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(1)

§ 1. On the use of step-funetions in S*

we wish to discuss in detail a method of extremalization which is based

o1 the use of step-functions. Let, us consider a subclass of univalent, functions,
the class §e, which although rather simple, displays features typical of
extremum problems. This class consists of the normalized functions

regular in the open disc lzl < L, and of $'hich the boundary rotation is

bounded by the number lcn, where 2 < k { 4. According to Pltrnno,
the functioils of Sr are univalent [3].

The funbtions of the class §r can be generated by means of functions

rp of bounded variation in the follo'u'ing sense:

The class §r consists of those functions / which satisfy the Poisson-

Stieltjes equation

(2)

where

(3)

clrp(q) ,

2<k<1

t,he space of all functions V of bounded"

I : 10. 2nf arrd satisf;,'irg the conditions
In rvhat follow's, @n denotes

variation, defined on the inten'al
(3).

By using tlre rerlation (2), the
be expressed as functiorrals a nkp)

example
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X'or every y, e @x, there is accordingly a unique ,/ € .§6, and this mapping
@r, -> §r, is surjective. The maximum of the absolute value of coefficient
a, in §6 (10 fixed) can thus be determined by rnaximizing the firnctional
A(rp) : lao?il| in @*.

From now on, @6 is regarded as a metric spaoe, r.vith the metric a
defined by

Qktr,lps) : Xl lrpr(q) - vz@)l .

The functional AQfi is then continuous. This is easily seen fbr instance br'
using a connection which expresses the o-coefficients bv nreans of certaiu
c-coefficients (cf. Teumr [6]):

(6)

Bv partial

(7)

from u.hich, t,ogether wit,h
of the c-coefficients" there

Let no\4. Zu denote the
Since E* is dense in @rr,

can be maximizecl in Es.

we have

max A(y) : A(ä\ ,

as a consequence of the continuity of A, and the {act that J-r is clense
in {De. Tn cases ,0 : 3 and g : 4 we show in fact,, br. applving the
methods of calculus, that the maximum of A(tp) in å reallv exists, and
its value can also be found. This will be done in §§ 2 and 3. It should be
noted that this also leads to a differential equation of Schiffer-tr.pe for the
extremal function.

Naturally, there can be extremal generating functions also iu the comp-
lement (Dt- E*, although our rnethod cloes not, give tlrtm. In the deter-

1r,,,{r, 
t, i* I )n,n-- 1,-s- 1 :

v) U\::-:1; P:"=1,2,...).

get the forrn ula

it
J

the ,o,,r' that the o-croeffic,ierits .i.re polyrronrials
follolr.s the continuitr- of tiie functiorla| A,

subspacre of @n, u'hich collsists of step-functiotis.
it is telnpting to see r,r.hether the functiorlal A
frr fa,ct , if there e:t:'i.qt,s

max Å(o) ::':: A (å) )
., € .:';6

p(f: -+- l)il,p+t,:-=

2t
r

cp =- | e-ino dV,(
J

integrl,rrorr, \^re

cp\pt) cn(vz)
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mination of extremal ö e Z*, we use a special variation, applicable only

to step-functions (cf. 2 §, n:o 1). consequently our elementary necessary

coldition for the extremum is not applicable for characterization of possible

extremal generating functions which are not step-functions.

§ 2. A necessary condition for the step-function maximizing ldr I

1. Yar'iatiovt, of the points of disconti,nuity

Let y7, € å be the step-function which has non-zero jumps Å1, /2, , , . ,

tl* atr points gr, gz, . . . , VN. BY (3),

where 2 < h < 4. The variation used in t'he following is effected by
shifting the points g,, and keeping jumps -J,, fixed.

we turn to the ca,se of ar. rt is r,r-ell knowu that, no restriction is involved
in assuming o., to be real and llositive. We introduce the notations

(9) t,:siao (u:1,2,..,,N).

Then, by applying the formulae (4) to step-functior 9N, we get

(10)

B5r use of the abbreviation

i, 7, 
: t, I ,,1,,', <: k ,

I

(11)

the function to be maximized is

--= H(tL,tz, .,f*) | H(ttl,/tl. .'1it)

For maximal \)x e Zu the conditions

.^\.)



necessarily hold. fn view of (11) , (LZ) and the assurnption /,,
conditions are easily reduced to the forrn
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Tt 0, these

2a^ Izdrtr*t?r--: o (!-t,...,^r) .t, t;,

These equations are of the fourth degree with respect to t,,. The extremal
step-function has thus at most four points of discontinuitv gr, i.e.

^/<4.On the other hand

2<I{ for k>2.
This is seen as follows. Let AI denote the positive jumps and /; the ab-
solute values of the negative jumps of g;r. By (A) we have

L tl - Ll;: ,, L ,tl +.1,t; < rr .

from which

Z+ Z,I;(13)
k

)
k<r+r,

It k : 2, » /; < 0 . Then every /; :0, and we &re dealing with the
corlrrex case, which has been completely studied by LöwNun [2]. \\re are
here interested solely in the non-collvex case, where at least o:ne /; > 0
and thus lc > 2. Both of the sets {/,+} and {/;} are then non-empty,
andhence N>2.

It should finally be noted, that a function / € Br gelerated b1,- a step-
function 1px e Z* has a polygonal image don.rain. The term »extremal poly-
gon» is employed for the image-polvgon of function ,/ € §1. gerlel.ated by
an extremal step-function.

The results are collected below.
Theorem. The Ttre-images t,, (p, =- 1,2,... , f) ,.y' cot'ner poittts f(t,,)

of u,n ertremal polygon, sa.tis.fy the equatio,n

(t4)

or

(15)

polygon sot'isfie.s the,inequul,iti,e.s

- zz{h@) *-.: 24 + 2d,rzl 1-0.

o.f the oor??,ers of the et:treln(t,l

2ct,,22,

]Y

( 16)
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2. Determi,nat'ion of the ertremal step-function

The necessary condition ga@) :0 considerably reduces the number

of alternatives for the extremum case. Let us examine the different possi-

bilities N : 4,3 o,- 2. The last, case of these is the easiest, and will be treated

later on. If N : 4, all the pre-images t* areroots of the equation. ga@) : 0.

If y'f : 3, this equation has also a root rvhich <loes not belong to the system

ofpre-images.Sucharoot'ofgr(z):0ist'ermeda.freerootofthisequation'
It should be noted, that the symmetric structure of (1a) implies, that

1

with z, ako I is a root. This means that if t'lie absolute value of the

free root differs from one, then two free roots necessaril5r exist. Thus in

the case .l[ : 3, al] the roots of gs@) : 0 necesstrrily have the absolute

value one. - Apart from case !{ : 2, accordingly, ue have orrly t}re case

in which all the root's of ss@) :0 have the absolute value one'

For study of the last, mentioned case, the numbers 1 + .4, are esti-
k

mated. X'or å { 4 there holds 1 - I < l. and thus, from (13)

.,1;

(17) Ö,:1+Å,>0

Itrxpression (10) for the coefficient a, cillL llo\Y simph'be rervritt'en in t'he

quantities (I7).
Denote the roots of 9.(z) : 0 l:v 31, zi, zB, 24. As rvas st'ated above,

in cases I'I : 3 and Är - 4, all these numbers har.e the absolute value

one: lz,l: I (u:1,.. ., 
^r). 

The pre-images 1,, i'ire among these num-

bers 2,. If the coefTicients of (tö) are rvlittetr as s5'mmetric polynomials

of the roots 2,, we have

t,lt

2

( 1n)

Orr the otirer Lrand, for real .yB atlcl frrr tt,, we get from (10)
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6ar- (I Å,t,)' + å, ,f,,
N

r2dr: L,rlrt,.
]Y

If N : 3, the sum f does not include the free root ofequation ga@): O.
I

It is of use to complete this sum, making the following agreement:
N

(19) I" I take Ä":0 if z, is a free root.
1

For a, and ar, this allows of the following presentation, which is valid
in both cases y'fl: 3 and trf: 4

6a:t- (ä -t, z,)z -F 
T' 

r , r?, ,

4

Zdr: [ ,t ,, 2, .

(20)

Expression (20) of o, is now simplified by applying (18):

6ar: (2dr)z *t0,",
44: (I ",), +lir,zj

at 
1

: I (, { tt,) zl;

(21) 6ar:fu,"i,.

rn view of agreement (I9), 
"ojurrtoo 

(17) is clearly true arso it z, isa free
root; in this case d,: 1. Therefore, it can be deduced from (21) that

o < 6a, af u,1",1,

'^u
:Iö,:l{r+,r,)

l1
4:4+La,:a,
I

agSL '

X'rom this we conclude, in view of (ZZ), that values J : B a,d N : 4
do not give maximum for ar.

Ann. Aead. Sci. I'errnica:
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ln the remäining cäse

,,-lt:: ,-l /

Wt, omitr the tlas\r calculatiotis ntleded t,o givtr

(22) max .ll's - å

'l'hc extrernal step-functitln, for r','ltich

V\-_ 0, Vz;::: 71 '

i\ == 2 w-e have bv virttte of ( 13)

kk

(23)

3. DiJferettt'ial equation, for an' et'tremal f(4

The above procedure, starting from the inequalities (17), was first

applied b.v scl{rFnun and Taiumr [a] for maxinizing nr. It has been Iepeated

h"r* u. a plepara,tion for.t,he follorving considerations, in which a clifferential

equation for thc ertr"enral /(z) u'ill bc derived. As sta,ted above' the st'ep-

function generating ,/(z) ha-q J:-'2, 11 -+- lz :2. \: l, tz -'= - t'
We start from the Poissou-Stieltjes preserttation (2). In the step-funct'ion

case this assumes the form

we d.esire to rewrite the right, side of (23) b-t. rtppl5,i[g t]re roots z, of the

equation salJ.) :0. It should be notecl that although rve are aware t'hat'

the maximum case fbr a, is ,V :. 2, sirnrilt,trneous c'onsideration is given

belou, to all the cases Å- :2,3,4. as all exercise for t,]re study of an in

§ 3. tsy applicration of the samt technique to the c.asc of an there is obtained

it 
" ""roti 1s0), I'rom rvhich the rairie of §. s'hich belongs to the extremal

polygon, can be deduced.
accortlirr,g to agreemeut (19). iiri'muia (2i3) trrr[ be rvritten in all the cases

Ä' : 2, 3,4 in the forni

^- 
t -+- j

åI';,t;-tu'
1,:l ty I a

( 21)

\\re \\rrite the

(25)

,1"'(:) 't - .-
I -i- ,,'--- =-:. 1t -'' - ^ 1,,' - ./'(=) . 

,2, 1,, -- -

surn olt the right, of' (24) trs follo\I's

zi (: z) (z 3a) (z z) ill +

\z -1"- z) il ul .

,1

YL
Lt --:^l

I"t'
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Develop the first term in the brackets by using the relations (Ig):

(z * z) (z - zr) (z - zr) (z - zE) : * - (-2, * zz * zs + z4)za

* (-zfiz * zzzs * zsza, - ztzt * zzza - zrzr) zz

- (-zrzrzrl zrzrzn- zsz&r- znzrzr)z - zrzzzsz4

-^4 
t o-: z- - \-zzt * zr I zz I zs + z')zs - 2zr(_2, * 4 * z, l_ z, + z) zz

lz I 1 r t\
- 

) d, t l-

-.r.zzB.4 \; -; - ; - : __:lz _zrzz?sz|
\-1 al PZ .g'

- -4 t o- o;r-R Lr-./ lZ \: z- - \-zzr- 2d,r)zt - 2zr(-zr- 2dr)r, + \- i Zur)z t I.
\21 t

The other three terms within brackets in (25) are treated in a similar fashion,
multiplied by corresponding /, and added. The [ ]-expression in (25)
then assumes a form which can be further simplified, in view of (20), as
follows:

444
t I : I ao. 

"o 
* z(dzLl, + \il,z,1 za

t 

= 

-= -T- 
/ + 4 r\ {

+z(2dzLA,",+IJ,z?)"r+ z(o,F t,,_ f a) ,_rr,T -i- \"4 ''' ? ",' -T

: 2* + 2(2d,, | 2ar)zs

+ z(4d? * 6as - 4dl1zz { 2(2a, f 2ar)z { 2

: 2(* { 4d,rzg { 6arzz { 4arz + l) .

The final form of equation (28) is thus

lt 4e., \

.f"(z) z'\;z *;+6o,+ aorz* z2)

' -f'(z)- 
Fsu@)-

Summary. Let f(z) e S* be the function generated, bg a the step-functi,on
tpv(q), whi,ch i,s ertremal w,ith respect to the cofficient ar) 0. Let the points
of il,isconti,nuity of V*(d be VrQt: l, . . . , N < 4). The gtre-images

z:tu:eiqp

oJ corner poi,nts f(t-) of the ertremal polygon satisfy the ,necessu,r,y cond,itiort

I 2a-(26) st@): i + ; -. 2d,rz - zz :0 .
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Th,e Po'isson-St'ieltjes presentati,on far f (r). generated by ,pu@), reads

Here the numbers ze are the roots of equati,on (26). If N < 4 some of the

numbers ze are free roots of equation gr(z) : 0. Th'is means that they are

not among the, pre-images t* (F - 1,...,.\') ntentioned, aboue.Thenumbers
/, belonging to the free roots z» e,re talcen to be :0.

Equation (27) can also be wri,tten in the form

(2s) ,*,f"9:q' *- " f'(r) gilz) '

where

(zs) G,(z) :; . 
r+ 

t 6at | 4d,,2 | zz .

It is emphasized that \rre &re here led to differentialequation (28), which
also results from application of the method of interior variation (Scnmrrcn-
Tarrlrr [a]) in class §r. The fact that the step-function-generated extremal

/ € §r satisfies the differential equation (28) is thus already implied by the
most trivial necessarv extrernum conditions of calculus.

(27)

(30)

§ 3. The coefficient an

l. DifJerential, equation for an ertremal f (z)

It will nor,v be shown that, the above procedure is also applicable to the
next coefficient, ct4.

From (6) it is first deduced tliat

We will also need the expressions of coefficients a, and as, and have

(31)
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I-or further treatment,, it is of value to expless the di{Terent, sum-expressions

in terms of the coefficients. By virtue of (3f ),

(32 )

S!, .)

i i; == {)us -- ttti .?t;
i i;l' 

--- Lnun - Lva4tr+ Boi
ALu

The fbllowing not'ations similar to the former orLes will be ust d:

(BB) I'u''t2"' '''l : (å lt"t')B+'f ''''''ln'" az!'t't1'
I

I An:2P..e{24an}:H(tr,t2,. .,fiv) *H(, 1,t;',...,rr') 
.

A necessary condition for an extremal step-function call again be delivecl
by use of the necessa,ry extremal conditions of calculus. Hetlce. we ileces-

sarily have

oAn-91,,(rru.^t.)-2d,^t2-tt 
-li«' 4 I) ,,

at, 
: 

1' \'u' t" + 2d'2t?' - ti' - t,, ti, t:, '

It has accordingly been found that pre-images f,, of colnet points ./(f,,)
of the extremal polygon are among the roots ?, (1, : I, . . . , 6) of the

equation

I 2a" 3a"
(34) 9q@) :;, * 7= t 1' - \d,rz - 2d,rz2'- zB : o.

or

(35) -zsg4@) 
: zo * 2d,rz5 { :Jas* - 3«rz2 - 2arz -- I : 0'

Consequentlv

(36) 2<N<6 (2<k<4) .

If ltl < 6, then (3a) has also free roots ;, which do not belong to the pre-

images, denoted bl- ,r,. If for a free root a, there holds '2, ... l. t'llen

the symmetric structure of (3a) indicates that togetherwith z, the nttrnbel
I-; is also a free root.
2,

Again, it is desired to make usc of the syrnrnetric exlrressiorts of all tht:
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roots z, (a: L,...,6). Thus, an agreement is made r,vhich allows of
iY6

replacing f in 1++1 ty I ,

(37) l" I takc .J, : tt il z, is a lree root.

To arrive at the connections between the coefficients (3I) and the
symmetric expres..ions of z, mentioned, compare the left and right sides

of the identity

(38) -zsg4@) 
: z': * 2d,rzs { \d,uza -- Surzz - 2arz - L

: (z - zr) @ -- zz) @ - zt) @ - z+) (z - zu) @ - zu)

: ?6 - Llazl * Cn* - Crzs * Arz2 -- Crz { C,

: ha?) .

Il,ere, coefficients C, have the foliorring svmmetric expressiorrs:

I3

( 3e)

Comparison of the coefficients in (38) norv indicates the connections, which
can be regarded as necessary extremum conditions

6

(! V i\-5 L-r,
v:1

;6

\J 4 L,-I' L -r ,

.tt:\ u:lt*l
456

{' V?§ §4\" 3 /- -). L -1r [ -l '
).:l tt:)-*l y_11_71

56

-2 -l-2-3-4'5-6 L-,, L'1' ?

11-l r_-rtJ-l
6

\- 1 -l-q-e*445-6 
4,- 1, )

u g -1vr-3v4-5to

2d2 - -- Lie ,

}du- C'n ,

-3a, =_. O, ,

- Ztt, ----: -- C, ,

_I :=: cn.

(10)
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It is readily found, that the first and fifth condition (40) are equivalent,
and similarly that the second and fourth condition (40) are equivalent to
each other. - The first equation (40) gives

(41) 2c1,, - 0 5 ä,

(42)

2d2- cu,

0 - Cr,

--1 - Crr,

6

YLy:l

1

Now, if lz,1 : l, lhen 2, If lz"i I 1 there also exists a free root
ll?t- - ' ; mhus we can write (aI) in the formo*_ 
Error_ ?,r.

Zar: _ »:
t:l't

According to the last equation (a0) this is the same as

61
2a,r: zrzrzrzEz#aL . : Ct ,

t-:1 ?o

and we have arrived at the fifth condition (a0). - The equivalence of the
second and fourth condition (40) is proved similarly. Hence, foul indepen-
dent necessary conditions are left:

Our final aim is that of utilizing (a0) in rewriting the Poisson-Stieltjes
presentation for the extremal /(z) given by the extremal rlN@). In the
case of aa, tihe general form (23) of the presentation concerned. can be

written

(43)

Here again, use

that'

(44)

6-ln

5-t 
L, -T-d

lt- I oL, ,.,

_1- +t.l

*f'(r) 
'Prr,-?

is made of'agreement, (3i) Initiallv, it shotrlcl be not,ed

-1_i;n*dl l@ * zt) @ - zz) @ - zs) (z - z+) (z - zs) G -' z6) l,

(z - z) (z -- z) (z -- z) (, -- zil Q -- rr) (z -r 36) ,-l,jl
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For evaluation of the [ ]-expression, we will first rewrite its first term.
Let us denote

(45) fr'1"1 : @ I zr)@ - zr)(z-zr)(" - "n)@ - zd)@ - "r),
This polynomial is closely connected to the polynomial ä.(z) defined by
(I2). We write

0

hu@) - I (- - 1)' o, z'
y:6

0

h*@) - F (:- I )' Ö, *'
--y:6

anrl v.jll express coefficients 0" Uy the aid of coefficients C,. The only
alteration needed to get, Ö, fro* O, is to change the sign of z, in C,' -
In simplification of the expression of C, we need the connection

_ a1(47) ru : 
L., =" 

,

which follows from the considerations connected with (41). Consequently:

ä 
- 

o- t IvÅ--LLl-Tv5t
6

0n : - 2zrlz, * CE : - 2zr(-2, * Ca) * Cn,
y:2

56
fr - o. §o §" r/lvB- - [at t v3

!:2 o:l+l
6s6

-o,r- - \-^-l-§o \'"]+Cs'tu!6'n ' ,kr''j-fi*\"
- - 2zr[- ,r(- zr -l- G) I CÅ = Ct.

Ör : - zrzrzrznzuzu(- 2,.r'f ";' + L ",'f, ";')pJ2 «:1 r:a*l
656

.,., - - | o"-1t- ^-t -§ r-1\ -l-T :-1! :-ll: ._ .t z.tL4.E 6 L_ z t1 \_ _t 
kr_, 

, 
,!.r_,,,,_,1.,r., 

:

-- - Co l- 2zlt (- z.,t - C1)l - C*
6

/, ------ t q.-l.§^-tr('t: - z1z2z3z4z5z6 \- j -'l -,ä-, '

-- L'o , ):11 - C, ,

öo:-cr.

(o, - 1) ,

(Ö u:== 1) )
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llence quite a simple expression for hu@) results, rvhen still applying the
necessary conditions (40):

fiu@) : zo - (- 22, { cu)26 * l- 2zr(- zr * ca) * cnf zn

+ {2zrl- zt(- zt * Cr) * Cl { Cr} zB

+ { - Crl_ 2zr1(- ztr + Ar11 - Cry z'

-(Cr.2z;'-Cr)z-Co
: z6 * (22, * 2d,r) z5

* Qz\, |  d,rz, * 3ar) 24 + (2231 4 4drzl ! 6d,rzr) za

+ (2rl' + 4arzlr * }au)zz * (2zlr I Zae) z + 1 .

The first term in the [ ]-expression of (a$ is thus

hu@) lr: lfi6 | 2(zr\ | d'rAr)zu

+ Pz14 | 4d,rzrA, | \d,rAr)za + 2(zl4 + 2q,zz1,\ { \d,rzrÅr) zB

/ t. a. \ //, \
+ (z E -f 4uz= a larÅrl r, + z (; + o.rtlrlz -,Jr.\ zr zr / \q

B), cyclic permutation, and addition the [ ]-expression of (44) assumes the
form

f I : 4 
,7,. zo --l- ,q 2,,,1, + dr\,1,) zs

+ (2 I ,?;1, +- 4dr[r,, 1,, -f- SdrI ,,, ,) za

+ 2(I zl,,:1,, * zarlzl /, * 3d,tlz,l,) zs

+ (ri !; * oo,i ! * m,f r,).,\ ?z; '?zu "?'t

*,(å l;t"I ,,) ,+f,t.
6

AII the sums I can now be expressed in the coefficients cly by using

expressiorrs (32) and agreement (37)' This finally gives
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[ ] : 2 zz | 2(2d,, ] d,r' 2)zb

-f [2(6d3 -- 4d'?r) * 4öiz. 2d21- Sd,r' 2)za

l- Zlr\an - r8d,yd,s + 8,t3 + 2d2(6a1. - 4d'l) * 3dr ' 2d'r)23

{ l2(6a, -- +"il 1- 4az. 2ct2I 3a"' 2lzz

{ 2(2a, I ar' 2)z { 2

:226 *8d,rz5 arSd,rzs !Z\anzs 1LSarzz|.8tr,rz} 2.

The right side of (a3) has thus assumed the form

61rz - |+\-:L-I =+ --rl, 
,?__r", _. z ', '- z - "rgn!) 

| I

9a" 4a" I

:o yuor'z : vazz + tzlr ; n * l?
ga@)

Theorem. Let ,f(z) € Sr be an e.rtremal functi,on. for the cofficient an) 0,

which is generated, by a step-function, y*(q) with the poi,nts of d,i,sconti,nui,ty

g,, (p,: t, . . . , trtr). The pre-images t,,: eiqP of the corner poi'nts of the

ertremal polygon satisfy the necessary condlit'i,ort,

| 2u., 34"
(4s) gE@):A+ ,, +-: \d,rz-2d,rz2-zs:0.

The Po'isson-Sti,eltjes presentat'ion for f(z) is

(4e) ,*r[P,:]I':'-.t,
J \'I v:lut

Here z, are the roots of eqrr'at'iort (18) and fot th,e correspond,ing Å,, &gree-

m.ent (37) hold,s. Equation (49) can be u'ritten in tlte .form

.f " \r\ /t oQ)(50) , -..fkr: *l
where

I {«" 9a"
(51) Gn@) : 

", 
+ -i - -. - llrtn * 9d'sz -t ld,,zz + zs .

2. 0n. dete'rmin,a,tion of mrt;,- Q4',

Result, (50), r.hich was proved to hold for every extremal function

.f(z) generated bv step-funetions is the same as that obtained from formulae

rryell known in the theorv of vtr,riatiur of univalent functions [41. We con-
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sider it important to have arrived at the result (50) without any application
of the variational theory mentioned.

In [5] Snrrpnn and Telrlrr, 'ivere able to determitre a sharp upper bound
for lanl,. This was done by starting from the Poisson-Stieltjes presentation
(49), and the necessary condition (50). Comparison of the right sides of these
equations provides the necessary conditions (15) and (t6) ofl0l. From these,
maximalization follows laboriously by a proper use of Schwarz's inequality.

- It should be remarked, that on the ground ofthe present, paper, the con-

ditions (15) and (16) of [5] appear to be direct consequences ofthe necessary

conditions (a2). Thus our conclusion is:

The sharp upper boun,rl of lanl dn the cla.ss Sp follows alread'y from the

necesscny condi,ti,on (48).
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