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On the norm of a linear operator in a Hilbert space
The purpose of this paper is to prove the following theorem:

Let T be a linear mapping of a real or complex Hilbert space § into
wself. If a 0 and if Tx| < ple| in the ball x —a| <0 < lal, then
a|
Tz < “_”_ x| for every x in 9.

We may restrict ourselves to the case when p < |a|. In fact, if the
theorem is valid for all ¢ and @ with p < |a|, and if |Tx| =< plx| for

.y o , plal .
every x satisfying lx — a| = |al, then [Tx| = — |z| forevery o < |al,
0
and, consequently,
LS ulal
Ta| < inf — 2] =~ l|

o<ial @ i@
On the other hand, from the linearity it immediately follows, that we may
suppose a| = 1.
Let & be the tangent cone of the sphere | — a| = p with the vertex
0. From the linearity it follows, that |[Ta| < ulx| for every z inside §.
(a )

-

In other words, if 1 is such that (Jx —a,x) =0, ie. 1=

>

P
and if [ix —a| <, then |T(Ax)| < u|i| 2! and, consequently, Tx|
< p [z|. The condition [Ax — a| =< p can be written

et = [(a, 2)e — [xPaf = |(a, ) [ + x| — 2P |(a, 2]

i
|

or
(1) (1=l = (e, 2)?.

Thus Tz| < ulz (g% §xf) for every x satisfving (1).

Now we consider a vector z lying outside of &. From the preceding
it follows that if x + Za lies in &, i.e. if it satisfies the inequality

(2) (1— ) o+ 7a? = (x+ Ja.a)?,
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then
[T (x + ia)] = ule + Ja|

or
(3) [T+ [22|Tal + 2 Re{Ai(Ta , Ta)} < wi[@? -+ 22+ 2 Re{i(a . 2)}].
The inequality (2) can be written

(1 — 0% (&2 + |22 4 2 Refi(a , 2)}) = [(x.a)? -+ 722+ 2Refi(a . x)]
or
(29 0222+ 20* Refl(a, 2)f + |(x, ) — (1 — ) 2*=0.

We first consider the case when § is a complex Hilbert space. If 4
satisfies the conditions

(4) Re{A(Ta , Tz)} = 0
and
(5) 02/24_2_92Re{/1(a )V (x,a)2— (1 —o) x2=0
then
e . z?2— (z,a)? x 2
x4 AR+ 2 Re{).(a , x)} = - . = o

and, by virtue of (3),

(6) (Ta?= Ta?+ i2Ta?=p*(2x?+ 22— 2Refi(a.x)})

IIA

We thus see, that the theorem holds in the complex case if it is possible to
choose 7 in such a way that it satisfies both equations (4) and (5).
Since x lies outside of & , it satisfies the condition

(@, 2)? < (1 — ) 2.
From this it follows that for the real function
JG) =222+ 22 Refi(a. @)} + l(x,a)® — (1 — 0?) x?
there is

f0) = (@, a)? — (1 — o) @%<0.

Since, furthermore, lim f(4) = oo and since f is continuous, the equation
|A]—> ©

f(A) = 0 thus has a solution on every straight line through the origin. On

the other hand, we immediately see, that there is a straight line through



Torvo NIEMINEN, On the norm a linear operator in a Hilbert space 5

the origin on which Re{l(Ta, , Tx)} vanishes identically. Thus the equations
(4) and (5) always have a common solution 2, and our theorem is valid
in the complex case.

If § is real and if, for example, (a .x) = 0, then

Re{i(a , 2)} = i(a ,x) =0

for all 4 = 0. Exactly in the same way as above we see, that the equation
(5) has a solution 4> 0. For this 2 we then get the inequality (6) as
before, and our theorem is valid also in the real case.

It is readily seen, that the evaluation given above cannot be improved.
It suffices to take the 2-dimensional Hilbert space $ with the basis vectors

a, and a,, and consider the linear operator 7' defined by the equations
Ta, = 0 and Ta, = aa, with ¢! > 1. For the vector
1 2 2 ‘

x = €7 |x (a, cosy —+ a, siny)
we then get
T ="'z asing,
and, consequently,
T

1A

‘o 2!

in the cone siny <o <1, and u = o is the smallest real number
satisfying this inequality. For the operator 7' we thus have
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