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EXTREMAT QUASICONFORMAI, MAPPII\GS
OF A COI\E

OSSI TAARI

fn the paper [2] we proved the following extremal property for cylinder:
Let G be a domain in R*L with mn_, (G) < oo and / a quasiconformal
mapping of the cylinder Z : GxRrCR onto itself which satisfies
the boundary condition

f(*' , ,nn) - (nr, t frn-L , I{n*) ,

where K>l is a constant. Then Ko$)>K*r and Kr(f)2K, where
Koff) and Kr(f) are the outer and inner dilatations of the mapping /.
fn the extremal case Koff) : Kn-7 the lines parallel to r,-axis go to
similar lines, and the image of the section

G(t) : {r + te,lr eG)

of Z is for every , eÄ1 the section G(Kt). However, the mapping need
not then be affine. On the other hand, if K/f) : K , then / is the affine
mapping (l).

Now we consider a similar problem for cones. Let G be a domain in
B'-1, G4g"-t', andlet C bethecone {reRl*llrleC}.We
consid.er a homeomorphism f : C --C whose restriction to C is quasicon-
formal and which satisfies on the bound.ary aC the condition

(1)

(2) f("): l*lK-Lcrt
where K>L is a constant.

By Rickman [1], Theorem l, orVåisälä [4], Theorem 2, f can be ex-

tended to a quasiconformal mapping j: R --> R so that

it*t : [f(*), when neC
Il"lK-rn, when neA"\C

The followirg distortion theorem is valid for f .

Mika
Typewritten text
doi:10.5186/aasfm.1975.0123
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Theorem l. Bupgtosethat f :C--->C 'i,sa quasi'con'Jarmal'mappi'ng

which sati,sfies the bumd,ary conili,tion (2). Then there erist Ttosi,ti'ae canstants

). and, M>l such that

(B) l*l*11< lf@)l < ),1*1"

hotd,s for lrl>M or lrlSUlI . Here ). d'epenil,sorul'y on K and' K(f).
Proof . Denote ), : 2H (0 ,"f ) , where E (0 ,f) is the linear dilatation

of f in the origin. The assertion for small values of I r I follows then im-
mediatelv.

For big values the result follows from the preceding one by inversion
q (r) : r I lrlz. Now Q-r"f" rp isaquasiconformalmappingof -8" with
the same dilatations and values on 0C as / itself.

In the following theorem we give the natural lower bounds for the
dilatations.

T h e o r em 2. If f sati'sfies theboundary can'd'iti'on (2), then

Ko(f)2K-', K,(f)>K.
Proof. Choose 0{rr<llM<tuI1rz such that lrf <rflX.

Let f be the curve family which joins the sets G(rt) : rrG :
{*lnlrre G} and G(rr) : vrg in C ' Then by Sections 7'7 and 6'4

of [3]

MQ) : m,-r(G) / (log (r, lrr.))"-'

and

M$l) ! *,-r(G) / (log Q:'rf I )'rf))*' .

Letting rz-> @ we obtain by M(l) < Koff) II $f)
Koff) > K^-t '

Since Ko(/) 4 Kr(f)*t, we have

K,(fJ > K.
Theorem3. If Koff)-Kn-\, then f mapseachray r(y):

{tA lt > 0}, A e G, onto a s'i'mi,l,ar ray, and the i'mage of

G(t) : tG

,i,s for euery , > 0 the set G(t") . Iurther, the uolume d'eri,aati,ue o(r ,h,)
of the homeornorythi,sm h : f I G(t) is equal, to l*-L\ (K-Lt for al,most

enerA xeG(t).
Before the proof of Theorem 3 we introduce some preliminary lemmas.

Lemma l. If Ko(f): K*L, then
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o St @,@)" - ll,lf@)ll")lf@)l-" < 2log.1(r +n)K-Lm*-r(G)
c

where a,lf@)l is the d,irectional, d,eri,uatiae of l/l at r in the ili'recti'on

of n.
Proof.Let jeM, j>M and j">1; thenTheoremlisvalidfor

lrl : j, and jK I l> llj*. On almost eyery ray r(A) : {tglt>0},
g eG, / and thus also lf I are locally absolutely continuous. Moreover,

/ is differentiable at almost all points of r(y). Theorem I implies

Iog (jK l1) - tog (),ljK) < log lfjil I - toelf@b) 
I

i: 
!,,(u,lf(ty) 

I I lfQv) D dt '

By Hölder's inequality we obtain

i
(zKtogj - 2togl)' S progj)'-' l,l arlf\u) I l" lf\y) l-ntn-rdt

i
{ (2rog j)"-' ! L rrt (ta)* lfQil l-ntbtdt

ui

t (2tos j)*, it ,Qay lfQil l-ny-16tr,
ui

the inequality t',,,(tU) < L,(ta) follows from the triangle inequality.
Since tri(r)" { Ko$) J (* ,f) at almost every point of

Ci:{reClrb=lrl<i\,
if follows by integrating over G

(2Klogj - 2logl)" m*_r(G)

< (ztos j)"-' I I a,lf@ I l' lf@) l-* d,m(r)
cj

< (2togj)*t I Lt@)*lf(r)l-"d,m(r)

! (2tog j)*-'' 1l'*' I J(x ,f) lf(r) l-* d,m(r)

"j: (2togj)"-r 1(n-L I lz l-* d,m(z)
l"t

tiK
< (zrlogj)"-' ! dmn-, I rL dt

G X-ti-K

: (zKlogj)"-t *n_rQ) QKlog j a 2log X) .

This implies
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o 
= 

.f 1L,(r)" - l0"lf@ll")lf@)l-"ilm(r)
"j

! ffin_r@) Q(n 1 r)log LK**t * ei) ,

where 
ltå 

t, : O . Letting i -- a yields the lemma.

Lem ma 2. If Koff) : Kn L, then the functi,an

((4 - 0.lf l) llf l)'
is integrahle i,n C .

Proof. Let A and B be those subsets of C where a,lf@) I > 0,
resp. a,lf@l< 0. By 0 {a*lf@)l <L/r) the inequality

1L,(r) - a.lf@') 17" < L7@)" - @,lf@) l)"

holds in A and the integral of ((4 - a.lf l)llf D" over A is finite
by Lemma l.

To obtain the respective result, for the set B we prove that

l"pf lf@) l-" dm(r)

is finite. If j >M, then for almost all rays ,,(A): {tyltlj <t S j\,
y eG,

los (J* I )t) - tog (1lj*) < 1 larlf@) I I If@ l) d,mr(r)
rft)

tfilnA rfDnA

By Hölder's inequality and integration over G we obtain

(2Ktog j - 2rog 1)" m*_r(G) S plog j)*'"! 
nL,(r)" 

lf@) l-" ilm(r).
r

On the other hand,

1 L,(r)" I f (r) l-" d'm(n) 1- K-' (2K log i 4 2 log 1) m*-, (G) .

c.I

X'rom these inequalities it follows that

1 L,(r)'lf(r) l-" d,m(r) 5lz (n + t)K'-Llog )' + alm*-t(G) .
cinB

Letting j-rcn yields

S L,(n)" lf(r) l-" d'm(r) < 2 (n + r) K*Llog)'m*-r(G) .

B

The inequality I a - I f@) I I < L/r) implies
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1L,(n) a.lf@) l) llf@) l)*d,m(r) 5 2n+t (n + t)K"-tlog ),m*-r(G)

Hence ((4 - a"lf l) llf lY is integrable over C.

We consider again the extension f of f and define a sequence
g i: R -> R of quasiconformal mappings by

9i@) : ij*l I i* ,i : r ,2, . . . .

X'or every, is Ko@i IC) : Koff) : Kn-L and gi I aC : f I aC . By
Väisålä l}f, 20.5,21.3,37.2 and by the above Theorem 2 the sequence
gi hasasubsequence gi , jeJ C N, whichconvergesuniformlyoncom-
pact subsets of R* and whose limit mapping is quasiconformal with
Ko@ I C) : K*t. The formula (3) is still valid for g with the same
bound .l.

L e m m a 3. The mapping g rnaps each ray r, anto a ra,A rz.
Proof. Suppose a <b. We choose a set, E CG,m*_r(E) : m*_t(G),

such that % is for every j e "I locally absolutely continuous on eyery
ray ry, y e E . Denote Li : Lri. By X'atou's Lemma

J(
B

1L,(tu)

i*a,ieJ G

Since L,(tu) - jL-x L,(itu) ancl o,
integral is at most

arlei(ty) ) dr) il**-r(y)

o,l si(ty) I ) dr) d*n-r@) .

I si(tv) I - it-* ar lf (itv) I , the latter

J tim inf (i
G ina,i e,I \o

L('t@,$il

: (log b lo)"-t

(i u,(til

J (w,tia
C(a, b) \

a,lei(ty) 1y6n-t o,) d**-r(y) (ir'ot)"-'

anlf Ur) I
d,m(r) ,

where C(a,b):{reCla{lrllb}. Setting jr:z we obtain

(tog (bla))"-t",,J,,r{{",1") _ anlftz) l) j-K)" d,m(z)

: (log (bla))*, u*"",,J,,r1r,@) - a,lf @) l) (ib)-K)" d,m(z)

< ]," bK, (tog (bla))"-' 

",),,r,({",{") 
- an lf@) l)l lf @) l)" d,m(z)

for jb > M, because then lf@) I < ljb)* . By Lemma 2 this converges
lo zero when j --> o . Thus a set Et C E can be chosen so that
m,-t(Et) : m,t(E) and

,jt-.)
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lim inf J 1L,(tu) a, I vt?y) I ) dt : o
i-*a,ieJ cr

for every A e Et .

Fix A e fr t. For a subsequence (i ) of J

(4) lim 'l tt,u(ty) a, I 9i u$il I ) d,t - o .

k->@ &

Now I aylsih\y)ldt: lviu(bu)l- lviu(w)l

converges to lg@y)l - lg@y)|. Hence the length of the qu-image of
the interval {ty I a { t { b) also converges by (a) to the same limit. Since

g,iu- g, an elementary argument implies that the g-image of {tA I o <
t < b) is a radial interval. By the continuity of g this holds for every

A e G . Since o and å were arbitrary, the lemma follows.
Let B C G be a Borel set. By Lemma 3 the g-image of the cone

C(B): {tgly eB, t>0} is again a cone. Let or(a) be the volume
derivative of the homeomorphism å, - P," (g lG) : G ---> G, where P, de'
notes the radial projection of C onto G . The number or(A) is finite
for almost every y eG.

Lemma4. Thenumber or(U):L a.e.in G.
Proof.Leb g eG such tbat or(A) < oo. X'or e >0 choose r >0 so

small that tI : B(A , r) n S*L C G and

m*_r(hr(U)) a 1or(u) * e) m,-t(U) .

X'or arbitrary \ < llM , tr 2 M, )'h<tzlL we consider the curve
family

I : A $La , 6U ;C(U ;tr,tr)) ,

where C(U ;tr,tr) : {tzlz eU, h 1 t a rr}. Then

M (f ) : m*-r(U ) I (lo1(trl tr))*t

and"

M@r) : @r(a) t e)m*-r(U)/ (log (tE | L%IID"-L .

Letting tz+ @ , M(f) 4 K-r L[@f) now implies

or(a)*e)1,
and thus, since e ) 0 is arbitrary,

or(Y) > t '
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On the other hand, by the inequalitY

5 o r(a) d**-r(y) s rn*-,

or(A) Sl a.e. in G. Thus or(il_14,'e. in
Remark.It will be later proved that also f

From the above proof it follows that then also

L e m m a 5. For almost eaery fr e C

(G) ,

G.
maps the rays rn onto rays.
o/u)

Lr(r): Kls@)lll*1.

Proof.Let B C G be a Borel set. Denote C(B;a,b): {tylY eB,
a<t<b\. Since hs satisfies the condition (N) and g maps the rays

onto rays, we have

"," 
J, ,u,t@ ' 

s) d'm(n) : m(s(c(B ; o 
' 

b)))

: J itm,-r(a) 
t tf') | 

u*' du
heB I e@Y) I

b

: 
1 

oe@ d**-r(a) t,r"-t ( I g\v) I I t )*' a.l g(tv) | ilt

: 
",",[o,u,( 

I v@) I I lr l)"-t a'l g@) | d'm(r) '

Thus J(r , g) : (lg@) llln l)*-t a,lg@) | and consequently Lr(r)" 5
K*rJ 1r, 9) : K*l ( I s@) I I I m I )*t a, I s@) I < K*' ( I g@) 1 | | r | )"-r Lr(r)
a.e. in C . The lemma follows.

We repeat now the above process with respect to the mapping g . We
get a sequence ei i Rn t R* ,,i e J ,

pi@) : sU") i-* '

This sequencehas a subsequence %, jeJrC J, rvhich convergesuni-
formly on compact subsets of R*, and its limit mapping g is quasicon-

formal with K,(QI C) : K'-L . Further p has the boundary values (2)

on aC and Theorem I as well as Lemmas 3 - 5 are valid. for it' We will
prove now that p sends the domain tG onto tKG .

Lemma 6. Foreaery reC
lq@)l : l*l* '

Proof . Tor a.e. y e G the mapping g i. locally absolutely continuous
on the ray r, : {tA lA eG,t >0} and LrQu) < K lg(ty)l I t for almost,

all f >0, see Lemma 5. Choose such y. Let M be as in Theorem l.
Then for ulq,)M
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K(log u - roga) - 2togtr" ltoglg(uy) I - log lg@A)l

: 
itr,rs$il r I ls(ty) l) dt

and consequently

@(5) P_ { 6lt - a,lt(tu) I I ls$y) l) dt : o ,

because the integrand is by Lemma 5 nonnegative; the nonnegativity of
the integrand is not yet known for f and this is the main reason for the
above process.

X'or arbitra.ry z>O

KIogz - log ( l,pi@y) I I I qla) I ) : .1' (Klt - ay I qi\a) I I I qi\a) l)dt
I

i tuft - j a,lsuty) I I lg(jty) l)d,t .

1

Substitution jt : u and (5) yield

t tut, - ja,lsutilllls(jty)l)d,t

jz

' I 6lu - a,lv@u) I I ls@y) l) d'u

: KLogz-tog(lgjzy)lllgju) l)*0 when j*qo, jeJr.

Since p, --+ p and p is continuous, the last two formulas give

lq@a)l: zK la@)l

forall AeG, z)0, andconsequently

arl w@il | : g"x-t l,p@) I .

Since Lemma 5 can also be applied to e ,

L,(zu) <K lp@a)llz: KzK-Llq,@)l

and thus

Lr(za) : ar l ct@u) 
I

fora.e. zy eC. At these points grad lq(zU)l: arlv@a)ly and.hence
a,l,p@y) | : grad lp@U) l.s : 0 in every lo y orthoeonal dtuection s.

Thisimpliesthat lq@)l:lrlK in C, forif l,p@)lt'lrp(rr)l at
the points trr,rzeC,le"l: lrzl, then by a theorem of Fuglede (Väi-
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sälä [3], p. 95) the points r|e} and r'reC can be chosen such that
a) l*'rl:l*Ll, b) l,p@l)l*l,p@ä)1, c) p isabsolutelycontinuous
on a regular curve c which lies on the set {rlrllril eG} and which
joins the points ri and r[, d) the tangential derivative a,I q@) | van-
ishes a.e. in C. The integration leads then to contradiction. Hence lg@t) I

lq@r) I and the boundary condition (2) gives the result.
Remarh. The last part of the above proof implies: If a, lf@) I : 0 a.e.

C, where s isanydirectionorthogonalto n, then lf@)l:l*l*
C . This fact will be used later.
Lem ma 7. There'i,s cI sequence Jz C N such thnt far euery y eG

ti^lsi(a) I :1.
ielo

Proof.LeL lceN. Since l,pi@)l--lrp(y)l :1, ieJr, uniformly
in B'-1 , we cån choose io e Jt such that,

| - tlk< lvnu(a) l< I + l/å

for every y eG. Further gtng, j eJr, uniformly in io9*t, Thus
there is joeJ, so that

L - rlh < leiu\na)l I ls\ny)l < I + l/ft

for every y eG. Denote Jr: (iujo), lc: I,2,... . Now the prop-
osition follows immediately from

lf$uioY) I $oio)-* : l9;o(ina) I io-* :

I tio$na) I I s\aa) l-' I s$oa) I'iu-* :
I vio$na) I I s\,ua) l-' I v'u@)l .

The mapping h : I .i" I t R* ->R*, where 1 is the inversion
I(x) : rllrl', satisfies the conditions Ko(hlO): Koff) and hlaC :
f I aC . The above results can thus also be applied to h and.to respective
sequences. If we denote

hri(Y) : j* f@li) ,

then we see immediately the validity of the following lemma.
Lemma 8. Thereisasubsequence J" of J, suchthatforeaery yeG

lim lg,(y) I : l, tim lgtri(U) l: t.
i-q i-q
ieJ" ieJ"

Norv we are ready to prove Theorem 3.

Proof of Theorem 3. We show first, that
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1 1L,(n)" l a. l f(") I l") lf@ l-* dm(r)

Denote for j €Ju

ai@): f:å { Isrli(n)llP,f(*b) - y},

bi(u) : nT { I ri@) I I P,f(,irc) : v},

rvhere P, is the radial projection of R* onto ,S"-r . $inee

lfly) | - lsi(y)lj" , lf@b) | - lsrrifu)l lj* ,

we obtain &s in the proof of Lemma I

t QK los/ + log I si@) I log I srri@) I)" d*(y)

ci

g (2 log j)"-L 1 L,(r),, I f @ d,m,(t:)
c i 

lr '(1'\'iK

:= (2K log j)"*t J drtr,,,-r(y) 
1 ".i rL d,t

: (zKlos ,i)*-'J eKrns ; .ros u,t l - ,n or aiw)) ,t**-rkt)

Hence

0 S !"Q,1*)' - I a" I f@) I I ") l.f@) l** dm(r)

a ]r--r.[ (log bi(y) - tog a1@)) d**-r(y)
G

-,t,(Tr) Kk p tog i)I-n+' J $os I si@)l - log I s,r i(il I ) 
*;d,m,-{v) 

.

Since gi--'>l , gtti---l , j e,/u, uniformly on B'-1 , we have for every
aeG

l,y,_",\a) 
: 

ly_4(v) 
: t .

i e.l" i e.l,

Moreover lgi@)l < 1, lgtri@)l >tll, bi@) < ),, a,i(y) 2tl7 for 7 ) M,
hence by the Lebesgue conyergence Theorem

S 1L,(r)* - I a,lf@ I l") lf@) l-" d'm(r) : s.
c

Thus .Lr(a) : la,lf@)ll and consequently a,lf(r)l:0 a.e. in C for
every direction s orthogonal to r. Remark afber Lemma 6 implies that
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/ mapseverydomain G(r) onto G(fK)' Thus L^*): a.lf@) I : 1{ lnlx-r
for a.e. r e c , and the length of the image of an arbitrary segment

{tA I a < t S b\ is for a.e. y e G equal to bK - aK, i.e. the dist'ance

between G(a*) and G(b"). Now P,(f(oy)) : P"(f(bv)) and by the

continuity of / even for all y e G . This means rtlat f carries eYery ray

ro onto a, ra,y. Finally, by Remark after Lemma 4 o/r) : I a'e' in G '
The theorem is proved.

we show now that in the case 1{o(/) : Kn-t the mapping / need not

be defined by (2) in C.
Enamgtle. Let w(z) : "|r;Zitzl 

be a quasiconformal mapping of the

planedisc D: {zllzl<Il2) ontoitself.Then w(z): z ontheboundary
of D and J(z,w): I for eYery z e D, see [2, p' 17]. Let

G : {r e Rs lrl + rf; + eg : r, r? + uf;< tl+, z, } o}

and let P be the orthogonal projection of G onto D. Then the composed

mapping Q: P-torloP: G->G alsosat'isfiesthe conditions a@): r
for rc e aG and t'he area derivative o(r' rp) : 1 for r e G' because

lw(z)l: lzl for every zeD. Denote the supremumofthemaximalstretch-
ng Lr(il lry M , where the supremum is taken over all A e G '

We define norv the mapping f : C --> C bY

f(") : q(rl lrc l) lr l* ,

where K > M is a constant. Then f(r) : l*l*-t* o' the boundary of C

and the volume derivative at r is

K l* l*-t ( I, I "-t)' o(rl ln I , q) : 1( | o- 1r{r*tt '

Since K >lUI , the maximal stretching of f aI r is Kl*l*-'' Thus

Koff) : K2 
'

but the mapping p is not the identity mapping.
Theorem4. If K,(f):K, then f i'scomposeil'of themappin'g(2)

anÅ a rotation.
Proof. Theorem 2 and the inequality KoU) {K,(f)"-t imply Ko$)

: Kn-l and hence Theorem 3 is valid. Let r e C be a regular point of /
such that o/P,(r)) : L . Let lt : I a,,f(r) I : K lt lo-1, )u2,' ", ]n

be the semiaxis of the dilatation ellipsoid E(f'(r)), A, 2 . . . 2 ln. By
Theorem 3

((i)

and hence 10,

Ls.. . A,r- lnl(n-L)(K-l)

| 
1(-1 . The definition of Ii ,( f ) gives

. 1,, - K I r I 
*-' 

I r 1 
(n-1)(n-1) < Ky;,1L
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i.e. X* > ln lx-t. Thus A* : lr lx-t. The equality (6)implies then, since
1r2...2An,

ir:A" :A,,: i"i*-t.
Hence / | G is a rotation, and the theorem follows.

Remarlc. The rotation in Theorem 4 can appear only if åC is contained
in an (z-2)-dimensional linear subspace of R* .
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