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1. Introduetion

1. Let E be a closed set in the complex plane and f a non-constant
meromorphic function outside /£ omitting a set F . We shall consider
the following problem: How thick F ought to be to find f such that
F is thick, too? 1t is known that if the Hausdorff dimension of £ Dim (X)
is greater than one then there exists a non-constant function f which is
regular and bounded outside ¥ . If £ has linear measure zero then Dim (£')
< 1. If the logarithmic capacity of £ Cap (K) is zero then Cap (F)

-

= 0. In [3], it is given a geometrical condition under which Dim (#) <
Dim (K) . Carleson [1] has proved that thereexistsa set £ with Cap (F)
>0 such that if f omits 4 values outside £ then f is rational.

In this paper, we shall prove that Dim (£) > 0 does not guarantee
that # is thick, too. We construct a set E with Dim (#) uniformly
positive such that if f is meromorphic outside £ with a singularity at
all points of £ , then f omits at most 4 values. Here »Dim () uniformly
positive» means that there exists @ > 0 such that if 4 is open then either
ANE =0 or Dim(A4NE)>a. Then we shall prove that there
exists a set F with Dim (#) > 0 such that if f is meromorphic and non-
rational outside £ omitting F then Cap (F) =0.

2. Notations and lemmas

2. Given positive numbers £,.;.0< &x<< 1/3, =0, 1,...,
k=1,2,...,2", and a sequence {¢,} of real numbers, we construct
the corresponding Cantor set F in the following manner.

Let 5y =1, 25, =0 and [, = 1. Inductively (n > 1), we define
Ny = Nu_r€™ and for k=2p - 1. 2p (1 <p <27, we set wu,, =

Suctps oy = &01p by, and

zn,k = Zn-l,p + (—Hl)k 17n—1 (]' - Sn——lAp) ln—l.p .
We set:

1

noo2n
E-=0 UD,,
ne1 k=1

R 5 N DU S R
where D, ={z:|z — 2z, <l,}.
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3. We need the following lemmas in our considerations. Let X be the
Riemanu sphere with radius 1/2 touching the w -plane at the origin.
The chordal distance of the images on X of two points «w and " in the
plane is denoted by [w, w'| and C(w, d) is the spherical open dise with
centre at the image of w and with chordal radius 0.

We set
lzk
S =12l < 2 — 2z, < —
Ak { nk >~ | n.k 3 i

n,l:

and

e )
nk “— \/g;;';
We have (see Carleson [1], Matsumoto [2])

Lemma 1. There exists a constant 4 such that if f is analytic in &,
and omits 0 and 1 then f(I',,) is contained in a spherical disc ('

with radius o,, less than AV,u,, "

We choose o >0 such that C(1, 8)NCO. 89) = 0. Now we
assume that ‘1\/5,,,‘ <=0 for any n and k. Let . be the triply
connected domain bounded by 1., [ and [, 5. An easy
modification of Matsumoto’s [2] Lemma 2 gives us

Lemma 2. Let [ be analytic in 2, US , US, 10 US, 1
and omit the values 0 and 1. Then only two possibilities can occur:

(1)  The spherical dises ., €, 5, and (', containing the
images of the boundary components of A, ,, contain the origin,
the point w = 1, and the point at infinity, one by one, and [ takes
each value outside the union of these discs once and only once in
AN

(2)  There exmtsaspher]oal disc with radius less than 24(V u,, 5T 2v/ E,, %)

which contains f(A,

Let T,, be the bounded dise with I, as boundary. We denote
be L(r) (r =>0) the union of the spherical dies (0. ). C(1. ) and
C(oo, 7). We choose & >0 such that

/i 0

(1) 124V < o

and we assume that &, <& for any » and k.

Lemma 3. Let [ be analytic outside £ and omit the values 0 and 1.
A0~ L)~ O then f(7 - Eyc (', where (', is the spher-
ical dise defined in Lemma 1.

Proof. Let us suppose that  [(/), ) L(®) O . Then [ takes on

.k

1
mk

', a value outside €'(0 . 5) and we see from Lemma | that ¢, cannot
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contain the origin. Similarly, 1 and oo lie outside C,, , and it follows
from (1) and Lemma 2 that f(/, ;) N L(8/2) = O .

Let A\, be the domain bounded by I, and the circles [, lying
in 7,,. Then f(/) N L©Hj16) = O . Let us suppose that f(A,)N
L(6/16) = @ (p = 1) . Then it follows from (1) and Lemma 2 that f(A,,,) N
L(6/32) = O . Let « €1 c T,,. By Cauchy’s integral theorem we

n-{-p.s
have
1 f(z) 1 f f(z)
fla) = ;‘;7.[;] R & 27 Z - d
nyk Y

where the sum is taken over all y,, — I, phlm

If(z)] <32/6, and on I, we have the better estimate |f(z)] < 2/0.
If a€T, tozi-1s 1 <q<p, and y,cT or vice-versa, then

C Tn.,k . On 7-1:-!«1 we have

n+-q.2j

LofSe) | sg

=T

271 A (/

~

Therefore

4 128f, 642
! — —_— p—q+1 gp—g+1
fa) <5 +—5—+ 6212 &

i ].28§0< 1 )
s i)

Now it follows from (1) that |f(e)| < 5/6 and we see that f(/,) N C(wo,
§/8) = O . Considering the functions 1/f and 1/(L — ). we get f(/,) N
L(0/8) = © . Applying Lemma 2 again, we get f(7,.,) N L(5/16) = O
and by induction, we see that f(7',, — £)N L(6/16) = O . Since K
has linear measure zero, the lemma follows from the maximum principle.

3. Functions with a singularity at all points of Z

4. Let 0<a<<b< &, and let n. be an increasing sequence of
even positive integers. We construct the Cantor set £ with ¢, =0,
n=1,2,..., and with the successive ratios £,, defined in the following
manner. We set &, =a for 0<n<n;, 1<k<2%, Eni,,c = alt,
=1, 2,...,1<k< 2"i, and for =, < n< ., we set

bap =0+ (b—a)(p— 12
for (p— D" <k<p2,p=1,2,.... 2.



-
[
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Theorem 1. Tt is possible to choose ¢ and b such that if f is mero-
morphic outside £ with an essential singularity at each point of £ .
then f omits at most four values (The choice of « and b does not depend
on the sequence {ni}) . If np tends to infinity with a sufficient rapidity
as k- oo then for any open set (f either EN (/= O or Dim (AN ) >
(log (3/4))/log « .

The proof of the first assertion will be given in 5 9. The second asser-
tion is quite trivial and the proof of it will be omitted.

5. Let f be meromorphic outside K with an essential singularity
at all points of £ omitting 5 values «; ./ = 1... .. 5. Tt does not mean
any essential restriction to assume that «; == 0, ¢, = 1. and «y = « .
/ is not bounded, and it follows from Lenrma 3 that the case (1) of Lemma
2 occurs for at least one /., . Therefore f takes cvery value outside
the union of the discs C(0, §), /(1 , §) and (o0, d) . By means of a lin-
ear transformation, we may suppose that «, € ('(0. 0) and «a; € (o, 9) .

6. Let a2 b8, and let ¢ =0 be chosen such that « <= ¢% and e < 67.
We choose a real number &, ¢ << & << b, in the following manner. We set
@ = max (|a,|, L/ja;)) and @, =min (¢, . 1 a;).

(A) If a; = \/;t#, we set £=aqa.

B) If a,< \/ a and ag > ¢ then there exist &. ¢*<< §<< ¢*, and
a positive integer ¢ such that a, = &%17,

(C) If the cases (4) and (B) do not occur then «, < ug<_ ¢. There
exist &, b*<< &< b%, and a positive integer p such that «g = &3
We set ag = &+ where 1/4 <<» < 3/4. Then we have b <& <b.
Let now a, = £ . We get t, == K(p - r) where K - (log a;)/log ag == 1 .
Therefore there exists o, 1/4 <7 -<3/4. such that ( = ¢ = s where
q is a positive integer and 1/4 < s < 34, and we choose & ==& .

7. Let E’ be the Cantor set with ¢, =0 and &, , =& for any =

B

and % . In connection with E’ we write I, ,, 7", ..... corresponding
to I, T,;,-.. in connection with E . Let Lzl) be the connected

domain with

1
H={ = r@;}

and I,,,s=1,2,..., 2", as boundary.

We choose a sequence {§, .} such that lim ¢, =& and s, >s.
Let i be fixed. It follows from Lemma 3 that the case (1) of Lemma 2
occurs for at least one A, T, ,. Let n,_,<s <mn;. Then we can

choose ¢; <mn; and c T,, such that the case (1) of Lemma 2

L=qpemy
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occurs for Dgym; > and for any A, ,C T‘Ii»'"i’ ¢; << m <mn;, occurs the
case (2) of Lemma 2 (possibly ¢ = n;).

We choose the function g being one of the functions f, f/(1 — f)
and 1/f such that

(3) g(I'" ) S O(o, )

gom;
for infinitely many i. Taking a subsequence, we see that we may assume
that (3) is true for each 7. If g=f we set ag=a,, if g =f/(1 —f)
then ag == a,/(1 - ay) . and if g = 1/f we set «g = 1/ay . Then ¢ omits
the values 0, 1, oo and «g outslde E and ag € C(0, 9).

8. We define g¢;(z) — I Uypm; =+ Zgpm) - T g( T,l frzm) © O, 0)  we
set fi(z) == ¢i(z) , otherwise we set j’(“) = ¢;i(—z). We set (/= {.: 12
1zl << 1J(12&)} . Taking any ., p > 2, we see that f01 sufficiently large i,
fi is defined on G'U A. Appl) ing Lemm(m 2, it follows from the defi-
nition of fi that fi(H) < C(xo, SAVE, [(I1)CCO, o). f(ll)
c O, o), and f; takes on A] anctl) once every value outside the
union of the discs (oo , 84 \/;‘?) ,C(0,0) and C(1,9) . Applying Lemma 3,

it follows from the choice of the sequence L Lg,m,y that f(T: N AI',) c

C0, 20) and f(T'1, N A,) € C(1, 20) if 7 is large enough.

Let D ={z:z]< 1/(12§)}. We can choose a subsequence i)
which converges uniformly on compact subsets of D — E’ towards a
limit function fo , Jo being defined in 1) — E’ It is easily seen that f(H)
C O(w, 94V'E), [, omits the values 0, o and ag in D - FE and
that f, takes the value -1 exactly once in /. -— £ where /. is the
disc bounded by H . Further on, f(T), — E')c C(0, 30) and f(T;, —
E)c C(1, 36) and since K’ has linear measure zero then f, has an
analytic continuation in 7). We denote by f, this continunation, too.
Applying Rouché’s theorem, we see that f, takes the values outside
(o, 94V £) exactly once in A’. Now we choose z,, z €77, N E’
and z, €T, N E such that fy(z) = 0, fo(z)) =1 and fy(z) = a.

9 Let B ={w:|w/< r} where r=1/( 184V/¢) . fo 1is schlicht in
fo'B)N A" and it has an inverse function ¢ which is schlicht in B .
We erte

g(rw) — %,
rg(0)

Then £ is schlicht in jw|<< 1, #'(0) = 1, and applying the distortion
theorem for schlicht functions we see that

h(w) =

! 1“40 1
| ** Rt Sra =1
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and that & takes every value of =/ - 1/4. Then g takes in B every
value of |z —zl<<d z; —zlr(1 - 1fr)*. We have 1/r = 184V <
0/32 < 1/500 , and we see that f, is schlicht in 'z <2 7/4. Then it follows

i

. v dictorti .Ore at Lo P R
from the distortion theorem that lzg — 2yl <0 lug <7 g % .
. ’ . ’ -
Since zg and z, belong to KN T, then there exists D, ,n =1,
’ . . . 7
such that D), , contains one of the points z, and zg, and D,
contains the other one. Therefore we have & <C jzg — 7z, <2& and

we geb
(+) p &g <28

where # is a positive integer.
On the other hand, it follows from the choice of & and the definition
of ug that either |ag] > L& or L& < qq) < 2E% where p is a

positive integer and 1/4 << <2 3/4 . In both cases we have a contradiction
with (4) and the first assertion of Theorem 1 is proved.

10. Remark. Modifving a little the proof” of Theorem I we see that
our set K has the following local property: Let A be an open domain
such that AN E + O, and let f be meromorphic in 4 — E with an
essential singularity at all points of EN 4. Then f omits in 4 —F
at most a finite number of values.

4. Non-rational functions

11. A set A is said to have logarithmic measure zero if given ¢ >0,
then we can cover A with open spherical dises C(b:, &), 0<< di<< 1,
such that

I

Zlog (1)

O

Let ¢ and b be as in the proof of Theorem 1 and let {nz} be a sequence
of positive even integers such that », , >2n,, k=1, 2,... . We con-
struct the Cantor set B with &, ,=¢& .k =1,...,2", and ¢, defined
in the following manner. Let {r;} be a sequence of all rational numbers
satisfying the condition @« <7, <b. We set &, =r; and ¢, =0 for
0<n< ng, fni = a/t and Pn, = /2, i=1, 2,...., and & =i,
p,=0 for m,_, < n<<mn,i1=2.

Theorem 2. It is possible to choose @, b and the sequence {nij such
that Dim (E) >0 and if f is meromorphic and non-rational outside £
and omits F , then F has logarithmic measure zero .

12. Proof. Let f be meromorphic and non-rational outside £ omitting
a set F with positive logarithmic measure. We may assume that {0,
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1, cojC F . It follows from Lemma 3 and Lemma 2 that [ fakes every
value outside ('(0, U CH, O)U (e, o). Making a linear trans-
formation, if necessary, we may assume that the sets #7000, 5) and
FNC(co, d) have positive logarithmic measure.
We choose a sequence { /) such that the case (1) of Lemma 2
2

oceurs for any /.. and s, >s0 Let w0 s <my, . I liminf
\ oot = Ny,

pi i

(np, — 8;) << o0 then it follows from Lemma 3 and Rouché’s theorem that
two of the dises C(0, o), C(1, %) and (=0, ) contain only a finite
number of points of F, because f(I 7,,” 1) 18 contained in a small
spherical disc if ¢ is large. Therefore lim (7, — s;) = oo, and we assume
that {s;} is chosen such that for any » and b, s << n <m, ,1 <k <2",
the case (2) of Lemma 2 occurs for A, ;.

Let now {A, .} be chosen such that lim§, = §&. Since f omits
at least 5 values it follows from the proof of Theorem 1 that all values
of &, <& <0, are not allowed. In fact. we can choose ¢ and d,
<< ¢<< d<< b, such that if ¢ <&, <<d then the case (2) of Lemma 2
oceurs for .1, ;. Thercfore we may assume that the sequence {A,}
is chosen such that the case (2) of Lemma 2 oceurs for .\, if n, <
n << Ny - TFurther on, since a linear transformation does not essentially
change the logarithmic measure, we may assume that f(/7 ) C C(=o, d),
J(L124-1) € CO0, 0) and f(I 1) € O(1, 9).

13. As in the proof of Theorem 1, we now construct the Cantor set £’
with ¢, =0 and §,,=¢& for any » and £k, and setting

fi(z) = f(ﬁcl lsi 2 _E— Zsi,tl) >

we find a limit function f, which is schlihet in D = {z: |z| < 7} where
r=1/(7124V& . We have fo(D —E)QNF =@, 0€f(Ti,NE) and
1 € f)(T1, N E’), and therefore F has the following property: If w; € F,
lwjl <2, j=1., 2, w, =“w, and Rew; <Rew, then

(5) arg (1w, - w))) < /12
14. For the sake of simplicity, we write s, ¢ and p instead of s;,

t; and p;. Let /\ be the domain bounded by I, and y, = I,

np 1Y ’
. —8 n. —8
v=0,...,0, where « =277 (¢t 1)1 and w=27P*1"¢. We
2 b >

write f =g -- & wherc

and
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/’(5):2_*77:,,% /E N(ZCA

Then g and A are regular in A .
Let »A\; be the domain bounded by I, and the circles I, ., , lying

"p

in T,, where m = (n,,; — n,)/2 . It follows from Lemma 3 that |f(z)| < 3

on each y,CT,,, and on /\; we geb

l

np-{—m

(i) h(z)] < 6(w — o« + 1)1
< (2B

"p+1/

Now we suppose that n,,, is so large that (26"%)7+!< V/a/1000 . Then
it follows from Rouché’s theorem that g takes every value outside C(oo,
SA\/;TS)UC’(O, 20) U C(L, 20) exactly once in A,,. ¢ is analytic in
T,, and applying Rouché’s theorem again, we see that g takes every
value outside C(oo, 8AVE,) exactly once in 7',,. Now 0 € g(7, 12 1)
and 1 €g(T,,,,) because if for instance 0 €g(/,,) then we see that
f takes the value 0in /\;. Furthermore, we see that ¢ is schlicht in

l
AN _—{z: z—zs_,‘<~———s _}.
4 l it 79 l\/fs
Let I, ;cT,,. We set
e :

Li={z:z=2,;+ Myl , —2<12

IA
Do
——

Then g(Z;) has the following property: If w, €g(L;), k
and Im w; <Imw,, then

1,2, w, #w,

I

(6) /2 — arg (wy — wy)| < /12,

Furthermore, if j = k& then the distance between ¢(L;) and g(L,) is at
least l,,P_l/(4ls) > £P . We denote

U;(r) = {w : distance between w and g(L;) <7} .

Let g, = I c Tnp,j. Then f,NL; = 0 and we see that g(B,) C

nP+m,q
U,y . Then it follows from (i) that f(§,) € U(r) where r =
2(2bM4)" P+
Now we assume that the sequence {n:} is chosen such that
;)!lk

(7) im 2. = 0.
M1
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Then for large ¢, U;(r) N Uy(r) = @ if j £k and we see that f takes
in /., every value outside C(co, 6)U (U Uy(r)) where the number
of the sets Uy(r), r,;,€T,,, is at most 27 . We see that F N ((0.d)C

U U,(r) . It follows from (5) and (6) that F N U;(r) is contained in a disc

B; with radius 47, and we get from (7) that

2" 2" ,
== . S L

| 1 =y log (26" — log 8
o8 4r

as ©— o . Therefore F' N C(0, §) has logarithmic measure zero. We are
led to a contradiction and the second assertion of Theorem 2 is proved.
The proof of the assertion concerning Dim (E) will be omitted.

University of Helsinki
Helsinki, Finland
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