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Removability theorems for quasiconformal mappings

l. Introd,uction. ln this paper we shall study the following removability
question: Let D and D' be domains in the euclidean zr-space R", n ) 2,

let EcD be closed in D, and let f :D--->D'be a homeomorphism
which is locally K-quasiconformal in D-E for some K, which me&ns

thatforeyery {eD-E thereisaconnectedneighborhood U of r such
that f I U is a /{-quasiconformal mapping [8, p. 20]. We ask for condi-
tions on E and on the restriction / | ,E' which imply the quasiconform-
ality of /. A special case for n : 2 of this sit'uation is considered in [5,
Theorem 3l which implies that f is quasiconformal if E is a Jordan curve
and if f lE:glE forsomequasiconformalmapping g ofadomain G=8.

The set .E is called an exceptional set if / is always a ff-quasiconformal
mapping. One of the main results which give conditions for the excep-
tionality is that t'he set Z is exceptional if -E is of o-finite (n-l)-di-
mensional Hausdorff measure [9, 35.1], [3, Corollary 5]; for the case n : 2

see also [7], [f], and [4, Satz V.3.2]. We shall give ansu,ers to the given
problem in the other direction. It turns out (Theorem 1) that the condition
mentioned above, namely the existence of a quasiconformal mapping g

of adomain G)E suchthat f \E:glE, impliesthequasiconformality
of / even if no further assumptions are made on E. We shall also in
Theorem 2 establish anobher form where the assumption on the restriction

f I E is weakened bfi E is assumed to be connected or locally connected.
In these results the maximal dilatation of / is in general greater Lhan K.

2. Notation Throughout this paper D and D' are domains in ,8"

and n ) 2. Tf A, B c R", d(A, B) denotes tlre euclidean distance be-

tween A and B. X'or r€R" and r>0 u-eset B"(r,r):{yeR"l
ly-rl<r\ and §'-'(r,r):{ae R"lt,y-t:,:r}. \trre also use the
abbreviations B"(r) : B"(0,r) and §' '(r) : S"-r(0, r). If f : D --+ D'
is a homeomorphism, if re D, and if 0 < r 1d(e:, äD), r,l'e set

L(*,f, r) : sup lf@) - l@)l ,
y-x :r

l(x, f , r) :,"inf lf(y) - f(") .

The linear dilatation of f at r is
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H(*,f):limslp ##
The k-dimensional Lebesgue measure is denoted by %Lk. The (n-l\-
dimensional measure of the unit sphere S"-t(l) is ar*-r.

tf@,) - f(,

"" \l*r-- "l I

3. We start with a simple distortiou result, for quasiconformal mappings.

Let a be an increasing function of the interval [, oo) into itself and let
g: A --> 8", A c .E", be an injective mapping. We say that' q has local

a-bound,ed, d,i,storti,on if for every r e A there is an s ) 0 such that
fr1,n2eA and 0 < lr - rzl I lr - xrl( s imply

ls'@r) - q(r)l ll*, - *l \
1q 1rr1 --E1r) I 

s' \l*, - "t 
)'

Lemma 1. Let f : D --> D' be a K-quasi,conformal mapgti,ng. Then

there er'i,sts an increas'ing function a : 11, oo) -+ [I, oo) d,epend,i,ng only on,

n and, K such that f has local' a-bouniled, d,i,storti,on.

Proof . Assume r € D. Choose s > 0 such that fB"1r, s) c
B"(f(*),t)cD' for some t. Let 0.--lxr-t:illrr-xl<s and
set, ot : lf(r;) - f(r)l ,,i, : 1,2. Assume xz I et and let l' be the
family of curves which join the boundary components of the ting A' :
{y lor< ly -f(")l <or} in A'. Then the z-modulus MQ') of J-' equals

ar,-1/(log (orlor))" t [8, p. 5, 7]. X'or the z-modulus of the curve family
f : f-'l' : {/ ' . y' I y' e /-'\ we get by [9, rf .7] (see also [2, Theorem 4])

the estimate

l,*,.:!\
Me) > ""\fi_ *,1

where x,: (0, co) * (0, .o) is a decreasing function u'hich depends only
o\ n. Since / is K-quasiconformal, M(f) < K M(l'). Hence

(ä-+)

and the lemma is proved.
The main step is the following lemma (cf. 15, Lemma 3l).

Lemma 2. Let EcD beclosed,i,n D and,let f :D--->D'beahomeo-
morph'ism whi,ch i,s locally K-quasi,conformal i,n D - E and, such that f I E
ltas local, a-bound,eil, d,istorti,on for some a. Let Eo be the set of poifis r e. E
suchthatforeueryi,nteger j thereeristsani,nteger lc>.i suchthat (B"(r,Ilk)

- B^(*, rl2Q) n E : A. Then
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(a) m,(Eo) - 0.

that H(*,f) <c ,f re D - Eo.

Proof . since no point of Eo is a point of outer density

K, und, I), such

[6, p. 129].- 
to proye (b) it suffices by [9, B4.2lto show that a uniform bound exists

for H(",f) for points r e E - Eo. Let roe t - Eo' By performing

similarity transformations we ma,y assume that ro: f @o) : 0' There

exists an integer ko such thar (B"(llk) - B"(LlzU)n D -! A for kZ-k*
since / lE has local a-bound.ed distortion, there exists an s > 0 such

that if &1,n2e E and if 0 < l*rl l lrrl < s, then

lf(rt)l Iltr1l\
tf(dt =o\t"l) '

Now let r be such that 0 <r <min(d(0, OD),s,llko)18 and such that
8"1L10,1, r)) c D' . We set,

L, : L(0, f, r), l, : l(0, f, r),

Ar : {r 1 r < lr1 < 2r), Ar : {x l rl2 < l*l < r},

Hr:{r|2r l lrl < 8r} , Ha:{rIrl8<lrl <rl2},
E;: ,I;u Eii, i : 1,2,

r, : suP l/(r) l, rr: inf lf @l '
x€ EO F, r€EO F,

We shall make use of the fact that the sets Ät - f-tB"(r,) and

Ärtf'' B(rr\ do not meet Z.- 
Assume L" 7 \ and let z € /§" 1(r) be sucb that' lzl : L" There

exists rr) | such that the line segment J : {.2' | <t <q) is con-

tained in fÄ, and such that qze fS" 
1(2r). Assume .rrlo <L, and'

let .l' be the family of curves *hi"h join /-U and /*1§"-'1o; in '4-, -
f-'B(o).

Next we derive a positive lower bound for the n-[rodulus llg) of

f. Let r<t12r and set §:B"-I(r). Then Snf-tJIA' We

show that also S n,f-, p.-11p) + A holds. To prove this $,e first, note

that Ern E + 0. There is therefore a point u e B"(t'r) n ffir' The line

segment, {Au I O < 1 < 1} meets /§. The assertion then follows from the

fact that /s has points in both compo,ents of the complementof §"-1(o).

We now chooseapoint y€Sl-l/-tJ. Since y doesnotbelongtothenon-
empty closed. set Bn.f-'8"-'(o), there exists an open half space M
*o"h'thnt y eM, M n Sc S -/-'§"-'(o), and M n Sn/-r'Sl-r(d)
* fr. Denr:te by J', the famil5' of curves y e f which lie in lZ O §'
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For the z,-modulus M:Q) of

L0.2f. ff A : R" --- [0, co] is a

by definition. Henee

f, with respect to ,S the estimate M:(f,')
a constant which depends only on % [9,
Borel function such that

/'

J\
v

have

,!*n-r> M:V,)

for every rectifiable y e f , we

/r
I

JQ"

A1
J \J I
r Sn_ I (r)

- b"log 2

This gives M(l) > b"log2 > 0.

On the other hand, the ring B(L") - B"@) separates J and ,S" t(o).

Consequently, Mfff) { co,_riflog(L,lo))-' 18, p. Zl where lf : {f " y 
I

y e l). Let D, be the component of. D -.O which contains 7-U. Then
every curye of J- lies in Dr. Since / I D - E is locally K-quasiconformal,
/ lD, is 1{-quasiconformal, and we have M(l) < K Mfff). This gives
b,log 2 1 K a4al(log(L,lo))"-r. Hence

L, llK a"-r\tra-»1
- (exp\\a"lrgr/ ):o".

Similarly one proyes l,lrr) a;t.
Let *ie Df1 Ii be such that 171r,)l:ri,,i,:1,2. Then lrlllrzl( 64. n'inally we obtain the estimate

o?" u(64) ,

which proves (b).
Theorem 1. Let DcD beclosed,,in D and,let f :D-->D'beahomeo-

morph'ism which is locally K-quasi,conformal ,in D - E for some K. Sup-

Ttose that there euists a quasiconformal mappi,ng g of a d,om,ain G, E c G c D,
suchthat SIE:f lE. Then f isquasi,conformal,.

2r

fb.
-J t

L,



Sppro R,tcxtlt.tx, Rornovabilioy theorems for quasiconforrrral mappings

Proof . By Lemma l, f I D has local o-bounded distortion where a
dependsonlyon n andonthemaximaldilatation K(g) of S. By Lemma
2, there exists a set .Eo c il of measure zero such lhat H(x,f) < c < oo

for r e D - Eo where c depends only on n, K, and K(g). By an n-
dimensional version of [8, Lemma 6.3], / is differentiable almost every-
where. If / is differentiable at re D - Eo, lf'@)|" <c"-rlJ(x,f)! where
t'@) is the derivative and J(",f) the Jacobianof f at, r. We shall show
that / is ACL [8, p. l5]. The quasiconformality of / then follows from
an z-dimensional versiorr of [8, Theorem 6.11].

It suffices to prove that f is ACL in G. To show this, let e be an
open n-interval such that I c G. Let P : R --> -8"-r be the orthogonal
projection. X'or each Borel set A c PQ we set Z,t : Q n P-rA and
y,(A) : m,(fZt). By Lebesgue's theorem, the set function g has a finite
derivative y'(y) for almost eyery y €PQ. X''urthermore, g is absolutely
continuous on Z, arrd mr(Eonz):O for almost every yePQ.Fix
y e PQ such that all these three conditions are satisfied. By symmetry,
it is sufficient to prove that, f is absolutely continuous on Zr.

Let I be a compact subset of. Zr. Since g is absolutely continuous on
Z, since g I Eo:.f I Eo, and since rnr(iloi I) : 0, we have Ar(f(Eo
n .F,)) : 0 where AL is the l-dimensional Hausdorff measure. Hence
Ar(fI) : Ar$@ - EoD. LeL ho be an integer such that O < Illco <
dg, AQ). For each integer k ) ho we define the set In of points r € -F,

such that 0 <r < llk implies L(r,f,r) lcl(r,f,r). For every k ) ko

-X'n is compact and lrc 1r*,. Since H(",f) ( c for r e F - En, we
have

F -Eocf1 ro:r
k:hu

and one can prorre the inequality (see [9, (Bl.B)] and [1, p. 10])

(l) A,,(li)," <a cn ,p'(y) ml?) '

where & < @ is a constant which depends oul5r sl, rz. Consequently, also
lr(fr) has the right harid side of (1) as an upper bound. After this a simple
limiting process shows t'hab f is absolutely continuous on Zr. The theorem
is proved.

Theorem 2. Let E c D be connected, or locally connected, and, closed,
i,n D. Let f : D ---> D' be a homeomorphi,sm whi,ctt, i,s locally K-quasiconfor-
mal in D - E for some K. ,guppose further that f i E has local, u-bound,ed,
d,i,stortion for some a. Then f is quasiconform,al,.

Proof. The set Eoc E defined in Lemma 2 consists in this case of
isolated points only, and D - Eo is a domain. By (b) in Lemma 2 and.by
[9, 34.1] f I D - Z, is quasiconformal. But Eo is removable [9, l7.B],
and the theorem is proved.



8* Ann. Acad. Sci. tr'ennicip A. I. 449

Remarh. If g has local o-bounded distortion for some ?r, it does not
necessarily follow llnat q is a restriction of a quasiconformal mapping. This
is shown by an z-dimensional version of the example presented in [5,
p. 388]. Hence the condition on f I E is in this sense weaker in Theorem
2 than in Theorem l.
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