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Solutions with multiple peaks for
nonlinear Kirchhoff equations on R3

HoNG CHEN and QIA0QIAO HUA'T
Abstract. In this paper, we mainly investigate the following nonlinear Kirchhoff equation

—(e%a+eb [gs [Vu]?) Au+u=Q(z)ut™", u>0, xR
u—0, as|z|— +oo,

where a,b > 0 are constants, 2 < ¢ < 6, and € > 0 is a parameter. Under some suitable assump-
tions on the function Q(z), we obtain that the equation above has positive multi-peak solutions
concentrating at a critical point of Q(z) for ¢ > 0 sufficiently small, by using the finite dimen-
sional reduction method. Different from the local Schrédinger problem, here the corresponding
limit problem is a system. Moreover, the nonlocal term brings some new difficulties which involve

some technical and complicated estimates.

Epilineaaristen Kirchhoffin yhtildiden monihuippuisia ratkaisuita avaruudessa R3

Tiivistelm&. Tassa tyossa tutkimme péddasiassa seuraavaa epélineaarista Kirchhoffin yhtaloa

— (e%a+¢b [os |Vu?) Au+u=Q(z)u?™?, u>0, z€R3,
u—0, kun || = 400,

missé a,b > 0 ovat vakioita, 2 < ¢ < 6, ja € > 0 on parametri. Tehtydmme sopivia oletuksia
funktiosta Q(x), voimme osoittaa dérellisulotteisella pelkistysmenetelmélla, ettd em. yhtdlolla on
positiivisia monihuippuisia ratkaisuita, jotka kasaantuvat funktion Q(z) kriittiseen pisteeseen, kun
€ > 0 on riittdvéan pieni. Toisin kuin paikallisessa Schrédingerin ongelmassa, vastaava rajaongelma
on nyt yhtalosysteemi. Lisdksi ei-paikallinen termi aiheuttaa tiettyji uusia hankaluuksia, joihin
liittyy teknisid ja monimutkaisia arvioita.

1. Introduction and main results

In this paper, we consider the following Kirchhoff equation

(1.1) —(e2a+eb [os [Vul?*) Au+u = Q(z)u”", u>0, z€R3,
' u—0, as|z|— +oo,
where a,b > 0 are constants, 2 < ¢ < 6, € > 0 is a parameter and Q(z): R® — R is
a smooth bounded function.

Problem (1.1) and its variants have been studied extensively in the literature. To
extend the classical D’Alembert’s wave equations for free vibration of elastic strings,
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Kirchhoff [22] first proposed the following time-dependent wave equation
2 L 2 2
0°u P, FE ou da @ _ o
J*x

"o \h e, |or
Bernstein [4] and Pohozaev [31] studied the above type of Kirchhoff equations quite
early. In order to study the problem (1.2) preferably, Lions [25] introduced an ab-
stract functional framework to this problem. After that, many interesting results
of Kirchhoff equations can be found in e.g. [2, 18, 13, 17, 12, 33] and the reference
therein. From a mathematical point of view, Kirchhoff equation is nonlocal, in the
sense that the term ( fR3 |Vu|2) Awu depends not only on Au, but also on the integral

(1.2)

of |Vu|* over the whole space. This feature brings new mathematical difficulties,
which makes the study of Kirchhoff type equations particularly meaningful. We refer
to e.g. [19, 20, 21, 30] for mathematical researches on Kirchhoff type equations in
bounded domains and in the whole space.

In fact, equation (1.1) is closely related to the Schrédinger equations. When
a =1 and b = 0, equation (1.1) is reduced to the perturbed Schrédinger equation.
Kwong [23| considered the classical Schrodinger equation

(1.3) —Autu=ul, xRN
where 1 < p < 400 if N = 1,2, and 1 < p < % if N > 3. Equation (1.3)

has a unique radial symmetric and nondegenerate positive solution. Based on this
property, Cao, Noussair and Yan [6] proved the existence of multi-peak solutions for
equation

(1.4) — Au+ Nu=Q2)|ul"*u, ze&RY,

where A # 0, N >3 and 2 < g < 2N/(N —2).
Dancer and Yan [10] studied the following equation

{—52Au +u=QyuPt, u>0, yeRY,

(1.5)
u—0, asl|y| — +oo,

where ¢ > 0 is a parameter, 2 < p < +o0 if N =2 and 2 < p < 2N/(N —2) if
N > 2. They not only proved that the Schrodinger equation has positive multi-peak
solutions concentrating at a designated saddle point or a strictly local minimum point
of Q(y) in RY, but also showed that there is no multi-peak solution concentrating
at a strictly local maximum point of Q(y) in RY. Besides, many interesting results
of multi-peak solutions can be found in e.g. [32, 14, 5, 16, 11, 15, 26, 28, 29| and the
reference therein.

Based on the uniqueness and nondegeneracy property of equation (1.3), the au-
thors in [24] proved the uniqueness and nondegeneracy of positive solutions for equa-
tion

(1.6) —(a+b/ |Vu|2)Au+u:up, u>0in R? |
R3

where 1 < p < 5. Then, by using Lyapunov-Schmidt reduction method, they con-
structed the existence and the uniqueness of single peak solutions to equation

(1.7) — (52a + €b/ |Vu|2) Au+V(z)u=u’, u>0 inR?®,
R3

where 1 < p < 5 and € > 0 is sufficiently small.
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Luo, Peng and Wang [27| proved equation (1.7) has positive multi-peak solutions
concentrating at different points if € > 0 is sufficiently small. It should be pointed
out that, they constructed the multi-peak solutions of equation (1.7) based on the
following system

k
QB)—QHWE:/|V%E>AW+VMWMZQWQz%>Qi:L”whx€R§
j=1 'R

They also showed that a; (1 < i < k) are critical points of V| and there exist the
k

multi-peak solutions of the form u. =", ul(%) + ..

Note that in [27], they did not consider the existence of multi-peak solutions
concentrating at the same point (a; = --- = a;) to equation (1.7). When a; =
ag = -+ = Qk, |Yei — Yey| — 0 (i # j) as € — 0, but we cannot get the result
of |yei — yejl/e = +00 (i # j) as ¢ — 0. Therefore, we must impose additional
conditions on y. ;.

Recently, Cui et al. [7] proved the existence and local uniqueness of normalized

multi-peak solutions to the following Kirchhoff equation

(1.9 {— (a+bx fgs [Vur?) Auy + A+ V(z) uy = Sk, uy >0, z € R3,
Uy € HY (R?’),
where a > 0,1 < p <5, A, by, B\ > 0 are parameters, [, ui =1, and V(z): R* = R
is a bounded continuous function.
Inspired by the literatures [10, 24, 27, 7|, we apply the conditions of Q(z) in
[10] to R3. Then, we consider the existence of positive multi-peak solutions to the

equation (1.1) concentrating at a critical point of Q(z).
Now we give some definitions and assumptions.

Definition 1.1. Let m € N, ap € R3, we say that . is a m-peak solution of
(1.1) if u. satisfies

(i) u. has m local maximum points y.; € R3 i =1,...,m, satisfying
Ye,i = Qo

as € — 0 for each 1;
(ii) For any given 7 > 0, there exists R > 1, such that

|u5(x)| S T, YIS Rg \ U:il BR&(ye,i);
(iii) There exists C' > 0 such that

/ (e%a|Vu.]* + u?) < CE%.
R3

We assume that @Q(x) satisfies the following conditions:

(Q1) Q(z) is a smooth bounded function in R3.

(Q2) xo =0 is a critical point of Q(z).

(Q3) Q(x) has the following expansion (after suitably rotating the coordinate sys-
tem)

(1.10) Q(z) = Q(0) + Pi(a') — Pa(a") + R(z), = € B5(0),

where Q(0) > 0, § > 0, z = (2/,2"), @ = (21, ...,2), 2" = (T4y1,...,T3),
t € {1,2,3}, P, and P; satisfy

(1.11) Pi(z) = N2, |2 <6,
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(1.12) (DPy(z"), 2"y > Nz"|", |2"| <6,

(1.13) D™ Py(2")] = O(|2"|"™™), m=0,...,[h], |2"| <9,
for some h; > h > 2 and some positive constant A > 0, and
(1.14) R(z) = O(|z|™*7), for some o > 0 as |z| — 0.
Remark 1.2. Q(z) =sin|z|? + 1, = € R3, satisfies the conditions (Q;)—(Q3).
For u,v € H'(R3), denote

ey (@) =u(‘”‘y), y R,

€
(u,v). = / (EQCLVUVU + uv) ;o ulle = (u,u);/Q,
R3
H. = {uec H(R?): ||u|. < +o0}.
The energy functional corresponding to equation (1.1) is

1 eb S|
(1.15) I (u) = §||u||g + Z(/ |Vu|2) —— | Qx)u%, weH,,
R3 q Jr3

where u; = max(u,0). It is standard to verify that I. € C*(H.). So we just need to
find a critical point of I, € C?(H.).

For k € Ny, let w be the unique positive radial solution (see Lemma 2.2) to
equation

(1.16) - <a + bk/ \Vuf) Au+u=Q (0)uit

Then we want to construct k-peak solutions to equation (1.1) concentrating at the
critical point zg = 0 of Q(z) by using the uniqueness and nondegeneracy property of
w.

Our main result is as follows.

Theorem 1.3. Assume that Q(zx) satisfies (Q1)—(Q3). Then, for any k € Ny,
there exists ey = (k) such that for ¢ € (0,¢¢], equation (1.1) has at least one k-peak
solution of the form

k
Ue = § We y. ; + e,
=1

where y.; ER3, i=1,....k, p. € H'(R?), and as e — 0,
Yey — 0, i=1,...,k,
|Ye,i — Ye il
£
Iipell. = of=*).
Remark 1.4. Theorem 1.3 extend the result got by Dancer and Yan [10] about

the existence of solutions for the nonlinear Schrédinger equation to the nonlinear
Kirchhoff equation (1.1).

In this paper, we prove Theorem 1.3 by using the finite dimensional reduction
method. Although the method is standard, we have to make some modifications.
Since there is a nonlocal term, we encounter some new difficulties which involve

— 400, 1#7, i,j=1,...,k,
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some complicated and technical estimates. To our knowledge, the result we obtain
Is new.

Our notations are standard. We use B, (z) (and B,(x)) to denote open (and close)
balls in R? centred at z with radius r, and B¢(z) to denote the complementary set
of B,(x) in R Unless otherwise stated, we write [ to denote Lebesgue integrals
over R3 and ||ul|zs, ||ul|z to mean LP-norm, H'-norm respectively. We will use
C,Cj(j € N) to denote various positive constants, and O(t), o(t), o,(1), or(1) to
mean |O(t)] < Clt|, o(t)/t — 0, 0,(1) — 0 as t — 0 and og(l) = 0 as R — +o0
respectively.

This paper is organized as follows. In Section 2, we recall some definitions and
lemmas. In Section 3, we give the finite dimensional reduction process and in Sec-
tion 4, we prove Theorem 1.3.

2. Some preliminaries

In this section, we introduce some preliminaries.

Lemma 2.1. |27, Lemma 2.1| For any 2 < q < 6, there exists a constant C' > 0
independent of €, such that

(2.1) lull o < Cea™2|Jull., ¥ ue H..

Before stating the lemma that follows, we first give a truth that U is a unique
positive radial solution to equation

—Au+u=ul"t, xecR3

(2.2) u € HY(R?),
u(0) = max u(z),

which satisfies

lim |z|elU(|z]) = C >0,

S el
am ey = L

The following result is very crucial for applying the finite dimensional reduction.

Lemma 2.2. [24, Theorem 1.2| For any k € N, a,b > 0, 2 < ¢ < 6, and
Q(x) satisfying (Q1)—(Q3), there exists a unique positive radial solution w € H*(IR?)
satisfying

(2.3) — (a + bk/ \Vu|2) Au+u=Q0)u'".
R3
Moreover, w is nondegenerate in H'(R3) in the sense that there holds
ow Ow Ow
Ker £ = ot e
o Spatl { 8.’171 ’ 83727 61’3 } ’

where £: H'(R3) — H'(R3) is the linear operator defined as

2.4 Lo=-— (a—i— bk/ |Vw|2) Ap — 26k</VwV<p)Aw

+9—(¢—1DQO)w* %p, Voe H'(R).
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The proof of Theorem 1.2 in [24] implies that w(z) = \U(nz) where n = \/lc_k
and ¢, = a + bk [ |Vu|?. And since U decays exponentially at infinity, we infer that
(2.5) Vw(z), w(z)=O0( |z|~te™*) as |z| — oo.

Lemma 2.3. [1, Lemma 3.7] Assume u,u’: R — R are positive radial continu-
ous functions satisfying

u(x) ~ fal e (@) ~ J2] e (J2] = o0),

where a,a’ € R, b,b' > 0. Let £ € R" tend to infinity and ue(z) = u(x — £). Then
the following asymptotic estimates hold:

(i) If b <V, then
/ ugu ~ e VEl|g),

If b >V, then replace a and b with o' and V.
(ii) If b =¥, suppose, for simplicity, that a > a’, then

oo > L

/ v 3 ek logel, o=~
Rn

e~blel|gle, o < -l
Combining (2.5) and Lemma 2.3 yields, for any r,s > 0 Wlth r # s, we have, as
e —0,
r s 3 — min{r,s vi—y5l | Y — Yj — min{r,s}
(2.6) /RS We y; We y; = 0 <€ € e} c )

nlvi—vjl
(2.7) / V., Ve, | = O (66_ : ) :
R3

Particularly, there exist some constants C' > 0, such that

”l‘yz

(2.8) /w w? <C’536_mm{”}
R3

nlyi—y;l

(2.9) /|Vw€7yin€7yj|§Cae e
R3

In the following sections, we will use inequalities (2.1), (2.8) and (2.9) repeatedly.
When r = s, the situation is complicated. But when r = s > 1, inequality (2.8) still
holds.

Definition 2.4. [8, Definition B.1] Let Y and A be closed subsets of a topological
space X. Then Catyx(A,Y) is the least integer k such that A = U;‘?ZO A;, where, for

0<j <k, A, is closed, and there exists h; € C([O, 1] x Aj,X) such that
(i) hj(0,z) =z forxz e A;, 0<j <k;
(i) ho(l,z) € Y for x € Ay and hy(t,z) = z for z € AgNY and ¢ € [0, 1];
(iii) hj(l,z) =z, for x € A; and some z; € X, 1 < j <k.
Particularly, if Y is empty, then write Catx(A) = Catx (A, @).

From the Definition 2.4, we see Catx(A,Y) > 1 if A can not be deformed into a
subset of Y within X.
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Lemma 2.5. |8, Proposition 2.2| Suppose that F(z) is a C* function defined
in a bounded domain ©Q C R3*. If F satisfies either F(z) > c or 82—(@ > ( at each

x € 052, where n is the outward unit normal of OS2 at x, then "

(2.10) #{z: DF(z) =0, x € F°} > Catpe(F°),

where F° = {z: x € Q, F(z) < ¢}. In particular, F(z) has at least one critical point
in F*°.

Lemma 2.6. [8, Proposition 2.3 Suppose that F(x) is a C* function defined in
a bounded domain @ C R3. Let ¢;, ¢ be two constants such that neither c, nor

¢y is a critical value of F(x). If F satisfies either F(x) < ¢; or ag—ﬁf) > 0 for each
x € 0¥, then

(2.11) #{z: DF(z) =0, x € F?\F“} > Catpe, (F?, F).

In particular, if F'*> cannot be deformed into F°, F' has at least one critical point in

Fe2\Fer,

Lemma 2.7. |9, Proposition B.1| Suppose that X and I" are two compact sets
in R? satisfying I’ C X. Let

(2.12) K=Xx-xX,
k
(2.13) Li=xXx-- - xXUXxIx---xXUXx---XxT,
hs & b
(2.14) Ly=LUD, D={Y = (n,...,yx): y; = y; for some i # j}.

If H™(X,T') # 0 for some m > 1, then H,(K, Ly) # 0. In particular, K cannot be
deformed into L.

3. Finite dimensional reduction

In this section we complete the finite dimensional reduction process. Denote
k
Y:(yla'-'ayk)eRgxl"XR?’a WE,Y:ZU}&Z/M
i=1

Df,éz{YyZ€B5<0)7 MZRM iaj:17"'7k7 Z#]}a

where R; > 0 is a fixed large constant. Let

0w, .
EfYI{QOEHE:<<p, ;U*“> =0, i:l,...,k,j:1,2,3}
’ Yij /.

and define
Js (Y7 @) = [E (WE,Y + @) ) V<Yv ()0) € D?,& X Ef,Y'
Expand J.(Y, ¢) near ¢ = 0 for each fixed Y

(31) J(V,9) = e (Y,0) 4 Loy (9) + 5 Qe (9) + ey (),
where

ls,Y (@) = <[€/ (WE,Y> ) ()0>

3.2
(3:2)  Weys) 4 b / Wy P / VI y Ve — / Q ()W,
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Qey () = (I" (Wey) [0], ¢)

(3.3) = (p, ), + 2¢b (/ VWE,ngo)Q

+sb/|VW5y|/|V<p| —q—1/Q W%,
and

Ry (o Eb(/w)+gb/vw€yw/|w——/@ Wey + o)t
(3.4) w2 fawwn + [a@wsler ja-1 [Quwste,

In terms of Q. y(p), Ley E y — EF 'y 1s a bounded linear mapping defined by:
<£5,YS017902>5 = <S01,<P2>a +€b/ |VW5,Y|2/VS01V<P2
(35) + 28b/VW€7yV(,01 /VW5,YVCP2

—(¢g—-1) /Q 5y9019027 V%,@QeEf,y

The following result shows that L.y is invertible when restricted on E¥,.

Lemma 3.1. There exist p > 0, g > 0 and §y > 0, such that for every € € (0, &¢|
and § € (0, ], there holds

1Lyl > pllells, Vo € EEy,

uniformly with respect toY € DQ 5

Proof. We use a contradiction argument Assume that there exist ¢, — 0,
o, —0,Y, € D’l‘C 5, and o, € E, = 6 y, such that
(3.6) <£€n7Yn()0n7 hn)e, = on(D|@nllc, |Pnlle,, ¥ hy € E.
I2

With no loss of generality, we assume that [¢,[|2 = €3, and denote

Onio(T) = Pu(EnT + Ynio), to=1,2,...,k,
En = {hmio(x): hn(x) € En, 1<y < k}

Substituting (3.5) into (3.6), we obtain

/ (CLV%,z'thn,z'o + Pn,io h'n,io)

b/ (k|Vw|2 + Z Vw (3: + 7%,108: yn’i)Vw (3: + 7?/”’%8; yn])) /V@n,@'Oth,z'o

i#]

k
+2b/ZVw<x Ynito — ym>V<Pmo/ZVw ymog yn])th,io
=1 n
yn,io - yn,i a2
- (q - 1) Q(&'nl’ + yn,io) Zw T+ 87 (pn,ioh'n,io

i=1
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2

(3.7) = on(1)</ (VAo + (hnio)?) ) :
Since
lonll, =8 = [ (@000l + (ns)?) =1,

we infer that {©,.;,} is a bounded sequence in H'(R?) for any 1 < iy < k. Hence, up
to a subsequence, there exists ¢ € H'(R3) such that

Onio — ¢ in HY(R?),

Onio — ¢ in LT (R?),1<p<6,

Pnjip — @ a.e.In R3.

OWe 4, Owe 4,
/ (eianonV (_w ’yl) + cpn—w ’y’) =0
0yij 9Yij
is equivalent to

ow ow
(38) / (CLV(,OmZ'OV(a—xj) —+ (pn’ioﬁ—xj) —

Thus, we can define an equivalent norm |u||} = [(a|Vu|? + «?) in H'(R?), then
¢n € By
is equivalent to
(3.9) On.io € (ker L)*.
Since w is radially symmetric, we obtain
ow Ow S,
<6—:c¢’8—:1:j>1 =0, Vi#]j.

For every h € C§°(R?), define

3
ow
(3.10) Pio = h — ; a”’jﬁ—:cj

where a, ; = Mijwhl, then h, € E,. Substituting (3.10) into (3.7) and letting

8zjw,8zjw>
n — 0o, we obtain

3
(Lo, h) — <£g0, Z an7j8xjw> =0.
j=1
Since 0,,w € Ker L,
(Lo, h) =0, VY heCFR,
which implies that
(3.11) ¢ € Ker L.

Since ¢, € E,, letting n — oo in (3.8), we obtain

/ (av¢v<8—w) +<p8—w) —0, j=1,23
0:cj 0:5]»
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Then
(3.12) ¢ € (Ker £)™.

Combining (3.11) and (3.12), we claim that ¢ = 0.
Now we deduce contradiction. Note that ¢, ;, — 0 in L{
there exists R > 0 sufficiently large such that

l@w”@@mfzémy”@Mwﬁ+/wﬂ“@wa=%m+%m-

Then

(R3) (1 < p < 6), so

- [ ezt
]R3

k q—2
< (O3 Ynjio — Yn,i )2
< Ce /RS ( E w(x + = )) (Pnio)

=1

< Cgi g wl™ 2( ) SOnzo —0—0832/ wi™ 2( M) (Spn,z‘o)Q
1#£i0 n

1
< =&,
< 3¢
However,
On(l)HQOnH?:n = < €, Yn‘Pnagpn
2
> [lgnll2, — (¢ —1) / QWL 3. (¥)en(y)
1
> Sllgall.
We reach a contradiction. The proof is complete. O]

To apply contraction mapping principle to find a critical point of J.(Y, ), we
first need to estimate I,y (¢) and Rg/(go) fori =0,1,2.

Lemma 3.2. There exists a constant C' > 0, independent of ¢, §, such that for
any Y € Df; and ¢ € H,, there holds

k
‘leY S g(ZKQ yz ‘_i_zzgmu?m@ ‘_'_gh]Jrl

i=1 m=1

_anlvi—y;l
+D e s)W%

i#]

(3.13)

where § = min{%;*, 1}.

Proof. Since w is the solution of (2.3), we obtain that w.,, (1 < i < k) satisfies

- (52(1 + €bk/ |Vw57yj|2) Aw, y, + W,y = Q(0)w yl, j=1.. k.

We sum from ¢ = 1 to k and get
k

— (52a + ebk / Vg, |2> AWy + Wy = Q(0) Z wi

i=1
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Multiplying ¢ on both sides of above equation and integrating, we obtain

(5a+5bk/|Vw€y |2)/vw yV<p+/W€yg0 /Q wa

Then
(Wey ). = / (CaVW.y Vi + Wy )

:_gbk/|my |2/VWEYV¢+/Q Zwayl

Substituting (3.14) into (3.2), we obtain

Ly (¢) = b / VW&YVgo( / YWy - / fj |Vw57yj|2)
- ([awwze- [ao) wa 0)

= ll — lg.
To estimate /1, combining Holder inequality and (2.9) yields

k
€b/VW5,YVQ0(/|VW€,Y‘2 _/Z‘vwe,yjﬁ)‘

<gb(2/‘V’w€yZVg@|) (Z/\Vweyzv’weyﬁ)

(3.14)

| =

i#]j
n\uz Y
(315) < &_sze lyi—v;l (Z”vweyl LQHV()O”[;)
i#£]
_mlyizygl 1
<y (kwuwup el
3 ”l‘yz
< Ce? Ze ||90||€
i#]

Next, we split [y into two parts:
k
b= [ Zwe W)=Y 0w
i=1
- o ((Sra) - L)o@ - L usle

=: g1 + loa.
To estimate Iy, for 2 < g < 3, by the following inequality

=2 if |a| <
lla+ b7 = |a] = b7 < Clal|o] _2, i la] < 0],
Clol|alr=2,  if [b] < lal,

(3.16)

< Claf*= |p =
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we obtain
q—1 k
Ina] = ’/Q ( Zwayz) —Zwé’;})w’
i=1
%
(3.17) <C/Zw€yzw6y]|90| <CZ </wgyzlwgygl> Il 22
i#£] i#£j
3 1n\uz
<t Y e g
i#]

For ¢ > 3, we have

log| = ’/Q < Zweyz> Zweyz) ’
<C [ S utu,lol < 03 Y e gl

i#] i

(3.18)

Combining (3.17) and (3.18) yields

=1 n\yz nlyi—y;l
(3.19) [In] < Cet Y~ emmmT DT g
i#]

To estimate lg9, we split ly9 into two parts:
k
o] = / > (@) - Q) utle
-/ Z wiutte+ [ 3 (@) - Q)ut,te

= l221 + la9o.

Estimating lo91, we have

|lgo1]| < Z/|Q |wgyzl|S0|
1
<Z(/\@ vl ) el

= 2 2(q 1) _ N2, 2(g—1) % .
ZU() ~ QU+ /Bg(yi)‘@@) Qi) *wz, )HsouL

e
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[h]

k
g02(83 /| | 5(ZeQm\Dm@@»mw+eW”\yﬁﬁh“”)w?@1><y>) Il
. y<_

m=1

NI

[h]

k
<Cety (Cl > €MD" Qyi)| + Coe ! 4 Coe @Y )HSOHLQ

i=1 m=1

k
3 m m
=C 2(225 1D™Q(y:) |+€h]“>||<ﬁlle

i=1 m=1

Finally, to estimate ly99, combining Holder inequality and Lemma 2.1, we obtain

|l222| = ‘/Z (Qy:) — Q(0)) wgyfso

<3100 - Q)] [zl

(3.20) .
<3t -aoi ( [u,) " ( [1a)’
< Ce? Z 1Qw:) — QO)] lleolle-
Combining (3.15) and (3.19)—(3.20) yields (3.13). O]

Lemma 3.3. There exists a constant C' > 0, independent of ¢, §, such that for
any ¢ € H_, there holds

(321)  [|RD ()| < Cbe™3 (1 + e 3||gll.) @2 + Ce™ T |lpl|2 7, i = 0,1,2.
Proof. By (3.4), we have
R.y () = Ai(p) — Ax(yp),
where
eb 2
(3.22) ate)=T( [ 196) +ev [ 0w [ 197
and
_ —1
(3.23)  As(p /Q Wey + 90) qu,y - quq,YlSO - %Wf}}gf)

For any ¢, ¢ € H., we obtain

(3.24) <A§1)(¢)’¢>:Eb(/|W|2/WW+/|V<P|2/VWE,YW)

—l—er/VWg,ngo/V@Vz/J,
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625) (AP0 = [Q(Tay + 9T =W = (0= D),
(AP ()], €) = 56(2 [veve [vevos [1ver [ vng)
(3.26) +25b( / VI, Ve / VeV + / VIW.y Vi / vgw)
+2€b/vg0V§/VW5,yvi/1,
327 (AP = (0= 1) [ Q@) (Wey + ) = WE)uc

Next, we estimate A?)(@, i =0,1,2. Noting that

1
(3.28) Vel 2 < ﬁH@He

k
IVW.y > <k V., |*> = ke | |[Vw|?
b 7y
=1

and

we have
(3.29) IVWey |2 < Cie?

where C7 = k||Vw||zz. Combining (3.28) and (3.29), we obtain that for any 1,&, v €
H_, there hold

(3.30) / Vvl / VWL Ve] < CeE ol Il €]l

(3.31) / VoV / IVuve] < Ce ol el vl
Combining (3.22), (3.24), (3.26), (3.30) and (3.31) yields
1A (@) < Cbe™2 |27 + Ce=3|| |2

(3.32) S TSN E
< Che2 ||| (73|l + 1).

Then, we estimate AS’(@, i = 0,1,2. For 2 < ¢ < 3, we apply the following
elementary inequalities: for e, f € R | there exist constants C;(q), Ca(q), Cs(q) >0
such that

et et — ey - WD 2 < oy g) 1,

e+ N — el = (g—1)el* | < Calg)| 7,
and
e+ H)F° = eI < Cslg)lf172
Combining the above inequalities and Lemma 2.1 yields

_3(a=2)
(3.33) |Ax(0)] < Ce™ 7 |l
_3(g—=2) _
(3.34) IAX (@) < Ce= 75 ||,

(3.35) 1A ()] < Ce™

—2) B
= |l
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Similarly, for 3 < ¢ < 6 and e, f € R, there exist constants C{(q), C5(q), C%(q) > 0
such that

e+ 11— et — ety = LDt < el + 1511

e+ /T — et = (g = Deff] < Cola) (el + 1A )IfP
and
(e + )% = 7% < Ca@)(lel ™ + £
Combining the above inequalities and Lemma 2.1 yields

As()] < Ci(a) / (IWer |8 + [0]7 %) o]

3.36 2\ sig=2)
(3.36) gc( [ 3>) Sl + O 52 o

3(g—2)

_3 _
<C(e B2+ llell?).

By the same token, we obtain

_3 _3(g—2) _
(3.37) 1A (@) < Ce2flel2+e 7 flelle™),
_3 _3(g=2) _
(3.38) IAD ()] < C (e 2@l +e 77 [loll272).
Combining (3.32)—(3.38) yields (3.21). O

To state the lemma that follows, we define

k
N, = {cp e Bty ol < (Z Q) - QO
=1

(559 i

-+ Z Z gm_T‘DmQ(yi”l_T + g[h]-l—l—r + Z 6_(6_7—)%) }

i=1 m=1 i#j
where 0 < 7 < min{1, 6},
Lemma 3.4. There exist €q, 0y sufficiently small such that for every e € (0, &g|
and 6 € (0, ), there exists a C* map ¢, : Dfﬁ — Ng; Y — .y satisfying
(Y, pe
(3.40) <%,w> =0, YyeH, VY €Dk,
w b
Moreover, we can choose 0 < 7 < min{1, 0} sufficiently small, such that

ko (A

k
3 -7 m—T m —T —T
ey lle <& <Z Qy:) — Q)™+ e TDm Q)| T +
=1 i=1 m=1
n Z ei(e—iT)n\yiE—yj\ ) .

i#]

(3.41)

Proof. Recall that
/ 1 1"
Je(Yop) = Jo(Y,0) + {L.(Wey ) ) + 5 {L. (Wey )¢l ) + Rey (),

so we have

1" ’

<aa—1];’¢> = <I{:‘(WE,Y)’77Z)> + <]5 (W&y)[gp]’w) + <R5,Y(90)a77z)>, v ¢ € H.,
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i.e.

e W) + LWy i) + By ()
(3.42) R Y

=Ly +I.(W.y)lg] + Ry (p).

Then 2% is a bounded linear functional in N.. Denote

O
0 = {f: f is a bounded linear functional defined on H.}.

For any f € 20, by Riesz representation theorem, there exists a unique f € H. such
that

fW)=(fd)ey V¥ e€H..
So we can define a map 0: 00 — H.; f+— f
Let 2 = o0(20). Next, we prove o is a linear isomorphic map from 20 to 20*.
In fact, if o(f1) = o(f»), in the sense that f; = f,, we obtain
fil) = (fr,¥)e = (f2,¥)e = f2(¥), V€ H..
Then f; = f, and o is injective. Besides, for any fi, fo € 20,

(it o 0)e = (fi 4+ F2) (@) = fu(®) + fo(@) = (Fr, 0)e + (Fon0)e = (Fi + fo, ),

which implies ﬁz — f1 + fo, in the sense that o(f1 + fo) = o(f1) + o (f2).
And for any k € R and f € 20, we obtain
(kf,0)e = (RF)(0) = kF(@) = K{f,0)e = (kf, 0)..
Thus, kf = kf and o(kf) = ko (f).
Therefore, (3.42) is equivalent to
a.J.
dp

Since L.y is invertible in EQY by Lemma 3.1, it is sufficient to find ¢ € N, that
satisfies

(3.43) =Ly + Loy (@) + By (9).

/

(3.44) o= —Loy(y) = L3 (R y(9) = Aoy ().

Next, we prove that A, y is a contraction map on N,. First, for any ¢ € N,, we have
1, - 1, 2

Ay (@) < ;Hle,yHe + ;I!Rs,y(w)He

1

(3.45) )
= — |yl + =Ry ().
Slexll+ Zl ey ()l

By Lemma 3.2, we obtain

. F aMlvi—y;
eyl < Ce? (e[hlﬂ +371Q0) — Q) + 33 e D Q)| + Ze—GT).
i=1

i=1 m=1 i#j

Choose ¢, ¢ sufficiently small such that

Ce™ < &,
ClQ(y;)) — Q)" <&, i=1,...,k,
CeT|ID™Q(y;)|" <&, i=1,....,k,m=1,...,[h],

__nly' =4I| . .
Ce™ = < gu G #]7
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then
k ko [A]
vl = 524 ( 1000~ QI + 32310l )
(3.46) ~! =t m=1
n ggg (g[hmT n Z 6(97)"*"';”1')_
i#£]
As p e N,

_3
e |[plle = 0-(1) + 05(1).
So for e, ¢ sufficiently small, by Lemma 3.3, we have

(3.47) 1Rz ()1l = (0c(1) + 05(1) [le]|- < 2||90||5
Combining (3.45)—(3.47) yields

k ko [A]
”AsY )| e SgQ(Z |IT+ZZ€mT‘DmQ<yi>|1T)

i=1 m=1

n g( (Al +1— T+Z - M)

i#£]
Hence, A.y(N:) C N.. On the other hand, for every ¢, 9 € N,

/

Aoy (9) = Ay ()] = IL24 By (9)) — L2 (B (9)]-
< %HR;,Y@) ~ R, @)

]. i
= ;HRe,y(&P + A =9Dllle—vl., 0<&<1.
By Lemma 3.3, we obtain

1RZy (€ + (1= )l < (1— &)y
+Che H(1+ e €+ (1 - vl e + (1 - 9.
= o0.(1).

Thus, for ¢ sufficiently small, we have

1
ey () = Ay (D)l < Sl =l

So Ay is a contraction map on V.. By contraction mapping principle, we infer that
(3.44) has a unique solution. Finally, by similar arguments as that of Cao, Noussair
and Yan [6], we can deduce that . belongs to C*. O

4. Proof of Theorem 1.3

In this section, without loss of generality, we assume Q(0) = 1. By Lemma 3.4,
we can define a C! function on D¥;, in the sense that

K<Y) = J&(Yv SOE,Y)a Y € Dsé
Define
coq = ¥(kA—k*B —Te*™), .o =e*(kA—k*B +p),
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3

where A = —HwHLq, B = %||Vwl||{2, u, T are positive constants, e < ¢ and

€(0,1)is a fixed constant close to 1.
Denote

Q,Y:{Y:(yl,...,yk):yieBg(O)xB?;*t(O), i=1,...k Mz&, iséj},

where BL(0) = {y € R': |y| <7}, Ry > 0 is a large constant, and
K={Y:Y €Qua, KY)<c}.
Lemma 4.1. For any ¢ € EZ,,, there holds

(4'1) <£a7Y§07 90>6 = O(HQOH?:)
Proof. By the definition of L. y, we have

(Lovor o) = (o, ). +eb / YWy P / Vo2

+2Eb(/VW57yV<p) (q—1) /Q gyzgp?

Calculating directly yields

k
(43) b / AUANE / Vel? < bk / S Vi, / Vol? < CllolP.
=1

By Holder inequality, we obtain

2
(4.4) o [owve) <o [ 1wt [1vor < Clol

Finally, as Q(z) is bounded, we have

(45) Jawmwsze <o fwr,) . (/ wf < Cllgll.

Combining (4.2)—-(4.5) yields (4.1). O

(4.2)

Lemma 4.2. There exist constants g,y > 0, such that for any ¢ € (0, o] and
6 € (0,0], (Y, ) is a critical point of J. on D! 5 x E¥\ is equivalent to

k
U= : :weyyi + (10
=1

is a critical point of I..

Proof. This lemma can be proved by the same arguments as that of [3, 6] with
minor modifications. We omit the details. U

K (Y)

Lemma 4.3. For every Y € 0., we have either K(Y) < c.; or =,

where n is the outward unit normal of 0.« at'Y.

> 0,

Proof. We divide the proof of this lemma into two steps.

Step 1: Suppose that M = R, for some i # j, or y; € OBL(0) x B2:(0) for
some ¢ € {1,...,k}. We claim that Y € K.

In fact, since .y € N,, by Lemma 3.2, we obtain

(4.6) ey (@) = Oy [I2)-
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And by Lemma 3.3, we have

(4.7) |Rey (o) = 0=(Dllpey |12
Combining (3.1), (4.1), (4.6) and (4.7) yields

(4'8) Je(Yv QOE,Y) = Je(Yv 0) + O(H%,YH?)

Then combining Lemma A.1, (4.8) and (3.41) yields

K(Y) =& (kA=K B) - — Ac’ Z

-/ m(J

k L
(4.9) +O(ZZ€3+mIDmQ(yi)| +s3ze"y2])

q—1
w57yj) + O(€4+[h])

i=1 m=1 i
ko [h]
+2°0 ( Z Q) = 1P+ 30> a“mT)\DmQ(y@-)F(“’)
i=1 m=1
Jr630< (-7 1§ —o(f—r) Mrivil )
i#]

Choose 7 sufficiently small such that
2h+1—7)>[h]+1, 2(m—7) >m, 2(0 —7) > 1.

Then by (4.9), we have

K(Y)=¢ (kA KB As3z
(4.10) / ng yl( wg,yj) : + O
J=t+1
k c—y
ro( X S D) + & S

i=1 m=1 ij

Combining the above equality and the condition (Q3) yields

(4.11) K(Y)<5<k:A B — cza y)-CY e L)+O(e4).

ahllné —InT

If 7’7‘%;”‘ = Ry for some i # j, taking Ry = 2

, by (4.11) we obtain

k
(4.12) K(Y) <é®(kA— kB —Te"™) — C&° Z Pi(y)) + O(e*) < c.1.

i=1
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If y; € OBL(0) x B2:'(0) for some i € {1,..., k}, combining (4.11) and (1.11) yields

k
lyi—y;l
KY)<é (kA — k*B — C’)\Z \yg\hl) —Cé? Z ety O(e")
i=1 i<j
nlyi—y;|
<&’ (kA— KB — Cxe™™) — C&° Z e = +0(Y.
i<j
Let T be sufficiently small such that 7' < CA, then we have K(Y) < ¢.;.
Step 2: Suppose t € {1,2} and y; € B(0) x 9B2:*(0) for some j € {1,...,k}.

Without loss of generality, we assume j = 1. We claim that either K(Y) < ¢.; or

aIg_S/) > 0, where n is the outward unit normal of B%(0) x 9B2:*(0) at ;.

In fact, for any y; € BL(0) x B2*(0) and m > 1, we have

"D Q(y:)l = O (™ |y ™™ + ™y 1" ™)

(413) m m ah+m(l—a
= O (e™|yj| 7 4 gottmd=e)y

By Lemma A.2, we obtain

OK w.
— = —C’DiQ(y1) — (¢ — 1) Z/wgy?weyz o

dyu S
E[A]
(4.14) + O ( Z Z €2+m_T|DmQ(yi)|1_T + €3+[h}—7)
i=1 m=2
k ) nlyi—yjl
“ (52 Z |Q(y:) — 1|”) + 0 <52 Z o (07 )H).
= oy

Denote 7 = min,; n|y; — y;|. We divide it into two cases.

(i) Suppose that e~¢ > Le®® or |yi| > Le®"™ for some i € {1,...,k}, where
L > T is a large constant. We claim that K(Y) < c. .
In fact, combining (4.10) and (1.11) yields

k
K(Y) € (kA - B) - Y ) - et

i=1

k  [h]
(4.15) e ( SY sy +)

i=1 m=1
k
e’ (kA —kB) — (C, — 7')& Z )| — Chede 2 + Cedtah,
i—1

where 7/ > 0 is a constant. When L > T is large enough, we have K(Y') < c..

(i) Suppose that e ¢ < Le®® and |yl| < Le®®™ i =1,... k. We claim that

alggly) > 0. First, we can see

(4.16) -0
(4.17) D™ Q(yi
(4.18) e2¢70 = O(2H0h.

9

|€m — O(gah(hl_m)/hlg—jm + gozh—i—m(l—oz)) _ O(Eah-l—m(l—a))
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Since for any @ # 1,

_ Ow, lyi — yil\ ya — yu
4.19 /wg We yi——2 = (C + o(1 52w( ) :
(419) e B — (- o))t (L) B
(4.20) <§£%%n>ﬁavm€BNDX@¥®%
i Yl

where

Y1,2 Y1,3 _
O, 5 5 1 2 5 1 9 t — 17
n = (y172+y1’3)2 (91,2+yl,3)2

(0.0, ) =2,

Vy1,3l )’

combining (1.12), (4.14) and (4.16)—(4.20) yields

OK(Y)
on

> CX(=DQ(y1),n) + O

> Oy + O M)
> 0,

(4.21)

where 77 > 0 is a constant.
Combining Steps 1 and 2 we complete the proof of this lemma. OJ

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. 1t follows from Lemma 2.6 and Lemma 4.3 that we just
need to prove K°? cannot be deformed into K. Then K has at least one critical
point in K “2\K!'. Finally, by Lemma 4.2, we obtain that u = Ele Wey, , T Py
is a critical point of I, in the sense that it is a solution of equation (1.1).

Next, we prove K2 cannot be deformed into K. It’s easy to know

KCE’Q = Qea.

Denote
(4.22) M = BL(0) x B*%(0),
(4.23) L={W.y")eM, |y|>.},
(4.24) Ty = Uz {nly: — y;l <. vi, yj € M},
(4.25) Ly=@.xXMx--xM)UMXxTD, x---xMU---

T "
(4.26) UM x---xMxT)UT,.

k
Step 1: We claim that there exist constants C, ¢ with C' > ¢ > 0, such that

(427) L5/2,c’€ln€_1 \TERl C ch’l C Lc’eah/hl,Celne_l\TERl-

In fact, for any Y € K%, we have K(Y) < c.;. Then by (4.10), we obtain

ceq = (kA — kB — Te™M)
> K(Y)
(4.28) .
lvi—y;l
>’ (kA - k*B) — (&° Z i — e? Z et 10 (e*M).
i=1 i
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Thus, |y} > c/e*/M or n|y; — y;| < Celne™! for some i # j. Hence,
K« C Lc’eo‘h/hl,CElne_l\TERl'

On the other hand, choose ¢ > 0 sufficiently small. When |y/| > 2 or n|y; — y;| <
delne™! for some i # j, by (4.11), we have K(Y) < c.1. Then
L5/2,c/eln5_1 \TeRl C K.
So the claim follows.
Step 2: Since LC/Eah/hl’CElne—l\T&-Rl can be deformed into Ls/s cejne—1 \ Tir,, then
K¢ can be deformed into Ls/s veine—1 \ Ter,. Suppose K2 can be deformed into

K*1, then we see that (.« = K2 can be deformed into Lo seime—1 \ Ter,. Hence,
M x M x---x M can be deformed into Ls/s veime—1. However,

k

H'(M,T52) = H'(B;(0),0B5(0)) # 0.
By Lemma 2.7, we obtain
H (M x M x ---x M, Ly /3 reine—1) # 0.
*
Then M x M x --- x M cannot be deformed into Ls/s o/cjne—1. This is a contradiction.
e

O

Appendix A. Energy estimates

Lemma A.1. For ¢ sufficiently small and any Y € Déé, we have

J(YO)_»s(kA kZB——AZ —1))

q—
-1 koI
(A.1) /Zw yl( we,yj) +O<ZZS3””\D’”Q(%)\)
Jj=i+1 i=1 m=1
( Ze v v +€4+[h])
i#j

where A = L 2||w|| ., and B = 2| Vw1,
Proof. By the definition of J.(Y, ¢), we obtain
J-(Y,0) = I.(W.y)

1 , &b \° 1 .
= §||W€7y||5 7 IVWey|™ | — p Qx)Wy
k
1
=3 Z/ (e%a|Vwe y,|?

(A.2) + = Z/ £%a|Vwe y, Ve ;| + we g, we )
i#£]

eb 2 2
* Z(Z / |Vwe,yi|2) (#J / |Vwayzwayj) “ / Q)W

+wgy,)
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1 ¢ eb [ <& 2
) Z/ (€2a|Vw5,yi|2 + wg,yi) + Z(Z / |vw57yi|2)
i i=1

__/Q Y+O(3Zenyisyj>.

7]

As Q(0) = 1 and w is the solution of (2.3), we obtain that w,,,(1 <7 < k) satisfies
— <82a + sbk/ \Vwe,yj\Q) Awey, +wey, =wl ! j=1,... k
Multiplying w, ,, on both sides of the above equality and integrating, we have

(5 a+5bk/|Vw€y|2)/|Vw€y|2 / / w?, .

Summing ¢ from 1 to k, we obtain

Z (52a—|—abk/|Vw€7yj|2) /\Vweyl

=1

+ Z / 6 Y / Z w5 Yi®
Then
& k
Z/ (52a|Vw€,yi 2 +w?,yi) = —5bk/ |sz,yj|2/z [Vwe y, ?
i=1 =1

Substituting it into (A.2) yields

1< eb [ & 9 ?
=32 ot -G (X [ 1vwar)
; i=1

——/Q Y+O< Ze—w—_y])

i#]

(-3 (z/m)
w3 (e Se) - X)) o Te )

= G - é) e%klwl . — —€3k2b||Vw||L2 - _/ ((Zw*f yl) Z% %)
_ é/(@(;p) ~1) <§;we,yi>q +O<e3ZeW).

7]

k
§ q
+ / wf-?,yz
=1
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Next, we estimate the third and fourth term of the right side of (A.3) respectively.
First, to estimate the third term, we use the following inequalities

Clo|7?[af?, [b] < al;
Clal™=2[b]?, o] < [0],

< Clal*|pl?, (2<g¢<3),
Ha + b7 —a? — b — qa? b — qabq_1’ < C(a”2? + a7 %), (¢>3).

Ha + b7 —a? — b7 — qa?™1b — qabq_1’ < {

Thus,
k q k p
(zww) = ()
=1 =2
< k k q—1
Z ws,w) — qWe y, ( Z ws,yi)
(A4) =2 =2
q k 2
Cwéy, ( E w ,yi) ) 2<q<3,
S 1762 2 k q—2
ng y?( Z we,yi) + ng,yl ( Z we,yi> , q>3.
=2 1=2
If 2 < ¢ <3, by (2.8), we have
q k 3 k [ g b 3 _anlvi-vl
(A5) /wé‘%yl Zw&yi < C/ng7ylwt‘.‘27yi < ng e 2 = .
=2 =2 =2

If ¢ > 3, by (2.8), we have

k 2 k q—2
q—2 E : 2 E :
/ (wE,yl ( w€7yi) _'_ w€7y1 < w€7yi) )
=2 =2

k
(A.6) Ce? Y e~ <y,
< i§2
>~ 053 Z 67277“/15_“‘ ’ q> 4
i=2
Denote
1, 2<q<3,
1+o=4qqg—2, 3<q<4,
2, q>4.

Combining (A.4)—-(A.6) yields

/<(iw€’yi)q_i 7%) —q/qu,yz ey

7 1<

k -1
(A.7) +‘-’/Zwe,yz< Z 7yj>q +O<53ZG(1+ &)= ]>
i+1

Jj= 1<j

a-1 nly;—y;
-—@/E %< M) +OG§§ 563).
Jj=i+1 1<J
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Secondly, to estimate the fourth term of (A.3), we have

(A8) /(Q(m)—l) (z;wy) Z/ ) — 1) w! +o<s3ze”l”).

i#]
Estimating the first term of the right side of (A.8), we obtain
[ @@ -vuz, = [ @@ -Qw)ur,
R3 Bs(yi)
(A9) s @) - ut, + [ Q) -1)ul,,
B§(y:) R3
[ @@ -awnur,|< [ jaw-Qwlt, <o [ wiy)
B§(yi) 5(yi) ly|>2
(A.10) < 053/ e~ Tl |y| =1 < Cede T,
ly|>2
where ¢ = q — 6 and 6 > 0 is a small constant, and
| @@ - o,
Bs(ys)
(1]
(A1) <ce | (Zem|y|m|DmQ<y,~>| My 4 )ty
yI<g m=1
(7]
<o XD Qul +24).
m=1

Combining (A.9)-(A.11) yields

/(Q(SL’) - 1) wg,yi = (Q(yz) — 1) /wgyi + 830(6_%@ + éj[h}ﬂ)

[h]

(A.12) + 530(2 5m|DmQ(y,~)|)
m=1
(]
= Q) — 1) *flwlf, + O ™M) + O < > €3+’”|D’”Q(yi)|) :
m=1
Combining (A.3), (A.7), (A.8) and (A.12) yields (A.1). O
Lemma A.2. For any Y € Dfﬁ, there holds
OK , : L, Qe
J=1,j#i
ko [h]
(Alg) +0 ( Z Z 52+m_T|DmQ<yi)‘1_T + 83+[h}—’r)
i=1 m=2
k 5 nly;i—v,l
o(# 3 1o 1) o2 et ),
i=1 i#j

wherei=1,...,kandl=1,2,3.
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Proof. By the definition of K(Y), we have

oK  OJ. 0J. Oy >
Al _ Ok, < Deer
( ) Oy it &Pe,y it
First, estimating the first term of (A.14), we obtain
0J- 8W€ Y oW,y
W€ 3 7 WE (3 7
Dyn /5 aV(Wey +¢ Y)V +/( vy +eey) Dya
aWe Y

+€b/|v €Y+90€Y‘ / z—:Y"_(psY)v 8 :
Yil

q—1 aWe Y
ayzl

A]_5 /Q 5Y+Q06Y)

aWa / 8W6 aW&
- (07, ayl’”>+<f€’<w Dol V4 (R (). T

)

oW,
- la,Y( 9 7Y) + <Ia// (W 905 Y
Yl

To estimate the first term of the right side of (A 15
solution of (2.3), we obtain w, , (1 < j < k) satisfies

, ) Wey
T )\ )
),

—(52a+8bk/ \Vwe,yt|2) Aw,y, +wey, =wl b t=1,.. k.

Summing j from 1 to k, we obtain

<5 a+€bk:/|Vw€yt|2)AW5y+W5y—Zweyj.

7j=1

Multlplymg on both sides of the above equality and integrating, we have

<€2a+5bk/|vw57yt|2) /VW&}/VaWE’Y /WayaweY /Z Eyj ag;sy.
i l

i
Then
(e ), = [ (e g T
oW, LOW
:_gbk/wwgyf/vwgyv Y /Z w?) 0yly’
Hence,

oW, v oW,y 2 : 2

lg : =¢b 5 : 5 - &Yt

o (%) = e [T (et - [l
(A16) —1 aWe Y 8Wz—: Y
(/Q We Ay /Z Yo Dy )

=. Zl — ZQ.

since Q(0) = 1 and w is the
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By similar estimates of /; as that of Lemma 3.2, we have

~ nly; —y;l
(A.17) Ll <Ce®> e
i#]

Next, to estimate l~2, we have

~ i -1 8'(1]57% aw{;yi
ZQZ/Q(x) Zwevyj i /Z Wey, A

j=1 ayzl
e -t k ow
= We y. — wg_i) S
(A.18) /(<; yj) ]Zl i) Oy
k g—1
ow, .
+/ Qx) —1 ( We, j) 28U
CERIOOD N
= l~21 +l~22
Since
7 d ow nly \
(A.19) < (qg—1) > /wgyfwgy] 8% +O<gzz 92>,
j=Li# Yil i
and

- k ow 711y —vjl
=3 [ (@) - Dt o2 o)

i]

- /<Q<x> N 1)wgvyi a@?jzlyl * O( Ze G%L)

i#]

0 Fnlyi—y;
am =[S o)

i#]

ko [n)
= Ce’DiQ(yi) + O(Z Z e DM Q(yi)| + 53Hh])

i=1 m=2

+O<622 Gn\yl )’

i#]

combining (A.17)-(A.20) yields

oW, We y;
ZE,Y< ay;Y) = -C*DiQ(y:) — (¢ — 1) Z /wgyf We y; ay ly +O0(e 3+h])

J=1,j#1

(A.21) +0<§:§s“m|m@(yi)|) +0<§Z 9)

i=1 m=2 i#j
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Next, we estimate the second term of the right side of (A.15). We have

., oW. oW oW,
<[€ (WE,Y) [@E,Y]u 7Y> = <906,Y7 J> +5b/ |VW€ Y\Q/V% Yv Y

Iy Y Y
oW,
(A.22) + 2¢b / VW.yVe.y / Wy V5 2
il
oW,
~(a=1) [ QWG .
Since .y € Efy,
8VV{-:Y
A.23 Ly, YN,
(A23) (oar Tt}
By Holder inequality, we obtain
k
oW,
5b/|VW€y| /weyv Y o bk/waE,yi 2V v |||V ay,;ylp
i=1 v
(A.24) < Cet||peylle
oW, 0Wa
b / ALAE / VWey VO < b Uy [l Ve 2] |7 2=
Iy Oy 112
(A.25) < 055 HSOE,Y”&
oW, oW
q 2 <C /Wq / €Y / q
/Q 5Y a Vil (pavy = ( Y | ayzl |90€ Y|
(A.26) < Cet eyl
Combining (A.22)—(A.26) yields
8W5 1
(A27) (B W) ] T2 ) = O(EH el
Besides, by Lemma 3.3, we have
oW,
(A.28) < ;,Y(%,Y)a Ty> = Os(l)H%,YHs-
Yil
By Lemma 3.4, we have
aJs 8905-:Y>
A.29 (YN .
( ) <8905,Y Oy
Combining (A.21) and (A.27)-(A.29) yields (A.13). O

Acknowledgments. The authors would like to thank Chunhua Wang from Cen-
tral China Normal University for the helpful discussion with her. This paper was
supported by NSFC grants (No. 12071169).

References

[1] AMBROSETTI, A., E. CoLORADO, and D. Ruiz; Multi-bump solitons to linearly coupled
systems of nonlinear Schrédinger equations. - Cale. Var. Partial Differential Equations 30,
2007, 85-112.

[2] ArosiO, A., and S. PANIzz: On the well-posedness of the Kirchhoff string. - Trans. Amer.
Math. Soc. 348, 1996, 305-330.



13l

4
51
6]
7
8]
9]

[10]

11)

12]

[13]

[14]

15]
[16]
17)
18]
19]
[20]
[21)

[22]
23]

[24]

Solutions with multiple peaks for nonlinear Kirchhoff equations on R> 565

BArTscH, T., and S. PENG: Semiclassical symmetric Schrédinger equations: existence of
solutions concentrating simultaneously on several spheres. - Z. Angew. Math. Phys. 58, 2007,
778-804.

BERNSTEIN, S.: Sur une classe d’équations fonctionelles aux dérivées partielles. - Bull. Acad.
Sci. URSS. Sér. Math. 4, 1940, 17-26.

Cao, D., S. L1, and P. Luo: Uniqueness of positive bound states with multi-bump for non-
linear Schrodinger equations. - Calc. Var. Partial Differential Equations 54, 2015, 4037-4063.

CAo, D., E.S. NOUSSAIR, and S. YAN: Solutions with multiple peaks for nonlinear elliptic
equations. - Proc. Roy. Soc. Edinburgh Sect. A 129, 1999, 235-264.

Cul, L., G. L1, P. Luo, and C. WANG: Existence and local uniqueness of normalized multi-
peak solutions to a class of Kirchhoff type equations. - Minimax Theory Appl. 7, 2022, 207-252.

DANCER, E.N.; K. Y. LAM, and S. YAN: The effect of the graph topology on the existence of
multipeak solutions for nonlinear Schrédinger equations. - Abstr. Appl. Anal. 3, 1998, 293-318.

DANCER, E.N., and S. YAN: Interior and boundary peak solutions for a mixed boundary
value problem. - Indiana Univ. Math. J. 48, 1999, 1177-1212.

DANCER, E.N., and S. YAN: On the existence of multipeak solutions for nonlinear field
equations on RY. - Discrete Contin. Dynam. Systems 6, 2000, 39-50.

DEL PiNO, M., and P. L. FELMER: Multi-peak bound states for nonlinear Schrédinger equa-
tions. - Ann. Inst. H. Poincaré C Anal. Non Linéaire 15, 1998, 127-149.

DENG, Y., S. PENG, and W. SHUAL: Existence and asymptotic behavior of nodal solutions
for the Kirchhoff-type problems in R3. - J. Funct. Anal. 269, 2015, 3500-3527.

FIGUEIREDO, G.M., N. IkoMA, J. R. SANTOS JUNIOR: Existence and concentration result

for the Kirchhoff type equations with general nonlinearities. - Arch. Rational Mech. Anal. 213,
2014, 931-979.

FIGUEIREDO, G. M., and J. R. SANTOS JUNIOR: Multiplicity and concentration behavior of
positive solutions for a Schrodinger—Kirchhoff type problem via penalization method. - ESAIM
Control Optim. Calc. Var. 20, 2014, 389-415.

FLOER, A., and A. WEINSTEIN: Nonspeading wave packets for the cubic Schrédinger equation
with a bounded potential. - J. Funct. Anal. 69, 1986, 397—408.

Gui, C.: Existence of multi-bump solutions for nonlinear Schrédinger equations via variational
method. - Comm. Partial Differential Equations 21, 1996, 787-820.

GUoO, Z.: Ground states for Kirchhoff equations without compact condition. - J. Differential
Equations 259, 2015, 2884-2902.

He, X. M., and W. M. Zou: Existence and concentration behavior of positive solutions for a
Kirchhoff equation in R3. - J. Differential Equations 252, 2012, 1813-1834.

HE, Y.: Concentrating bounded states for a class of singularly perturbed Kirchhoff type equa-
tions with a general nonlinearity. - J. Differential Equations 261, 2016, 6178-6220.

HE, Y., and G. L1: Standing waves for a class of Kirchhoff type problems in R? involving
critical Sobolev exponents. - Calc. Var. Partial Differential Equations 54, 2015, 3067-3106.

HE, Y., G. L1, and S. PENG: Concentrating bound states for Kirchhoff type problems in R?
involving critical Sobolev exponents. - Adv. Nonlinear Stud. 14, 2014, 483-510.

KIRCHHOFF, G.: Mechanik. - Teubner, Leipzig, 1883.

KwonNG, M. K.: Uniqueness of positive solutions of Au — u + u? = 0 in R™. - Arch. Rational
Mech. Anal. 105, 1989, 243-266.

L1, G., P. Luo, S. PENG, C. WANG, and C. XIANG: Uniqueness and Nondegeneracy of
positive solutions to Kirchhoff equations and its applications in singular perturbation problems.
- J. Differential Equations 268, 2020, 541-589.



566

[25]

[26]
[27]
[28]
[29]
[30]
31]

[32]

[33]

Hong Chen and Qiaogiao Hua

Lions, J.L.: On some questions in boundary value problems of mathematical physics. - In:
Contemporary developments in continuum mechanics and partial differential equations (Proc.
Internat. Sympos., Inst. Mat., Univ. Fed. Rio de Janeiro, Rio de Janeiro, 1977), 284-346.

Liu, W., and C. WANG: Multi-peak solutions of a nonlinear Schrédinger equation with mag-
netic fields. - Adv. Nonlinear Stud. 14, 2014, 951-975.

Luo, P., S. PENG, C. WANG, and C. XIANG: Multi-peak positive solutions to a class of
Kirchhoff equations. - Proc. Roy. Soc. Edinburgh Sect. A 149, 2019, 1097-1122.

NoussAIR, E. S., and S. YAN: On positive multipeak solutions of a nonlinear elliptic problem.
- J. London Math. Soc. (2) 62, 2000, 213-227.

OH, Y.G.: On positive multi-lump bound states of nonlinear Schrédinger equations under
multiple well potential. - Commun. Math. Phys. 131, 1990, 223-253.

PERERA, K., and Z. ZHANG: Nontrivial solutions of Kirchhoff-type problems via the Yang
index. - J. Differential Equations 221, 2006, 246-255.

PoHOZAEV, S.1.: A certain class of quasilinear hyperbolic equations. - Mat. Sb. (N.S.) 96:138,
1975, 152-166, 168.

WANG, J., L. TiAN, J. XU, and F. ZHANG: Multiplicity and concentration of positive solutions
for a Kirchhoff type problem with critical growth. - J. Differential Equations 253, 2012, 2314-
2351.

Xu, S., and C. WANG: Local uniqueness of a single peak solution of a subcritical Kirchhoff
problem in R3. - Acta Math. Sci. Ser. A 40, 2020, 432-440.

Received 13 July 2022 e Revision received 22 June 2023 e Accepted 17 July 2023
Published online 8 August 2023

Hong Chen Qiaogiao Hua

Central China Normal University Central China Normal University
School of Mathematics and Statistics School of Mathematics and Statistics
Wuhan 430079, China Wuhan 430079, China

chenhongecwh@163.com hqq@mails.ccnu.edu.cn



	1. Introduction and main results
	2. Some preliminaries
	3. Finite dimensional reduction
	4. Proof of Theorem 1.3
	Appendix A. Energy estimates 
	References

