclude the proof. 0

4. Proof of Theorem 1.3

To show Theorem 1.3, we define the multiplicity function mj(w) : R* — [0, 1]
with respect to a finite measure p on R3:

(4.1) mh(w) = p({z € R® |w e S°(2)}).

We recall [8, Lemma 5.1], which is a variant of Schlag’s weak type inequaltiy [14,
Lemma 8| and the main lemma in [15] by Wolff:
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Lemma 4.1. Fixt € (0,1], 6 > 0,7 > 0,C > 1, and A > C, ¢, - 07", where
Cy.ct > 1 is a large constant depending only on n, C and t. Let p1 be a probability
measure on R? satisfying the Frostman condition u(B(z,r)) < Cr! for all z € R? and
r > 0, and with D := spt u C By where By is defined in (2.1). Then, for A € (0, 1],
there is a set G(A,6,\) C D with

w(D\ G(A,5,N) < A3
such that the following holds for all z € G(A,§,\):
[5°(2) N {w | mf (w) > AN} < A|S°(2)].
Remark 4.2. We remark that the assumptions on p in Lemma 4.1 can be slightly

relaxed, which means we can apply Lemma 4.1 for measures u satisfying that

(i) w is a finite measure with total mass smaller or equal to 1 supported on By;
(ii) p enjoys Frostman condition

w(B(z,7)) < Cr' forall z€ R and r > 4.

Indeed, in the proof of |8, Lemma 5.1|, the fact that the total measure pu(D) =1
was only used at the beginning to reduce the proof to the case that ¢ is small. See
the first paragraph of the proof therein. Moreover, the Frostman condition was only
applied to balls in R?® with radius § < r € [C4, 1] where C' > 1 in their proof. See the
inequality above (5.4), the definition of B below (5.22) and inequality (5.24) therein.
Hence we can reduce the assumptions in Lemma 4.1 to (i) and (ii) above for the
measure .

Proof of Theorem 1.3. Let F be a circular (s, t)-Furstenberg set with parameter
set K C By. It suffices to show, for any ¢ > 0, % <s <sand 0 <t <t,

dimy(F) > (28’ — 1)t + s —e.

Hence in the following, we fix €, s',t'.

Let @« > 0 and K be as in (3.1). Now we clarify the choices of parameters
appeared in the ensuing proof and we remind that all parameters are unrelated to
those in the proof of Theorem 1.2. First, we choose

(4.2) n = min{e/2t', (25" — 1)/2}.

Then there exists 6y = dp(€, s', ') > 0 such that for any 0 < 0 < Jp, we have
(4.3) 5 (log 1)+ < 55 (log 1)+ < 1,

(4.4) 5% (log 1)? < }1

and

(4.5) Choms = (Cpow) (2c04% )%,

where C and C; cy > 1 are the constants appeared in Lemma 4.1 and ¢y is as in
Remark 2.1(ii), i.e. |S°(x,7)| < ¢d for all (z,7) € By.
Let ko be the smallest integer larger than (log %) also satisfying

(4.6) a> Z %

k=ko
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Now, we outline the main steps of the proof. We start with an arbitrary cover
U = {B(x;,7;) }iez of F by balls of radius less than 27%. In the sequel, we will derive

a lower bound
S0 R

1€T
with 0 = (2t + 1)s’ — t’ — € independent of the choice of the particular cover. This
will imply
HO(F) > 0.
To this end, we divide the proof into 3 steps. Let
_’Z,-k = {Z el ‘ 27(k+1) <7 S 27’6}, Fk = {U B(.Ti,ri) ‘ 1€ Ik}

First, in Step 1, we will deduce that there exists ky > ko and a (9, )-set V C K
with 6 = 27" such that

(4.7) F S SHV S,
and for every circle z = (z,7) € V, we have
(4.8) HE(S(2) N Fy,) > k2

Next, in Step 2, we associate a finite measure p supported on V' using (2.9).
Then we apply Lemma 4.1 to obtain that there exists G C V and S9(z) contained in
the d-neighbourhood of S(z) N F},, such that for every z € G and w € S3(2),

(4.9) #{z' € G| we SN} Sp Cpoped” 27 (log 1) +2,

Finally, in Step 3, we will provide a lower bound of the cardinality #Zj, by
combining the upper bound in Step 2 as well as the lower bounds on the cardinality
#G and the Lebesgue measure |S9(z)|. Explicitly, we have

1 1
#Ikl Ze,t’,s/ 5(2t’+1)s’ —t/(14n) (10g )6+4t"

This will enable us to conclude the proof.

Step 1. Employing the same arguments as in Step 1 in the proof of Theorem 1.2,
we can deduce the existence of ky and V' C Ky C K satisfying (4.8) and the first
inequality in (4.7). The second inequality in (4.7) is derived from Remark 2.4. Here,
we omit the details.

Step 2. Define py asin (2.9) applied to P = V. Then we know py is a probability
measure satisfying the Frostman condition

pv(B(z, 1)) < CHY(Ko) ™! < Ok = C(log 1)
for all z € R? and r > §. Hence by setting
Ky

>

(log 3
we know that 4 has total measure (log $)™2 < 1, spty = V' C By and
w(B(z,r)) < Cr' = Cr"

W=

for all z € R? and r > 4.
Let mi be the corresponding multiplicity function with respect to p defined as
n (4.1).
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Applying Lemma 4.1 with t = ¢, § = 27" pasin (4.2), p = (log %)_QMV, D=V
and

(4.10) A = (2004% k2710

we obtain that for A = C, ¢y - 677, there is a set G = G(ky,s',t',¢) C V with
(4.11) n(V\G) < A71/3

such that the following holds for all z € G:

(4.12) 15%(2) N {w | mi(w) > AV} < M[S%(2)].

Because |S°(2)| < ¢od for all z € By, (4.12) becomes

(4.13) 15%(2) N {w | mi(w) > AYAT2 61} < o).

Moreover, recalling that 6 = 27% and k; > kg, we know that 0 < § < &,. Hence by
Cypcv > 1, (4.4) and the choice of 7 in (4.2) we deduce

1 1

= (V).

Foat <L
- ~4(log3)? 4

w\‘*

A™

Hence (4.11) becomes
(4.19) WV \G) < V).

For z € G, let S;(2) := S(z) N Fy, and S¢(z) be the §-neighbourhood of S;(2).
Our next goal is to substitute the right hand side term \|S°(2)| in (4.12) by the term
:159(z)| with the help of the proper choice of A as in (4.10). This means, in the sense
of 2-dimensional Lebesgue measure, more than half of the points in S?(z) have low
multiplicity. To this end, we claim that

(4.15) 1S2(2)| > 62

45’ k:2
To see (4.15), let P(z) be a maximal 20-separated set in S;(z). Then UpeP B(p,20)
forms a cover of S;(z). Hence

M3 (S1(2) < #P(2)(49)".

which, combined with (4.8), implies
/ 1 1 1

P(z) > H: — 2 5=
# (2) el Hoo(Sl(Z))(45)5/ - 45/]6% 55
On the other hand, we have {J,p(,) B(p,0) C S9(z). Hence by {B(p,d)}pep(») being
mutually disjoint, we deduce

1) = [Upep(ey Bp,0)| = #P8%1 2 (7562 > 550

which gives (4.15).
Noticing that |S(2)| < ¢od, Si(2) C S(2) and combining (4.13) as well as (4.15),
we arrive at

(4.16) 1S3(2) N {w | mb(w) > AYXT261 Y] < Aepd < Aepd® k26% 71 S2(2)).

Now recall A = Cycp - 67" and A = (204" k3) 716175 = (2¢p4*) ' (log )26
Then (4.16) becomes

1(2g! —1— ’ 1
[92(2) N {w [ mf (w) > Cpop,ed” " (log )"} < §|Sf(2)|
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where we recall C, ¢y ¢ defined in (4.5).
For each z € (G, define the low-multiplicity set

Sg(z) ={w e Sf(z) | mf(w) < C’nyc,tgsldt,@s/_l_”)(log %)4’5/}.
Then we have
1
(1.17) 1S3 = 2IS3E))

See Figure 4 for an illustration of Si(z), S2(2) and S3(2).

s%(2)

59(2)

SP(2)\S3(2)
51(z) =S(z) N Fy,

S(2)

5°(2)

Figure 4. An illustration of S;(2), S{(z) and S9(z).

Notice that mf(w) < Cycp,s0" 717" (log 1)* is equivalent to
u({z e R3 |w e 55(z/)}) < Cn,c,t',s/fst/(zs/_l_n)(10g %)41#7
which, combined with (4.7), indicates that for w € S3(z), it holds
#{2/ c 174 | w e Sé(zl)} S #V . On,C,t’,sfét/(ZS/flin)(log %)4t’+2
v Cpop w6’ 727 (log $)H2.

Furthermore, by the inclusions G C V and S3(z) C S%(2), we conclude (4.9), which
finishes Step 2.

Step 3. We will lower bound #Z, in the following. First notice that if {S°(2)}.cq
were mutually disjoint, we could lower bound #Z;, by summing up the number of
balls B; (i € Zy,) needed to cover each S3(z) since no ball could simultaneously
intersect two of these sets. However, in general, {S°(2)}.c¢ may not be mutually
disjoint, which needs a bit more efforts to get the lower bound of #Z,.

Let

Ey, = U B(x;,4r;).

1€,
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We deduce that
(4.18) U S(2) € F,.

z€G
Indeed, for any w € S3(2), there exists w’ € S(z) N F}, such that
|lw—w'| <.
On the other hand, we know that w’ € B(x;,r;) for some z; € 7, and r; > 2~ 1+l =
d/2, which implies
|w" — 2| <7y
and hence
|lw— ;|| <+ < 3r;.
In addition, by (4.7) and (4.14), we can infer that
1 1
4.19 G2 .
Moreover by recalling (4.9) we obtain that for every w € |J,., S3(2),
N(UJ) — #{Z, cq ’ = S(S( )} <y Cn,C,t/,s’(st,(%l—z—n)(log %)4t’+2

and hence combining (4.19), we can estimate

USS Z/Xs5 )dw

zeG

> (Cn,C,t’,s’ét/(2S/72 n) lOg 4t’+2 Z ‘55

zeG
1 1 1 1

> ’ 1 ol 71 ] 6
~t (CT],C,t ,8) 5t/(25’—2 n) (]_Og )4t’+2 5t/ (log ) 1218{|S2<Z)|}
P s T T

1 §EET=2mm) (log 1)i0+2 67 (log 12 (log 1)?

where in the last inequality we employ (4.15) and (4.17). Therefore, combining (4.18)
and (4.20) we arrive at

U $52)

zeG

(4.20)

1 1 1 1 o 1
>t 57 =21 (log 1)#+2 57 (log 1)? (log 5)?’

#Ik152 Z ’ﬁkl

which implies
1 1
#Ly Znis SRIHDS=U(1Fu) (log Tyo+ar

Since Zy, C Z, we deduce that

2t +1)s' —t'—e 2t'+1)s’ —t' —e
e s §

€L ’LEIkl

1 1
5@t/ +1)s' =t/ (1+n) (log )6+4t’

>

—k1((2t/+1)s'—t'—€
Nn(ezt,)s/) t,,S/ 2 1(( ) )

1

t'n—e

st O T Therar

it 1\614¢
(log )

>
Nn(ev »S

€/2 1

(log 1ys+iv > 1,

Net’ /5
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where in the third inequality we recall § = 27%1 and in the fourth as well as the last
inequality we recall (4.3). This enables us to deduce

dimy (F) > 2t/ +1)s' —t' — ¢
for any % <s <s,0<t <tande>0. Therefore,
dimy(F) > (2t +1)s —t = (2s — 1)t + s.

We conclude the proof. O

5. Proof of Lemma 2.5

This section is devoted to the proof of Lemma 2.5. For the readers’ convenience,
we restate Lemma 2.5 in the following.

Lemma 5.1. Let A, B,C € R? such that min{||A— B||,||A—-C]||,||B—-C|} > 2c
with ¢ < 1. For a > 0 such that a < 3¢*, define

b—a<|z—Al|<b+a,
W:={ (z,b)eR?*x[5,2]: b—a<|z—B|<b+a,
b—a<l|z—C|<b+a

Then
diam W < %.
c

We briefly explain the approach. We will decompose W' as

w= |J w) x .

belC[1/2,2]
Then for each fixed b,

b—a<|z—A|<b+a,
Wh):=8 zeR?*: b—a<l|lz—B|<b+a, p=S5MADbNS*B,b)NS*C,b)
b—a<|lz—C||<b+a

is a subset in R? formed by the intersection of three annuli. We will show that
W(b) # 0 only for b ranging in a set I with diameter < %. Moreover, if W(b) #
(0, then A, B,C form a non-degenerate AABC" with circumcenter M and W (b) is
contained in a rhombus centered at M with diameter < 5. This will imply

a

diam W' S —
c

The above justification is contained in next two auxiliary lemmas. In what follows,
given A,B € R? and 0 < a < ;—z, we denote by RY%% the rectangle centered at the
middle point of AB whose short sides have length 9—0‘1 and long sides have length 6

parallel to the bisector of AB.
Lemma 5.2. Let A,B € R? and b € [£,2]. If ¢ < min{1, 12221} and 0 < a <
% < 1, then
S%(A,b) N SYB,b) C Ry5.
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Proof. Let ||A — BJ| = 2u. Without loss of generality, we assume A = (—u,0)
and B = (u,0). It is easy to see that

S(A,b) N SYB,b)
={rcR*|b—a<|z—-A|<b+a, b—a<|zr—B||<b+a}
CU:={z=(v1,25) € R* | max{|x — A, || — B||} <3,

—2a < ||z — Al — ||l — BJ| < 2a}.

Since u = @ > ¢ > a, from planar geometry we know that the set
{z eR?|||lz — Al| - ||z — B|| = +2a}
consisting of points, whose absolute difference of distances to the two fixed points A
and B is the constant 2a, is a hyperbola in R? determined by the equation
y(x) = y(x1,22) =1
where y : R? — R is defined by

2 2
Ty )

y(r) = y(x1,22) > 2

w2 — a2
Then we observe that
{r eR*| —2a < ||z — A|| — ||z — B|| £ 2a} = {x € R? | y(a1,25) < 1}
and hence
U = [B((~u,0),3) N B((u,0),3)] N {z € R? | y(x1,2) < 1},

which implies
Uc{xcR?||xg| <3, y(o,29) <1}

Figure 5 shows the case that v = 2 and a = 0.75.

y(x1,x3) =1

Figure 5. The case u =2 and a = 0.75.
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Letting |z2| = 3 in the equation y(z1, 22) = 1, we have |z1| = ay/1 + . Since
20a < ¢ < 1 and u > ¢, it holds

9 9 9 81 9a
A R T i i P

This implies that the rectangle with four vertices (£3¢, £3) has short side length 2
and long side length 6. By recalling the definition of R%%, we have

S%A,b)N S*(B,b) CU C RYp ={x € R?| |z1] < 29, |2| < 3},

=32

@

which concludes the proof. O

Lemma 5.3. Let A, B,C € R? such that min{||A— B||, |[A—C|,|B—-C]||,2} >
2c. Let b € [5,2]. Then for a > 0 such that a < 55¢* < b, define

b—a< - Al <bta,
(5.2) Wh):=8 zeR?*: b—a<|z—B|<b+a,
b—a<l|z—C| <b+a

If the triangle ANABC' is degenerate, then

(5.3) W) =0 forallbe [%,2].

If AABC' is non-degenerate, let M be the circumcenter of AABC' and
hi=|M = Al = [[M - B|| = [M - C]|.

Then, we have

(5.4) W) cB(M,K%) forallbe [},2].
In addition, if W (b) # (0, then
(5.5) belh—K&% h+ K% N[32].

Here in (5.4) and (5.5), K is an absolute constant.

Proof. Without loss of generality, we assume the side BC' of AABC has maximal
length. Then LA := ZBAC > w/3. Since W(b) = S*(A,b) N S*(B,b) N S*(C,b),
from Lemma 5.2 we know
(5.6) W(b) C R%5 NRYE.

Below we estimate diam(R%; NR%¢) from above.

Denote by L; and L, the bisector of AB and AC' respectively. Hence D :=
Ly N AB is the middle point of AB and F := L, N AC is the middle point of AC.

See Figure 6 for an illustration.

Let d = %% Since 20a < ¢?, we have
(5.7) d=-—-< —c< -c.

c

Case 1. ZA = m. That is, AABC degenerates. By (5.7), it is easy to see

R5%% NR%GE = 0, which, with help of (5.6), implies
W) =0 foralbels,2].

That is, (5.3) holds.
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Figure 6. An illustration for Ly, Lo, R% 5 and RY¢..

Case 2. LA € (m — arctan(2¢/9), 7). We will show that
(5.8) REC AR, = .
Denote ||A — B|| = 2u and ||A — C|| = 2v. Since M is the circumcenter of AABC,
it is the intersection of lines L; and L,. Then the line L3 passing through A and
M divides R? into two connected components. Since the center D of R%% and the

center E of R, are contained in different connected components above and d < ic
by (5.7), a sufficient condition for R%5 N R, = 0 is that

(5.9) R ALy =0 and RN Ly = 0.

See Figure 7 for an illustration.

Ly L,

a.c a.c
RAB RAC

Z®

Figure 7. An illustration for Case 2.

Recall that half of the length of the short sides of R%j; and R%¢, is d = §¢. By as-
sumption ZA € (7 —arctan(2¢/9), 7), this implies ZDM A+ ZEM A < arctan(2¢/9).
Hence

2c _c—d _u—d 2c _c¢c—d _v—d
10) tan/DMA < — < < d tanZ/EMA < — < <

(5.10) tan <g<—3 <5 and tan 5 =35 =3

where in the second inequality we apply d < £ from (5.7). Now we explain how (5.10)

implies (5.9). Let D’ be the intersection of the line segment AD and the long side of

the triangle R%%. Also, let L] := Ly + (D' — D). That is, line L] is the translation




Dimension estimates on circular (s, t)-Furstenberg sets 321

of line L; by the vector D' — D in R?. Denote the intersection of L} and Lz by M.
See Figure 8 for an illustration.

Ly

Z®

Figure 8. An illustration for D', M and Lj.

We observe that

A=D1 u-—d

D =M D= M|
where in the last inequality we recall that ||[A—D’|| = ||A—D||—||D—-D'||, ||[A—D|| = u
and ||D — D'|| = d. Combining (5.10) and (5.11), we deduce that

u—d (511 yoo . (6:10) u—d
_ 478 O n /D MA <
D' — | an 3

(5.11)  /ZD'M'A=/DMA and tan/D'M'A

which implies

| D" — M'|| > 3.
This, combined with the fact that half of the length of the long sides of R%% is 3,
shows that

RY5 N Ly =0.
By a similar argument, we also have R%: N Ly = @ with the help of (5.10). This
shows that (5.9) is true and hence (5.8) holds.

Case 3. LA € [n/3,m — arctan(2¢/9)]. In this case, W (b) may not be empty.
Now, we assume that W(b) # (), which implies that R%5 N R # 0. Moreover,
denote by Vﬁi the closed d-neighbourhood of lines L;, i = 1,2. Then V§ NV{ is a
rhombus 7y centered at M satisfying R%; MR C Ta. We will show that

(5.12) diam Ty < 324
C

See Figure 9 for an illustration.
Denote the length of two diagonals of Ty, by d; and dy and the the length of four
sides of Ty by [. We have

(5.13) diam Ty = max{dy, dp},
(5.14) d? + d% = 41
and
2d
1 = :
(5.15) sin ZA
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ZA

Tm
Figure 9. An illustration for the estimate ||y — M.

Since ZA € [r/3,m — arctan(2¢/9)], we have
2
(5.16) sin ZA > sin <arctan g) > sin £ °

where in the second last inequality we use the fact that arctany > 4 if 0 <y < 1
and in the last inequality we use the fact that siny > 2 if 0 <y < 1.

Combining (5.13), (5.14), (5.15) and (5.16), we obtain
2d
(5.17) diam Ty, < 21 < 77 - 324022

where in the last equality we recall d = g% Therefore, we conclude (5.12).
Combining Case 2 and Case 3, we conclude (5.4).
Finally, we show (5.5). Let x € W (b). By (5.2) and (5.13), we have

b—hl=b— M= Al <|p—|lz—Alll+ e — M| Sa+ = S =
C C

The proof is complete. U
Now, we are in a position to show:
Proof of Lemma 2.5. For b € [1,2], define
W (b) := W(b) x {b}
b—a<|z—Al<b+a,
=< (z,29,23) = (v,23) €R3: b—a<|z—B||<b+a, z3=0

b—a<lz—C| <b+a

First we assume AABC degenerates. Then by (5.3), we know

W) =0 forallbel[l 2.

Hence the lemma holds for this case.
Next, we assume AABC' is non-degenerate. Then by (5.4), we have

(5.18) W (b) C B(M,b), K%)N{z3=b} CR*® forallbe [1,2],
where M is the circumcenter of the triangle AABC.
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Since W (b) # 0 implies h — K% < b < h+ K% from Lemma 5.3, we know

(5.19) we | wo)c U W(b).
{b|W (b) 0} belh—K 5 .h+K 5]
Then combining (5.18) and (5.19), we deduce (2.8), i.e.
diam W < =,
c
which finishes the proof. U
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