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OI\ THE ALGEBRAIC INDEPEI\DEI\CE OF THE
VATUES OF SOME E.FUI\CTIOI\S

KErJO VÄÄr.rÄNEN

In the following Q denotes the field of rational numbers, C the field
of complex numbers and C(z) the field of rational functions of z with
coefficients in C.

1. In this paper we shall consider the functions

(1) ao, n(2,, ,p) : (l/dl) 
#*",u r", , ui,o(z,v, [r) : (rfiD#Ku,u(z) ,

'i, : 0,1,2,... ,

where K,, u is the Kummer function

@

(2) K,,u@): X(p(rr+ l)...(v*n - l)/n,!v(v + l) (v *n-r))2",n:o 
v,w *0,-1,- 2,,,.,

The function values Ku,u(*), K'u,u@), where x *0 is an algebraic
number and v, p ( Q , have been considered in many papers (see [1], [3])'
We shall now prove the following theorems. (Throughout this paper we

denote differentiation with respect t'o z by a dash')
Theorem l. Let d. * O be an algebrai'c number, and' let v anil p. be

rational number s satisfyi,ng the cond'i,ti'ons

v *0,-1,-2r,..i p, F-v *0,+1,+2,,,,.
Then the numbers ol eaclr ol the two sets

uo,t(x,v, p), ulo,t(urv, p), €o, lc:O,Lr.,.rtui

ut,o(u,v, p) , ui,o@, v, p) , Qo, ö:0rlr...,ffi ,

ar e alg ebr ai,mlly i,nilegt end,ent.

Theorem 2. Let the conili,ti,ons ol T'heorem L be sati,sfi,ed'. Further, let

v { I,2,.. . . Then the 2(m 1- n) + 3 numbers
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(3) u,n,r(a, V, p) , ui,o(a, v, p) , xco,t(n, v, p) , %'o,o(o r, , p) , 0o ,

i, - 0rl, ..., m, , k - LrTr...2 ?L 
7

crr e alg ebrai,ca,lly,indep endent .

2. In the proofs of our theorems we shall use the method of Siegel and
Sidlovskii. Thus we shall prove the following lemmas.

Lemma l. Let v and, 1t satisly the cond,itions ol Theorem L Further,
let y *0 bearat,ionalnumber. Thenthe 2n *3 tunctions

uo,*(2, v, p) , uå,o(z ,, , V) , €!" , k:0,1,..,,n ,

are algebraicallg i,nd,epend,ent ouer C(z) .

Lemma 2. Let the conditions ol Lemma I be satisfi,ed,. Then the 2m l B

luncti,ons

,trt,o(?ry,p) , Ql'r,o(z,V,p) ,

are algebrai,cally independent oaer C(r) .

L e m rn a 3. Let v and p satisly tlt e
let T * 0 be a rational number. Then the

%i, a(z , r, p) , rL'i, a(z , v , p) , %o,rr(?

i, - 0, lr...rfrL, k

a,re algebraically independent oaer C(*).

€.y', , i, - 0, 1,..., frL,

cond'itions ol Theorem 2. Furth,er,
2(m*n)+3lunctions

,V,p) , %'o,t(zrvrP) , Qr',
: lr2r',,27L 

7

proving Lemma 1. For the sake of simplicity we put
k - 0,1, . . . , and use in the followirg the notations
denote respectively the functions u0 , %L ,. , , 2 

,t.t,,, and

3. We begin by
uo,*(2, v , p) : uk,
'u(k) and u'(k) to
u[ru;r,..r20;.

The function %o

(4)

: I{r, u@) satisfies

u'6 + 0lr - L)u'o -
Thus we can deduce that the functions
differential equations,

the differential equation

@lr)uo:0.
u,(n) satisfy the followirg system of

(r) ui* $lz - r)ui-Q"1")uo-Qlz)%*-r: 0,'u,-1-0, lc :0,1,..,,n,

It follows that if P : P(z,u(n),u'(n),er") is a polynomial in z,
u(n) , u'(n) , er' ,then zP' wtll also be a polynomial in the same variables.

In the proof of Lemma t, which will be performed by induction, we need
the following lemma.

Lemma 4. Let us dssurne that we hq,ae an irred,uci,ble polynomi,ol
P : P(z , u(n) , u'(n) , etz) satislgdng
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(6) P:.lPoet7':0,

where Pu,'i, : 0,1,.,,,n'r, are polynomi,als i'n z, u(n), u'(n) such that
P* + 0 . Il the functi,ons u(n) , u'(n) are algebrai,cally ind'epend,ent oaer

C,(z),then P must satisfy,id,entically i,n z, u(n), u'(n), er' ,the equation

(7) zP':(azlb)P, a,b(Q,
and,, further, P must be ol the lorm

P : P*e*Yu * Po, m2 I ,

where the polynomi,als P* and, P, are homogeneous wi,th respect to u(n) ,

u'(n) and, one ol them i,s a polynomi,al' in z alone.

For the proof of this lemma we refer to l7l (pp. 5-6).
First let n : 0. The algebraic independence of the functions uo , uL

is proved in [3]. If the functions uo , u'o , er" were algebraically dependent
over C(z) , then we should have an equation of the form (6). By Lemma 4,

this yields

P - P*emt, * Po: 0,

where P satisfies (7), P* and Po are homogeneous polynomials with
respect to %o, u'o such that P* : c*zb or Po : cozb with non-zero
constants c,*, co. X'urther, we can assume that y ) 0 .

lo. Let P* : c*zb . Then a : rn^(, so that Po satisfies, by (7), the
differential equation

(e)

If rve denote

zP;: (rnyz+b)Po

Po-
I

x
tl:0

Auuå-ou'i' ,

where Ao are polynomials in z , then (9) and the algebraic independence of
the functions 'trs t z[ implies that

(r0) z At * (I - i + 
l'l!,?,'..1,1,* 2!,n:):,'y ; - 

i) z * b I i v) Ao'

Let lco be the degreeof thepolynomial Ao, 'i,:0,1,...,1. If. my -i 1O
V tl : 0,1,..., 7, then (10) with ö:0,I,...,1- I gives

kt:ko*ö, i:0,1,...,1.
Thus kr-r* l :kr. But if d : 7, then (to) gives krt:ft,. This con-
tradiction means that there exists one a', say 'io, such that m^(: io.
Thus (8) must be of the form
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(1 1)

We now denote

I
c*zbeiot +2Auu&-'u'oo - 0

i:0

P:ZPntu_0,
i:0

Bu,r(z) : s-zlzrro , Uu,u(z) : z$-t')12 Br,u@) ,

X'rom the proof of Lemma 7 of [1] it follows that the functions U,,u(z) ,

U'",u@) , ezlz are algebraically independent over C(z) . Since v € Q , this
implies the algebraic independence of the functions B",u(z) , B'u,u@), a"12.
X'rom (11) it follows that

c*zbetna * etzlz f, eofi7311r,ul2 + B'r,ul, : 0 .
d:0

Since B",u@) , B'r,u@) , ezlL a,re algebraically independent over C(z) , it
follows lhat' 2io: I . Further, we must have I > l . This leads to a con-
tradiction.

2o. ff Po : cozb, then a: o , and P* satisfies the differential equa-
tion

zP'*: (-mtz{b)P*.
ff we repeat the reasonings used in the early steps of the first case, we get

-ffi\:'io, io ( t o,l, .",11 .

This is impossible, since -m y ( 0 . Thus Lemma I is true when z: 0 .

Now let us assume that this lemma holds when n : lc. Next we shall
prove that this implies the truth of Lemma I with n: k + I . We split
the proof into three steps, called in the following A , B and C .

4. Step A We define

t : usu|+1 - u'ou*+r

and prove that the functions u(lc) , u'(k) , t are algebraically independent
over C(z) . ff we &ssume, against this, that these functions are algebraically
dependent, then we have

(r2)

where P isanirreduciblepolynomialin z, u(k), u'(lc), t, and Pu,
'i,:0,I,.,.,ffi, arepolynomialsin z, u(k), u'(h) suchthat P*+0.
By induction hypothesis, m 2I .

By (5), we obtain
zt':(z-v)l*uo%*,
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X'rom this and (5) it follows that, z P' is also a polynomial in z , u(lc) ,
u'(lc), f . Further, by (12), z P' : 0 . Thus theinductionhypothesisimplies
that the polynomial z P' must, be divisible by the polynomial P . Since

the degree o! zP' with respectto t does not exceed that of P, there is a
polynomial B in z , u(lc) , u'(kl such that

97

(13)

(14)

(15)

zP' - SP

identically in z, u(k) , u'(lc) , t . If we compare the coefficients of f-
in (f B), we obtain an identity

zPk+m(z-v)P*: SP*.

Since the degree of. zP'* with respecbto u(k\ , u'(lc) does not exceed that
o! P*, and the degree of. z P'* with respecl to z exceeds that of P^ at
mostbyone,itfollowsthat S : aztÖ withconstants o and å. Thus

the identity (13) takes the form

zP': (az+b)P

Here we can assume, by Lemma 10 of
If ilo , il, ,. . . r ilr*t is another

i - iloilinl - u'sxco*r, then

zi': (z-u)i+uou*.
Thus (f a) holds even when we replace the solution u (k * l) by any other
solution il (k + l) . Now denote A@) : u(lc), il*+t:'ttrk+L* o A,where
y is a solution of (4), linearly independent of uo, and o is an arbitrary
constant. By integrating (la) we then obtain

+ c(uo7' - lro7Do : c(o) ,bsaz

When we dilferentiate this equation with respect to o and put o: 0 '
we obtain

(%aa'-%6y)iiPott-t
i:L

Now %oA'-u'sy: c?-vez, c*0'and
tn

u
d:1

,i, P ntt-t : c'(0) c-rzb*vg(a-Llz

L4l, that a , b ( Q .

solutionof (5) with ru-k+ l,and

_ c'(0) zbeo'.

this gives the following equation

rn

ZPn(fi:0

X'irstlet m>L..ff. c'(0):0,wehave )rl Pdti-t-0. Thisis

impossible, since P is irreducible. If o'(0) 7 0, then å { v must be a
non-negative integer. If a : I , then we havo the same contradiction as

before. TL a * I , then we can eliminate f from the equations (12) and
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(15), and thus obtain an algebraic relation over C(z) between the functions
u(k) , u'(k) , e(a-!)2. This conflicts with the induction hypothesis. Thus
m : l, and (15) has the form

Pr : c'(0) c-tzb+lela-rtz .

Thus b * v must again be a non-negative integer. n'urther, it follows from
the induction hypothesis that a: | . This implies that

Pr:6o7b*v, co+0.
We have now proved that the equation (12) has the forrn

(16) P:sr2b+vtr*Po:0.

Now we shall analyze the polynomial Po . Denote

Po : !,Hu,i:0

where each Ho is a homogeneous polynomial ofdegree a with respect to
u(k), u'(lc). Replacenowin (14) 'trd by ur:ou6, i,:0,1,...,k+1,
with an arbitrary constant o . By integrating (14) we then obtain the equa-
tion

I
cozb*vozt l.l^oaHo : c(o\ zbe' .

When we differentiate this equation twice with respect to o, and put
6: 0, we have

2 cozb+vt t 2 Hz : c"(0) ?be" .

Thus Hr-Po: c'(0) zbeol2, and this together with the induction hy-
pothesis gives the result Po: Hr. Thus Po is a homogeneous polynomial
of degree two with respect to u(k) , u'(lt) .

Let s:lklzl. If s>0, put a@-I):u(e-l) , il*:
uv* oQtrs2 [07s,,1 : &t+L* aut withan arbitrary constant 6. Byputting

Po : Ar * Prcu* -f Potui * Pzouft | Ptruoui * Pozuiz ,

where ,4.t and, Po, do not contain u,k ot u'*, and integrating (14), we
obtain

cozb+u(t * o(uoui - u'ou)) * At * P ro(u* + 6u0\ * P or,@i -l o u[) I
* Pzo(u*+ 6uo)z*Pn(u** ouo) @i,* ou's) t Por(ui,+ ou'o)' : c(o)zbe" .

When we differentiate this equation with respect to o, put o : 0 and
again invoke the induction hypothesis, we obtain the result
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P : cozb+u(t * (utui, - ult*)\ * or@) @oui - u'oui * At
t t-t: ZarZ(urui*r-rq - ulu*+r-r-) * At,

t_0 i:0

where a,0: cozb+v , &!: ar(z) is a polynomialin z, and A1 is a homo-
geneous polynomial'of degree two with respect to u(k - l) , w'(k - l) .

Next, let us assume that for some i ( s we have

D-i 
i-l

- : X arl (uru'r*r-t-t - u'iu*+v1-) I At,t:o i:o

where Ai is a homogeneous polynomial of degree two with respect to
u(h - i) , u'(lc - t) , and ar: ar(z) are polynomials in z, Let' usagain
denote

Ae : A*t * Prcu*-e * Po$i-t I Pzou?-r * Pyur-nu'*-1* Ps*rirla ,

The substitution A& - i, - l) : u(k - ö - tr, d*-t : 7tp-6 * o'tt,s,
dr*t-t: &k+L-t1- out,...,il*+L: il*+t* ou*t in (la) now gives

i d-t,

Z o, Z (u p i* r- r-, - u|u *+ t- r-1 * o (u,uinr- t- t - ulu o+v t -))t-o i:0

(17) t A*t * Pn(u*-t + 6 uo) I Pot(uia * o u'r) * Pzo(u*-t + o uiz *
*Pt(u*++ 6uo)(ui-u* 6ut)+Por(ui-u* ou')z : c(o)zbeu.

By differentiating this equation with respect to o and putting o: 0 ,
we obtain

i.+L i+r-l
P : Zar Z (u,ui,*r-t-t - Nciu*+t-r-) * An*t .

t-0 i-0

It follows that

(18) P : j or'f p,ui*r-hi u'iu*+t-r-) * A, ,
J:0 j:o

rvhere again A" is a homogeneous polynomial of degree two with respect to
u(k - s), u'(lc - s) . We now have trvo possibilities, either 2 s : lc or
2stl:lc.

lo.2s:&. Denote

p, :'i@,u''zs+r-rt - ulnrr*r-r-,) .

i:a

Since the polynomial P : i et|r,*z4, satisfies the differential equation
l:0

(la) with a,: | , we obtain
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(19) Z@aI (å+ v)ar)Pr*faru,-ru,*zA', : (z+bI 4,.
l:0 l:0

We have q,o: cozb+v, and so zd6- (å * v) ao : 0. Thus (19) with the
induction hypothesisgives a, : ct**u, l, : 1r..., r, where cr ateconstants.
We now immediately obtain the equation

(20) i"r"u*'u,-p,*zAi: @+b')A,.
t:0

Denote

A, : As+t* P.u,ur+ Potu|* Prru!* Pilt&'r* Poza'"z,

where Ar+ti Pro, Po, and Pro , Prr, Po, are homogeneous polynomials
of degree two; one and zero, respectively, in a(s - r) , u'(s - l) . So

Pro, Prr, Po, are polynomials in a satisfying, by (20) and the induction
hypothesis,

zPLo- @ * b) Prr * pPrr * cozbt' : 0,

(21)' zPh-(å*v)P'* 2zProt21tPs2: o,
zP's2* @-b - 2v\PorlzPrr: g.

Let d,r, itr, and il" be the degrees of the polynomials P2q , P1 and Po,
respectively. n'urther, let c be the coefficient of zd, in Pro n

If. dL> ö fv - l, then it follows from (21), that ilr- d,u: dr+ t. The
second equation of (21) now gives

dzclp- (ö *v) cl1t"*2a-2c = (dt-b - v * r) clp: O,

which is impossible. If d, <b + v - l, then d,r- il":b *v, and from
the second equation of (21) it follows that

- drcolq+ (å + v) co/tt * 2 co : 2 co : 0,

but this, too, is impossible, since c, * 0. So we are left with the case

dr: b * v - l. Then we must have dz:ds: dt* l. Thus (21) again
gives the following contradiction,

dr(t-co)lV- (ö+v)(c- co)lV*2c*2 (co-c) :2ao: O.

2o. 2sll: lc. Bysubstituting a(s) : u(s), ils+r: ila+!{6ust
ils+z: &s+z* 6ltr1 r..., ilzr+z: %zs+z* 6'ue+t in (14), we obtain

e s-l
2 o, Z (u pL s+z- r- t - uluz r+z- r- 1 * o (u ou i * r- F t - uiu r+ t-,.-tl)t:0 i:o

* A s+r* Pro(zrr+r + 6 uo) * Pot(u'"+r * o ufi * Pzo(u r+t * a wlz a
' '1Prr(ar+r * o lto) (u'u+r* o u'o) * Poz(ui+t* o u'o)z - c(o)zbez ,

where we have presented A, inthe form
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A, : A r+t t P nu "+t 
* P o&'r+t * P zou?+t I P rru r*ru'r*, + P oru'!*t,

and here A"+ti P'o, Pot and Pro , Prr, Po, ate homogeneous poly-
nomials of degree two; one andzero, respectively, in z(s) , u'(s) .

We differentiate this equation with respect to o and put o 
= 

0,. In
this way we obtain the equation

a

lar(uou'"*r-r_ uåu"+t-1\ + Prour* Potu'o* 2u&r+Pzo * 
.t:o

* Prr(woui*, * u'ou r*r\ * 2 u'ou|*tPoz : a'(0) zbeu .

We see from the induction hypothesis that this equation is impossibl". itti*
contradiction completes the proof of step A.

5. Step B. In order to prove the algebraic independence of the func-

tions z(k { I) , u'(lc f I ) over C(z) , let us imagine, contrary to this propo-;

sition, that these functions are algebraically dependent, ove| C(z). Then

the functions u(k) , u'(k) , f and u : upaluo are also algebraically

clependent over C(z). X'rom step A it follows that o is algebraic over the
field F:C(z,u(k),u'(k),f) . Now

p' : (uoular- u6u*rr)lu'l : tluil

is an element of F . Thus Lemma I of 12] implies that a itself is also an

element of tr' . Thus there exist two polynomials @ and P in z , u(k) ,

u'(k) , f , having no common factors, such that'

(22) Qo -P : o.

When we differentiate this equation and multiply the result by z uifr , we

obtain

(23) zu6Q'a*zQt-zuflP':9.
If Q' : 0, then Qt : uzf', and this is impossible by step A. So it

follows lhab Q' t' 0 .

The left-hand side of this equation (23) is a polynomial in the same

variables as Qa-P. That polynomial must be divisible by Qa-P,
since otherwise we would obtain a contradiction with step 24. by eliminating
o from the equations (22) and (23). This means that there exists a poly-
nomial R in z , u(k) , u'(h) , f such that we have, identically in z,
u(lc), u'(lc), t,

{21)

IfR
nomials
R : ?coS

zu'o}t -- RQ,
zQt-zuT'

is not divisible by %a, then (24) yields the result that both poly-

A and" P are divisible by uA . This contradiction gives the result'

,where S isapolynomialin z, %(k),'Le'(k), t.
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Denote

g:fAo*, A**0,
d:0

where Au arcpolynomials in z,' u(lc), u'(k). The first equation (24) gives

uo@ A'* * m (z - v) A*) : B A*.
From this and step A it follows that B cannot contain f , and is at most
of degree one with respect to z or with respecb to u(k) , u'(lc) .

First let us assume that ,S is not divisible by ao . Then (24) implies that
@ isdivisibleby uo, say 0 : uoQo.By p\,

zuoQ'o: (B- zu'dQo,
zQot-zuoP': -BP.

X'rom these equations it follows that B - z u[ must be divisible by uo ,

since otherwise 00, and also P, would be divisible by uo, which is im-
possible. Thus we obtain

eS\ zQ'o: @"+b)Qo,
zQrt : z uF' - l@ z * b) uo * z u'ol P

with constants o and ö .

Let us denote

Qo: .ZBnto, P : .Z^Pctd, B*Pn+o,

where -Bo and Pu are polynomials in z, u(lc) , u'(lc). Now the first equa-
tion of (25) gives

z Bk + rn (z - v) ts* : (a z * b) B*,
by which

B* : c*zbtmvg(a-mlz .

Theinductionhypothesisimplies that a:m. Ettlher, ö *mv mustbea
non-negative integer, and

B* : A^ZbInv .

If n> nx f l, then the second equation (25) gives, by step A, the
following equation

uo@ Pi, * n (z - v) P,) - {(* z + b) u, * z u[l P, : g .

This yields
Pn : CnZb*nu'U,Oe(^-nlu ,
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but this contradicts the induction hypothesis. Thus n: rm * | . By
comparing the coefficients of t" in (25), we obtain

c*zb*nv+L : uo(z Pi, * @ - b - n t) P^) - z upn.

Since c* * 0 and the right-hand sid.e of this equation is of degree > I
lyith respect t'o u(k) , 1r'(lc), we have obtained a contradiction.

Next let B : (a z*b) ao with constants a and b. Then (2a) is of
the form

zQ' : @z *b)Q ,

zQ t - z uBP' : -(a z -f b) uzoP .

Thus @ must be divisible by u8. On the other hand, if we denote as before

e: f autn, a*#0,
d:0

and use step A , we obtain

, Ak+ rn (z - vl A^ : (a z + b) A*.
Hence,

A* : c*zb*mvela-rnlz, c* * O .

The induction hypothesis yields a:ilr. Thus A^ is a polynomial in
z alone, and. Q cannot be divisible by u8. This is the desired contradiction,
and completes step B .

6. Btep C . Here we prove that the functions u(lc * l) , u'(lc * l) ,

eru, T €Q and T +0,arealgebraicallyindependentover C(z). Letus
assume that these functions are algebraically dependent over C(z) .

X'rom Lemma 4 and step B it follows that our assumption implies an
equation

P:P*e*ru*Po:A,
where P^ and Po are polynomials in z , u(lc * l) , w'(lc f 1) , and ono of
them is a polynomial in z alone. X'urther, we have

zP' : (az*b)P, a, b(Q

identically in z, u(lc { l} , u'(lc * l) , ero. So P- : c*zb or Pu : codb ,

where c* and, co are non-zero constants and å must be a non-negative
integer.

We first assume that T: I . If P* : c^zb , then q,: nb and Po

satisfies the differential equation

zPi,: (mz+b)Po.

In the same way as on p. 7 of [7] we can now deduce that
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(26) Po : Poo * *,Qo@i,u*+t - uouL+t)r, Qt + o ,
i,-L

where Poo and Q6 arc polynomials in z, u(k), u'(lc). X'urther, ason p. 8

of Fl, we obtain

ci(Q zbe,, - ZrO Qo@'oy - uoA') (u6u**, - uoui*r)n-1 : 0 ,

where A is a solution of (4), linearly independent of zo. Since
u(g-%oA' : ce'lzu, c * 0,wehave

(27) c',r(Ilzb+ust^-rr? - "),,;,gr1u;ru*+t- 
uoui+')u-, : 0.

i:L

If c{(0) : 0, then we have a contradiction with step B . If c'r(0) I 0 ,
lhen m: l and also, by step B , l: l. Thus Qr: dzu*u , d: cip)lc .

So it follows that the polynomial

Po : Poo t d' zb+v(u'ru*+r - uoui+t) : Poo - d, zb+ut

satisfies the differential equation

zP;: (zlblPr.
This is impossible as was proved in step A (see pp. 98-101).

If P0 : co?b, then a : 0 and P- satisfies the differential equation

zPk : (-mz + b) P*.
We can now deduce that P^ has the same form (26) as Po. The equation
analogous to (27) is now of the form

(28) c'L(O) zb+v - c e?n+Ltz *O Qu@fuo*r - uoui+r)o-r : 0 .
d-1

The left-hand side of this equation must be divisible by the polynomial
P : P*e^u * cozb. This is impossible, and thus the functions u(k * l) ,
u'(lc + l) , eu are algebraically independent over C(z) .

Let y # 0 be an arbitrary rational number. Tf. P^:c*?b, then we
can again deduce that Po has the form (26), and the equation analogous to
(27) is of the form

cl(0) zb+vsntä - c eu Å U Qn@i*o*t - uoui+r)r-r : 0 .
i:L

n'rom this it follows that

ci(0) zvPolc* + c ez it Qu@6uk+L - uoui+r)i-1 - 0 .
i:L
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This contradicts with the case T : I , which we just proved. If P0 : cozb ,

then we obtain a similar contradiction as before, and thus step C holds.

Our Lemma 1 is now proved.

7. We now denote uo,/zrv,1t):us,1, '2r1,s(2,v,1t):u1,n,
j:0,1,.... fn the following let the notations u(m,n) and u'(m,n)
denote the functions ui,o, uo,t and wl,o, u'o,t, 'd:0,1,,..rffi,
j = 1,2,...,% , respectively.

T'rom (5) and (t) it follows that the functions u(p , n) satisfy the follow-
ing system of differential equations

u'6,r * (rlz - r) ulo,r - fulz) uo,t - (Ilzl ur,o-1 : 01 t'to,-r- 0 ,

(29) ui,o* 0lz - l) ui,o- ful"lur,o * Qlz) u'u-r,o : 0,'tt-r,o- 0,
tl :0,1, ,.,,P , j:1,2,...,n.

Lemmas 2 and 3 will now be proved simultaneously. The proofs will be

performed by induction. If !n:0, then Lemmas 2 and' 3 follow from
Lemma l, which we just proved.

Now, let us assume that the functions

(30) u(m ,n) , &'(rn,%l , aYu

are algebraically independent over C(z) . Using this assumption, we provo

that the functions

(31) u(m*l,n), w'(m+l,n), eru,

too, are algebraically independent over C(z) . Let us a,ssume the contrary
case that the functions (3f) are algebraically dependent over C(z) . We

shall prove that this leads to a contradiction.
The proof is divided into three steps, called here A l, B I and C I .

8. Step A f . By analogy with step A we denote

t : ussulm1r,o - I.t'sgu*t 1,s ,

and prove that the functions

(32) u(m,n), u'(m,nl
and f are algebraically independent over C(z) . Otherwise we would have

an equation

P:iPotd:0,
d:0

where P is an irreducible polynomial in z , f and (32); and Pu,
'i,:0,1,...,1,,are polynomialsin z and (32) suchthat Pr,#0. Bythe
induction hypothesis, l, > | .
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In a completely analogous way to step A (pp. 97-98) we can now deduce
lhat P is of the form

( 33)

and satisfies

( 34)

pp.

(35)

identically in z , t and (32). X'urther, Po is a homogeneous polynomial of
degree tu'o with respect, to (32).

Since (34) is an identity, it follows that (3a) holds if we replace the solu-
tion u(mfl,n) byanyothersolution il,(m+l,n) of (29) with p:
nx+I.

We now write s : fmlz). By analogy with reasoning employed on

p - i ", 

ttt 
@iou'*.r1- t-i,o - u;a%*+l- r-r,0) + A ;

I:0 i:A

98-99 we can deduce that P must be of the form

&o:CaTb+u *0,

rvhere A is a homogeneous polynomial of degree two with respect to
u(A,n), u'(O,rL), %io, %tr', j:1,2,...,n1,- s. From(34) itnowfollows
that

,s

(z ai- (b * v) s, - &r_1) Pr - fiat%s_r,,,%ln_s, o * z, A' .=-

l:0
(z+b)4,

( 36)
svä

l:L

v'here we have denoted

p, :tf'lun,ouk+.-ri,o - u't,o%n+t-t-i,o) .

i:o

If s ) 0 , which means m ) l, then the induction hypothesis yields

za!.- (ä * v) ar- crzbrv : O .

If å+v:0,then za'r:co. Butthisisimpossible. If å+v)0,
then ar: d,zt+ezitt*..., d +0, I ( ö<b+ v. Thus we obtain

i d - (b + v) d- d;,61yc6 : 0,

and this leads to a contradiction.
If m: I , then P is of the form
P : co?bt't * At* P.u,u...J-Potulro* Pzou?og Prrurru'rol Pozui|,

where Ari Pto, Po, and Pro, P,r, Po, atehomogeneouspolynomialsof
degree two; one and zero with respect to u(0 , n) , u'(0, z) . When in (3a)
wereplace u(2,n) bythesolution u(0 ,n): u(0,n), iln: uoo* o%i_r,0,
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'i, :1,2, integrate (34), differentiate the result with respect to o and put
o : 0, we obtain

c ozb+u (u r ru'ro - u'oou n) * P nu o o * P oflio * 2 P rru fiu *
a Prr(urou'os* uirurr) t 2 Poruiou'oo : c'(0) zbeu .

The induction hypothesis tells us that this is impossible.

Next, let m:0,andlet r:lnfzl. TL r )0,thenweobtain,using
the induction hypothesis and a similar technique as on pp. 98-99,

(37) P : cozb*nt +'itor'ft(uoiu'o,n-r-i - u'oru'o,,-r,-i) * A,
t:0 i: o

where ar: a1(z) arepolynomialsin z and A, isahomogeneouspolynomial
of degree two with respect to u(0,n-r), u'(0,n -r). Now either
2r:n ot 2r:n-1.

lo. 2r:n. The substitution {t(0,r - 1) : u(0,r - l), iloi :
uo, I o %0, j-r, j: r,...,% , in (3a) now gives, after similar steps asbefore,

r-L
I a, (u oou'o, r- r - u'oou o,r- r) * P nil oo * P otu'oo a 2 P rou r ru oo *
t:o

I Prr(uoru'os* u'srut) | 2Po"u'oru'oo: c'(0)zbe" ,

where we have presented A, in the typical form

A, : AralI Pnur, * Poru'r, * Pzou|, I Prruo,u|, * Poru'r',.

From the induction hypothesis it follows that ao(z) : 0 .

2". 2r:n-1. By the substitution u(0,r):u(0,r), [Loi:
'usi * o uo,i-r-t, j : r + l,'. ., n,in(34) we get

(3s) P : cozb*vt +ior'f 6ri%L,2,+t-r-i - il'oi%o,,+t-r-i) + A
t:o i:0

where A is a homogeneous polynomial of degree t.wo with respect to
u,(O ,r) , u'(0, r) . By (34) we have

(39) -co?biulr,orLL6, + X @ ai - (Ö 1- v) er) P, * 2arur,,-t1ro, t z A' :
,:0 ,==0

(z*b)4,
where

P, :'l (uoflL,zr+!-t-i - u'oiuo,zr+L-t'-i) '
i:o

By the induction hypothesis rve get a, : il ,sb*v, where il, are constants.

As on pp. 100-101 we obtain a contradiction if do * 0 . Thus ao@) : 0.

Thus we see that the functions %0,,,, u!r, n do not occur in P .
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By continuing in the sa,me way we can deduce that none of the functions
uo,a, ulo,o, lilzl) 0, can occurin P. Thus we finally see that P mustbe
of the form

(40) P : cozb*ut I czb+'(uooulor- u'oouor) * Pzouloo+ Prruoou'oo* Pozuö|,

where P2q, Prr, Po, are polynomials in z. These polynomials must
satisfy the equations (see p. 100)

zPLo- @ + b) Pr, * pPrr * c zb*n : 0,
(41) zPlt-(å iv)Prr* 2zPro* 2ttPoz- cozb*' : 0,

zP'o2 * @ - b - 2r) Po, * z Pr, : g .

Let us assume, at first, lhat c: 0 . If dr, d, and d," are the degrees
of ?io, P' and Po, respectively, then (41) gives dz:ds:d,L+I:
b + u . If d is the coefficienb of zd" in Por, then it follows from (41) that

-d,zd,+ (b*v) d-2vd+2vd-'",: -co: o,

which is impossible, since co * 0. This gives step A I of Lemma 2 (we
have not yet used the assumption v + 1,2,... of Lemma 3).

Next, let c + 0 . The degrees dr: 6,, and d, + t cannot exceed
ö + u. X'urther, since v I I,2,... in Lemma 3, it follows from (41) that
Pn and Po, are not:0. Now let, Poz: Iczd +lzi+L * ..., lc + 0 .

By putting Prr : ltrzi-t 4ltzo -l ... and by using the last equation (41)
we obtain

i,k-(b+2v)k+kr:0.
This yields kt *0, since i-b-2v : i-no-v + 0, flo:b+v.
From the second equation (41) it follows that Pro : lczzi-z * lrz'-, * ... ,

where kz * 0. Then we use the first equation (41), which gives

(i-2)kr-bkz:0.
Thus ö is an integer, and so v : no - b must also be an integer. This
contradiction completes the proof of step A I .

9. Step B f . Here we can use a word to word repetition of step B
(pp. 101-103), now defining a : um+r,oluoo.We thus obtain the algebraic
independence of the functions (32) and um+r,o, uk+r,o over C(z) .

f0. Step C l. The functions (30) and ilm+r,o, uk+t 0 can now be
proved to be algebraically independent over C(z) in a completely analogous
way to the proof of step C . (It should be noted that Lemma 4 remains
valid if we replace the functions u(n) , u'(n) by the functions u(m + I , n) ,

u'(m + | , n).) Thus Lemmas 2 and. 3 are true.
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ll. The functions u(m , n) and u'(m , n) are.E-functions (for the def-
inition of .0-functions see p. 33 of [6]). X'urther, by (29), the functions
u(O,n), u'(0,tu), €"; u(rn,0), u'(m,O), eu and u(m,n), u'(rn,n),
ez satisfy

(uå' : u'at ,

(uuo)t - u'oo ,

and

(uo)' : u'u, (u'r,\' : (l-vlz)u'rit(p.lz)urr+(llz)%o,i_t, %0,_L-0,
(uoi' : uis, @id' : g-vlz)uir+fiilz)uno-Qlz)ui_r,0, %_L,o=0,

A' : A ; i, : 0,1,...,nI,, j : 1,2,...,n.
Thus we can end our paper by establishing that the truth of our theorems
follows from our lemmas and Sidlovskii's theorem [5].
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(u(,,)' : (1 - vlz) u'si * &rlr) %oi * Qlz) %0,i_!, A' : A ,

uLo,_r - 0, j _ 0,1, ...rn;
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