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Introduction

\Vhen studying analytic functions,
tlre concept of extremal length Uf)
plane. This \vits elefinecl bv

Ahlfors and Beurling tll introclucecl
for path families f of the complex

/ o \o
I inr I oa'l'
\'u"J - /

il(/-) : sup ^L- ,

"to 
1 ,'a*

rvhere suprernum is taken over all ,ol-r"grrrr.e Borel functions p such
that the numerator and denominator are not simultaneously 0 or @ .

The significance of the extremal length is largely due to its invariance
under conformal mappings.

The number fuI(I) : ),(l)-t is called the modulus of the path family I.
n'uglede [2] clefinecl for measure families E a p -modulus Mo@), which
is a generalization of the moclulus n'Iq) - The numbet p, l S p I a,
corresponds to the exponent 2 in the definition of ,11(J-) . The modulus
M"Q) plays an important role in the theor;, of z-dimensional quasi-
conformal mappings, and it has turned out to be more convenient than
the corresponding extremal length. The basic properties of M, are given
in section l.

fn section 2 rve define an integral rvith respect to the modulus ll4, .

This is motivatecl by the fact that Mo is an outer me&sure (Theorem 1.2).

However, it, is useless to clefine this modulus integral in the usual way by
means of measurable subfamilies, because in many cases there are too
few of these (cf. [3] and [5]). The definition of the integral is based on the
countable actditivity of M, in the case of separate subfamilies (Theorem
r.4).

In section 3 rve consicler the basic properties of the modulus integral.
fn section 4 r,r,e clefine measurable families and thus obtain an integral
by the usual Lebesgue definition. This, rvhen it, exists, turns out to be
equal to the modulus integral. The last section deals with the modulus
integral in path families.
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Notation

We use the following notation: The set of positive integers is clenotecl
by /[. The real axis is RL, R: E1U{.o}U{--} is the extended real
number system and "8" , fr ) 2 , is the rz -dimeirsional euclidean space.
If r:(*r,,...,r.)e R*, its norm is lxl:(fi+...*r'ftz.It A
and B are subsets of R", the distance betrveen them is d(A , B) :
inf {lr-yllme A, y eB}.By a domain in J?" \r-e me&n a non-empty,
open and connected. subset of R".

If the space under consideration is R" , m is the ra -clirnensional Le-
besgue measure and nh, 1 < lt < n-l , the fu -dirnensional Lebesgue
measure. The corresponding outer measrlres a e rn* and m,f; .

If rz is a measure in an arbitrary space -f, and p ) l, we denote
by Lv , Ln(X) or Le(m) the set, of all m -measurable functions f : X --- R
for which l,fl, is integrable over -f,.

The characteristic function of a set ,4 is denoted by X.e.

1. The moilulus of a measure family

Let X be an arbitrary set and ??z a me&sure in X . \\:e clenote by
M the family of all measures in X whose o -algebra of definition contains
that of zn . These concepts will be kept fixed throughout the whole paper.
fn the foilowing, we shall consider measure families rvhich all are sub-
families of M .

If E c M , we denote by l(E) the set of all non-negative, nL -meas-
urable functions f: X -> R such that

for all p e E. X'or each real number gt ) I , lhe p -morlulus Mr(El
of the measure family Z is defined by

{ruu

(1.1)
ferpl -[ t'um' '

If I(E) : A , Lhen Mr(E) : oo . This case occurs only rvhen the meas-
ure p,:0 belongsto E. Otherwise I(E) contains at least the func-
tion /: oo.

The above definition is duo to X'uglede [2]. He considers only o -finite
mea,sures. This restriction is, however, unnecessary, since the results of
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the theory of measure and integral which are involved hold for arbitrary
me&sures (see [a]).

In the following theorems we give the basic properties of the modulus.
Fuglede [2] has proved the results in Theorems 1.2-1.6 and Ziemer [7]
and [8] Theorem 1.7. Unless otherwise stated, 'we shall always assume
that p ) l.

1,2. Theorern.

(I) MPW) --:: o ,

(2) If EcE',
@

i *'L

?he m,odulus Mp 'i,s a?L ot{,ter ffLeasL{re dn, },{ . That ,is,

tlten lIpW) { frIo@') ,

6

z 1{ o{fr,) .

A measure family -E' is said to m,inor,ize a family D if for each measure
peE thereisameasure p'e E'suchthat p'ap (thatis, t'@) 1p@)
for all ?n -measur&ble sets /). We shall then urite ,E' < E .

1.3. Theorem. If E' < E , then Mo@) < XI,(E') .

Families Er,8r,... are said to be separate if there are disjoint za

nreasurable set-o Sr, §r,... such that p(X\B;) :9 for all fie Ei

1.4. Theorem. If tlrc families 8,,, 8r,... (rre separate, then

r',t,i.,ili) :2,u,Ps '

A famil), E c II is called p -erceptional if lIn(E) : 0 . A property
concerning mea,sllres of a family E c M is said to hold for almost eoery
p e E of ortler p (abbreviated.: p-a.e. p e E) if the family of all meas-
ures /, e E far u-hich the property fails is p -exceptional.

1.5. Theorem. Å fatitily E ts p -erceptional, i,f and, only i,f there eri,sts
afuncti,on f elr@) su,chthat [fd1r:n forall, pt,eU.

1.6. Theorem. If a sequenae (f) , li E l,r(m,) , conuerges to a function f
,i,rt Lr' -metr'ic, th,en, th,ere is a subsequence (fir) such that

fo, p-a.e. pe L't
i->rti J
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*r(ryrP,) :lim lllp@) .

fn Example 1.10'w,e shall show that t'he prececling t'heorem is iuvalid
if p:L.

1.8. The modulus of a puth fami,ly. The rnost importaut special case of
the modulus of a measure family is the modulus of a path farnil;,. By a path
we me&n a continuous mapping y: I --> -8" , u.here .I is a closed interval
of the real axis. (The restriction to closed. intervals is only for convenience.
Allowing f to be open or half-open would not, cause an; essential changes.)

T}ae locus lyl of a path y : I -> -8" is the image set 7(1) c -8", and
the locus l,I,l of a patk fami,ly J" is the .", 

*",r1 
. A path y : I --> R'"

isasegmen if it is of the form y(t):ta* å,l,here «,,beJ?".It is
parallel to c1,-axis, L <k ln,if only the k:th coorclinate of a is dif-
ferent from zero. A path y is rectdfiable if il is of boundecl valiation. The
total variation of y is called itrs length and is denoted by /(Z) . The normal,

representation of a rectifiable palh y (or the parametrization of y by
me&ns of its arc length) is denoted by y' ; see [6]. Let ,{. , B and C be

subsets of R".Apath T:la,bf-->R" issaiclto joi,ru A and B in C

if one of the end points y(a) , y(b) belongs to .4 ancl the other to B ancl

y(fieC for a<t<b.
To each rectifiable path 7 , we assign & measlrre p,, , clefined b1'

p,r(A) : mt|"-'(A))

for all Borel sets A c R'' .Tf f : R" --> R is a non-negativc Borel functiou,
then

Let .I' be a family of rectifiable paths in -R".In the clefinition (l.l),
we choose X : R" and as the measure m the Borel measure, that is,
the restriction of the Lebesgue measure to the o -algebla of Borel sets
and define trhe p -modulus MoQ) of I. b.v

This is equivalent to

MoV)-Mn$priy€f))

MoV)- inf I y,,t,,, ,

/ € r(/-) J
fin

rvhere .n'(J") is the set of all non-negative Borel functions / i R" ---> E such
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I fa'
å* ftn
etB

repla
L

that

by an)' Borel set X such that if l C X .

cÄ'-r ancL h> 0. The set

H : {(r, y) e R" I n e B, 0 < y <h}

is called a cylinder, the sets {(r, 0) lreB} and {(*, h)lre B} its
bases and.the number h, its hei,ght. If B is a Borel set, we call -El a Borel
cyli,nder. We denote by A(H) the family of all segments parallel t'o *, -

axis which join the bases of H artd by /,(H) the family of all reetifi-
able paths which join the bases of H in H . They have the same modulus
(cf. [6] 7.2 and. [5] Satz 2):

(1.e) I{ p(Å W)) - M oU "(H)) - m,: -JB)ht-P

1.10. Example. Let R*: {(r, y) iO < a- < Ilk, 0 <y <l), f;:
Ålhr") and f*: lrfi for all /, € Är. Then r:rc r:rc . . . , Iic f*
and ,t-i 1 Tn.. Therefore M1(fr,) : MLgb: 1 and also lim M1(7]n) : l .

6 lc+o

Let J- : U .l'r . We show that M r(T) : co .

&:1
Leb f be a non-negative Borel function such that, I fdm < oo . Then

R1

by the absolute continuity of integral, lin ffdn: 0 . If we choose k
ot' hl, vt

so that {fa* < 1, it follorvs from Fubini's theorem thaf lf@, y)d,r <L
Rko

for some U e lO, 1l , which means that / e FQ). Hence I N,m: a
E1

for all genq) ancl Mr(l) : oo.

If E is a rectangle in the plane .82 , 'rve denote by /r(R) the family
of the segments parallel to r -axis which join the vertical sides of .E and
by /r(R) the family of the corresponding segments paraliel to y -axis.

We next shorv b1'an example that' Theorem 1.7 cloes not hold. if gt : 1 ,

2. The modulus integral

Lel E c M be a me&sure famil;'. 87- a separate parti,ti,on of E we
mea,n a,ny finite collection D: {8r,...,8o) of separate subfamilies
Et of E , If. n is a non-negative function E --> E, we define lhe p -
m,od,ulus ,i,ntegral 

{ud,Mo of z over E by
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(2.1)

where the
lve use the
"ralues, wo
(-u, o) .

t2.2)

supremum is talien

write u-u*-u-
The integral {uclfiI o

fk'
I udllo - sup)

J D i:l

{ udu,: 
{ u+d,tfp - { u-dhro ,

inf u(E;)M o(8,) ,

over all separate partitions of E . Ilere

, \r,here Le* : sup (u , 0) and xL- - sup
is defined by

if at least one of the integrals on the right is finite. Otherwise {ud,Mo

" "#"i:tä:t'r, o*, , st) theset of alr functions z for"whicrr 

ur*r,

is clefined. Then D(E , p) contains all non-negative functions äefined
on E , and E'c.E implies D(E , p) c D(E' , It) .

The modulus integral is not an integral in the Lebesgue sense. The
definition (2.I) resembles the definition of the lower Lebesgue integral,
but there is a noticeable difference. In the definition of the lorver integral,
the whole set of integratiou is partitioned into measurable subsets, u,hile
the definition (2.1) may be interpreted in such a wa,y that an arbitrary
subfamily of .E is partitioned into measurable parts, in a sense (cf. sec-
tion 4). Thus one often obtains much more admissible partitions and
a greater value to the integral.

2.3. Example. A Dirac measure ö, associated with r e X is defined
by å,(B):yu@) for all BcX.If AcX,wedenote E(A):tö"|
r e Aj . If A is ??z -me&sur&ble, then 1[p@@)) : m(A) ([2] p. 176).
'We shorv that this connection holds even for integrals.

Let f be a non-negative, ??z -measurable function defined on z1 ancl
put u(ö-):f(r) for x€.A.If {Ar,...,r10} is an zn-measurable

partition of A, that is, , :,9, Ai and the sets A; ate rz,-measurable

and disjoint, then {il(Ar) ,

Hence
, E(An)\ is a separate partition of E(A)

bk
j i"r7(At)m(A,) - : inf Le(E(At))ilIp(E(A))

i:I j-,.| = { 
udltp

E(Å)

and
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On the other hand, lef {E(Ar) , . . . , E(Ao)} be any separate partition
eif E(A) . Then there exist disjoint, z/, -me&surable sets §, , . . . , 8,.
suchthat AiCBicl. Since f ism-measurable,thesets fi;:{re Al
f(") > inf/(1r)) n §; are za -measurable, and Ai c Bi C Si . Hore-
oYer, inf f(A): inf/(B,) . Hence inf u(E(A;)) : inf u(E($,)) ancl thus

inf u(E(A))ttIp(tr(A)) inf w(E(B)Wtp(E{Bi) __

i trt f(B;)m(,,)

This gir-es the oppcsite inequality ancl therefore

2.4. Example. Let H:{(*,y)e R"lre 8,0.--A <h} he a Borel
cylinder, I : A(H), ,f a non-negative Borel function defined on ä and
/y): f fds for y € "/'. We compute the integral lucl,Mn.

fr
Denote by P the projection Rtt > Rn-t forwhich P{ti; , y} - s .

Let {8r,...,80) be a partitionof B intodisjointBorelsetsa,nc} J",

the unique subfamily of J- forivhich P(lXl) : B;,,i: I , . . . ,l;. 'Ihen

U"r, . . . , 7ol is a separate partition of J- and nlpg) : m"_r(B;)h,t-e .

whence

f(" , y)dy)wn-,(B;)

Therefore [fa*: ltlft*,y)d,y)dm*_,(r) ( h:'l td,-Vo.
EBOI

In order to prove the opposite inequality, n e choose a separate partition
{Ir,. ..,JJr} of J- and, for each i,: L,...,k, & rreasllral;le set .dr
such that P(l/Jtl)cL and mI-,,(P(lI,l)) : tn,_r(A,). Ås ir:. I)xample

2.3, x,e see that the set Ai may be chosen so that inf I f1x , y)cly : inf
n "e.q;6 rep(jt;)

{ f@ , y)tlg . since tho families li are separate, we obtain

k
{\i

i:1

i§

§L
i:- 1

! ru* 
=,[u,it]vlp.

* { rd,r% .

Å

{ uau, : 
_{ 

,nry?, .

E(A) A

hLr
i:l xe B; J

0

k\i
L

i:L
Itp -, { tld,ll pJ ..,,jr
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3. General properties of the modulus integral

Here lr-e shall shor. that rna,ny of the basic properties of the Lebesgue
integral are also true for the moclulus iutegral. Horvever, one of the most
import'ant properties, linearitv, is not valicl. In tliis section ?( , ?rj ailcl t'
are alua;s functions from sorne subfamily of -il[ into R ancl E, Ei
and E' subfamilies of M .

The follorving theorems are easy consequences of the clefinition.

3.1. Theorem.(a) If ae RL and, ueD(E,p),then laudXlo:cludnlp,EE

(b) i xrrlllo: ltrtp{D fi E') for all' E , E' c XI , ctnd, 'itt prtrtiutlctr,
E

{dnrP: 
trIP{E) ,

14

i

\r*,-,*^,t 
: tuP-r fr*rr', :,t'P-tMp(g x) < '"-'1[ras '

kh
Thus _) m,-r(A,) : m,-r(,L!r-4,) . Set C; : 1;\ 

P*,O,. 
Then m^ ,1C,)

hh
: tn,_t{Ai) : tup-Lt[p(Ii) and inf u(t,) : ilf I f@ , y)dy <tnt { f(r ,tJ)dy .

reA; I xeLi t
Since the sets C, are disjoint, 'we get

k k / : \ ,-^ r..
,I,"t u(tt)trn(I) < ht P,I 

(j:rå J ft", ilay)*^ ,(c,) <ilt I fdm.

This yielcls the desirecl inequality l,rra prot"*

Iudnl.:ht-o f ru*.
J
?H

3.2. Theorem.(a)ff u, te D@, tt) attcl u,/-u, tlr,ett, lurJ.,lln< {ulMn.EE

(b) ry EcE'anrJ u)0,then lud,llr<lud-Vo.EE'

The following examples show that the modulus integral is not linear.
fn fact, neither of the inequalities

{ O - a)d,År, < f ud,tt, - f ud,a,, f ud,ttro * [ad,tr, = If" i o)cttuIo

EEEEEE

,\nn. Acacl. Sci. I'ennicae
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holds generally. fn these examples,
negative Borel functions f ancl g

{ Odt . Thus the above inequalities

iunctions.

rvhich we state as a

(a) tp -i- 2(1 - t)o > h(p) fo, u,ll f € [0 , 1] and,

(b) 2r-r' < Vr(p) < 1

Tltere zs equa-|lit.t1 r,n, (a) for [ - tp-:-, {1 r- Zt,(t-r))-l .

Proof. Wervrite VQ):5e42(t -f), for 0<r<1. Theu V'(t):
Irt,'' - 2p(l - t)o-' :0 if and onlSr if f: fp. Since V'(0): -2p 10
and g'(1) : p ) 0, g attains its rninimum in the interval [0 , f] aL to .
Hence V(t)>Eft):h(p) for all ,€[0, l] ancl h(p)<E(r) :r.
This proves (a) ancl tire rigirt sicle of (b).'lire left side of (b) foltorvs from

h(p) : 2(l - 
11 (P- ri)l-P ) 211;rr' rt r ,1.(r-r))I-P : ll-t .

3.5. Example. Let B be anv set of real rrumbers, H, : {(t: , y) 
1

ae 8,0<y<2\, Hr:{(r, y)t,lt €B,l1a <3}, lt:t1(H),
f z: Å(Hz) and I : lt U 1", . \1'e compute the modulus llp(f) ,

I-,et f eFU-). The

are measurahle in R' ,

3.3 ancl 3.8, it is easy to define non-
snch that u(y) - f fAt ancl uty) -

v

rk-r noi holcl even for these }<inels of

/', C I' a,nd X,q e EV). Put, ,Ld--r It-, a,nd u-:- Xr,,
R;r 3.1(b), \ye have

JJf:Jfrr
fn the follorvirg example 1\'e neetl arl inequality,

lemffta.

f(*, y)tt, 
J

2

functions ',1: + 
-{ f {" ,

0

ancl therefure tire set
crt
-at

inr I{ rn, y)cta , 
_{

0i.

3

yldy and ,u» {fir,, y)dy

1lA: 
{*.*'l

I;
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ig measurable. Moreover, B C.4 . Fubini's theorem and Hölder's inequal-

ity yield
123

$.6) If,*r-!({ f@,u)ortv , {tr*,v)odv+ [ru,vvd,v)d'r>

lj3

{ ((l 
,r. , »or) + (f t'' utdu) , ({ ra , ,to,)')u"

Eoreach ueA, wehave

,:,'r]
(B z) (l ,o, utau)' *([ r"-, t,tdyl' *({ ro , ,tur) 2h@).

'o 1 :

o:l

tt {f.(r, a)da )= I, thisfoliorvsft,ol}i 3.4(b). tt [f(e;,a)dy <-1,u'e choose

, J jtW, ildy in 3.a(a) a,ci obtai* 13.7), si,ce jfp, v)dv > I - r ancl

si o

If@, g)d,y>_L-t by the definition af A. B), combining (3.6) and
,
(3.7), rre get

This proYes that

fi{ År} ==

3"8" Exarnple. Let är : ti.,

/', U I-, . Therr rt{ o(/"r) : frf ,\i"}

Ztt{sr}rrur(J} > htfi)mf (B)

4t,{gt}wti'(B)

J',, *- ,ir(ar) , l, Å r(Rr) a,nd

=:i ZL-i' a,nd, liy the precedirrg
Tlefine 't!, and a by

{r'd'*
Thns )IpU') Ih(1tlm,l(B).

Let C be a Borel set such tirat Bc C' ancl nt{(B): mr(C). Define

aBorelfunction f by f@,y):t, if n €0' ancl lly 12,f(r,a)-
L-tn lf. reC and 0<y {} c,r' )":-y <3,and f (r,y):0 other-

wise. Then /€-E(J-) ancl

MnQ) . I f'ar, : lt\P)t,tt\C) : tt(PYnf (B) .

J
nr

R2-*r-
ex&nt-
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1zt-tlt11t) for ',, c J"1 ,u(Y): i , ror 7,e t,

ancl ,(y): {r. ,to,r, ?: i:;i
Let {l; , . . . , f;} be a separate partition of J-. trYe add to each

li all the paths y" e f such that ,)"" if iy'| * ö for some y' e f;
ancl denote the family lve thus obtaiu b-" .li . 'Ihe families I'! , 'i, : I ,

.,.,h, are also separate. By 3.5, ilÅfi):rn'f(Bih(p), where Bi is
the common projectiouof if;: aucl tf,', at r-a,xis. If "f'2nf::fr,
then Mo(Ii\ : m,t(3,)z'-, a*c1

inf t{,U';}Å{,,t{';} :,,: ji' Llti, 
l,i;;ii'iE,} 2L*p _-. M n{f:'}

If /'*ft i'; *fr, Nhcn

ilence

_j t*t 
,rr,{. i';}ts n{ i-'i) .Jf ,,i,1"' ) < fI o(r) - h{,p}

&11d

24{f,Å{ {, § i; fu:}

itt
_- \-

i:. 1

Å *tua,ily, this huirls äs

c&n sec tirat { 'uC ^li ,, :-::

Praof. Let {Fn, . . ., jI*}
fii{1 ?i for a,ll i €S a,nct

ir sepa,ra,te på,rtition of B i

2

ä 1 b;' 3.1(bi. Sirnilarl)-, o11€:

å) - i + zP*tir,\p) > 2, $,'e get

§eliir,rrlte partition of "E . Denote §' ir :
3",..., k. Then {?,rr.. o} F,n} is

*acli ?: € jtrl ancl F i :,Q' ,,, for each

{ uatr, + f ucÅIn .

tr'. si*r* ,t-t,
a." i

j
I
s
t
a
b
t
I

.!

T!
t-

eiI rÅ&åi
l.

åip) .

å{< ) .i lrdÅ{? '

lJ l

be å,

f) ---'-, ----

f,or

/41
lå,
itw

J
r3

3"$. Theorgm. If fi =:: ,i g,

I ,*r,,
It
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It

) it'f e;{Pi@{p(.Fi)
., '|
.i --- L

'l'he essertion follours llorv
of E.

3.10. Theorenr. I{ il
Dtfi,fr) , then

co k, co

-- si \^ i,^"

i.:1j:*1 i:1

if x.e tahe srlprernlllrl ol-er all

f udur
Ei

separate partitions

: b f , , t|te fam'il,ie,s Ri a,re sepalcfie ctncl u e
j.,= I

Proof .

lYe rnä\-

a,ssertion
inte.qer i
that

f-

I ud,M, S ) inl' u(E;)lIr(E;1) -- o2*' .J ',--i7t
Ei

Fol every za€-l[, the set {8,.; j -1, .,1:,, i:L,...,rr} is a,

separate partition of E. Hence

nfnk;f

1 J "aa, <) ).inr u(E,.))1,(E,1) - .. < J wl)Ir * e .

lti ':1i:1 f

Letting n --> d) and e --+ 0 yielcls the clesilecl inequalitl'.
ff to € D(E , p) is arbitrary, the theorem is valid for u* ancl tr- .

Considering the cases l, Iudl,toi < co antl l,lud]trt : x sepalatell-,
EE

one easilv verifies the assertecl equality.

3.11. Remark. Not even absolute conlel'getlce of the series in the above
theorem implies lhat u e D@, p) . This can be seen, fot example, if w-e

choose &,: A,(R,)UÅz(R), u,hete å;: {(r,y)i0 < n, < l,i <y <i
+ r), and u(y): I for yei1lr1t,) anci n(y): -l for ,rfflr1L,) .

l. '-L f

I 't,ld,rtI ,:--j ; t 'twl lf - .

i i-, i.

,suppose first that rt )--:- (l . Ijv 3.9. it,suffices to shou, that

{ tdtl ,, z i i rtii.)I,, .t t' I', ' '' i,

Ei

: \ve clan finct a sepa,rate palrtitiou {f{,, , . . . . il*,} of !i; sl1ch

I8
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3,12. Theorem. Swppose

,Lt e E\E' Tlueru LL e D@

f wllIo - {,udrt{p 
.

o1'

E an d tt(lt) '::-: Cl f o, P -*'ttu.e.

oru{y ,f 'u, e l}(E' , -fi) , ctnd th€,n

F)' , fr) and

th,at fr' c
, p) df rtncl,

that

f 
,,,rlf n .

Pt'oof" It is obvious lry clefinition that u e J)ifr""'.

f tdV{,,: o .

o{,' 

t

rrfr
J__.__t._ "J . 

,Jr, 
,. 

!

f uaa,: f ud,rw,

EE'

The theorem follorrs immediatell' from this fr.)r ar'llitrary ftuctions.

3.13. Theorem. Sugtpose that u(p) : a(p) for p-a.e. p e E - Then

zr e D(8 , p) if and' onty i,f u eD@ , 1t), and, thetr, {ud,lln: .f 
atl'M.

Proof .Deuote X), == fu e fr | u{1t) + ,-Qr)}. Thctr 

un 

rrror: 0". U,o*
3.12 ne conclucle tlta| tr,eD@ , p) if antl only if o € D(ll ,7t) ancl that
in this case

I ud]r,: [ ,d*V,: I rilI,: I t'd]l, 'J J ' J J

e.r+. rrreoi ^. 
u-nir))., * 

='o'" 
rn*, S"uau,,: t:) if an'rt ontv i'f

u(11 :o for qt-a.e, PeE

Praof . If u(p) : 0 for p-a.e. p e E, 3'13 irnplies that 
{tL'J;11,' 

:
t'\dll^:0.

E

ConYersely, suppose that [ud'Mo: 0 ' If 'zr cloes not 'vanish l)-o'e''

it follows from the subadditiviäy of the rnodulus that for some r, > 0 the

fanrill- E,:{peUlu(p)>a} has a positive p-modulus. Then by
3.2(a) ancl (b) {udMo t aMo(E") 2 0 , rvhich is a contradiction.

r
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3.15. Fatou's lemma. If p > I and, (u) is a sequenae of non-negat'i,ae

functiorts r)efi,ned otb $ rneasure famil,y E , then

rr
I lim inf qd,Jll, { lim inf I qd,l[, .

,l j*r i-a JEE
Prao!. Set ru - lip inf u,1 . Leb {8r,..., Erl be a separate partition

J+@
of E ir,nd c"<infu(E,) for 'i-L,,,.,k. Denote E;n:ipteEti
uiifr)):c; forall j>nlfor ney'y' ancl 'i,:l,...,k.Then il,:fiL,,,.
By 1.i, ri-e have tIr(E;): lim Å[r(E;^). The families -O;, ,i: I ,.n.:.t,k,

are separate fol all m e Äi'Jrr.l tnf tt1(E:.) ) ci for all j ) u. Hence

ui cill o .

ea,Ch i, -=1 )..
-f TnI -EJ.

s,%d (tq) r.s {rt?,

?]?ec[S?Lre !fiin"it'y

7).,,,..{J I UU!,

cJ 4ry{'}rÅ f o

e I_) tfi: ,

lemnia.

6

f -- U fi; tf,wl
i==1

'- linr
i*>:c

'i?r,-

Tu,

far j )l:- tt', [t]]ri ilierefore

tr:, f
f c;:lf ,t&;*j { inf I u,;dH{ 1, .
;: i j.ira J"ti

Sirt*e tiiix i:* t,i.lrr lr"rr s;,-1:rv iL € Ji . \\-e obtaili
l; _ I;.' f

\ c;J{r{är) == iim l c,".'if p{ti,,) < iirrr iilf !
;.* l- n-- c0 i=,1 jt a 

Å

14rt {'{-}lli'håCe t}r* åiro{;f }:r, letting ci -> ixrf u{t;} far
aI:{i t n,i<i,ii.g s}-r}}Ts}r}ur,yr o-,-oi' åtrl se1lårr;},to p&I'titions o

3.j 6, Ivtr*noaliäåe eonvergencs theor*ra. f f p > 1

ct'u{Å,si't,"§ .str111,g17c5, r;"f }iut't-1ir:Qrt{it.:gt ftt'iittit-}'i,-,s åtj'itt,erl on {0

t/te't,-,

ån

lcilln(E;,,) < ! ujtl^lip
i-i J

E

f udMo.
E;

f
I uclM"

Jt

{'.. -aG r
t linr uicl,1-{,,- lirn t ulcl)io.

* 
J->co i--* 

{

llhis {'*11q:1a.s c}.ireet}y from 3.2(a) anil tr'atou's

p) , {lt,eru
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I'rcaf. 1trie tna,) å,ssltlrlc tir*t 1.{ } 0

convergencs theoretn tu th* firn*tion§ 't't,,

Åpplieation of the monotone
:-:- 1c ' 7, u , gives h3r 3. 12,

3"f;0. Theorem. i,l' ]!,,iF,i
c,o't&'r*a't"ges t,,udfat'nt,l'1.i t,, r !, ,i i tr: t,,

l'Ltlinr f
; 

.-i> rlri: --l
.§

-_ lim
rl-> <yl

:. '/- ti;it! ihe seqztence t'ui) , 1{j € * i,{i , P} ,

;!"ti;tctioit u, e DtE ,'p) , tlta'tt

"i uijt) < u,(y.r,) -. elltr(il).

:. ,Eoi of E,x-eget

ir:f u,,{ili}Mo{E;) < j, inf u{t)frIn(tr,) f e

f ud,Å{ n .

E;
f ,rdkIo

p:.

r
I rdÅ{n

J
tt

r
=:: iu,dWp.

J

!'
-=: lirn , u,;rf -&!,j : lim

i.rq-. J i+cc
tl

Ji

3.18. Rematrk. Nule of thc three last' theorems is valid fot p : 1

This can be seen if rr-e xsie Example 1.10 and'I'heorem 3.1(b).

3.19. Example. Lct, A [-re a unit squa,re in the plane Rz , I : {y i

it,icQ, 112<l(y)<t,' an<l l't:iy €1-11-Ib<l(y)<lI for
j €lV.Since l(7) > 1,2 firra,ll y e l,tlnqf) {2p ,anclsince \ 1:1v(Q),
l,Ip{'j)2Mn{År(Q)) :1 for zr,ll j€rY .If q: /.r,, the:r:r ur)'tr,r}
... > 0, lirnz6:0 antl JI'Q'): f u,rrJlIr2 f uldXlo: n[r,Il>L

for äil j € ;{ . '5o 
r,\-{::

J__-h f

{tt,rrtilIo I @, tirr: sr''clutrir.e (a:) is riniforrnly bounded and conr,'erges

monotonely to zeto.

The precccling exarul:ltr sho$'s iliab, for instance, Lebesgue's bo'-rnded

convorgence theorem ilci,s rir:t hold. The follorving theorem i§, ho'tvever,

t:asil5. estabiishecl.

y,;{.7,Å'f 
1,

PraoJ. Sirir:e the scquences 1zt1: ) anti (zt. ) conYel'ge uniforml.l' ta u+

arrd^ 'zc'-, r1'tl tu&Ji ils§lullo tir*t tlie functions ui are. non-negative. lt'urther-
more, 11'e lrl&r- lssulne tlrrrt ;11 ,,(.8) > 0. T,et e >, 0. By the gniform

convergence, thelc is a irositiYr: iuteger ,io such that for all pt, e fr and
j \io

I
It\-

Z
II

For
,.

i:1

r{{,u) -_ €iMr,(fr)

eny sepålra,te pa.t'titi*n i.fi,
ffiF'

inf %tH if,{,,tt,} I 5=

for i 2lo , &nt1 therefar*
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4. Measurability

In the following rve shall consider suJ:farniiies of a fixecl rne&sure famiiy
K c XI . We shall define a o -algebra, ?i s11gh that the restriction of the
morlnlus Mo to iK is a measure. Since -11, is an outer measur.e, orle
o -algebra of this kind consists of those sublhmilies E of K for x,hich
the equation

(4.I ) klo(/l) == lInQ' n Il) r- ]iu(F".*g)

holds for all families E c K. lfe call thesc families tnectsttt'able of ord,er 1t.
Holever, rve choose as ?i a suialler o -ttlgeblil." r.r.hich htrs a closer relation
to the separate partitious in the clefinition of the mo<1ulus integral.

f uAru,, t t { uirl)I ,, .: i u,IÅIn

:':{rt1dÅrn:= {

&"2. Definition" Let 'X tte tlr,p, sc{; of all
o.,?"e sept-tro,te u,itlt, tlt,e,i,r' colw,plaftL{:??,ts fL ''...E 

"

n?,e0,stLra{s{e ,f tt :,ti."{,de,s .

ii?,efi,,si,are fu*t-dl,ies E C Ii tlLctt

'l'hr:, f«,nt,'il'ies -f ?{ (r,t'e cu,lled

The followirg thr:oretn justifi+:s this rl*f irtition.

4.3. Theorela. T/te restrictiott J[,, ti,o!

Proaf . \Ve first sholv that '.)i is li o -algebra,. Oln-ic:ush-, 0 € '.)( ancl
')< contains the complement of each of its families. Li't Ei€'.r(,,i:
1,2,.... We have toshou. that i1nrr.( i.e. öE, orra fr... tjA,
are separate. Since llor each ,i Ei ;ti 1{"..8i n.""t."porut.. ttr*rå:å*"
disjoint r/a -rneasurable sets §; ancl ?; such tha,t p(-f ' ...§,1 : g for

p€Eioard i.r,(X\";) :0 for pr€11'',.-O1 . Denote S:.öS, ancl

,:irr;. Then SfiT:fr anrl it is easr-toseethat Uti\Sl :O
for p,e l)Et and p(X\T):0 for p e /i' . U I,. ]Ience UZr and

o i'=1 i.=1 i:t
/{\ U E; are separate.

Ann. rlcarl. §ci. ]',:nr:i«t:
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By the general theory of measure, Mo l','( is a measttre if the farnilies
of 1l( satisfy the condition (a.l). To see this choose E eX and .E' c ff .

Since I\ECE and .E'\EcI(\.O and since E anil 1(\U' arc

separate, the families I llE and .F' \ä' are separate, too, ancl (4'1)

follon's.

4.4. Example. Let H be a Borel cylinder in -&" . If 1i : Å(H), then
all subfamilies of -I( rvhose loci are Borel sets &re Ineasurable. But if
Ii : Å"(H) and 11 is a domain, then the only measurable subfamilies
of 1( are b ancl 1( . To proye the seconcl assertion, sllppose that ,& is
a measurable,non-empty subfamily of K. If .Ii'. ä is not ernpt5', choose

y €.8 ancl y' € K\E . Then there is a path y" e I{ such tirat y and' y"
Irar.e a common subpath y, rvith l(yr) > 0 antL 7" and v" have & com-

ruorr subpath Tz 'with l(yr) > 0. But then E ancl -I{\"O cannot'be
separate. Hcnce 1i\..,4 rnust' be empt;'.

4.5. Remarks. The rneastirable sul:farnilies of 1{ are al'war.s measurable

of orclel p for all p ) l, hut not conr-erse1.t-, sir-.,ce. for example, the
p -exccptional families ancl their coniplentenis iu'c tnc'asurable of order p
for all p > l, but not ahvays in the sense of De{'inition '1.2.

If /i is the family of all rectifiable paths irt -8" and ;,i 2 I , then
rro familv I'c K such that 0 < Mp[) < cc is measurable of orcler p .

Reriggli [5] has provecl this in the special case P : 'tt, : 2 aucl Hesse [3]
in the general case.

a.ti. 81- 4.3, all resnlts of tire g'r:iteral theorl- of nteasttle arc applicable
to 1I,,'i',)(. \Iie lecall the basic clefinitiorn: Å ftiuctiort tr :K->. -F is
rnetr,surable if the inverse image u-L(G) of ever.t opeu -ret G c -81 ancl

the set's to-l( oo) aricl zl-1(- oo) are measurable, or equivalently, if the
sets E*:{peKlu(p)>x} a,re measurable for tr,ll real numtrers &.
If er is non-negative and measurable, the integral of tl over K , Ir(Ii , tt) ,

accortlin-- to the gerteral theory of measitre. i'i.

Io(K , tl: snp i int tr(I,)-1l,(8,) ,
D i:r

r.irere D: {frr,...,8r} ra,nges over all tueasttrtrble partitions of K,
i.e. tlre families Ei are disjoint and mea,surable ancl ,a:,:U, E,.If
rnay also have negative values and eitl:er Ir(K. rc') or Ir(K, u'-)
finite, tiren

1§

Io{K , u) - IntK , %+} - I,tIi, rö-)



is se1:arate. Ffence

f
qff , ru) :I d ud^V,,i'

K

urr,iity, iet iEr, . . g;) -I,re 
& separate parti-

t ,iti,]i,) for ,i :- 1 , . , f; . Itearran,qing the
ix: thzr,t ci fi cz'.: . . " S cs . The farlilies

{u,{p} < cr*r},j :- 1, .. .,!c - 1,

: < 'lttfiI

]1e

K

Ijil

le ii
irr

§ i1i

1.,i -i

| {', r.
i - ri

Proof. "\Ye 
l"lrirlr rnssrll

m€asrl::able pnrti.tion ot'

'{o IJroY* t}ic *y;p*sitr, j:
tion *f J{ . ilrit #i .:-::

f'anrili+:s åIi , 1\-{r i il tr,\- ii;1

-7-7 { nl' , --; i/i, t Jt

Fr:{prCÅ
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4.7. Remark. From Definition 4.2 it follows immediately that if E c
K' C K a,nd E is rnoasurable in K, then E is measurable in -K' .

Observe that Ii' is lot necessarily measurable in ff . Similarly, if u
is a measurable function in .K. then it is also measurable in K'

4.8" Theorens.. ff t',,(K , '?,t) t,s defined, then, Ir{K , %) : f udJW,

are rne&slrrl,blc *ritl rlisjoint. Hence, for each fixed i,:L,..., k,t,he
families E4-=E,Iiir;,,,; =. 1,. ,l;, a'e sepa,ate assubfamiliesof
separirt-e fatniiir,.l f i. §rr-niiar'1r-, tiie frimilics E,r, ,i:1,..n., h, ate

separate for eaclr. j == t ,,,., lt. Since Ei: U E,i a13;d l) E4C?1 ,
r.r,e have j:r i:1

i;

å"!,,{ii ,} :.:- X -tf, t§,,} a,n':[
,, 

I

Å§niff,,,) g Å{u(fr)

for all i, j:1,..../.'.If J.--;,the1 ä,;:A, andif a(j,the1
c; I e, §.hence

l;k

lcÅIr(E,) S\c,)IlEt)
,': I j:l

fori, : \ , . . . ,1a. Combining these inequalities, rye see that
hk

lcM,.(E) <lqxllx-,) l Io(K ,u),

which gives the U--*"U ,*nr.rnr.

4.9. Remark. By the preceding theorem, $.e ma,y apply the results of
the general theory of integral to the modulus integral. Thus r,r,e have, for
example,

l§
rc-{)/-,
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r
J Qt, + a)dl[^ - { ud,II, *i- { rd}IorlrI

if Ir(K , %) and 

* 

,rru , u) are clefinecl.

4.L0. Definition. If E CM,u:E -*-ä ancl'i,f there. r;*istacwt,

urable function f suclt th,at u(p) : f fAU fo, «,1,i lt €. E , ?t'e sQ,!/

1L

a,?t, 'i,ntegral . fr speci,ally , xile d,ett,ote l(p) == -{ 
tl.;,t == ,tt (X i .

euery ??,on-ylegat'iue, n't e&su.,rwble ftttzct'ion K *u R ?,i, Q,?r integrttl,.

?7b -nf?,e0,8 -
that qr., 'is

I{ , then

Proof . Let u: K ---> E be non-negative and measurable. .lince a and'

J are measurable, so is 'zr/l , and we can fincl an increasing sequence (z;)

of simple measurable functions such that ull : lilm u,i . The functions
ui ma! be represented in the form: i-*o

Pj

ui : Zrair, Xtr*,

where the families Ey" are measurable, notr-ernptl' and clisioint, K -
Pj

Urr* and each famill' Eir" is a subfamily of some family E6-r,6 for

j>2. The families Ep, k - 1,..., h, a,re sepa,rato for all y€I[.
The disjoint »separating» sets §;r ma[ be chosen so thal, ,S7r C 86-11r,

if Ey,cU11-r1n. \Ve define rl-measurable functions .f; b),

Then the sequence
function f .If p
a,nc1 hence

Tirus

{ eiu for r € §;*

fi@): J o.l

| * for neX\US;'
[ *:i

(f) is increasing ancl corl\-erges to
€ /i , then, for every i € -1' . rr

j-*rc J{
the

sonle ill -tlteasurable
lrelongs to some fr ir

lirn 'u;(,tr)l\,u) __ u(tti
j'oa

rrhich pro\.es theorem.
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JIor a rectifiable path y , l(pr) : l(y). So the measurability of / in
a path family means, roughly speaking, that the paths of different lengths
do not intersect too much. Nevertheless, it is possible thab l, is not tneas-
urable, even if the loci of all paths were disjoint (cf. a.f 9).

4.12. Example. The constant function u : L is ahvays measurable.
It is not an integral if Ii : {p , 2p} for any measure p (finite, infinite
or zero).

4.13. Definition. Å fa'ntily f
cont'inlt0?,Ls i,f for euery y € J- a,nd

?''(t)! < e fo, &ll f € [0 , l{y)1 n

tations of y a,ncl y'i .

For path farnilies, \\-e obtain a

of rectdfi,able paths ,irz R" is stl'itl to be

. {y' and y'o &re the normal represerl-

partial converse of Theorem 4.11:

4.14. Theorem. Su,,ppose tlrut I' ,is o cont,inuous fam,ily of recti,fi,able paths
in R" and, tltat lJ"l z:s a Borel set. If u is an,,i,ntegral i,n I ancl pZl,
then, I has asubfamily I' su,chthut .44r(I\f') :0 and, u ,ism,easur.-

o,ble in f'
Proof. If y,7'€1- ancl iylnW'|*b,then bythecontinuityof

f , yo : T'o and so F.;: $y,. Therefore, since ll-l is a Borel set, the
subfamilies of 1' rvhose ioci are Borel sets are measurable.

Let ,f be a Borel function on -8" such that u,(y) : {fds tor y e L

\Ye first &ssume ttrat / is uon-negative. continuous ancl vanishes outside
some compact set. Tiie'n ./ is bouncled ancl ruriforrnlr continuous. Ch.oose
B > 0 such that f 3-B . Let ,r: Ile tr real num1ter. and l,: {.y e T'1
u,(y) > aj. We shou. that l1-. is open lelative to if i .

Lel a €ll-"1 .Thenthereexists ;,€I, sothrrt :te iy',.If l(y):Q,
tlren g: u(T) ) «, thence lo: I ancl ,f, : ,fl . Suppose that,
l(y) > 0 and denote u : (u(y) - ")ll(y). Since ./ is uniformly continu-
ous, rYe can fincl d > 0 such that

(4.15) lf@l-f@)l<elz for ly-, <ä.
The continuity of J- irnplies that there is p ) 0 such that

(4.1{i)

ancl

',y'(t)-?'o(t) i <ö for f €[0,[(y)1 n[0,[(y')1

?lr
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In order to prove that i/i; is open in iJ-l , we choose y e lJ-l such
that jr-yl<g andshou-that ye!"l.Since yevl,thereis y'e I
such that y eW'1. The inetpralities (4.16) and (a.17) hold for y arrd y' ,

becanse d(lyl , iZ'l) S l* - al { S. By (1.L7), we obtain

t(v)
f
I f .y'(t)d,t < Bel(y)l2B: el(y)12, if l(y') <l(y),

J
tQ')

ancl, bp- (a.16) and (4.f5),

f ,y''(t) 7f .y'(t) - el2 for , € [0, ](il]nl0,l(y')f .

Considering separately the cases l(y') < l(y) ancl l(y) < I(7') , 'we see

iron- by clirect calculation that u(y'l : f'). f''@at> cv . Henc e y' e lo
b

and therefore y e l/'"1 . As an open set, of the subspace lJ-l , the locus

il"-l is a Borel set of lJ-l ancl, since lJ-l is a Borel set of -8", so i. lf"l .

This shorvs that { is a measur*ble farnil;, and, accordingly, zr is a measur-
a,ble funetion in f- .

\\'e next assume that, f e LP(R"). Since the continuous functions
rvith compact, support are clense in Lp(R"), there exists a sequence (f)
of such functions converging to / in -tp -metric. By 1.6, the sequence
(s) has a subsequence (fi.) ancl the family l" a subfamrly l' such that
ilr(l-'\I') :0 ancl lirn{fi,rls: ffat for y€I'. Bythefirstpartof

l->'r,, 
),

tlris ploof, the fnnctions q.: ffids &re measurable in l- and hence

in -f-' (cfl a.7). Since tl(7) : firn u,1.(y) fot y e f' , « is likewise measur-
able in f' ''ut

If / is an arbitrary, non-negative Borel function, there is an increasing
sequence (f) of Lp -functions converging pointwise to /. Then

'u,{y)

Finally, in the gelleral case 1re

I:.,- t ':- trnr t fidt .

J -'- "fi tl
^tI

har,,e

ff
! f=,t' I f-d'J " JV

4) 4'
ll

Borel cyliucter in R" ,

Tleev holC also for the

x,,(?,) -_-

This pro\ es the theorem.

4.18. Examplo" If H is it,

T'lieoreln 4.14 holC for Å(H).
J'r. allcl f z

the conditions of
follorvi*E families
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Let 01a<b a,nd Yc{xe Il" li,,r .-1}
y e Y we define a radial segment T, i lo , bi -+' ff"

It:{%iy€}'i.
Let Ac(0,co) beaBorelset. If re Å.rveclenoteby y" thecircle

in R2 defined by y,(t): r(cos f , sin l) for 0 < t < 2n and Lake

J,a: ty" I r €:{} .

4.19. Example. Let A be a non-measnlable subset of the interval
[0, l] and

Ht: {@,A) l0 < * <l,y € [0.1]\-4],
Hz: {@,A) I 0 < r, < l,,J,y €A},
Hr: {(*, y) | tlz { r: -.i 1 . y € A}.

If I;: A(H),i,:L,2,3, ancl l: I'tU I"U f;, then the families
J-, ancl .f\l-r are not separate, trncl tirus J-, is not measurable in -/'.
Since fr: {y e f l\y)> ll2}, / is not rneasurable in J-, though it is
an integral and l.l'l is a Borel set. Moreover. the }oci of the paths of J'
are disjoint with the exception of the encl points.

'Io conclude this section, we prove a,n inequality for integral functions.
If / is a non-negative, m-measurablefunction F-r-fi and EcM is
a me&sure family, we denote

L1(E) : ifi [ fo,, .J, l,ex!

4.20. Lemma. If fu181 : a s,ttrl if 7; >' I . tlten either II,(E) : O

or {fod,m: oo.

the a,ssertion.

4.21. Theorem. Let ilcM beameasurefam,'i,ly, f anon-negati,ae
measurablefuncti,on, X--->R and, u(y,):lffu fw t,eil.Then

he a, Borel set. For a,ll

, x,'hieh joins the spheres

Proaf. If { foA*

This is equivaänt to

-f 
Å' 

*l 
qr



Ppnrrr 1\Iarrrr,a, Integration in a space of measures 29

Proof. Let {8r,...,8n} be a separate partition of E . Then thero
are disjoint zr-me&surable sets §r,...,§o such that p(X\§;):0
for pe Er. Suppose that o<Ly(E)<a for each 'i,:1,...,4c.
The function g;, defined by !;(r) : f(r)ll1@) for * € §; and gt(r) : 0
otherwise, belongs fo X(E;). Hence

l[o@,]

This gives

Lr(E t)pÅ{ pqU,}

It is clear that this inequality remains valid if \(E;): 0 for some rl

and, by 4.20, also if Lf(E): oo . We conclude the proof b;z taking su-
premum over all separate partitions of E .

5. Integration in path families

In this section tve examine the moclulus integral over families of rectifi-
able paths. lYe use the follorring notation: If A c "rB" is a Borel set, lve
denote by f@) the family of all rectifiable paths rvhose loci are subsets
of .4 and, if e ) 0 , by I"(A) the family of all segments rvhich belong
to I(A), are parallelto n" -axis and rvhose lengths are less than e. Of
course, we might as well consider the segments parallel to any fixed iine.

The main result of this section is the follou,ing theorem, which, in a
lv&y, resembles Eubini's theorem.

5.1. Theorem. Suppose thq,t G c R" ,i,s open and, that T i,s a path fami,ly
such that f,(G)Cf CfG) for some e)0. If f :G-->R is anon-
negat,i,ae Borel functi,on ancl u(y) : I fdt fo, y e I , then

I

= { 
sfd,nr, - r+(Ei)-P 

{ 
,'orn, .

si

six

4.22. Remarks. There is equality in the above theorem if / is an ex-
tremalfunctionof E i.e. f eI@) and ff4,m:Mr(E).Then {util,Mr:XE
Mo@). Another case of equality is given in 5.1. fn the situations of 5.4(a)
and (b) the inequality is strict.

{ ",n 
rI o - f f,dnt, .

T§

i,: r



30 Ann. Acad. Sci. Fennicre A. I. 555

Proof. B). '1.21, wo have

[",orrp={rdm.
To prove the opposite inequality, we shall approximate / with simple
functions. Suppose first that / is the characteristic function of a Borel
seb AcG.Let d > 0 and denote ty '')' the family of all closed. cubes

Q c G parallel to the coord.inate axis such that the side length of Q is
less than e ancl

lm@ n 0)\'-'(5.2) \ *@ ) >r-d.
Then ? is a Vitali covering of the set A' consisting of the points of
density of A . By Vitali's covering theorem, there exist disjoint cubes

Qneat, k:1,2,..., such that

m(,4'\öo^l :0.
,.: I

Since -4 is measurable, almost all of its points are points of density, whence

???(/\ö O-l : o.
h:t

Foreach fr€i\-,rr.ervrite Qn:InXJr", I*C-R"-1 and J*C-81 ,and
d,*: mt(Jn). If .i € -8"-r , 'we denote

A*p : {A e n' | @, y) e Q*n A} .

Then, by Fubini's theorem,

(5.3) ?rL(A n Qå.:- 
{ 

,, r(A *o\cl ttt, - r(.i')
Ip

V['e partition "Ir into disjoint Borel sets E*,, i - 1, . ., ht,, and set,

Hn' : {(r, y) e Qr I r e Eni},

I*;: Å(Hnt) .

The families itri, i :1,...,11h, are separa,te ancl fhic l,(Qk) , whence

{lrr,. . . ,l*,1} is a separate partition of J-.(Qn) . By (1.9) ,

Mo(It") : mn-r(Er,i)di-' .

Since z(y) : I xnat: mr(Aa"), if r e -8"-i is the first coordinate of the

points of ir, ', ,r,, obtain
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nnh

J ued,Mt > )r{irrt u(f*))PMo(fr") : a'o-t.Z i{ mr(A*r)Pm,-r(En) .

ru{eil 
i:L 'eEki

By taking snpremum over all partitions of 1r into Bore1 sets, we get

{ u,d,M,> di-, f m,@,)rd,m,-t(r)
ru(Qil rp

and from here, by Hölder's inequality, (5.3) and (5.2),

{ *aa,} (drm,-,(10))'-, (l *,ro-rra*,-,14)' :
t,(Qx) Ip

(n@ n an\o-' *(Ao 0,,) > Q - ö)rn(Ao Q*) .

\ tn(Qn) )

Sincethefamilies l,(Qr),k:1,2,..., areseparateurra 1] f,(Q;C f ,

Theorems 3.2(b) and 3.r0 yield &:r

f u,ctlrn, i,{ ",aM, 
} (r - å)i,rt(A n Qr,)

r tJQb)

(r - ö)m(An «ö o-ll : (r - ö)m(A).
k:1

By letting ö -+ 0 , v,e obtain the desired inequality:

ff
I ucdMu > n(A) : I foa* .

JJ

If f :0 , the assertion is tri'r-ial. Suppose next that / is a simple Borel
function, not identically zero:

hk

f :>aiX.s,,2rf > ,.

Let d > 0 . Then there exist closed sets .E'; c -4; such that

la

rm(1'\x';) < ä (> a!)-', i - L,..., lc.

Since the sets .F'; are closed. ,rri'U*rrrrt, we can find clisjoint open sets

G; such that n; C Gi C G . The families f ,(G,) are separate a,nd
la

U j^.(G,) c l-. We define functions g and u by
i:l
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s(x)

arrcl ,*(y) - { Nt for
t

ancl, ietting d -> 0 ,

k

n €U (Å,{1 G,)
i==1

k

reG\U(/,nGt)
i:1

< f ancl, accorclingly, a I u. Hence

this proof tirat

C A, {1 G; and

I twl ror
:l

Io ror

y €i'.Then g

J, ':' /',*r, 
r 

r,(Gi)

Since g iG, - cti6,Ail Gr, we deduce fronr the first part of

{ t,rd,JW o }- u,!nt,(A, {1 Gr)

,"lrrl

Combining the above inequalities a,ticl recalling thttt F i

trt{l'i) Z ru(A) ö(å cq)-., \ve obtain
. t 

I *,ott{p 
= { 

r,ct,n -d

{ urdtrr , { rd* .

rG

If / is an arbitrary non-negative Borel functiou, approximation rvith
sirnple functions conclud"es the proof.

5.4. Remarks. (a) In Theorem 5.1 the open set (l carmot be re1-rlaced

b;' an arbitrary Borel set. For example, if B consists of those points
in a unit square Q c R' whose coorclinates are irrational, then every
component of B is a one-pcint-set and, consequentll-, all paths in J-(B)
are constant functions. Then I --- 0 antl I lPilI p - 0, but, { ted'm : l .

(b) The conclition f,(G)cf fo" .ol\? e ) 0 in 5.1 
"ärrnot 

be re-
placed by the condition G c lf 1. This can be seen if x'e let -I- be the
familyof allnon-constantpaths 7 € l-(-B') suchthat l7l containstheorigin
and use the fact that M"(I) : 0 ([6] 7.9).

(c) Consider the integral futd,Mo for g { p in tlie situation of 5.1.
t"(c)

Sulrpose fhaf f@) > 0 in a subset of Ci s'ith positir.e me&sure. Set' /, :
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LeL<l and u,t<u

r
J utd,nlt - oo.

r(c)

5.5. Theorem. Suppose that G C R" ,i,s open attd, that T is a path famdly
such that J-"(G) c f C f(G) for som,e e ) 0 . If I and, g are non-negatiae
Borel functions G-->R,and, u{y):lfat and, a(y): [Oat for y€1,
then Y Y

eP-s I "roÅfr.
J'(G)

inf (f ,I) and teÅy) _-- 

{f 
,at f,or y e f(G) . Then

IJsing 5.1, we obtain for everJr s > 0

This sho*.s in-o 
r"(G) 'r'(G)

{ trr,+ 1ln|ctlI- r t qtodttp + { 
aPdlfp .J \ t t. 

! r
S.rnpi* fust that f a,nrl g are simple Borel
be presenterl in the forrn

such that
fk
tfpdrn ö<t

J " -i?t
G

/tkt_

J - ;:r
G

(k

lft"l for n €U(C,n G,)

'F l,-\ , ': 
I

Jo\'t'] - ) r
I o for n eC\ U (C; t1 G,)
( i:l

h

neU(C;t-lg)
i:1

k

neG\U(C;oG;),
i:1

I-t

functions. Then

kk

f -> uir,ci, g:Zb,xrr,

ci are disj";;; Borel --t-:'
As in the proof of 5.1, we can fincl disjoint open sets Gi,

c{,m(C, O G,)

blm,(O; fl G,) o

g(r) for

0 for

Proof .

the3, cen

rvhere the sets

(5.6)

Define

ea@)

ancl
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uo(y): ffoat ura uo(y): [loil,s for y e l. By 5.1, we obtain from the
vy

inequalities (5.6)

f notvrp-ö 
=årlrafrdMo

ua(y) - ", { 
X,c.ds and ,-o(y) - U, 

{ 
Lcds for y € f(Gt), we have

and, by 5.1,

I nr+ ufr)ctnt,:-- l tfi+ sfr)d'm: Ifictnt,+ f ffia"r ==

r(Gi\ Gi Gi Gi

f "roJrp 
* [ 

,,*frctMo

rG) r'(Gi)

Tliis gives, by (5.7 ) and the inequalities 1t0 I u and. t)o { u ,

_{ 
*otl, - 

{ 
updrrp - 2ö 

= { 
*, + pr)cttlo .

I rrrt)Io t I aocl-x\o. I g, I ct)ct]ln.J ''J "-J

rn the *"rurui case thrs 
"io.t. 

o, u. r lro the ,sual tnethocl of approxr-
rnation.

In order to prove the opposite inequality, we applv the leversecl Min-
kowski's inequality (see [4] p. I92) to the functions "fP and gP and the
exponent l/p , obtaining

(b 8) ([ *,)'"(l nu)' =({ ,o + s,)'od,)o ror y € t.

Let {Ir,. .., 1:n} be a separate partition of -I. Then there exist
disjoint Borel sets §; c G , 'i,:1,..., k, such that Pr(G\,S;) : O

(5.7)

Hencr,

Since



for y €l-;. Set ar:inf «ffat)r+([N4r). Assumethar 0<a;( oo
y€ri ; ;

for all i:I,...,k.Tf Tel,, (5.8) gives altea{ffr+gtltnilt.
This implies that a;ttr1|r 4 gt1rte e Xq). Hence 7

(5.e) aiMr(t;)= f Ur+sP)d,nl.
{

Obviously, this holds also if ni: 0 .If a;: @ , then, bv (5.8), I ffo +

ntlbhs : a for all y e l; and., by 4.20, either Mo€;): 0 or '|tfo +
si

gt)d,m: co . Thus (5.9) is true even in this case. From (ö.9) and 5.I ne
infer that
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a,M o(r,)

inecpralitr. and theSince ct,; - inf (uo + uP)(f',) ,

theorem is proved.

5.10. Remark. 5.5 can be prol'ed as above if u-e consider functions
fr, ...,,fr, instead of t'ivo functions / and g. However, the result may
not be directly generalized by induction, for uP { ae is not necessarilv
an integral.

5.11. Next we shall consider the transformation of the moclulus integral
under quasiconformal mappings in -rB" . X'or this purpose l.e clefine the
modulus and the modulus integral for all path families, not onlv for rectifi-
able paths (cf. [6] section 6). \4re consicler only the ca-ce I : n . Let f
be a path family in R". \Ve denote by .I'. the familv of all rectifiable
paths 7 € l- and define

and

of the modulus integral is yalid

f is a homeomorphi-qnl and

= { 
'uPcttf p. 

{ 
aPdttre

\r/e obtain the desired

lc\Lj.: I

udlf * ,{
rr

ry

-!

if frcdlt" is defined. Then the theo
rr

also in this generalized case.

Let D and D' be domains in Rn ,

mappi.g D -> I)' . This rneans that
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K-ttur "(r) < M "(r') < KM"(r)

for every path famil;r -l' in D .By f' we mean the image family {f " y i

y e J-j. We generalize this double inequality for the modulus integral.
Leb I be a path family in D . We denote by Io the family of all

paths 7 € J- such lhat y is not rectifiable or / is not absolutely con-

tinuous on y or f-r on .f o7. Then M"(lo):M"(fo'):0 (see [6]
2s.2). We define a function i:J-->f' by f(y):f oy. Suppose that
S c D is a Borel set and Z € l"\ 1"0 . Then ./ is absolutely continuous
oL y and y-r orl y' : f " y. By the usual transformation formula for
integrals, we see that, I xtat : o if and onl;, if I,rt"rdu 

: 0 , 'r,'hich

means that p,(§) : o if and only if Fy,(/(S)) : o'. fnis implies that
{1r,...,1-;} is a separate partition of l\fo if and only if {fi,...,
Ij) is a separate partitionof ,l-'\.f-i .Let u: r,'--->,8 beanon-negative
function. By the quasiconformality of 

"f , we obtain

K-r inf. u . f(rt)M^(rt) { inf u1r)a 4ri) < K inf u . i1l,1M,(I,)

for any separate partition {fr,., ., li of fo. Summing over d, taking
§uprema over all separate partitions o1 7'r.1.o and J-'\I; and using
3.12, we obtait the follorving theorem:

5.12.Theorem. Supptosethat K>L anC f isa K-quasi,conformal,
nxappr,ng from, a domain D c R" onto u domcin D' c R" . If f is a path

fami,l,y in D and, u: I' -> E is a non-negatiue function, then

J
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