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Introduction

The role of the Grunsky inequalities for the coefficient problem in
the theory of univalent functions is well known. Using the inequalities,
one could prove the Bieberbach conjecture for functions which are close
enough to the Koebe function [2]. The purpose of the present paper is
to give a similar treatment to the coefficient problem for bounded univalent
functions which are close enough to the identity mapping f(z) : z.

The Grunsky inequalities have been sharpened for the case of bounded
univalent functions by Nehari l4l. Recently rve have extended the r.esult
of l{ehari [5] and this allows us to give a precise solution of the coefficient,
problem in this case.

In order to lay the groundwork and to exemplify our method. u.e deal
in Section t with the special case of ar. Here all the features of the general
ca,se are already present, while we can give a specific condition for proximity
to the identity in order that our result be valid. In Section 2 r,l'e prepare
some formal identities and asymptotic expressions needed in the general
treatment,. In Section 3 we consider the case of odd indexed coefficients
azolt under the assumption that d2 , . . ,, 1tr,_, 'i,&nish. This special case
is particularly easy to handle and prepares the more complicated approach
to the general case. fn Section 4, finally, the case ofarbitrary a.n.1 is
settled. Now we proceed to deal v'ith even indexed coefficients ar,,. This
is achieved in Sections 5-7 by introducing the odd function 1/ Jytil and
applying the previous results.

1, The case of a,

Let §(br) denote the family of analytic functions

Our aim is to give an estimate for the coefficients a, when å, is close to l.

This work was supported in part by contract AF 49 (633) 1345 at stanford
University,
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(2)
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Our tools in the investigation are the following concepts and inequalities.

Let

(3) ,'rW: i a,r"z'eh
p- 5 i,k:o

and.

(4) - log (t - f(r)f(CD : ) a,*"'* .
i,h:1

The matrices ((Atr)) and ((B;r")) are symmetric and hermitean, respec-

tively. We recently showed the following necessary and sufficient condition

for f(z) to be univalent and bounded in lzl < l: The inequality

(5) *u{^ä,r- ^r*n}*_å, B^nn**, 
= å,Y,* : t,z,. . .)

must hold for every complex vector {r,}. The case no : 0 is the Nehari

condition for univalent bounded functions; it, appears, however, that the

introduction of the additional variable ro is very important in the dis-

cussion of the coefficient problem.
In the case -l[: 3, an eesy calculation leads to the relations

Aoo : log b, ,

Arr:as-a?2,
3- " 3

Arr: ou - 12 ai - zaran { Aaf, o, - 2' 
oi ,

Asr: a, - 2af,- Sarau- 2arau { 4af,aul l2arauao

710
* ., "3 - lSala!-aaurao!l4af;ar- g o9,

As1 : cL2 
'

I
Aor: a, - , ai,

Aos: ar - dzo, * * oZ ,

Atz: an- 2arus* a|r,

Ar : aa - a?, - 2arar l \a?ras - ar, ,

Azt: au - 2arau - Saran I Sara?, -y +alds, - 7 af;a, { 2al;
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Brr: b:i ,

Bzz: * bn + Lbzlz ,

Asa : + bi+ zbi lbr\, + \b,1, ,

Brr: br 6, ,

Bzs : b\,6, * br 6, ,

Brs : br6,.

fn order to estimate a?, take
are eliminated by choosing

(6)

From t4l we

ffz: clz,

I
nL: , (3a, -- a,i).

know' that the best possible estirnate for a7 is obtained for

ffB : I. The coeffieients e,6 and 0-a

? "t\

&'u

(7)

Thus,

(8)

4-.\:

'x,a

for .nf

4

I
t__*T* 

I

Re { I A,,,,r*ul Re l.r+ : ilz'z
:

log br' Iog b;'

: 3, (5) assumes the form

clz ; (r bi)

Re lr., *
t9

alua,- 3arfrsuq

13 I
LZ 

a,$ z (B + 5b?)

25
t__-r1

-rlas nil

19

L2
a!n?,

I
2

a!, a, +

(s zsbl) [oul' + + (t bil lorir -L (1 sbi) lorl'

Flr-fu:?
log b;t .
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We rera,rite this condition by using the notation

(e) t:&q+f,oror-X"r,
I rRe {f}1,(ro) ai - E (r -öf) < 2Re{l} - .ffi
119"11"611795- *u 
1 - eqrast - i "', + i "1, * 

.{ 
"2"3 - i ala, | fi a!

llr
- z@+5b?) aZ",i+ t(r-b?)lo,tn

- 1 (e - 2\bi)la,i' + z 0 - ob!) |a,1'z .

In order to estimate the right side of (10), we will utilize the following
bounds ([0], [6]):

larl { 2(I - br) , for all 4;
lorlSI-b11<2(r-br), for e-r <br<r;

2
ia^l! =(1 -öi)<2(l -br), for 0,65<örSr;

',e,1 {2(L-b), for e-l !br{1, u:2,3,1.
This gives for t

It6]
if' <12+6(1 -ä1) + 3 (t-ö')1 (r-b'.1 .

\Yheu restricting ourselves to

(lI) 0,9 < å, ( I

rve obtain lti <2,7(l --br). Thus, for the interval (11) the following
inequalities are valid:

In r.ieu- of (I1), the first part of the right side of (10) may be estimated
as follolgs:

(12)
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I{ence, in the interval considered,

11
(r3) az - 3 (1 - öf) < 4 (e -zsulllorl'+, (L-sb!11ar1'

I19rlr6r* Re \- n",ast - n "l-7 (s -1- ruilaior* n olt + + oZ"?

tTrss'l
-Toior+; (1 -bl)lorlo + * "ri I +II.

Here we have divided the right side into the parts

4t2Lr : 
5 

. i @ - zsolllorl' + i. t 1t - oail @rl' +R"{- earart},

IIIlII : u 'Z @ - zsul) lr,l' + ,', 1t - ob!11ar1'

t 19 I rr 6l* Re i-, o', - T (s + sai) dtro, * n "lt 1 7 aiai

rTrss)
- T of;o, + 4 (l - b1) lorl^ + J,6 "1]l.

X'or I we get in view of (12)

tlr S5 10 -zsulllorl' +3 (r - 0o!11a,1'+25(L -br)larllarl.
The discriminant on the right side of the above expression, considered as

a quadratic form in larl and larl, is given by

r I 125\2

5 (e - zso!1 ., (r - sbil - \zi t, - b,), .

This is positive in the interval defined by (Il). Hence, in that interval
I<0.

Next, we decompose II : IIr f IIr:

t(rer
rr1 : 20 

(e _ zöbi)lorl, + *" i_ n oi),

t(r
rr2 : 6 (r - ob!11arl'z + R" i-' Q * sb!)ala,

lr6lrTrgr)+5o|t+ +"i"2-ialar* 4G-b1)lorln+ su"3l .
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Here t I < 0 for the interval (11).

r, . larl, L+ 
(1 sbil+ (3 + 5b',) (1 b,)

11
| ;' 2' 2,7' (1 - br)' * 6I (1 - bt)'

L7 95

+' T' 2(L- br)' * 2 (L- br)' + 9' 4 (1'J-]

The factor t I is seen to be < 0 for

Hence we proved the

(1 - bi) at least fo, 0,93 3b, - I

2. The structure of the coefficients Aiu &td Bir

we shall discuss the asymptotic character of the coefficients Air" a\d

B* in the series developments (3) and (4) in the case that' the first coefficient

b, is close to I. This will allow us to utilize the inequalities (5) to estimate

tire coeffcients ai of the function /(z) e §(ö) considered. To clarify

the situation, we set uP
rL@

p: n*l

It will appear that in the asymptotics for A,* and Btu with 'i' <n'
k I n tnu fir.t set of coefficients plays a different role than the second set'

Indeed, we obtain in view of (3) the identity

I
a'? 

= B

(14)

(15)

n u-L

> A,rz'Cu - log b, * log [1 + å Z^o,z'e''-e-I
p:2 o.:0i'k:o 

co y-1

*,;, Zoo"" 
6'-"-'] '

If we develop the right-hand side into a formal power series in z and c

and wish to &press in this way all -4* with i , k < n, we may disregard

all terms which are of degree of homogeneity ) 2n' We thus find
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( 16)

{17)

(L7')

and in view of

(1e) > B
i rk:L

for i{k:0,.
understood to be

fn particular,

+ > '>' 
o, ru ga-u-r

i ,lc:0 y:2 c{: 0

@u-LInv-l
-L § Z^o,zoC'-s-r Z f(ä å&,zoqa-u-r)zIZJ

tt:tt* 1 cU:0 u v:2 CU:0

rt, y-L co y-L

A:2 C[:0 y:n*l g:0

+ a1+, (j, z* cn-")'] + D ,

where D is small of the third order in all ar and is of second order at least
in a2, . . . , cLL and does not contain terms of degree ! 2n. Comparing
now the coefficients of zi ek on both sides of (14), we find

i

U:2

I k+L

zJ a:i*L

zeto.

,, n + 1

Ann: azn+l - Z^,ar0znr2-t, z a?r+r + ... .

The omitted terms are of third order in all ao and quadratic in a, , . . . , a,n,

Similarly, we consider the generating function for the matrix ((.B,*)).
We have

(18)
.n

i,k:L - lrg

the representation (14)

-f(")fG))

f(r) we find

(r

for

@

:d,q>
2

z e )

oor\b,/
2

ik z' er - - log (1

oo

b?

+ &rZ'+ 7,
5

log

Clearly, we find

I biz{

&, z'
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, I "äu,E"+c*o,"'*ä",*4a,r)(zo) Bir,:bl'lö,r+ la? ' ' ^ =' ' 
I,t, L' t-b?ze l,,u

,fl ,äu"E'+ cäo,""\'l
.;L(,' 3 ,_fr=) l_*

for i, , k { n. Here l@@ , C)lr,o denotes the coefficient of zt qh in the
developmenl iD(z , (). The terms not written down are at least cubic
in arr...ran, that is,

t
(21) Ba" : i t1' Aro * ni-*+rblb a a*-,*rblt

,. I i-l h*r
* 

,Zro**,-rd,*bl(r"-u+t) 
+ z J, prlo,-nnrbl§

-S d,p-o.ytb?"flo,-r-<o-o+rb\(n-f) * d*-,-1p-ol*, b?('-o)] + . . . .

As before, the deleted terms are at, least of third order in all ar and quadratic
in Oz , . . . 2 Ccn. Again , &L is defined to be Zeto.

Let us displa5r in particular the term

1n
(zz) B*n: ; b\" + Z, la,,lz 62(n-t'a*1)

, I \' \'r- h2§ t ; t2d1+ T i' p'Lo'-u='b11 + ar-*+t bi* )

. La_@_§)+tblb-il * d_6_o1+röl("-"11 + . . . .

Clearly, an is non-zero only for q 2 2. Hence, the last double sum reduces to

d,> p+7

and we arrive at the result

1n

(28) Bo" : ; ui" * )rl".l' 
[2r("-w+r1

+ ) O - P) lo,l'blb-u+r'1+''''
p:2
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3. The case a2:...: Q^:Q,

We apply the above formulas to solve the following:
Problem. The coffici,ent azn+t) 0 i,s to be estimated, under the siil'e

conil'i,tions

(24) AZ: o . . E %rn: 0.

The coeffi,cients &na.- t. . . , azn a,re free para,nxeters ,f the problem.

Choose in the Nehari-inequalities (5) I{ : 'rL, 'nn : 1 and"

Re {i Aou*u}
1

,Lo - log h1 ,

which is the most favorable choice for tr,. \\re thus get

i rlc:1 i ,k:L

Re An* n*\7'

rs in (17) , (2L) and

n,

I-r

Ler

I
i<v-

2
Il;

rd

:k

A,'-

k

,
a,;

m(

fL

It:'J

og

,

, )i

=
'(

T\\Z
l§=

t

;he

ri

._

k
,

'.t

by

i-1

1

tk
L

k

ir'

t

+

.1

2)
1

A

ir

It+

,*1

b?'

II

ior

q,i.

a2

I
T
I

0

i

qu

I

br' å
I

l*'l'
- 

a- a

0

rrectionfn the case (24) in quest
(23) vanish. Thus,

lA,u:
I

t

t
lB*o:

lk:
Iu,n 

:

fn view of (24), the ine

)[,

"i+k

l'2 ni

t
:b
ln
l/

' r.

I

ual

higher o rco

0 <i= !n

e form

?L + I
2

,,

1:

2k
1

oa n

11, .

25) a,ssu est
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tt

I h:n-2
Re {",-å-

n

1o:n-g k:L

l"-' nl I - \)
+ ?rn l,å crr,+nyr rr, * arn+l - , "i*r)l

* Z,+ b?o t**t'

logbr' '#, k '

that is,

(20) azn+I - +(1 -b?")

,(=l #) rRe {o**,}r' \)rr* {o^*,}r'

+ *oZ a*+c+trr" * . . . * r*-tZ on*^*o
n-g I

n-l "-f I* ) 4,,+,+, r*\ * ? Z (t - b1*) l**l' .

We will study the possible maximum of the left side by choosing the
parameters frL , . . . , #n- I properly. The result is obtained step by step as

follows.

Io a, : fin-t:Q

(27) azn+t_ |O- u?,1

.(l-!t \ n*r
: \ 2 - r'id);Re {a"nr}J2 - -; [Im {a',1}]'z '

n4l 1

Here , -IogZ-(0 for
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2

Equality occur§ only in the case br: '- 
-"+l ' Consider the general case

n*l I
where 

-- Iog 6 < o, which means that

(28) e n+r (år(1.
The left-hand side in (27) is non-positive and zero only if

on+t: 0 '

we continue to d.iscuss the case of equality in the estimate for
I

azn+r - ; <t - ä!";. In the interval (28)the condition (26) can be utilized

by putting &n tr : o on its right side.

2o *, : frr-r:$

The inequality (26) assumes the form

I
a2n+t -;{r -b1") < - 2Re {\&^+z) + (1 - b?) l*rl'.

fn case frL: d,+zt we have the estimate

I
azo+r - ; t, - bl\ 

= - lo.*rl' (t + ä?).

Thus, the equality in this estimate requires that necessarily

&n+2:0 '

This process can be repeated without restriction ra times, and we end
up at the following result:

Theofem. Supposethat dz:'..:o1:Q and, let &n11 t...,d'rn be

Jree parameters. Then for
o

"-fr(ör(l
we haae

I(29) 01ar.,r3;l-b?"\.
Equality 'i,n the case

"-#(år(1
requi,res that necessari,ly

(30) an+L:....r(lzo:0.
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The conditions oz: .... E azn:0, o2o+t: * r, -Ur, can be

applied to the extremal conditions of the generalized Nehari inequality [5]
to determine the extremal function f(z) completely. rt has to satisfy the
equation

(3r) :bL
(t - 7*-t;t'-t (t - ro-')E

The imago consists of 2n radial slits with equal lengths and starting at,
points located at the corners of a regular 2n-gon. At the point

2

b1 : 2- "+t

there is a one-pera,metric freedom of choicei &n;t can be taken as a, para-
meter. This phenomenon w&s first observed in the case of a, (see [B], [8]).

4. azo+ri d,<br<1

We shall now drop the assumption (2a) and use the fact that for
d" ( är ( I all a,v are small. To illustrate the method of estimation to be
used, take again a, as an example.

Write (10) in the form

f

(32) Qrz

I
T

+

(,

a1

1

2

s

at: (1 ebi)ai+ (e 25 bl) oi ,

al

L7

T

I
4

19

nlz: Re

11
t_-r3

95
t_TBo

9 a, ast

61+ 4 aSai

r')r -')D 0i) a; u3

( 1 b'r) ',or",r

It-
alt

"t\

af, as
I

t---,+



Denotemax(larl,lorl):'M,andestimaheÅrbyaidof'M'Wefind
immediately that

/, 1M2. ),e,

where
e-l-b,

and I is a fixed positive constant, which could easily be estimated by aid

of (12). There are now two alternatives
r) larl:M. B

Take g - 25 b\. < O, which means that b, > E . Then

lr lo 
= L; 

(r - e o!1 + I'e) lazl'z ;

r I - - 4 + (18 * X) e - 27 e2+ 18d - 4,5e4'Ll-

We get t I < 0 for e small enough. Hence, in this case

I(BB) ",-i(l-ä1)<o
for 0< I -brS"r; I -er(ät< 1.

2) larl: M I
Take I-9ät<0, br> 

t/i.
lr l

o 
= l; e - 25t11 + xel tatt' .

As before, we find (33) to hold for I - e, ( Ö, ( 1' Denote

es : ma,x (e, , t ). The existence of an interval

(34) ä3:1-es(br{1,

for which (33) holds, is thus established'
The expansions (17), (21) and (23) allow us now to repeat the above

procedure in the general case d2n+r. Let us determine the various ex-

pressions occuring in inequality (25).

fr

I : I A;1,ftr1"
i,h:l

MnNerrnryr Scrurppn and. Or-,r,r Tarvrmr, On bounded univalent functions 15

Write I as follows:

n-]- n-L n-L

i:L lt:L i:L
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( 17) a,nd (17') give

Ir+ 1

Airr:ui+r,+r - Z Clora;+r,+z-'r*.. . )

o <ii,.k{n',:'oi.n;
7L n{ I

Ann - azn+l - Z^, a, frzn*2-v -;- a1+, * . . . .

Here the C': are fixed constants whose actual value is unimportant.
Hence we obtain

n-l n-1 ,i+f
(35') I : > rr Z la,+n+, - 2 C'! a, &i+t +z-) rr"

(35)

(37)

rl: 1 k:L

n-l n*I

i:l y:2

n+ I 7L

+&zn+l -- Z d2n+1 -är&rLzn*2-r+....

Consider, in particular, the differe 
^;'

n-L n,

i:l u:2

Denote in the latter sum

'v-n + I o

and obtain for d

: ) l2h - (n * I - d) d^+t_;f ilnatai.

The paramer"r. 
'1, 

, . . . , frn-., which are at our disposal, may be selected
to eliminate d:

ntt-i,(36) rr: Z an+t-i; 'i:1,...,fr-1.

The above choice implies that

rvlrere E, is ak least quadratic in &z , . . . , a, arrd. of third order in all a1".
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rI : å Aor,nr,
k:7

and hence

(38) II: a,*1+ I .

Here ? is quadratic in &2, . . , , a,, a,nd contains only these coefficients.

n

III : ) Bn"*;fr6
i,k:l

Again, divide III into the following parts

n'l n-l n-1

ffl: ) *, I Binfrn* 2Re{ \B"*frr,\*8"".i:i r= ,,=r

(21) and (23) give now

Bnh - an-k+rblo + "' ; k : 1, "',fl - l,

ln,. - - bl" * Z @ - Lt + t)lo*l'b2r("-u+r) * ...,uo' - r, p:2

which allows us to write III in the form

n-l I "-1(88') rrr : ) l",l' t bi' + 2 Re { Z,,u"ofrh) 
+ B^,+ . . .

:>:+ (rP)',', * 2"2,:-t)-7 @"-,*,t,b1,

!-t:2

By denotittg

i,-n+1-p,
one obtains:

It follows from (17) that

l^rr: an+r - +|ra,&p,z-a+.. .,

lo:1,...,%,
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' ,+ ' lpt'rrr : Å b1",,2, n+ r _ r x) b?@+t-,,

ntu

+ I p la,l'bl@+r-') + f (n*r - p)lo,,l'b1b+1-&) +...,
t:2 p:2

which simplifies to
, ,!\,

I n ("*t - zl(Be) rrl: nui"*), "+r_p 
la,lrblo=r-u\+Er.

E, is again of the same nature as Er,
Combining I, II and III we arrive at the following form of (25)

t
(40) a2o+r--Q-b1")

="!'Re{r2i-lIg!'l]'2 -'" r" t log är-r

+ å,;;=iW)'- (" * ' - *)'o?a+'-,]ta,,t'+ E 
'

where
t:ct^+r*T.

lJ.erc E is quadratic irt a2, . , . ) cln, is of third order in all ao and consists
only of a finite number of terms.

We are now in the position to arrive again at the conclusion drarn'n in
the case of ar. Notice first that

(41)

if

Since

(42)

,-
I tt \nrt-w(ft)

- Z : , , we see that (41) is

(n \#'

always valid if
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Further,

7?,+1n ,.e; [Re{r}]'
z Re {t'} Gu.

ln+I I \ * ?,t.+1

for

(43) e o*L <år(1.

X'inally, tako into account that

[1a,1 <k,e (u:2,3,...) ,(44) {
[e: I - ö1 ,

where k, is a constant. This can be deduced for example from Löwner's
coefficient representation for bounded functions by a rough estimation [9].
The nature of Z allows now to establish that

(45) lUl < M2 ).oe,

where

M : t\a,x |azl, . . ., la,l)

and )., is a positive constant. Hence we read off from (40) that again the
right side of (40) is negative if 0 < e ! en, i.e.,

Thus we established the following result which also has been found by
Srnwrnnsxr by aid of a variational method [6].

Theorem. In the class §(ör) of bound,ed, uni,aalent functi,ons the sharp
inequalitg

(47) o{a,,*,=}O_ b1\ (n:L,2,...)

i.s true at least for some ,i,nteraal,

(16)

(48)
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5. The coefficient oj. {M anil application to general cr-.

Let us start by considering the expansion

\/f("\:bi"|,*,å(_1),_,W(o,",+...*ap+|",,+.,'),f
: bi @ * Ar8+ ... * arr+rz'*+' * ...).

We can express the coefficients Ar**, of the new odd function in terms of
the coefficients o, of the original function /(z) € §(är). We write

(4e)

(53)

11
Ar**1 : r&r,+r - ZKt,*Å*

and define the terms K, and. A, drfferently in the cases ,a: even and

&: odd.

I) If p - 2p, p:1,2,3,...,

we let
I

(50) Kr: Kro: az&zpJ- crtazp-t+... + o,pap+2* 2 e'o+,

anddenoteby Å*- Åzp theremaindertermwhichiscubic in a2,.. ,a2p
and at least quadratic in cr2, . . . , ap.

2) If p:2q* l, e: 1,2,3,...,

we define

(51) Kr: Krr+r: &z&zq+r* chazs+ ... * eqaraqlzi

/*: /ro*, is quadratic in a2t... taq1t and cubic in d2,.,.,a2q1r.
Let us apply the generalised Nehari inequality (5) for

fY- 2m- I (m-2,3,,..)

in the case of the functio" I f @\. The highest order coefficient in the
inequality is

(52) Ar*+r: A**-t : * or* - i ur^-, i /r^-, .

It will appear that we can omit the parameters r, with even index:

fro-fry:"'Efrz*-z:0'

This means neglecting the parameter ro; hence we actually utilize the original
Nehari inequality. Moreover, when maximizing Ar**, we have to take
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fry: rr*-r: | .

In Section 4 the left side of (25) was decomposed in the expressions f,
II and III. We have to rewrite these expressions for the present c&se as

follows:

lv
I - ) Ai*n;t*

i'[:1

fn (35') we substitute

i-2r* 1, l§:2s +1, r:2t+ 1.

fn view of

we get for r, s, t :

Further, denote

C'! : Cf,,ll,,') (2"+1) : DI"

and find
m-2 n-2 §

(54) t : I rr,+r2Hz1,+,+ry+r - 2 nf Ar,1rAr1,*,-r-;r11rJ rz,;r
r:0 s:0 ,: I

m-l m-l

+ 2 > lAzpl^1qr - 2 o: Az,yr Az1,a*-q1-r7 nz"1r

n-r 
t:!

* An*_t - z_pt * l) az,+tAz(z*_,t_r + ... .

The underlirr"a 
"o"ffälrrt* 

girru tt*"r** effective contribution to I:
I m-2 m-rt+l

Irraz**Z^a,+^+ttz,+r- \ ^ ^
3, 2 *t+t w2tu-t '

By denoting

t : rm - L - r ; f : nL - 2,...,0,
we obtain for this contribution

fu -1,..., zm,- B,

lO -1,..., zn'b- 3,

[z : 3 , . . . ) 2m - I )
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This suggests the choice

(55) nz,+t:To^-" (r:0,...,m-2)

for the parameters fr1 t frt , . . . t n2,n--3 at our disposal. Hence (5a) is reduced

to

(56)
I

where DL is quadratic in a2,...,a* and cubic in a2,...,&2^-t.

The number II : j A,on* has the coefficient tro:0 and therefore
K:I

no effect in the present case. There remains the combination

.\
III: ) B,*r,fre

i,k:l

X'rom (38') we deduce by using (53)

m-2 1

(56') III : ) lrr,ar\' 2r + rbl'+L

f 2 Re 1§ n1r*-rl1z"-pr; iz"1r) { B1z^-r) (2n-r) * . . . ,

where

B1r*-r'11r"n11 : Az1^-"-4ar bf'i-l +'''

I: ro*_"ä?,nr+...,
and

| ^-rD 7.2m_t rsro__2t_l)lAr,nrl2b2n_2t_r+...Dqz^-r1en-t) : 
Z i_ t ", -T 1 \" tro

I m-22nx-2t-3 
^6!n-1 _; § -"" - - 

la,+ri, bi^-t,-t*...,- 2m-1"r '3n 4

where

T-t-1.
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This gives

tu-2 | --2
rrr : Z..l*r,*rl' ;q b?'*' + *u { 

"ä 
a^-"b?r"+1frr".rry

'-u 
t ^-2zm-2t-Bi -zi --t äi--t +,2, n r&"'i'b!^-z'-t + " " '

Substituting

8:f , T:fn-2-f

into (55), and combining similar terms, we finally find

t 1^-2(m4-rtl)2(57) IfI : 2* _ tbl*-' + r Z, * +:1L 
,,a*-|,töi'-' * Er.

The omitted terms in E, are of the same nature as in ,8.
Applying now the formulas (55), (56) and (57) to the inequality (5), we

obtain

r + rr =#=t*^i,'##,
'which implies that

(5s)

The error term .E is quadratic in &2 I . . . t &^ and cubic in all a*.
The right side of (58) can be estimated as in (40). The estimation

is based on the nature of .E and the fact that,

(* - r)' - (m + r * t)'b|,*, <o (r - 0,. ..,rn - 2)

for
/m\=
h+1'l <a'<t'

We end up with

(5e)
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at least for some interval d- < b1 < l, where 0 < ä- < l. Hence v'e

proved:
Theorem. In the class §(Ör) of bouniled' uniualent functions the sharpt

inequality

(60) o{ar"=*(l-bf-') (k:2,3,...)

'i,s true at least for some 'interaal,

(61) å,,<b1 <1,0<ä,,<1.
The result confirms the conjecture by Crranzvrisxv-Tmur [1], [I0].

One extremal function is found by the solution of

ry

(62)

(63)

(64)

(f _ /,._r),,_r (l _ 
"r_r)Å

The proof of uniqueness of the extremal function requires a more detailed
d'iscussion of the error term' Fot ar: r ' ' - a'^:0 a result similar to
that in Section 3 can be achieved.

7" oz* With az-.r.:a*-0

Let us finally consider the following:
Problem. fiz* b 0 ,is to be ma,r'im'ized lt)ith tlte side cond'iti,orts

AZ:...:&*--0.

The coffici,ents anat t . . . , az^-7 are free parameters of the problem.

In view of (49), the side conditions (63) give for Arr*, the follor,ing
values:

Äg:...EAr*-l:0,

Aru-,r: +il,+, 
(p:ffi,....,2m-1) .

The expressions (54) and (56') simplify considerably in this case:

I m*2 m-2

a r== I s:rn- 1-r

m-2 I
+ Z^o,*ml-L frz,-rt + T &z* ,

f:0

m-211
III : 

å l.xr,., i' z* - t bl" t + 
TT,L _1 bi*-t .
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The above expressions contain no remainder terms because of the side
conditions (63).

The inequality (5) assumes now the form

2(65) &2* - zm _1$ - b?*-')

m-2 m-2 m-2

m-2 ,":' 

s:m-l-r r:0

+ )- »a t (1 - äl'+t1 1*r,+rl' '

Exactly as in Section 3, we conclude from this the following
Theofem. Keep az:..,:a^:0 anillet an1rt...,o2^-r befree

parameters. Then for 0 < ä1 < I
I(66) 01az^{-2rx_1G-b1*-') (m,:t,2,...).

Equality is only possible if
(67) &n+t: az^-t: 0 .

Stanford University
Stanford, California, U.S.A.

University of Helsinki
Helsinki, X'inland.
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