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Introiluction

A group G o1 Möbius transformations fixing a disk or half-plane D
is called a couering group if. it is discontinuous in the fbllowing sense: x'or
each point z e D there exists a neighborhood U such that g@) e U
ryhenever g 7= id lies in G . Hence a covering group may contain hyper-
bolic and parabolic transfcrrmations only.

In [3] u,e introduced the d,ilatati,on ä(j) of an isomorphism T : G ---> G,
rlefined as fbllou,s: If x(g) denotes the multiptier of a }röbius transforma-
tion g , then ö(il is the smallest number I { o { co for w-hich
,(g)'i" < x(j(t» I x(g)" holds for all g e G . As examples of the case
lvhere ä(r) <.o we have the isoinorphisms j induced by quasiconformal
mappings ,f , i.". j@):f .g.f-, forall SeG.On the otherhand, if
tlrere is a parabolic s e G such that j(9) is hyperbolic or vice \rersa,
then ä(j) : co.

In § I u.e consider isomorphisms j between noncyclic covering groups
*ith ä(j) - "o 

. we show that the dilatation of j restricted to elements
rvhose type is preservecl is also infinite. In § 2 r,re consider parabolic ele-
ments under an isomorphism u'ith a finite dilatation.

Iri § 3 \r'e proye the follo.ri'ing theorem: Let { gt, gz,...} b" a set of
generators of G . Suppose that an isomorphism j: G ---> G, preserves
the multipliers of the elements of the type (S? . gE) " (g,* " gi)" rvhere
&, §, Tt e atl integersand a:1,2. Then j isincluceclbyaMöbius
transformation.

Let j: G --> G' be an isomorphism between covering groups acting on
theupperhalf-plane H. Ahomeomorphism qi R U{-i-+AU{oo},
lyhere l? is the set of the real numbers, is called a bouncla.ry maytpi,ng of
j it V"S:j@).9 holdsforall geG.In§4techaracterize ä(j) in
terms of the local Hölder continuity of g and g-1 . As a corolla,ry we
then obtain the following result: rf g has a K-quasiconformal extension
to the extendecl complex plane, then d(j) < K .

§ 1. Isomorphisms with an intinite dilatation

For a hyperbolic transformation g , let x(il denote the multiplier
anrl P(S) ancl li(S) the attracting and the repelling fixed point. The
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parameters x(g) , P(S) , and N(S) determine g uniquely. We have
x(g) : (", g(r),P(g), N(S)) > I, the cross rat'io being define<I as in [3, § 1].

If 9 is parabolic, we define x(g) : I and P(S) : N(9) as the only fixed
point of g.

Let a parabolic or hlperbolic transformation g be g-ivetr in the forrn
z;g(z): (az {b)l(cz { d,) with ad,-bc: l. llhen ct, { ri is ahva5-s

real, and X@) : la * dl is the trace of g . It follos,s that

x@ : N(il'lz + x(fi-rtz .

Hence X@) > 2 , rvhere the equality holds if and only if g is parabolic.
Let j : .l[ * M' be a mapping betrveen sets of hyperbolic and para-

bolic transformations. A calculation shox's that the dilatatlou of 3 calr

also be defined in terms of X@) .

Theorem l. Buppose that for an'A g e lI ilte tran.sfornrutiorts g" , 'tL :
2,3,..., arei'n,XI , and,sugtgtosethat j(5"):j@). If l{a(or:
is the smallest number for whi,ch x,@)'!" < x(j@)) < x@)" hokls for all
gelt, then a:ö(j).

Proof . Let g e XI , lo : x(g) and k' : x(j(S)). Suppose that u'r,'

have XU@)") I y@)" for n: 1,2,.... Then

(k,)"t, + (lt')-"t, < (hi, * lc-"t21" ,

and hence

(k')" < (k')" + (l§')-" + 2 < (k + lr-" + 2)" < (2h)"

from some n :llr on. Therefore

k' < 121c"1"1" : (2ri" k)" ,

and letting n --> @ we obtain k' < k" . Similarl;,', lf X(j@)") 2 f,@")''"
for n,:1,2,..., then weget lc<(k')". Thusl'ehare k1"" <h'<k".

Conversely, suppose that lcrl" < It' < kn . Then

xU@):\/w +Ll\/H <6/i)"+ Ql\/i)" <(r/r. *rtr?)': r-(s),

and similarly X@) < X(j@»" . Z
LeL j : G --> G' be an isomorphism betx-een cor.eling groups G ancl

G' . If there is a parabolic g e G such that j(g) is hyperbolic or vice
versa, then d(f) : oo . By the following theorern, the dilatation of j
restricted to elements whose type is preserved is also infinite.

Theorem 2. Let j : G -> G' be an isomorphism wi,th d(J) : .o . De-

fi,ne G* as the set of al,l, hyperbolic elements g e G for u'hich j(U) i,s hyper-
bol,i,c. If G is not cycl'ic, then ö(j I G*) : oo .

,\nn. Acad. Sci. Fennica:
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Proof. It follorvs frorn Lemma 3.I in [3] that G* + A . If j preserves
t'lre type of all transformations of G , then thero is nothing to prove. In
other cases choose a hyperbolic h€G such thut j(gr) isparabolic (if this
is not possible, then we consider the isomorphism 7-t : (J' --., G) ancl let
gre G*. Then wc have (13, (a.11)]):

x«li " gz) --
k\k, + I - r(kT + kr)

(1 - n) (k\kr)'t'

rvhere lu:x(gL) anrl r:I-(N(Sr) ,N(gr) , P(gr) , P(gr)).Therefore

r. x@i"9z) t-'1 teik,-fr

If kz- x:0, rve replace gz by g]. Then there is a b t t such that
§,e hal,e fot n : L, 2,..,
(r.r) (rlb)ki!') < x@i . sr) l blcii2 .

We nory cousider the group G' . Since g;: j@t) is parabolic anrl
fl'r: j@) hvperbolic, \r'e ma,)' normalize such that

ItrQ): z I to, gr(z): (kz)l(k - I)e f 1) ,

rvhere h:"(g'r)>L. \\re may also assume that ro)0 since u.e ciru
replace gr by @i)-, if necessary. Then lr,e have

\(g',)" " g'r) (=) -= :.---

a,n(l hence

(r.2) x(@i)" " g'r) -
1+ k + ?Lo(k 1)

kt2

for sufficientlv lars'e ru . Then 11,,e have

§ 2. Distortion of parabolie transformations

Let j : G -> G' be an isomorphism between covering groups l'hich
act crn the uppcr lra,lf-plane f/, and suppose that ö(j) < q . In this

(k 1)z +

l|rorn (1.1) ancl (1.2) u.e conclude
By (1.2) , X«gi)" " g'r) < 2ttcoh
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sectiori we consicier the behavior of the
A parabolic transformation g e G

{2.1)

If {/ is parabolic u.ith
in the form

g(z) - z

parabolic elements of G uncler j
fixing oc is of the t),1re

*rr.
P(g) .* oc , then g has a, uni(luo representetion

{2.2)

Theorem 3. Suppase, tltctt

GnG'. Let j,G-->G' be

If j(go) - go , thetr, ic,:(g1 ,1 "

trwrz,sforrnatians g ,f G

Proof. \Ye first note that
have iro(h-1 o go " lt)l - ()(h)'
z r+ ((l { c,tx)z - - rtt?:Z} I {coz -l-
Then

{h-r o ga " 7t) (r)

I
4- r,tz P(rt)

t-h,e tr«nsfor?]tcttiott, {la: : i-> : r- I lies i tt

for an)- itarabolic elenietit l, ,-- g0 of G \\'(.'

. To proye tiris. let h l:re tite transfortntr,tiotr
1 - c,tr) , rt-here .1' :- I'(/r) ancl {r) =- r't(h,)

(1 { to 
- 

(,t21'')3 -i- (l 
- 

6,-r,f )z
-=

I

s(z) - P@t

IVe call the number a: ca(U) defined by (2.1-2) the tran,slation uector

of g . From g(f1) : H it follows that P(S) and ot(g) are r:eal. If the
transformation g in (2.2) is given in the form g(z) - (az ! b)l@z { d)
lvith o {d,:2, then an elementary calculation shows lhat, at(g):c.

To interpret geometrically the translation vector r,r(g) , consider first
the transformation (2.1) rvith rr; ) 0. If rve clefine the non-euclitleau
metric in ä by (Im z) -'1d"1 , then the non-eucliclean length of the euclidea,n
line segment {r+i, lxolrlrolot) is (,). Since the non-euclideatr
distances are invariant under Möbius transformations, rve then obtain fronr
(2.2) the following interpretation for c,;(9) : Suppose that P(g) * co and
define /((9) as the circle of diameter one through P(g) ancl P(9) f f .

If z € K(g) , then lar(g)l is the non-euclidean length of the part of K(g)
betlr.een z ar'd S@) . X'rom this it follou-s that t'e liave ro(o) :
<»(h"g o[-r) foralltranslations ä: zr->z{ ö, ö real.

For a hyperbolic transformation h fixing H , 7et Ax(å) be the axis
of h (i.e. the circle through P(h) and N(ä) orthogonal to -R) . If
z e Ax@), then log x(h) is the non-euclidean length of the part of Ax(h)
betn'een z ancl ä(z) . Thus jco(g)l has some analogy lritll log x(h). Hox--
ever, if rve normalize such lhat i fixes the translation z r-> z I- I . thett
lor(g)l cloes not behave under .i as log x (h) brft like z(å) .

Arrn. Acacl. Sci. l'enniea,
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Let g * go be a fixed parabolic transformation of G - Define

h: g-1 ogoo ll and inductively g*: g,]ro goo 9o-r for n : 2,3,. ...
Then {g,} is a sequence of parabolic elements of G . By the above remark
we have lot(g")i - @(g^-)2. Therefore

Since a : ö(j) { oo , {j(g")} is a sequence of parabolic elements of
G' Because j(go) : go, (2.3) holds if g, and g ate replaced by i(5")
and j(g), respectively.

For anr- parabolic transformation h * go of G we have

(2.4) x@o.h): 12 + at(h)".

Since 7(go.h;') 2 2, it follows that ku(h)iZ 4. We apply (2.4) to the

transformations g, and j(g"). Then by Theorem I

\2 | @(s")l'" < I 2 * a(i(g")) i < )2 + a(s) i .

}'ormula (2.3) anci the triangle inequality yielcl

0 < Qo(g)z" - 2)'i" : (io/g^)', - 2)'t" < i2 + *(g)l't" I

12 | a(j(s"))l < 2 * r(j@))'" .

Hence

l@@)r" _ 21ttz"1tt" < lz + or(j(g))*)rtr" ,

and letting tL --:> @ we obtain l*@)l't" < l*(i@))l . It follov-s similarlv
that p(j@))', 1t.at(g)i' .f

Remark. Let G be a covering group containing the transformation
goizåz + l. As remarked above, it follori's froru (2.4) that l*@)l> a

for all parabolic elements g * go of G . This bound is sharp: Let gr(z):
zl(az I l) and let G, be the group generated b)' 9o and g,. Then G,

is a covering group and we have ot(gr) : 4 .

§ 3. Isomorphisms with ililatation one

For a set XI of }Iöbius transformations, Iet f ix(-4l) denote the set

of fixed points of non-identity transformations of XI. If the set X'ix(G)

is dense in a circle or a straight line, then the covering group G is saicl

to be of the first kind. If not, then G is of the second kind.
LeL j:G->G' be an isomorphism with ä(i) : I. If G and G' are

of the first kind, then by Theorem a.3 in [3] there is a ]Iöbius transformatiorr

lco(s,) | _- *(s)'"
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h
in

i,nd,uci,ng j, i.e., j(g):h"goha forall geG. Thisresultisvalicl
the following more general form also for groups of the second kind.

Theorem 4. Let E : {gr, gz, . . .} be a set of generators of a coaering
grougt G . Let I cons'ist of the transformat'ions of the form (fr " 5il" o (gk " gi")" ,

uhere a, §, T, e a,re,i,ntegersand, a:1,2. If anisomorph,ism j:G--->G'
preseraes the mul,ti,pliers of the elements of E , then j is ind,uced, by a MAbius
tra'nsformation.

Proof .It suffices to show that there is a Möbius transformation /a such
tJaat j(gt)-h"gi"fu-r for all h€8.

(A) Suppose first that E contains at least one hyperbolic element.
If E : {gr} , g, hyperbolic, then j is induced by any Möbius trans-

formation sending P(gr) to P(j(gr)) ancl N(Sr) to N(f(gr)) . Let
E : {h, gr} wit'h h parabolic and gz h;rperbolic. \Ye show that the
Möbius transformation which sends P(5,) to P(j(9,)) , i. : L ,2 , and
N(gr) to N(f(gr)) induces j . Since v*e can replace G and G' by con-
jugate groups Gr: 797-r orr7 Gi,: h'G' (h')-' , we mav assume that
g, and j(gr) both are the transformation zr+ kzl(k - l)z f l) and that
P(gr) : p(j(g)) - co . Since we have X@i " gz) : XU@r)" " j@r)), it fol-
Iou's from (1.2) that

11 + k I n(k -- i)al(sr)l : 11 + k + n(k - l)ro(l(sr))t

for n : I, 2, .. . . Therefore r»(gr) : @(i@t)), and the assertion follorvs.
Let X'ix(-E) contain at least four distinct points. Choose :i € Fix (E)

snchthat (zr,z2,z.r,zo)>1. Supposethat zr:N(ftr) , z2:N(är) ,

zr:P(hr), zr:P(hn), rvhere for each i,'i : 1,2,3, 4. either hie E
orh;teE.If

xlL : NU (ht)) ,

ws: P(j(hr)) , LL.4 - PU (hn)) ,

t,hen the points LLtt are rvell-clefined and distinct. \\-e shox- that

(3.1)

(3.2)

To prove (3.1), set gu:h!.hi and gz":hi.hi. Thep b1- Lemrla 3.1

in [3], N(9,,) -+ a, , P(9,.) ---> z,*, and similarll' N(l(S,")) * wi ,

P(j(9,"))--->11)i+2 as n--> @, i,: L,2. Thus it suffices to shou' that

fbr sufficiently large \ralues of 'iL . Ohoose ??o such that for 'ru ) T*r
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(I{(gr"), }{(9r,,), P(gr,) , P(gr")) }1.
Since j preserves the muttipliers of gu , 9zo , 91o o gr,n antd g?., " gZ* , we

can apply the proof of Theorem 4.3 in [3] by replacing gt by ga . Then

it, follows that (3.2) holds for n.f no, and (3.1) is provecl. By (3'f) there

is a Möbius transformation ä such that h(P(g*')): P(l(S,)*') for all
gie E. By the previous part of the proof we have i(il:hog;oh-t
for g; e E . Thus case (A) is proved.
(B) Suppose secondly Lhat E contains only parabolic elements.

The case lvhen E consists of one parabolic element is clear' Let
E : {gr, gr) wiLh g, and g, parabolic. We ma,y §tlppose that g, and
j(gr) both are the transformation zåz + 1 and that P(gr) :P(i(d).
Since N,e have y(gr. S;) : XU@t). i(gr)"), it follorvs frorn (2.4) that

12 | ntD(sr)l: 12 * no(j(s))i

for n: L,2,... . Therefore o(gr): o(j(gz», anditfollou's tjnat, j: id,.

Let E : {h , 9z ,9s} §-it'}r 9t , 9z , 9s parabolic' \1:e show that the
Ilöbius transformation sencling P(g;) to P(i(g)) induces 7 . we normalize

such that,

P(gr): P(j(Sr»: @, P(gr):P(j(gr)):0, P(gr) : P(J(93)) : - I.

Then it suffices to shorv that, j : id .

Let oti : co(gi) , 'i : I ,2 ,3. Then u'e have (cf . 2.+))

X{gi o g;) _-_ 12 + 'tL {r.)r(r),'i

A simple calculation vieltls

(tr ot, --- tll)zu' -: r,)s) z * rue --_ l"

a,nd 1ve also obtain similar expressions for

x(j?r)" " .i0,)) and xU@) o j(gz)") '

Let u: - u(j(g,)) . Then \r'e have the follo"wirrg eqltatiou,-q

i2 - 't?,aJz(lgti : '2 
- rzot a'r1

. Henee o);o* - aial ltolcls for i = k, &lICl lve have

for d === 2 r 3

(3.3)

Hence

for ??, -:- I 2

either 0) i :
,Lt)

I
oi
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case is impossible, consider the transformir,tion h" gz" gi. It, follov's
from (3.3) that

X,(ge" gz. S?) : 12 - arco, ! m(a4to, ! corrLt, { rlorrora4)l .

Frorn 7(g, . gz. gi) : X,U@s) " 
j(gr) 

" 
j(gr)") rr.e infer that a, and a.,j have

the same sign. Hence we have j(il : g; for i : L ,2 , 3 and it follows
that j : id, as asserted.

Suppose finalll' that Fix(,4) contains at least four points. Similarly
as in (A) we c&n shou'that there is a Möbius transformatiott h such that
h, (P(gft)) : P(l(g,)=') for all gi e E . From the case of three generating
transformations it then follows that ä induces j .Z

About results related to Theorem 4 we refer to [2] pp. 150-151.
If 'vye only know that x(gi) : n(j(g,)) for all g; € E , then j need

not be induced bJ' any Möbius transformation. This is seen considering
e.g. the case lvhen the Riemann surfaces corresponding to G and G' are
compact.

§ 4. The boundary mapping ot an isomorphism with a finite dilatation

Let G and #' be coveling groups acting on the upper half-plane 11.
A homeomorphisrn q : RU{*} -A U {co} is called a bottndary m,apyti,ng

of anisomorphism j:G-->G' if q.S:j@) og for alL geG. Thuswe
have q(P(g)) :p(j(g)) for geG. (Therefore.if G and G' are of the
first kind, an isomorphism j : G --> G' has at, most one boundary mapping.)
In this section u,e consider the interrelation betryeen g and d(j).

LeL K, ancl Ii, be circles or straight lines and g i Kt- Kz a homeo-
morphism. Let :o € K, be a finite point such that y(zo) I a . \Ve sa5,

that y isHöldercontinuou,swiththeea:ltonent x,O{cr(1, at zo if
there is a constant A > L ancl a neighborhood Lr c K, of zo such that

(l fA)'3-zo'r3 <'y,(r) - p(:o) ( J :-:o'
for all z e tJ . The mapping ? is Hölder coutinuous rvith the exponent
a at the point rc or at a point zo 'w,here p(zo) : n if y(llz) has this
property at the origin or lltp(z) at, zs, respectivelr'.If ,l is Hölder con-
tinuous with the exponent u : I at z6, then u-e sar- that, y is a Li,yt-
schitz mapping at zo .

The Hölder continuity of Tp is invariant uncier flöbius transformations,
i.e., if h, and h, ate Möbius transfcrmations ancl rp is Hölder continuous
with the exponent, u at zo, then the same is tr:ue of h, " V " hlL at the
point hr(zo) .

Ann. Acad. Sci. tr'c.nnicr,:
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Theorem 5. Srytpose that g 'is a bound,ary magtpi,ng of an isomorphi,sm

.i:G--->G'. Let B(j) bethesetaf therealnutnbers d,01u11, such

that E i,s Höld,er cont'inuous wi,th the exponent a at the fi,red, points of all
hyperboli,c elements ,f G . Then B(j) * A i,f and only i,f d(y) < oo . Il
BU)+A, thenwehaae IiäU) :maxr(, aeB(j)-

Proof . Let g € G be hyperbolic. From the existence of g we conclude

fhat j(g) is also hyperbolic. Since the cr-Hölder continuity of E at' a point
is invariant uncler Möbius transformations, lve ma,y assume that

N(s) :N(r(s)) :0, P(s) :P(r(s)) :"o
and q(t): 1.

Suppose that * e BU) . 'Ihen there is an A )> I such that'

,,!),1,!,,r"r!,),;y,y,:,,,,,::,X,)r"nl,,)^_

from some n : r+o ota. 'Ihus 
"(j(g)) 

> A-'l'"x(g) , and letting n ---> e
r.ve obtain x(j(g)) ) n(g)". Similarl;'it follov-s lhat x(g)Zx(j(g)). Hence

å(j) < tle.
Conversely, suppose that a: ö(j) ( co. Choose f such that 0 <t < I

and let n be the natural number for lr.hich llx(g)"+r < t < llr@). Since

9(1) : r , u.e haye rlx(j(g))"+t < S(t) < tl"U@))". Hence

Eo -x(g)("+t)|" -x(g)("+t)r" , \tta

7;s ,fi@)Y --;1nn:z\e) '

and similarl5' cp(t)lt: > llx(g)". If -1 < t <0, then we obtain

IE\)lllti'i" < lC,(-I).r(g)' o and ',g(t) | t'" > EeL)1ir.@)". Hence

ri äu) € BU)

and the first assertion is proved. Moreover, by the first part, of the proof
wehave dU) < tfx for all a€B(j) . Thus tlöU):maxo(, ae B(7).1

As inTheorem 4,Lel E:{h,gz,...) beasetof generatorsof G

and let -F' be the set of the transformations (g7 . gan)" " (g'^ o gj)' . Then
we have the following generalization for Theorem 5.1 in [3]:

Theorem 6. If an 'isomorphism i : G '-'> G' has a bounclo,rg mo'ptp'ing

which is a Lipschi,tz ma'ppi,ng at the poi'rtts o/ Fix (F) , then j is ind.uced

by a Möbi,us transformation.
Theorem 6 follows from Theorem 4 and the proof of Theorem 5.

The follorring theorem shows that the Hölder continuity of a boundary
mapping g of j : G --> G' at the fixecl points of the parabolic elements
of G cloes not depenrl on ö(j) .
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Theorem 7. If g e G ,i,s parabolic, then all boundary m,alrytittgs of an
isomorphi,sm j : G ---, G' are Lipschi,tz magryti,ngs at P(g).

Proof. We may assume that g and. j(g) both are the transformation
zr>zl@l l) and that g(oo) : oo. Choose I such that 0 <, < I
and let n, be the natural number for ryhich ll(n f 1) <, <Lln. Since
g"("o) : j@)"(q): lln, we have rlQt { l) < E(r) < Lln. Therefore
nl@ * L) < q(t)lt < (n I t)fn, anrl it follorvs that tlz < rp(t) < 2t .

Replacing g by g-L rve obtain 'tll2 < Iq(r)l< 21ti for -l <r<0.I
By Theorem 4.1 in [3] we have öU) < K if j is induced by a K-

quasiconformal mapping /: H-->H. This theorem is a special case of
the following more general result:

Theorem 8. Let p: RU { *} *.8 U { m} be q, boundary nappi,ng of
j:G->G' . If there is a K-quas,iconformcr,l m«,pping f :H---H su,ch that

/l(AU{*}) :E, then ö(j)<I{.
Proof. Let h and h' be }Iöbius transforrnations rnapping H onto

the unit disk such that fr:h'"f o/a-1 fixes the origiir. B), Theorem If.
3.2 in [], the restriction of /, to the unit circle is Hölder continuous with
the exponent TIK . Then the same holds true of g at every point of
,B U { oo} and we have ä(j) < K by Theorem 5. I

Let rp : RU { -} --* ,E U { co} be an increasing homeomorphism fixing
co . If for an interval I c R there is a constant,l,, L < ), { co, such
that

(4.1)

{1.2)

holds rvhenever u{te I, lye say that V is i-quasisyntntetric otr L
The mapping ? is called ,i,-qtr.asis-vmmetric if (4.1) holcls for all r and
ä . Note that y is l-quasisvmmetric if ancl onl;- if rp is the restriction of
aMöbiustransformation zr>azl b l'ith a)0 and b real.

ff an isomorphism j : G --> (l' has a l,-quasisymmetric boundary
mapping q , then

öU) { log 2,1og (1 + rli.)
by Theorem 4.2 in [3]. On the other hancl, there is a, Ii-quasiconformal
extension f : H ---> H of p'rl.ith,I( : min (81, i2) (see p, II.6.5l). Hence
rve have d(J) < min (8,i , )"') lry Theorem 8. Hot'ever, one can verify by
calculation that log 2llog(l + ll)') { min (8)', ),2) for all values ),> I .

Hence Theorem 8 implies (a.2) only if a /,-quasisvmmetric A ahvays has
a (log 2llog (l f l/,1))-quasiconformal extension f : H ---> H .

By the following theorem, (4.2) can be declucecl also from the local
l'-quasisymmetry of E .
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Theorem9.Let E:RU{-}-*AU{oo} be a bound,ary mappingof
a,n, isomorphi,sm j:G-->G'. If for euery hyperbolic SeG sati,sfying
P(S) + q there ,is an,,i,nterual I)P(g) on which g ,i,s ).-quas,i,syru,metric,
then äU) < log 2/log (l + Ii,t) .

Proaf.Let g €G behyperbolic, P(S)+ oo and h, h'Iföbiustrans-
formations fixing H such that h(P(g)) : h' (P(j(g))) : 0 , å(N(g)) :
D'(N(f(g))) : co. For every e>0 there is aninterval l containingthe
origin such that, the rnapping gr: h' o g o fu-t js (t * e)-quasisymmetric
on 1. Then there are l-quasisymmetric mappings ä, and h| fixing the
origin such that q| : h;, o g,, o hlt is (i, * e)-quasisyrnmetric on the closed
unitinterval. Replacing q lty Vi and 2 by )'+ e intheproof of Theorem
a.2 in [3] we can show that n(g)'!" 1x(j(g)) I *(g)" holds for

a:log2llog(r + rl(f * r)) .I
Suppose that all boundary mappings of an isomorphism j : G -> G'

are increasing and fix the point co . 'Io our knowledge, it is an open ques-
tion whether ö(l) < .o then implies that 7 has a boundary mapping
rvhich is 2-quasisymmetric for some fixed ). > I in a neighborhood of
the attracting fixed point of every hyperboUc element of G. However,
the following theorem tells that all boundary mappings of 7 have a quasi-
symnretry property at the fixed points of the parabolic elements of G .

Theorern 10. Srytpose that tlte transformation go: z r-> z I I lies i,n

GnG'. Let g:RU{*}*-EU{oo} be a bound,ary mapp,ing of ani,so-
morphism j : G ---> G' for whi,ch j(gr) : go. If g + gr'i,s a pu,rabolic ele-

rr,ent of G, rr:P(g) and, a: dU) ( @, then ue haue for «,ll , > 0

V{ro-t-f) q(ro)

t3

1 c,,t(g)"

Proof: It means no restriction to consider only the case when ? is
increasing. Using l-quasisymmetric mappings of the t;'pe z r> z { b we
normalize such that P(g) : pU@»: 0 . Then a(S) , a(j(S)) and o(go)
are not changed. We may assume lhal; a(g) and e,t(j(g)) are positive.
Then by Theorem 3, *(g)'t" < a(j(il) z-r(g). .

Let llI and n bethenaturalnumberforrvhich nltln+L.
X'rom * ,n: Sf"P):r(g0)+"(0) we infer that n 1*V (+ r) < n + L.
It follows that nl(n * t) < E@l? p(- ,)) < (n { t)ln , and we have
tl2 < e(t)le Ee t)) < 2 .

Let, llat(g) <t <L. Since g(oo) : tl.@), we obtain

rla(t@» 1q(t) 11 ,

and similarlv -tl^U@» > q(- r) > -r. Hence
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nina,,y, *, o .'l'1 ::,;"::^;' ,i'f ;:il., ,umber ror which
tl((" * l)co(g)) < t < Il(na\g)). From g*"(*): i/(+ n.(S)) it follows
that tl(@ * t)r(j(s))) < t q(* t) < tl(na(j(s))) . Hence

na(j(g)) 
- s(t) -("!))u,(\s))(n -t t)to(j(g» a - 9(- /) : ,,,(j(s» '

and u,e conclude that tl2 < q(t)i? Ce t)) < 2 .

Since ar(g) > 4 (cf. Remarlt in § 2), it follows that

at(s)-" < v(t)lF ce t)) 1c:(s)"

forall r>0.I
Observe that Theorem 10 does not follou'from Theorem T.
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