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The distinguished boundary sets and value distribution of functions
o[ two complex variables*

l. The problem of function theoretieal characterization of domains in the
spaee of two eomplex variables

Every simply connected domain with at least two boundary points can
be mapped onto the unit disc. Therefore, the study of value distribution
of an ana\rtic function f(") in a simply connected domain can in most
cases be reduced to the investigation of the behavior of the function / in
the disc. The situation changes completely if we pass to the case of several
complex variables. Two domains of the zt , zz -space, zh : r* * i !* ,

lc : l, 2 , ca,nnot, in general, be mapped onto each other by a pair of
analytic functions Er,(21 , zr) , lc : l, 2 , of two complex variables;
various domains can exhibit completely different behavior of analytic
functions f (zt, zz) defined in these domains. For instance, in the case
of the hyperspherel) 0 : tl"r)r+l"rlr<l) to every point (rl,,"or)
of the (three-dimensional) boundary bt : I l"rl, + l"rl, :t) a func-
tion f exists having the property that

(1) lf @i , zg)i > lf @, , zz)l ,

whileinthecaseofthebicylinder § :I lzrl {t, lzrl ( I ] every f(zt,zz)
holomorphic in §, continuous in C , assumes the maximum of its
absolute valuealreadyonthetwo-dimensionalsubset llzrl :I, lzrl : 1 1

of the boundary. rt arises the problem to study the »functional theoretical
structure» of domains, i. e., to investigate the behavior of analytic functions
in different types of domains and to classify them. A method to carry
out such a study (followed in the present paper) is to introduce some special
domains, namely analytic polyhedra, i. e., domains bounded by finitely
ma,ny analytic hypersurfaces 2).

* The paper has been done under the grant of the National Science X'oundation
No. 21344 and Nonr 225(IL),

1) German characters are used for manifolds. The superscript »rz» indicates the
dimension of the manifold for m : 1,2,8 .

2) rn the following, analytic hypersurfaces will stand for segments of a,nalytic
hypersurfaces and analytic. surfaces for segments of analytic surfaces.
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(A polyhedron l§ similar to the bicylinder has the property that

the analytic function l(4 , "r), continuous in l§ , assumes the maximum

of its absolute value on the (two-dimensional) distinguished boundary

of & . concerning various investigations of functions f in polyhedra,

see [2]-[e].)
an analytic hJryersurface [r3 is a one-parameter family of analytic

surfaces S'(l) , i. e., [,t : U S2(r) , .a real. 'We assume that a second

analytic surface g, intersects u ,sr(i) (or a combination of a finite

number of [l ) i" a closed curve which forms the boundary of the segment
g, . Since in eyery Sr(X) and in L, , f ("r, "r) is an analytic function

of one complex variable, one c&n obtain theorems of functions of two com-

plox variables by applying the results in one variable twice. In particular,

in this way one derives a generalized Poisson-Jensen formula (see [6]-
[8]) expressing log l/(0,0)l in terms of the values of log l/l on the
(two-dimensional) surface 8' : 

Y 
,'trl and in terms of certain func-

tionals connected with the pole and zero surfaces of /. Here it(i) is

the boundary curve of sr(i) . suppose that we have a one-parameter

family 8'(s) : U it(r, 1), O ( s, ( s ( co, of surfaces where i1(s,,1)
L

is the boundary curve of ,$r(s , /.) (see above). The previous consider-

ations yield relations for the growth of lfl on a three-dimensional mani-
@

fold u 8r(s) : It and certain functionals connected with the zero and

pole *iriu.". of f . fn this way,
Nevanlinna theorem.

we obtain an analogue of the first

Remarlc. we note that our approach yields relations for the rate of
growth of lfl on the three-dimensional manifold i3 and not in the

whole four-dimensional space.

Results of this type are discussed in [7]-[8], and in § 3 of the present

paper. In § 4 we show that, using a similar approach, an analogue of
Nevanlinna's second theorem can also be derived.

While in §§ 2-a we consider analytic hypersurfaces 0' : U S'('1) ,

where S'(lJ n $2(,1r) : 0 for \ * 12, we introduce analy'tic hyper-

surfaces in § 5 where all $r(,1), 0 ( ), < l, have a common intersection

point, o . In this case we consider in an analytic hypersurface a function
j@r, 

"r) which in every lamina S'(i) omits two values. Using the

schottky theorem, one obtains bounds for lfl in terms of its value at

the point o in a domain bounded by t3 and another ana§tic hyper-

surface.
x'inally, in § 6 we discuss the connection between the coefficients of the

series dovelopment of / and the regularity domain of f . In addition
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to the classical methods the
this purpose is discussed.

The methods used in the
of ?t, variables, yL > 2

in another paper.

use of the theory of orthogonal functions for

present paper can be generalized to the case
The author will discuss the generalizations

2. A elass of domains in the spaee of two complex variables

2.L. A segment of an analytic hypersurface. Let 3)

(1) hr,@ ; Z* , t, ,ln)

t,

(3)

has the

(4)

be a family of single-valued, continuously differentiable functions of complex
variables 2*,t,,i* and. continuousin §, 0(so{sqoo, which
are defined in a sufficiently large domain (1a) fhypothesis 1a]. For every
fixed t, the functions h*,1s ;2* , q) are holomorphic in 0_t < r and
hr*(s;O ,t,) is an entire function of the complex variables t*,in 1ft).
For every fixed t*, (1) is a one-to-one mapping of l2_l < r onto the
analytic surface

(2) SiQ,) - lzn :h*,@;2,,t,,i,) -h*,(s;2,,t,)f,
(1c). The boundary curve i)(t,) of S;(r,) is the image of l2,l :,
(1d). The positive direction on i:(t") corresponds to the d.irection for
which l2-l <r lies on the ieft-hand side of l2,l :r if urg|* i1.-
creases (1e).

Let t*:s*sixx, 'where sp is a fixed value. For a given x the
family

Si(r, eix,") ,

followirg properties:

,$i(r, eix,,) n $; (s, eix,w) - A ,

3) rn this soction and in the first part of § B the quantities I, s, and. r arr-
constants. rn the second part of § 3 (see p. g) and in § 4, we assume that s, and
f aro monotone functions of s and we investigate the behavior of certain func_
tionals (described in the following) for § + oo . We ind.icate in some cases that
various sets and functionals depend on §, s, and r , but to avoid. to cumber-
aome a notation, often we omit to do this.

h*,(r;2,,t,)) ?d:L,2,... )m, k -1,2,
sreixr, hrr(t ; A rtr) - 

0,

% :Lr 2r... ,m )
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There are two possibilities:

(5a) $2(s, ei',t1fl ,3'(s, six"z) : b

OI

(5b) S2(s, e",t1 : S'(s, 
"ix"z) 

.

In case (5b) the sense of direction of lim il(s,eix*) isthesameasthat,
xx+ 1x2

of i!,(s, et,,.'1 .

Definition. 
1y.2

(6) el : u3"@*r"*)
xx:txl

is called a segment of an analytic hypersurface. $1,(s,ei'"1 is called a

lamina of c2.
Remarlo 1. In addition to hypersurfaces satisfying the condition (4)

there exist hypersurfaces such that different laminas have intersectiori

points. See§5and§6.

2.2. The bound,ary of the d,omairL E(s) . Let & :E(s) denote a

bounded domain in the z, , z, -plar'e.
we assume that the boundary of the domain s(s) consists of finitely

many segments e3*, N -1,2,...,nx, and of a segmentof ahypersur-
face bfl . bfl is a connected manifold which consists of finitely ma,ny

continuously differentiable (three-dimensional) submanifolds (2a).

Let

(7) 31u:e',"ne", x*P, ?t:1,2,...,ffi,
(2b). Further we assume that

(8) 8', : ö*,U (el n [å) : n if,@,eix'\

f,;: 
xYlsr'*sx'*2

(2c) where

(9) ir,.(s* etx,1 : () i',,"(r, eir*) l) rr*(s, erx,1

i:*i'

is the boundary curve of $l(s,etr"); here

(10) i!,r(s,ei'*) : S;(§, "'r") 
(1e3,,, x * l.r ,

(1I) rl(s,eix*1 : $i(u, et'*) flbi
(2d).
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2.3. The intersection Ez(s) :l§(s)O[zr:0]. Let

(LZ) E2(s) : lzr:0, zr:1t(s,6) I : |§(s) fl lzt:0)
be a one-to-one image of l(l < s onto Er(s) , p(s , €) is analytic in ( ,
andO €E'z(s) (3a). Its boundary i1, theimageof 16l : §, lieswhollyin

m

bi: Ue: (sb).

W""Il.o-" that the intersection e; n t ?r :0] consists of one line
segment

(r3) ii("):e:(§)nlz,:01 : A ISi(s,ei,4n [zr:0]l,
tu:Ix3

r,ÅA)(*sSx*nSx*r,
(8c). Here X,z and )(*4 are chosen so that

'ö 
$f,@,e't,1

Ix:1x3

is the part of ei consisting of those laminas which include the points
(0 ,2) of 92 .

We assume that a lamina $f,(s*etx*1 contains at most one point
(0 , zz) (3d). Let

(r4) i'(s):öiltrl
x:l

be 'an oriented differentiable curve in the a, -plane (3e). il(r) consists
of points (0 , zz : sn eix") , X,,.s { X,* S X,,a .

By
d,w(s : z"\ Iw(s;zr), w(s;0) :0, -C-l*:o=,

we shall denote the function which maps fr(s) onto the disc löl < s
(i. e., w(s ; zr) is the inverse of z, : gt(s ; [) ).

3. An integral formula for the value of l"f(0 , 0)l of a
meromorphic function f (zt , zz)

Leb f(q,"r) be a meromorphic function in llzol < @, k:L,27,
which is holomorphic at the origin. According to (3b), C :w(s;zz)
maps E'(r) onto 16l < s.
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By the Jensen formula

(1) Iog l/(0 , 0)l

rlifz
*, Z, J log l/(o ' s' eir'11d'Q(s ; s' eix') +,I (- l)fr \. lo' ' '

ilt"lt\"''xtt-:rTtl'4t'(s)l'
Here Ar*(t) are the images of the zeros of f(0 ,"r) in 16l < s, and

Arr(t) are the images of the poles, Q(s ; zr) - arg lw(s ; zr)l .

By (2.1)a)

(2) flo , w(s i s,eix,1] : flh-(u i 0 , §, ei'")) .

Thus

(3) log lflh*(s ; 0 , s^ eiz"))l

Zfr
lf2vl

* J 
r.r lflh-(s ; r eiq,s, eix"'111 dE + Z(-t)- ; 

log,o;r, 
",,,yqp:0

T}ne ao*(s,eixr") are thezeros (k:I) and poles (fu:2) of

flh*(s ;2* , ,o 
"t'*11 

in l2,l < , .

Combining (1), (2) and (3), we obtain 5)

(4) log r/(0 , 0)l
xx4 2n

G, A, J J loglflh-(s;r(s)eiq ,s.eix"1|i -- O;- dx"dv
L*3 9:O

X,xL

-r- 
I i (-r)e I i I ron'@). 9@,:"-"""). or,T 2n k, '-'' ? *, Jr,r'"" laon(s,eix") dx,*

* å (-r)-; r"s jE*(,)l 
.

tr'ollowing the Nevanlinna procedure [21]-.1221, we rvrite (4) in the form

(5) log l/(0,0)l + m(8r(s) ,f-,) + fr(8,(r) ,f-,) + P(t ,f-')
: m(82(s) ,/) + ir13'(s),,f) * P(s ,f) : T(8.2(s) ,/) ,

{) For brevity's sake we shall write Jlh*{,s ; Z , s, exp (i X)\ instead of

f lhu@ ; 2 , r* u*p (d x,)) , h2,@ ; 2, s, exp (i il)l .
5) It should be noted that in the formulas (4.2) antl (4.3), p.33, of [12] thefact,ors

ll{4n2) and llQn), respectively, are missing.
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where

(6) m($r(s) , f) :
Zx4 2n

I n f f + dO(t.s..eix,\
*"Z,JJlog|f|h-(s;r(s)eiq.s,eil,11lT'!ibhdq,

xx3 q:o &X*

Lx4

2n J rt

r(s) !aO6 ; sy ei,(,.) -
A ;;k:,'i ;t I - - d x= d x,,'

XxJ

(8) P(s ,f) : ä 
,o* ji,lr, 

I

Remark 2. It should be noted that
Xx3

(e) m(B'(s) ,f) : * )-_, l' *r,o', ,f(h,(s;2 , r*r*,)))WLa*9 ar.,
Ix2

Xx3

(r0) fr(B'(u) ,f) : * å, I no ,f(h.(s;2 , r,"o-lll!%#,:'!") or,,
1x2

(tI) P(s,f) : .tr/[s ;f(o,w(s;f))].
Repeating the usual considerations one obtains the analogue of the first
main inequality.

Theorem 3.1- Let f("r, "r) be a rueromorphic function of two com?tleu
ao,r'iables whi,ch is regul,ar at the origin. Then

| | \ -r l\ t t \(t2) m\8'z(s) ,f_^)+ np,trl ,-f- ,)+p(" I_;): r(gz(s) ,f)ah@,s),

where 
f(o'o) + o'

(13) ih(r , s)t 
= 

rJg ial I tog 2 .

If f (0, 0) - a : 0 , the formuta (tZ) ha,s to be slightlg mod,i,fieit.
since the proof is exactly the same as in the case of one variabre, we

do not repeat it.
Until present §, sk,?t:L,2,.,,,nL, and r have been some

fixed quantities. From now on we shall assume that

(14) s, : s,(s), r :R(s)(fi-S - A <@, 0 <p<*, a > o).'\"*msl-r\")



10 Ann. Acad. Scient,. Fennicre A. I. 336112

are continuous, increasing functions of § ; the domains E(s) ,

sr(s( co, havethepropertythat l§(sr):ll3(sr) for 8zlsr. X'urther
'we assume that the distinguished boundary surfaces 8'(s) change

continuously, forming a three-dimensional manifold

(r5) i' : ö8'(r) .

m(82(s) ,,f) is a functional which *:nr"."rr, & measure for the growth of
+

Iog l/l on i3 for I -> @ '

(16) § : ö ö.lt,l
r:so z:0

is a four-dimensional domain in the 21 122 -späca. If we assume thab

(17) (U el('r)) fl (t-f el(sr)) : o for s1 # sz,
x:L x:L

fr(3r(r) ,/) can be considered as a functional »measuring» the density of
pole-surfaces in §.

X'inally, P(s ,f) is a functional connected with the number of poles

in the domain

(16) zt:o, 0(l"rl<o.

Repeating the usual considerations, we obtain the relation

(17) m(8'(s) ,(f-*)-') + fr(8'(s) ,(f-o)-') * P(s ,(l-a)-')
: T(32(s) ,f) | h(r(s),a),

T(8'(s) ,f) : m(8'(s) ,y; 1 fr(8'(§) ,.f) + P(s ,l) ,

+
(ls) lh(r(s) ,0)l < log a f log 2 ,

an analogue of the first Nevanlinna theorem.
Remarlc 3. It should be noted that in the case rtu : ! it is possible

to show that the growth or fi'1521s; , /1 is essentially the same as the growth

of a functional which measures the density of lines

(19) lf@t,"r):aI O U8'(o), q:complex constant.

rn section n u, urrrrog;" ,r tr." second Nevanlinna theorem will be

considered.
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4. An analogue of the second Nevanlinna theorem

In this section we assume that, r/1, :1 . We set 81 : § , Xr : t .

In addition of considering the functional m(82(s) ,"f) (a »measure» of
the growth of lfl on ft : U 8,(s) ) and fr($,(r),/) which meas-

ures the density of pole surfaces in the domain § (bounded by f ),
'we can consider the analogous measure in three-dimensional sets Iying
inside § . A set of this kind will be introduced in the following:

Lel hor@;2o,tr;x1 he again the function pair (2.f) and $l(s 
"ix1 

be

the lamina (2.2). By Si(s e*) we denote a subdomain of $i(r r',) ,

which lies inside of S?(r r',) and is bounded by

11

(1) l'r@ etr\ : lz*

(2)

(3)

:h*r(s;7(s six)siw,seix),0( g<2n7, 0 Sx{2n,
V@ et'1 - i(t ; s e'r) ,

$?(' ," ll@ etry

Fig. I
'Ihe intersection of l' and tB with the hyperplane Uz:0
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Definition. The integrai

i"-*l r lrte(s;se'z)-(4) / lool ' 
IJ 's lr1'7E -71' ro1) a, dx

x,:0

will be called the pseudo-distance between il(s ettl and il(s e'r; and
is denoted by

(4a) P(8i(s) , mi(r)) .

Here

(5) ffif(s) : U iifs r',).
1:0

Concerning 8?(r) , see (2.8).

Let f("r, "r) be a meromorphic function of two complex variables
in I lzrl < oo, lc :1,2f , which has the following property: The

function flhr(s;2 ,s et,11, see (2.I), has the development

(6) flhr(s;2,uet'11 : co(s eix) l cr(setr)i + ..., l2l <r.

Except in an at most denumerable set of p<.rints (s , X) , co@ ett) + 0

and cl"s eix) have the following properties:

.fr

(7) I,J* **,ry 
ry\r, dx t.4rogs, 0 <so (s ( co.

x:0

where A < q is a positive constant (4a).
Let u,, | :I,2,...,q, be q constants different from eachotherandlet

trl(8) Ao(s r,'1 :,ä?:,, 
I ir* u,; _ _ I '

co(s eix) :- fllq(s ; o , s etx)) .

We assume that
Zn

(e) t rJg n t, "'\d!§i') dx S Aross. so < s < co

Jdx
x:o

(4b). We assume that for f(E, "r)

(10) Tlr ,Jlhr(s;2,s etr111 - Tlr ,flhÅs;2,s e'r1 ,hrr(s;2,s e',115

< A,/, §"
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holdsfor O<),*(@, A<a, where

(11) s:§(r),
and §(r) is the function inverse to ä(s), see (3.Ia) (44).

Theorem 4.1. Let

(t2) r : öm?(r)

where ffii(s) is the surface g'iaen W"år. Let

(I3) P(8i(s), ffii(s)) { Arogs, A < a.
Let &y t y : l, 2, . . ., l, be q constants d,ifferent from each other..

We assunxe turther that l@r, zr) 'is a meromorphi,c function of two
comple* aariabl,es regul,ar at the origin, with the d,eaelaprruent (6) in the lnmina

$'(s e'r; Here the coffici,ents co(s eix) anil, cr(s eix) satisfy the ine-
qualiti,es (7) und, (g).

In add,iti,on,l,et the characteri,st'ic functions Tlr , flhr(s ; Z , s ert)]] satisfy
the i,nequality (t0). Then

(14) (q-z) r(m?(s) ,f) < i x1m?trl ,(f-n,)-r)f .4logs, A< q.

Proof. we conside, ii)O;2r,s"'r11 for fixed s, t as afunc-
tion of the complex variable 2r. By (II'), p. 69, and (20), p. 68, of [2f]
it holds

(I5) (q-z) Tli(s etzl ,flhr(s ;2, , s e'r111

+ 50 + rJg #;, * 6 qrig Ro@ eix)+ 41Js rJg a

+

+ zqtog++ +råg ru*rq + 81og lr(s ;se'r)l

+
+ 6log r(s;seix) V@;seix)

+ 8 log Tfr(s i s eixl ,flhr(t ; ir, s e")ll .

R _ max (lo") and Ö : min (1 , lon-e*D .

r3

Here

v:1r2r...41 v*p
tr lt:lr2r..,rll
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We apply the operation

, i" d,e(s ; s eit) ,1... 'dy
2n J d,7

,t:0

to (I5). In accordance with our hypotheses this operation is admissible for
sr 5 s ( o . Using (3.9) and (3.r0), we obtain that the left-hand side
becomes the left-hand side of (16); further, the first term becomes the first
term of the right-hand side of (16). Thus,

(16) (q-2) tT(ffii(s) ,f) - P(s ,f)l

r i*-* l doI lncr - dX
2 " I 

'"u 1rrir ,1 dX, *
Xt:0

6+

zg

ll,
J
[r:0

2n

l

r
;:0

6+

zg

lr
J
;r:0

2n

l

I
*rl

I

{so
\

4

;),

I
7ri

+

+

+

+

d
-.
a

I

,,

rl

e'

')

,S

x)

q

t

oix,

ei

2zq
ä

i eil

,;{

§

(s

Ao(t

I log

,(§ 
;

rlrt

q

lr

+
og

1
7E

olbl

-f

og

ot)lo

I
n

+
oglog

:$

2n
tr

-f.

lo

o
aN

d,1

flt

i d'7

IJ
ila
-d,

da
d,x

,
/r

J

da
d,x

,,tr) 
,

x,+

-il
d,y

+

2 + + f
; los loga 

J

2t
da
d,x d'Y

i- + I da

J los 
F(r re ,,1 I d,x 

d'L

x:0

+IdO
log 

dx

I
I

o
?f

;.
t

;ZZ

d,1

,8

2

;
2n

I
x:a

7

11 2{
_da

ei),))l 4 dx, ,

dO d,Q(s;setx)

dx- dx '

According to hypothesis (3a), the function e : w@ ; z) maps the (simply
connected domain) E2(s) onto the disc l(l < s, see 2.3 p. 7 . According
to our assumptions arg C : Q . If 6 varies along the circle in the
ö -plane, its image in the zz :0 plane varies along the boundary of
E'(s) . Since t'(s) contains the origin and the mapping is one-to-one,
it follows that

hr(s

x:0

(17)
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Therefore, the fourth and fifth terms are constant,. By (7) and (9) the
second and third terms, respectively. are majorized by Alogs. By (3),
(3.f 4) and (17) the sixth term is majorized by a constant, while the seventh
term is smaller than Alogs. By (a) and (tB) the eight term is smaller
than -4 log s . Finally, by (t0) the same holds for the last term of the
right-hand side of (16).

5. Bounils for holomorphie tunctions of special classes

The present section will deal with the second approach in the study of
functions of two complex variables, especially the application of the Schottky
inequality and certain theorems on schlicht functions in the theory of
functions of one complex variable.

Through every point of the zr,zz-space, except, the origin, passes one
and only one plane

F'(o):lzr:e4f , S'(.o) :lzt:01.
Remark -2. Througheverypoint *f), *f;), Af,), ,[o)> o, of In1+r'z,

* yZ:1, rl) 0, at:0f passes one straight line $'(") o lh:0),
n : (*9)+i,AY)ln(:). The intersection of everyplane $r(o), u*0,
with h:Al,+0, isastraightline, rr: &tnl-ezUl,, Uz: dz7o*
%A1,, d:o(L*iaz.

Let D2 be a simply connected domain in the plane, O € D,2 , oo € D2 ,

and let Q1, the boundary of Dz , be a differentiable curve of
finite length.

Let

I5

(1)

(3)

2n

bB - Ut
X-0

S'(r e") , lrrl ! r), $'(t ,"; - lz, - § r'r rrl

b3- reiElnl.Prl(srf,

The domain

(2) §:IU S'(")]Ollzrl !rf,
lolS,

to be considerod here, is bounded by the segments of analytic hypersurfaces
bs and

2n

U lzr:
q:0

see Fig. 2u), pp. 16 a,nd L7.

6) The straight lines marked by 1,

(- 4+i,) I \/ W . respectively. fn Fig.

2, 3, 4, 5, and 6 coruespond to the inter-
0for d,- ,i,I, (4-i)l{L7, _ i,-1,
2b they are intersections with Ut: Ll4 .
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fr1

Fig. 2a

The intersoction of O with the hyperplane At: 0

Theorem 5.1. Let f("r, rr) be an analytic function of two cam,pler

aari,abl,es, 21 7 22 > holoru,orphic in 5 ; f(", , "r) omits 'in eaery 1fi2(s eix) ,

lzrl Sr) the aalues Ar(X) and, Ar(X), Ar(X) + Ar(X), und' has the

d,eaelopment

(1)

q,t the orig'in.

(5)

f (", , zz) 0oo *
Then the ineq

log lf @, , zz)

tln4 * &otzz + . . .

, i (, lzli)z nl4) zrl
loglr,,6;

1;-
2n J

.
+ log

l':-u [,älr - Pl I L

; ^; llogr lrtl

ity

4
aoo

w

b,

7ua,l'it

)l +

-l la,ol-o iA,

.rI'' I I

-Ar(il I 'l , *

) -iwl +'J + ros ;Ar(il - A.(r)l
,(il - Ar(ili

(s' lzrl' - lrrl') dX
log 412ulllAr(il| + + l"rl' - 2 s lz.- zrl cos (X - arg zr)
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b'

Fig. 2b

The intersection of e with the hyperplane U, : *

holils for f(", , "r) , when (2, , zr) e I . Here n"(zr) are the zero points
of f(zr, zr) in l"rl { s lrrl .

Proof . We consider first the function l@, , zr) in the lamina I Sr(s e'r) ,

Prl a, ) , i. e., the function

(6)

in the disc

(7)

Fr@r) - f(rr,seixzL) - aoo* (arof s,t'oor)z,+...

lrrl ! r . Since ? r@r) omits the values Ar(il and Ar(x)
r)

? r@r) - Ar(x)
Gr@) - Ar(x) - Ar(il '

omits the values 0 and I in lzrl { r .

Applying the Schottky theorem and using the Ahlfors inequality [I],
[18] p. 294, we have

2

t7
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(8) log lP,(zt) - Atk)l <
--tl-lr

_-+ {Iog lG,(0)l + 7} + roslar(fl - ar(ill, 1".',1 <r.
r-l4l

Consequently,

lr*tz,l + I(e) 1x,(zr)t < lA,(x) - A,(x)l*n LFäi (Iog lG,(o)l+ 7)l * lAtk)l-

Since

--Llryl +';:;)(rog 
lG,(o)l + 7) ) 1,

it holds

(10) ltg V@r, s eix zr)l : tåg Pr@)l

='j$tråg tc.tolt + zl + tis la,(il - A,(il;+ rJe V,Q)t f log 2.
- r - lzrl- ' ' *'

The intersection

( r2)

it holds

( 13)

enl"r:rteiE7, rlet* -z\, rL<-r,

is the disc g2 : ll"rl Srrsl. In 02 the function l@r,"r\ becomes

H(rr s eix) - f(r, ei*, r,s eix) - ? r(rt eiq) .

The function H(zr) is a holomorphic function of a complex variablo

which, at the boundary point 22 : vrs six , as§umes values for which

we obtained the upper bound (r0). Applyirrg the inequality of Poisson-
Jensen yields

(1 1)

( 14) los lf @i , zz)l + Z los 
\

o-

= J t l=#tåg lc,(o) + zl + tås v,u) - a,(x)t + tä v,(ilt- r"! lr-lzil
(s' lrl,l' - lzrl\ dx

lruI l' + lrrl' - 2 s lr\ "rl 
cos (X - arg zz) '*logr)

Replacing z! by zt, and Gx by the right-hand side of (7) yields (5).
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Remarlc2. S+rt, flt:llznl <el, e)0 sufficiently small,is
a nonexistence domain. By the Hartogs theorem [20] every function
regular in O + rt must be regular in I lzrl < r, lzzl (sr].

Theupperboundfor lJ@e'*,,srrteiP')l , 0 < q*{2n, r, 1r, sl < §,
which one obtains using (5) holds in llzrl <rr, lzrl < srrtl. On the
other hand, one can construct functions I l@r-h("r)), e.g,, h(22) :0
which are infinite at (0 ,0) and regular in O .

Remarlc 3. X'or simplicity sake we consider here bs which is a sum
of segments of analytic planes S'(") . Orre can generalize our results

replacing b' by [3 : U S'(o) , where Sz(a) are segments of analytic

surfaces zr= p(a,"r1, "ilrd, p(a,z) satisfy certain conditions. In this

c&se S't"l can have several intersection points.
We proceed now to the investigation of functions f(zr, zr) in a domain

§ :- U C'( e) , O € D'(o) , D'(*) c S'(o) ,
a€tiz

where $' is a simply connected region situated in the part

( 15)

( 16)

of the a -plane, see (6).

De.fi,niti,on. A function l@r., "r) which has the property that in
every D'(") of the domain ,§, see (15), it, assumes every value not
more than once will be called a function of the class §(lS) , /e §(§) .

If f (2, , zr) has the above indicated property only in those D2(a) ,

which constitute the part tra :11,02(a) of the boundary of tD,

we shall write: / € §(bB) .

We assume that D'(") is simply connected and that the boundary
curve of its z, -projection 7) lies in the ring

( 17)

Further let zr -
Theorem 5.2.

( 18) f (r, , zz)

be holomorphic 'in

?) 21 -projection - projection on the plane z1 : corlst.
t) m(O) the neighborhood of the origin.

| &ot

u:(a ; q , w(a; 0) - 0 , be the function which maps
onto the projection of D'(o) onto the z, -plane.

Let f(rr,zz),f€S(§) ,

- anq*aorzz+..., (4,22) €tt(O) ,

the (closed) d,oma'in 8 t) . Then the 'inequati,ty

t
t
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(19) lw'(n;o) (qo * aaor)l FWX
< l\@r,zz)l ! lw'(u;0) (oro *aaor){ffi,

zz d,w(a ; z) 
|

o, :;, w'(a; o) : a" l":0, arol aaol # o,

where t@ ; "r) ös the inuerse of the function w(u ; C) and, z, * 0 .

Proof. fn accordance with our assumptions every intersection D'(")
can be mapped onto the unit circle. Let

( 20)

be the function element of the mapping function. The development of
fLw(";(),au;(a;[)f in 16l <1 is

(2r) fl*@;(),uut(a; l)l : (rro * xaor)w'(a;0) f +... .

According to ourassumptions aho* easl * 0 and 0<lw'(a;0)l < oo.

Since f?r(*) , a zr(w)l is a schlicht function, it holds

(22) |w'(o ;0) (aro * o ao)).;fh < V0,:@ ; C), a w(a ; il)l

Ilfl
w'(a; 0) (,tro { x aor) i ,, --,l\r i: I

See t15l p. 88. Setting a : zrlz, , C :l@rf z, , zr) , \ve obtain the
inequality (19).

Theorem 5.3. Let f(zr,"r), l(0,0) :0, be regular in the d,oma'i,n

O , see (2). # / € §(bB) and, I has the d,eaelopment (18) at the origin,
then the inequality

(23) log lf(2, , z)l 3
2n

I f -+ r2 larc I s e'r aorl lzl (s' lzrt' - lzzl2) dx,

znJ '"Y ? - WrD' szlzl2l lzrl2-2s izrl zrl cos (y-argzr)'
1':o 

s : lal ,
holds.

Proof. The function f (2, , s eix zr) is schlicht in the disc lzrl { r
and has the development

(24) f(zt,seixzr) : zr(asl aorseix) -f zi(..) +..,
at zr:0.

=
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(25)

According to the known results
it holds

about schlict functions of one variable,

l(aro * ao, s eix) rz 1l
(r - l"rl)' '

point in the disc lzrl { s l"il ,

every point zz -- I lrli eix of the
Therefore, by Poisson-Jensen

zz , we obtain the inequality (23)"

see [15] p. 89. Let (r1 , ,l) be a

intersection of e and zL - zor. At
bound aty, the inequality (25) holds.
formula and replacirg z! , z! hrr zL ,

6. Some properties of the function f (4 , zr) (given by its function element)

in a bounded domain

The generalization to the case of two variables of relations between
the coefficients q,m of the series development of

f(r) : 
å 

cenzn

and the location of the poles of f (Iladamard's theory)

[13_l '). In the followirg we continue these considerations.
We assume that the origin in every plane (5. 1)

o -ry -0. Let f(rr,zz) be a meromorphic function/<7 
-p2 -!origin. fn the plane S'(o) , see (5.1), the function

is discussed in

coincides r,vith

regular at the

{..
Len::0

, e zr) a function of one complex variable

colfco

Zr{ (I on,-,,,&*) --- I ,i a,r(a) ,

N:0 x:0 N:0
(2)

Following Hadamard's procedure in one variable, we introduce the functions

(3) tu@) : 
JT Jy-1"1f)(p)l',r*,

e) The results in this direction can be generalized
and solutions of differential equations and s),stems
variables (see t13l).

to the case of harmonic functions
of equations in three and more
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0 *(§) aN +r(B)

d*+r(0) aN+r(§)

a,*.', *(§)
0r,r+ *+ t(0)

(3a) DPI§I :

With a meromorphic function I,("r) of one complex variable 2L ,

one associates pairs of numbers and integers (g", fu,) , n :1,2, . . . , ko,
where Qn are radii of those circles on which the poles of I o are located,
and k. is the number of poles (counted with appropriate rnultiplicity)
which lies on the circle l"-,.1 : Q" (Hadamard [19] p. 120).

In ord.er to apply lladamard's approach, we introduce the sets E:
to be described below.

For every or the intersection of singularity surfaces of / with S2(n)
forms at most, a denumerable set of points 'w-hich lie on the circle

(4) r:(l"rl'+l"rl')'t':p"(a), Q.(a)(q,+r(o) , (4,22) € S2(o().

To every p^(a) corresponds a finite number k"(a) , the number of
poles (counted with corresponding multiplicity) lying on the circle
y : p^(x) in the plane S'(") .

Let o( vary. We denote by t,1" the set of singular points of
f (", , zr) which lie on the boundary of the circular domain (lzrl' + lzzl\'t"
: p^(zrlzr). (In general, t?^ consists of a number of disconnected sets.)

Using the previously mentioned results, we obtain information about
the three-dimensional manifolds on which the ti" are located.

An example of the application of Hadamard's results to the case of two
variables wiII be discussed in the following. (Also comp. tISl § 3.)

Let D2 be a simply connected domain in the a -plane and let
(5.6) be the development of the function f , see (5.4), in the plane
ZZ 

-d.21t 
d.

and let

(5)

- s eix We determine the corresponding l*(x) , see (3),

g"(a) : l"(x) l["-t(*)

Theorem 6.1. Supytose that the Q,(a) , a € D2 , can be subdi,aid,etl,

'into d,enumerabl,y many subsequences

lq"r(x) , Q,r+r(a) )(6)

su,ch that

(7) Qo@) Q,r@):Q,o*r(or) E".. 
-Q,,p*r-r(a) < Q,o,rr(o)
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If %o rr(o) - nr(a) - kp - const for a
segment ,f circular d,omains

€ D2 , then 'in the three-d,imens'ional

(8) lzrl'+ lzrl'- ,rl,Z),
zq

-:e§2\. A/tj ,

zL

lie kp (two-d,imensional) segments of s'i,ngulmr sets E?, . Here kp :
Q,r*r(o) - g"o(«) . These g?" a,re the only singul,arity surfaces fo,
zrfzrQD,2.

Obviously, proceeding in a similar manner, ma,ny theorems of Hada-
mard's theory in one variable lead to the theorems about functions of two
complex variables.

The theory of orthogonal functions is an effective tool for the study of
the properties of an analytic function of one complex variable given by its
series development. In the following we shall describe two different cri-
teria for the function element

f (r)

to have an analytic continuation into a given simply connected domain
S2 which includes the origin.

We begin with a description of two sets of orthogonal functions.
1. Let 6', E', 62c82, be two simply connected domains in

the z -plane.l There exists a set of orthogonal functions, complete in
G', such that

(e) - \u,,"
n:0

(10)

IIere
p. L1.

2. Let the origin O

complete set of functions
the property that

v * tr, and ö,, - 1 . [9] p. 41, [10]

be the interior point of 82 . There exists a

V"@) , orthonormal in 82 and possessing

v,(z) :,å-?-, r' .

, one proves the following:
be a bounded simply connected, d,oma'in corLtaining
erists a sequence of "Hermitia% forms

, ll
0'2

l'r
!\2

d,a -drdy, ör,, -0 for

(11)

tgl p. 28.

Using the set

Theorem 6.2.
tlte c,ircle lr-,i 

= 
r

{r2)

{v,@}
Let 82
. There

H,n(fr, , fr*) Ay) n, fr*
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unth the fotlawi,ng property: Let f("), giaen by (9), be regular in
|zl < r I . If f(z) is regular i,n E2 and,

rs,("f) - llVf d,at I a,
E'

then

(13)

(15)

(16)

(17)

l::-'"(?,'t), d.: i,(+)",
etists. Conaersely, if (13) erists, f (") rnay be cont'inued, analytical,l,y

throughout E2 and, the inequality

(r4) tr(")t < *å(y:r"(?,2))''' , ze*z,

hold,s, where r(z\ is the d,istance of z to the boundary of E2 . [10] p. 18'

X'rom the above follows:
Theorem 6.3. Let

f("r, zz) : 0oo * &rczt * %uzz * . . .

be a funct'ion regularin the (closed) hypersphere

6 - llzrlr+ lzrlr{rr7.
?urther, let § be a d,oma'in containing 6 . We a,ssun'Le th,at

§nS'(") -@2(a)

is si,mpl,g connected, and, that 6'(") ilepenils continuously on o( . There

erists a selluence of Hermitian form
@@

H*(a)n,,np,) - I ZAy)(a)r,fr*
Y:O P

with the foilowi,ng property: If f (2, , zr) is regularin @'(") and

Js1,r(I,(z)) ( @, see (5.6), then

I id,-,.,&' i' $ *,-,,, o'\ \
(18) H(a) ::::r"\",= o, - ,\'-"* I I ( oo.

Conaersely, d/ (I8) holil,s for oi. bel,onging to the neighborhood, la-al < e ,

e > 0 , then f("r, "r) ca,n be continued, to 6'(oo) and the functi,on

f (21 , ao zr) is siluare i,ntegrable in 6'(oo) .
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Let D2 be the domain in the * -plane introduced on p. 15 and let
,q1 be its boundary curve. We assume that in every S'(*) , a € Dz ,

lies a domain S'(o) , O €S2(a) . The boundaries öt(") of S2(a) are
,supposed to be differentiable curyes which vary continuously in o( .

Finally let

(le) 62 - U b'(o) ,
a€q1

,gi * gl, where

(20) gl : l-f S2(a) , 03 : U åt(o) ,

is the boundary of t0 and let

@z: sinsl.
Defi,nition. Suppose lhat through every point ("\P , "9)) of a

subdomain f of O passes an analytic surface

'(21) E2 : lz1" :g1"@!),zV) ; il :g*(C)1, lc :1, 2, 16l { s,

whose boundary curve

,(22) tl :[21,:!la(set*),0!y!2n]

lies in Si - @' . Then we shall call S subordinated to @2 . We
assume that gz intersects every lamina S'(") in one and only one
point, and that

e : US'(o)
a€D2

,(23)
du(tp)

ay)

Theorem 6.4. Let the point (z) : @fi , zf;i) of S , (a subd,omain
of e subord,i,nated, to 6') lie in the analytic surface V , see (21).

tr : Ez O 0i : lzo :h*(s eix1, s fi,red,, 0 ! )( { 2nf

i,s the bound,ary of E'z . Let f (zr, zz) be an analyti,c function regular in
§. Then

(24) log l/(z)l : Ios l/(g(())l
2n+

(H("(p)))'/' §2 - l§12

e@(p)) §2 + 16l' - 2 s l§l cos (rp-x)
d* 

lsz- E"€l
-Ärosl,(6ål

I ftog
ffi,J d,y
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Here e(a) d,s the d,istance ,f E' n S'(o) from @' , H(")
pression (I8) , where Hn ctre the Herm'itian forms, lee (17),

'in the C plan,e, anil Cr, "» -!,f,.. ., a,re the images

poi,nts ,f f in, Ez .

Proof. According to our assumptions ab every point of
: (zrrez)

fs the en-

wh'ich uere
'im,age "f tL

,f the zero

S'(") n E'

1I
(25) lf @, , e zt)l < ;i a(")

/t'

| | a,,-,.,, d'

,"\" ,'=!-- d-- ,(** )':

(26)

To every point (h(s etx)) corresponds a point (z(a\ e I and vice

versa and the function X : X@) is differentiable. We consider nolv

the function f(S(€)). At every boundary point

f (r, , e zr) - f (g (s ,'r))

satisfies the inequality (25). By the Poisson-Jensen formula Q$ follows.
Using the results of [1a] p. 240, Schiffer and Siciak [23] gave a corr-

structive criterium which yields the necessary and sufficient conditions in
order that a function pG) , given by its function element, can be ana'

Iytically continued into a larger prescribed domain.
IIsing these results, one obtains instead of (18) different nece§sary

and sufficient conditions in order that a function given by (15) is §quare'

integrable in D'(") (see Theorem 6.2).

Remarlc 1". In § 5 we consider the case of functions which are schlicht
or omit two values in every lamina. fnsfuad of these functions, one

obviously c&n use other families of functions, e. g., p -valent' functions.
functions which map the unit circle on star or convex domains, etc.

Stanford University
California, U.S.A.
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