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1. Introduction anil results

The function l@) is called normal in D: {zeC: lzl ( r} if it is
meromorphic and

(1.1) & : &f :sup (1 --- lzrzt 
lf'@)l

We call a the oriler of normali,ty of f(z). The order is invariant under
spherical rotations of f(z). If f(z): g@(z)) w-ith l9(z)l < I then uySu*
I{ormal functions were introduced by Lehto and Virtanen [7]. Further
important results were obtained by Hayman [4], Bagemihl and Seidel

[2], and Maclane [8].
Let the meromorphic function f(z) map D onto the Riemann surface

.F over the sphere. Around the point f@) e X, we consider the largest
schlicht disk on .F. Let ö(z) : ö1@) denote the angular radius of this
disk measured from the center of the sphere. The plane projection of this
disk is

I "tD-f(")l.'tts ; --------- 

--I I +f(r)w
ö(r)

- tal] 
2

Our main tool will be the generalization of Schwarz' lemma d.ue to
Ahlfors [1]. We shall prove:

l. Let sup ä(z) .i , orlet f(z) belocallyunivalentand. sup ö(4 <; .

Then /(z) is normal. The number nl2 is best possible.
2. X'or any normal function of order x ,

(1 lzl') lf'@)l 7r,

G {d.(r)1+ tf@i'
3. If f(z) is normal and analytic in D t't.en

$ - lzt\ lf'@)l < 2 (logt lf (z)l * a) ' rnax (lf @)l , r) .

This is a somewhat more precise form of some results of Hayman [4]
[5, Section 6.5].

4. As a consequence we shall obtain a simple proof of Schottky's and
Landau's theorem with good quarrtitative bounds.
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2. Ahlfors' Lemma

We shall prove a result of Ahlfors [] in a somewhat different form;
compare also [9].

Ahlfors Lemma. Let u(z) 2 O be continuous i,n D . Ior each zo e D ,

let either u(z) { I , or let there er,i,st a function E@) anal,ytic at zo

such that lq(zo)l < | and,; for smal,l 1z - zol ,

(1 lzl') lv'@)l
(2.1) u(z) - 1 lv@)l'

{ u(z) , u(zi - u(zo)

Then u(z)!l for ze D.
Proof . Suppose first that u(z) is continuous in D and u(z) -> 0 as

lzl + I . It follows that the supremum is attained in D, say at ao . As
(2.1) remains unchanged under a bilinear mapping of D onto itself we
may assume that zo: 0. Also we may &ssume that g(0) : 0 . ft follows
from (2.1) that, for small lzl ,

(2.2)

We can write V@): a(z * bzz { czs +...) t a: lp'(0)1. Since

ll * wl: I + Reru f (Imw)zl2 + o(l?/ls) as w--->0 we obtain from
(2.1) and (2.2) that

rs(z): laI (t * 2Rebz f 3 Re czz | 2(Imbz)z * (loi'- l) l.l'+ o(lzl3)) < lol

as z--->0. It follows first that b:0, hence second that lal2- I { 0

and therefore that u(0): lE'(0)l: lol < l. fn the general case, §-e

consider u*(z):u(rz) (l- l"i\ lQ-r2lzl2) and let r-+ I - 0.

3. Conditions for normality

Theorem l. Let f (r) be meromorph'ic 'in D a,nd

@eD)

Then

(3.1)

where ),

,f order

2

y1 @eD)
(1 l*l\ lf'@)l {d.@) (1 - d*(r))

1+ tf@)t, 1 + d*(z)'

L
2- tan (2cosB+ L) I (2 cos § - 1) Hence f (r) 'is norma,l
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(3.2)
2sinB

{+ cos2B - I

Proof. We may assume that ä(z) { B (otherwise we consider fr * " <nl} and let e -+ 0) . X'or each z, e D there exists c such that, for
small lz - zol ,

(3.3) il,*(z) < l*(z)l , il,*(zo) : l*("dl , w(z) : ffi
ff zo is a multiple point (/'(zo) : 0 or multiple pole) we t'ake c : l@o),
and we have d,*(z) : lw(z)l for small lz - zol .

We have 1:r(3-r') l(l_ 3:P) where r:lan Pl2<ll\/3,
hence il,*(z) 1r I ).. Therefore 'we can define

(r - lzlz) lf'(z)l t/ilt * it*(z\zl

1 + lf @)1, 2{d,.(") (1 - d*(r))

This function remains continuous at the multiple points. For zo € D we

define

,. \/u,(4 - {*talq(z):\/^T_l;@fu6

for small lz - zol. Computation shows that,

(r - lzlz) le'@)l (L - lzlz) lf'(z)l li<t * lw(z)l')
i lv@)\, I + lf @)1, z{twAt e l,»@)l)

We have

d t11z -r3+y,tL+3t-),dtfi1-t):@'
Thenumeratorincreasesfor 0 ( t1)' andvanishesfor f : r:tan§12'
Therefore (1 + r'z) tt/itl_ t) de*eases for 0 ( t 1r. By assumption

ö(zo) < fl, hence lw(zo)l: d*(zo) 12. Thus it follows from (3.3), (3.4),

and (3.5) that, for small l" - zol ,

u(z) ! u(z) , a(zo\ : u(zo\ .

Thus we can apply Ahlfors' lemma to obtain u(z) { L fot z e D . This

proves (3.1), and (3.2) is an immediate consequence.

Duamltle 7. Wo consider the 'w'eierstrass p-function that satisfies

p'(z), - -(r("), _tm)
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and define

/,-li\
f@:e\t_")

By choosing a sequence (z*) with z4 --> I , f("u) : O we immediately
obtain from the differential equation that f(") is not normal. Here

sup d(z) :2 arclart], ^ * lt" .,;<-r t/ Z

we call the meromorphic function /(z) l,ocally uniaalent if there are
no multiple poles and if f '(z) * 0 for lzl < r .

Theorem 2. Let f(") be meromorgthic and, locally uniaalent in D ,

and, let

ö(z)<§.; @eD

Then

(L - lzl2) lf '(z)l 
- 

2d,*(z) U, - log d*(z)) n\t+lf@|, s (zeD)

where 1- I i cos p * log tan Plz . Hence f(r) ,is normal of ordnr

Proof.Because d*(,) *:;Ji:: i*-
u(z)- 0-,lzl2)lf'!z)l 1+d*(')'

1 + lf@)P dM Q -rrf\r» )

Then

a(z) : I - l"l').lf'@)l 

- 
| { lw(z)12

t -f tf@)t- ,t",(dlA-t sfd"D
Since (I + r,) lt U, -logt) decreases for 0 <, < r:tan fr l2 the
assertion follows as in the proof of Theorem l.

Erample 2. The function

f("):"*o(r=)

is not normal. Yet sup ö(z) : + . Hence the number n I 2 inTheorem 2
z <1 4

cannot be replaced by a smaller number.



4. The size of schlieht ilisks

Theorem 3. Let f(zl be norma,l of ord,er a - Then

(r - lzl2) lf'(z)l - ,"'t'" + 1

d,*(z) { =t * Lr(r),, : - e,t2o - Ll/a*p1 @eD) '

The left-hand inequality holds for any meromorphic function. This

inequality is essentially due to Seidel and Walsh [I0]. It is best possible

as f(z) : 6a2 shows'
Proof. Let

s(z): {tY'"!:!'?!,, , v@)::++r+f(zo)l(q@))' Ltzoz

Then g(z) is normal in D with dt: es, and satisfies 9(0) : 0 ,

(t - l,zor1)f ' 
,?o)l : lg,(0)l , ör(0) : år(zo) .

I r rJtoolt

Then df (0) : tan är(0) / 2 becomes the radius d(0) of the largest schlicht
disk around 0 on the Riemann image surface g(D) , in the plane metric.
Thus we have to prove that,

12(4.r) 7W'(o)l'=d(0) < ls'(0)l

where
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r : (snlzu - l) I ("=l'" + t) : tanh * .

The right-hand inequality follows easily from Schwarz' lemma, even for
an arbitrary meromorphic function [10, p. 133].

Let lzl < I and § :10,2). Then

t'f" o, r @wr
arc tan lf@)i: | , arr= J ;ppö rtsl

'1'

f @'G)l -. f d,p &. r+lzl: I 
-t 

a lnrqyPldel =" J t - *z 
: r'os | - A

It follows that

(4.2) lg@)l <lfor lrl<r.
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Therefore the function h(C):g(rC):rg'(O)C+... is analy'tic in
16l < 1 and satisfies lä(f)l < l. Hence g(() maps a certain neighbor-
hood of 0 one-to-one onto a disk around 0 of radius at least rzlg'p)lzla .

Hence d(0) > filg'(0)1214, and. (a.l) is proved.
Remark. The proof shows that any normal firnction is univalent in

the disk

L n l/'(0)l
lzl <ztanhz * l +fi(o)F

5. Normal analytie lunetions

We shall now stud.y normal functions without poles.
Lemma. Let f(z) be analytic in lzl < t and, let

(5.1) (L - lzl\ lf'@)l < M wheneaer lf@)l < t .

Then

(5.2) (l - lrl,) lf'@)l < lf@lQtoglf(z)l + lvl) wheneoer l/(z)l ä t .

Proof. We shall apply Ahlfors' lemma to the function

u(z) -

This function is continuous in lzl < | .

Let lzol < I . Suppose that u(zo) > | . Then (5.1) implies that
I/(zJl > t . We put (compare (3.6))

e@\: 
rosf@\-b

) : M + 6 + rosfl4, b : togf@o)

where Re å > 0 . Then q(z) is analytic rrear zo. Computation shows
thal a(z): u(z) for small lz - zol. Hence Ahlfors' lemma implies that
u(z)<l for ze D, and (5.2) follows.

Theorem 4. Let f(z) be anal,yti,c and, normal i,n D of oriler a . Then

(5.3) (r - Izl')lf'@)lS 2(log+lf@)l* a)max(l/(r)1, t) @eD).
Hence

lf@l Q los lf@l + M)

I
M$ lrl\ lf'@)l

if lf@l > I

if lf@)l < I

t + lzl 2a,lzl
los*lf@)l 

= L_pl los*l/(0) I +r_H @eD)(5.4)
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These results were proved by Hayman 14, Theorem 2] [5, Section 6.5]
without the explicit dependence on o( . The factor 2 is best possible.

Proof. If follows from (Ll) that (l - lzl')lf'(z)l<2u whenover

lf@)l < I . Hence we can apply the lemma wit}r, M : 2u . We immediately
obtain (5.3). It follows that, for each 8,

a2
,log[og+ lf@"'')l f a] S l_ ,,

for all except a countable number of values r . This inequality implies (5.4).

6. Landau's and §chottky's theorem

Theorem 5. Let f(z) be analytic in D and, f(z) + 0, | . Then f(z'1
is normal of oriler " < +t/2 . Hence, for lzl < | ,

(6.r) (I - lzl\ll'@)l < z lf@)l (llogl/(z)ll + +t/i) ,

(6.2)
1 + lzl s{it"t

log*lf@l < ' log*l/(0) I - "'-\-L- 
l;l "ä l/\u/l -rI 

Pl

Explicit bounds in Schottky's theorem were obtained by Landau,
Valiron, Ostrowski, Pfluger, Ahlfors [1], Hayman, and Jenkins. Hayman

[3] showed that

tog+ lf(z)i s 

=# 
0og+ l/(o) I * n)

where z cannot be replaced by a smaller constant. Our inequality (6.2),

is not quite as good except for small lzl .

fnequality (6.1) is equivalent to the estimate

lorl ( 2laol(lloglaoll + +t/il $\/i < 5.66) .

Jenkins [6] proved a slightly weaker estimate with 5.94 instead of 5.66.

The best kno'wn upper bound 4.76 is due to Lai flll. It is not possible

to rgplace 5.66 by 4.37.

Proof. Let g(z) map D onto the universal covering surface of the
plane puncturedin0, 1, oo suchthat g(0) :/(0). Then /(a) issubordinate
1o g(z), thatis,thereexistsafunction q(z) analyticin D with l9(z)l< lzl
such that f(") : g(V@). Hence

(r lzlr)lf '@)l - 9- t-)l tv'91t. (I lvk)ir) ls'@(r))l1 lv@)l'
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Therefore the orders satisfy %{as, and it is sufficient to prove (6.1)

and (6.2) for g(z) .

The function g(z) is locally univalent. The function h(z) : g(")'tn
is also analytic and locally univalent in D , and h(z) * O, @, * l, + i .

It follows from elementary geometric considerations that ön(z) {
arc sin + \/6 . Hence Theorem 2 shows that un < \/, . Therefore

(r - lzl2) ls'(z)l 4(r - lzl2) lh'(z)l lh(z)lB _ (l - lzl2) lh'(z)l
r+ls(z\'z : r+l44le =+ r+lh(z)1'z '

Consequently *g a 4an S 4\/, . We obtain (6.1) and (6.2)from Theorem 4.

For l"f(r)l < t, we apply Theorem 4 to tlf@. If we change the proof
slightly 'w-e do not have to assume that the trvice-punctured plane has a
covering surface of hyperbolic type.

Technische Universität Berlin
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