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On commutative languages

1. Consider the alphabets
I ={a;, 2, ....%) (r=1)
and
A, ={oa. B,y . x.P1 Vs s

where A4, is an infinite alphabet such that 4 and each I, is disjoint.
The elements of A, are regular expressions, which denote, in the usual
way (cf. [2], pp. 1--4), the languages over I,. As usual we call some equa-
tion « = B valid if x and B denote the same language, ie. |x|=|f|.
TLet 6, r=1,2,... denote the set of all schemas of valid equations
between regular expressions over 4, such that a valid equation always
results whenever each letter of A4, appearing in X or Y is substituted
by some regular expression over I,. The interseciion of all sets &, is
denoted by 4,. It is proved (cf. [2]. p. 128) that

(1) 60263:.._::

= 4

and ¢, is properly included in 9, .

In the following we consider commutative languages, i.e. we assume
that the catenation is commutative. Thus the order of letters in a word
does not matter, but only the number of occurrences of each letter. More
specifically, let ¢ be the operator defined for languages such that ¢(L) is
the language consisting of all such words which are obtained by permuting
the letters in some word belonging to L .

For regular expressions X and Y . the equation X = Y is said to
be c-valid if and only if the languages ¢(|X]) and ¢(]Y]) are equal.
Clearly, all valid equations are ¢-valid but not vice versa. Denote by C,,
=1, 2,..., the set of equations X = Y, where X and Y are regular
expressions over A such that whenever the letters of 4, appearing in
X or Y are substituted by some regular expressions over I,, then the
resulting equation is c-valid. We denote by C, the intersection of all sets
C..r=1,2,.... It is obvious that

(2) 0,D20,2C;D...00,
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and
O = Cy 0,C Cp (r=2.3...).

The problem: are the inclusions in (2) proper or not (as in (1)) is presented
by Sanomaa (cf. [2], p. 142). In this paper we prove
Theorem. T'he inclusions in (2) are not proper. i.e.

Oy =Ch=...=0C,.

This problem is independently solved also by LiNNA in a recent paper
[1], but his proof is essentially different from our proof.
2. Consider the proof of the above theorem. We first show that

(3) Co=0Cy=...=0C.
In order to prove (3) assume the contrary: there is an equation
(4) X=7Y

which belongs to €, but not to €, . This implies that there is a natural
number 7 =3 such that (4) does not belong to C,. Hence, there are
some regular expressions over I, such that the equation X, = Y, resul-
ting from (4) by substituting these regular expressions for letters of 4
appearing in X or Y, is not c-valid. Without loss of generality, we may
assume that there is a word P over [/, such that P € |X,| and there
is no word ¢ in |1,| such that the number of the occurrences of 2; in
@) is the same as the number of the occurrences of x;, in P for all z; (1 =
L2 ...,n.

Denote by «; the number of the letters x; in the word P (z = 1, 2,

.,7) and consider the following function f mapping the set W(I,)
into the set W(l,) (W(I,) denotes the set of all werds over I,):

Jlag) = ~'~71Pr—;5"2 :

Fla) =y
fQ) =4,
fP'Q) = f(P@). forall P, @ €W(L).
where the prime p is so chosen that
(5) P >a, oy .o

If « is a regular expression over I,, then s is defined to be the regular
expression over I,, obtained from ~ by replacing each letter x; by f(z;),
t=1,2....,7. Thus, if ¢ isan arbitrary word belonging to W(Z,), then
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(6) f@Q) €log| it QE€Jx].

Let us denote by b, the number of the letters x; in the word Q(€ W(I,)).
Consider the system

(7) P ap T e =byp T by 4 by,
(8) ay +ayg+ ...+ ar=0 +b,+ ...+ b,
(9) 4, =0, b,=0 (=12 ...1).

We can show that this system has only one solution b, =a; (1 = 1,2,...,
7). Indeed, if the system has another solution, it then follows from (8)
that there exist ¢ and k (¢ > k) such that

a, # b, ,

ar = by,

a =>b, if i<t and i>Fk.

Hence, by (7),
Pl (e — br) or ap =br 4+ vp (v #0).
If »> 0, this yields, by (9),

H\/

=

contradicting (5). On the other hand. if » < 0, we have again a contradic-
tion with (5), because

b

v

p.

i Ma
II\/

Zn-

We have thus show.: that only the words in which the number of the
letters x; (1 = 1,2,...,7) is exactly the same as in P can be mapped
by f to the words in which the number of x; (¢ = 1, 2) is the same as in
f(P) . It then follows, by (6),

J(P) €c(s|(Xs)]) and f(P Yogl) -

Hence (4) does not belong to C,. This is a contradiction. Therefore the
equation (3) holds true.
Finally we prove that

(10) 0, =C,.

1

The proof is about the same as in the preceding case. However, we must
choose the homomorphism f in the different way:
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fla) = af . f(z,) = af,

where the distinct primes p and ¢ are so chosen that p,q > a; + a,.
The above system (7), (8), (9) must now be replaced by the system

I @p + ayg = byp + byg ,

11
(1) | =0, ;=03 =1.2).

If the system has another solution than «; = b, @, = b,, then a; # b,

a, # by and

pl(ay—by), ql(a; —by).

This implies that b, > a, and b; > «;, contradicting the system (11).
Consequently the system has only one solution @, = b, (¢ = 1, 2) and we
can conclude in the same way as in the precedig case that (10) holds true.
Our theorem is thus proved.
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