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ON THE ALGEBRÄIC INDEPENDENCE
OF THE VALUES OF SOME B.FUNCTIONS RELATED

TO KUMMER'S FUI\CTIONS

KEIJO VÄÄNÄNEN

Let Q denote the field of rational numbers, C the field of complex
numbers and C(z) the field of rational functions of z with coefficients
in C.

l. In this paper we apply Sidlovskii's [3] general theorem on the
algebraic independence of the values of .E-functions.

We consider the functions

, 7t+i
(l) i,/z,r',1-t) : 

lljl 
"r"ap,K,,u(") 

,

where K,,p(z) is the Kummer function

@

(2) K,,u@) : 2Q' Q"t+t)...(p+n-t)ln! a@*L)...(u*n-r)) 2",
.0

1t ,v * 0, -1, -2,.,. .

In [5] some theorems are proved concerning the algebraic independence
of the values of u,,o(z,u, p), ui,o@,y, p) and uo,,(z,'t,, p), u[,@,y, F),
Now the following theorems will be proved.

Theorem l. Let rk, Fn @ : 1,2,...,n) be rati,onal' nu,mbers

whi,ch satisfy the coniliti,ons

uo * 0, -L, -2, .", Itp, Fn - up * 0, + l, !2, ...

(k : 1,2, ..., n) ;

2 pu -r,o - (2 p, - y,) ! (au + rt,) * 0, *2, +4,...

(t <lc<r {n),
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and, Let q" + 0 be an algebraic number. Then the numbers of eaeh of the two
sets

{ uo,i@ , va , &n) , u[,/a , ap , p,p) , e" )
(j : 0,L, "',m; k : I,2, "',n),
{uts@, up, lrn),ll;,o(n, up, 1.r,p), eo}

('i :0,I,...,1; k : I,2,...,n)

are algebra'i,call,y i,nd,ependent ouer 0 .

Theorem 2. Let the condi,tions of Theorem I be sati,sfied,. Further,
let

en * 1,2,... (k : 1,2,...,n) .

Then the 2 (I al)(m+l) n * | numbers

u;,j(u,yn, pn), u'r,i(o,up, pp), eo

(i, : 0,1,...,1; j : 0,1,...,n1,; k : 1,2,...,n)

are algebra,i,callg i,nilepend,ent ouer 0.

It should be noted that by using our theorems and the procedure
suggested. by Mahler (see [2] p. 172) we could now obtain some tra,nscen-
dental expressions that involve values at rational points of the Gamma
function and of its derivatives.

2. In order to prove our theorems we shall first consider the functions

(3) uo,t,x@l : uo,j(z,yp,pn), uL,i,u@): u;,j(z,yn,Fn)

(j : 0,1, "',m; k : L,2, "',n) '

Since the Kummer function K,,r(z) satisfies the differential equation

(4) ", *(:-r),,-!"u: o,

it follows that the functions uo,i,u@) U : 0,1,...,9; k : 1,2,...,n)
satisfy the following system of differential equations:

(5) di,r,o+(?-t)ut,i,o-|uo,,,u-l,uo,,-,,u : o, %0,-t,n - 0

(j : 0,1,...,9; k : 1,2,.'.,n).

Thus if P is a polynomial in z, uo,j,h, ulo,i,o (j : 0,1,...,?i
lc : 1,2,...,n), ar', y + 0, y eQ, then zP' isalso apolynomial in
the same variables. By considering these polynomials in the same way as
on pp. 5-6 of [a] we obtain the following lemma.
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L e m m a 1. Let us ctssume tha,t we

'in z , uo,i,h, ulo,i,u (j : 0, 1, ...,'m,; Ic

P: !.,'on''(6) ,P: 
r,:s

ushere Pd (, -
0, 1, ,..)rrl; k :
ulo,j,u (j
oaer C(z) , then

(7)

(e)

Let r
let I
When

where
bv (e)

( 10)

haue e,n irreduc'ible polynomial P

- L, 2, ..., n) , eT' sat'isfying

: 0,

zP' - (a

'identi,cally'i,n z, LLo,i,k, %a,i,k

and must i,tself be of the form

(s) P -- P,,

u;here the polynomials P h and,

ulr,j,u (j - o, 1, "',m; h _
i,n z alone.

This lemma can be used in the proof of Lemma 2.

Lemma 2. Letusctssurnethat ap, Fn &: I,2,.'.,n) satisfythe
cond,,i,tions of Theorem I anil l,et y * 0 be a rati,onal number. Then the func-
ti,ons (3) an,il, ev' are algebra'i,aal,ly i'nd,egtend'ent ouer C(z) .

The proof will be performed by induction with respect t'o m .

3. Leb tn : 0. The algebraic independence of the functions %o,'l,h ,

ulo,o,u (k : 1,2,...,n) follows from Lemma 7 of [1]. If these functions

and ev' were algebraically dependent over C(z), we would then have an

equationof theform (6) (vnfh m:0). Bylemma 1, P satisfies (7) and

isoftheform(8),where Pn: cnzb ot Po: cozb, co* 0 and co+0,
If Pn : cnzb , then

P : arzhrttrz + Po: 0.

be the greatest index such that %0,0,, ot ulo,o,/ occurs in Po , and

be the degree of Po with respect to u,,o,h, %lo,o,u (k _ L,2, ..., n).

we present P o in the form
pi

Po_
i:O j:0

at leastone Poi+0, anddenote Bh: e-zlzuo,o,h,lveobtain

0, l, ..., h) are ytolynom'i,als in ?, %o,j,n, xclo,j,n, (i :
L,2
..., ?% ; k - L, 2, ..., n) a,re algebraically 'independent

P nulst satisfy the eguation

? + b) P , n,b e I ,

(j : 0, l, "',m; k : L,2, "',n), art,

nhltz + Ito, lt,

P0 a,re homogeneolls uith respect to u,,i,k ,

L , 2, ..., n) a,nd one of them is a polynomial

pi

i:0 j:0
P : ct zb ehYz + uszlz Pff BTi @,12 + B;)i : 0,
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where P$ are polynomials in z, Bo, B| @ : 1,2,...,r-l) such that
at least one Pf,*0. The equation (10) implies that the functions e,/2,
Bo, B; (k : L,2,...,r) are algebraically dependent over C(z). This
contradicts the proof of Lemma ? in [r], by which these functions are
algebraically independent.

If Po: co?b w-e obtain the same contradiction.

4. X'or all lc : 1,2,...,fr in the following let the notations un(m)
and u;(rn) denote the functions %o,j,n and u!o,,,u U : o,I,...,m) re-
spectively.

Now let us assume that the functions un(m), ,u;(rn) (k : 1,2,...,n)
avtd ev' are algebraically independent ovet C(z) for some m : 0, 1,....
We shall proye that this implies the algebraic independence over C(z)
of the functions un(m+l) , u'o(mal) (lc : I,2,...,n) and ev' .

Let the functions uu(ml-l), ui(m+l) (k : !,2,...,n) and ew be
algebraically dependent over c(z) . Then there exists an integer
q E {1,2, ..., n} such that the functions

uu(m) , u'n(m) , %o,,rr+L,i,, L[L,mr-r,,i

(k- L,22...,vLi i: 1,2,...,g*1)

and e* are algebraically independent over C(") , whiie the functions
(f t), uo,*+!,q, u!o,**r,o and ev' are algebraically dependent over C(z) .

we shall prove that this is impossible. The proof is divided into three
steps, called A, B and C, which are analogous to the corresponding steps
rn Lcl.

5. Step A. We define

t : %o,o,q %;,tn+r,q %L,u,,I ua,nr+L,q

(ll)

(12)

and prove that the functions (tl)
over C (z) . ff this were not true
polynomial P in z , (11) and t

and t are algebraically independent,
then there would exist an irreducible
such that

Poto: 0,

polynomials in z and (l I ) such that
follows that h
in the same variables as P . Analogously

h

P-
,i:o

where P i $, : 0, 1, ..., h) are
P, # 0 . From our assumptions it

By (S) z P' is also a polynomial
to p . 97 of [5] we obtain that

(13) zP': (or+b)P, ct,,be8,
identically in z , (11) and t .



(15)
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The identity (13) holds even when we replace the functions (1r) by the

corresponding functions of any other solution uo(m+I), uo(m+l)

(k : 1,2,...,n) of (5) (with F: m+1) and t by t - uo,r,odL,*+r,c -
ilL,o,odr,**r.,0. Thus we obtain, by analogy with pp. 97-98 of [5], that
a : h: I and P is ofthe form

(14) P: copb*'tfaPs,

where Po is a homogeneous polynomial of the second degree with respect

to (lr).
Whenwenow choose uu(m*l) : uo(m+l) (k : 1,2,...,n, k + q)

and, uo(m*I) inthesamem&nneras u(fr+l) in [5],weobtainfor P,
entirely analogously to pp. 98-99 of l5l, the form

P
i:0 j:A

where s : lmlzl , do : cozb+'t , a. (i : 1, ..., s) are polynomials in
z and. A, is a homogeneous polynomial of the second degree with
respect, to uu(m*I) , u'u@+l) (1, : 1,2,...,q.-L) , un(m) , uI(tn)

(h : q+L,...,n) and uo,j,q, uL1,o (i : 0,I'...,m-s).
It can be proved in anexactlyanalogouswayto pp.99-I01 of [5] that

polynomial of the form (15) cannot satisfy the differential equation (13)

(where a : l). Thus the functions (It) and f are algebraically independent,

oYer C(z) .

6. The algebraic independence over C(z) of the functions (11),

uo,*+t,q and u!',**r,o (step B) can now be proved by using a similar deduc-

tion as in step B of [5]. only certain formal changes need to be made, so

that the proof is not repeated here. The same is true in the proof of the

algebraicLdependence over C(z) of the functions (tt), uo,*+r,q ulo,*+r,q

and er" (step C), which can be performed analogously to st'ep C of [5]'
Thus Lemma 2 is true.

functions

0,

2, "', n)

7. The last part of this paper is mainly concerned \r'ith the

(16) %i,j,k@)- uo,j(r,ap,Fn), u;,j,k(z)- ui,i@,vn,lÅn)

(i : 0, 1r,,,rl; j: 0, 1r...1rh; k: 1r2r...r%)

By (5) these functions satisfy

(rT) u'l,i,u+ (: - ') 
ui,,,u - ry 

%i,i,h - +ui,i-L,h+ ) U-r,i,k _

%-!,j,h - ui,-L,h- 0 (i':0, 1,...r1; i:0, 1r...tyn; lt: 1,

We prove the followitg lemma.



I88 Keryo VÄÄNÄNEN

Lemma 3. Let N,h, ltn & : 1,2,...,n) sati,sfu the cond,itions of
Theorem 2 and, let y + 0 be a rationul number. Then the funct'i,ons (16) and,
er" are algebraically ind,epend,ent ouer C(z) .

We shall prove this by induction with respect to I . If t :0 , then
Lemma 3 follows from Lemma 2.

Before continuing we should adopt some simplifying notations.
X'or all k - I,2,...,n let the notations uu(l,,nt) and u'u1t,m1
denote respectively the functions uLi,n and ui,,,u (d : 0, l, ...,1 ;j : 0,1,'..,m) .

Now suppose that Lemma 3 is true for some L : 0,I, ... . This means
that the functions uu(l ,m) , u'011,,m1 @ : L,2,...,n) and ew are
algebraically independent over c(") . By using this assumption we shall
proye the algebraic independence orrer C(z) of the functions uo(l+L,m) ,
ui1l,+t,m1 & : 1,2,...,n) and e!, .

ff these functions were algebraically dependent over C(z) , then, by
the induction hypothesis, there exists an integer p such that the functions

are algebraically independent over c(z) , but these functions (18) and
ut+t,p,n , ul+r,p,u @ : 1,2, ..., n) are algebraically dependent over
c(") . This yields the existence of an integer q such that the functions
(18) and ll*yp,, ulr+r,p,, (i : 1,2, ..., q-L) are algebraically inde-
pendent over C(z), but these functions and ilt+t,p,q , ult+r,p,c are alge-
braically dependent over C(") .

rn the following let assumption A denote the algebraic independence
of the functions (tS) and u*sp,t, ul+r,p,t Q : 1,2,...,q-l). Further
let {u} denote the following set of functions,

(l 8)

{ uu(l , m) , u;(t , m) , %rrL,j,k , ui+r,j,k ,

U : 0, I,...,p- I; i,- I,2)...,q.-L; k

8. We denote

u't+L,p,'i, IL't+l,p,i \

and prove

(1e) {u} ,

t - ILo,o,q LLt*L,p, q ulo,o,q rLt,+r,h,rI

that the functions

uq(l ,nn), u'o(I ,m), ut+L,j,r, u't+r,j,q (i :0, 1,...,F-l)
and t are algebraically independent over C(") . If this were not true,
then we would have an equation

h

ZPo,i:0
(20) P- :0,
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where P is an irreducible polynomial in z , (f9) and t , and Pn

(i : 0,1,...,h) are polynomials in z and (19) such lhai Po*O. By
theassumptionA h,>1.

As on pp. 97 - 98 of [5] we can again deduce that the polynomial P
satisfies

(2r)

identically in

(22)

where P o is
to (19).

Since (2L)
the functions

"i*1L,i,q U-

z, (re) 

-^:;,0^;::rheL:: 
'

P- cozb+'a t+Pa_0, ao+ 0,

a homogeneous polynomial of the second degree with respect

is an identity, it follows thah (2L) holds even when we replace
(19) by any other solution {"} , uq(I , m) , LL'q(I , m) , il,n!,i,s,
0,L,...,p-1) of (17) and t by

t : uo,o,cdi*r,o,o - ho,o,ndr+r,p,o

This fact will be used in the following deduction.

9. Next we proye that a contradiction follows if p 2 0. n'or this
we present Po in the form

Po : AL + Pro ut+t,p-r,q + Po, u!nr,o-r,o + PrruTnr,o*r,o

+ Pt ut+t,i-t,qui*r,o-r,o + Po,u!r?r,o-r,r,

where At) P.*, Po, and P2s, P.,., Po, arehomogeneouspolynomials
of degree two; one and zero, respectively, with respect to tuj , un(l , m) ,

ulo{t,m) , %t+\j,q, ui+\j,q ('1 : o, L,...,p-2).
Replace now in (21)the functions 1u\, uo(l,rrl) , ur+t3' (j : 0,1,'.',P)

by the functions {u) : {u}, Aq(|,,m) : uo(l ,m), u,*r,j,o : ur+r.i,q

(j : 0,I,...,p-2), dr+r,i,q : ut+t,1,q * 6uo,i-p+t,q U : p-l,p) with
an arbitrary constant o . We then integrate (21), differentiate the result
with respect to o and put d : 0 . This yields the equation

cozb+'e (uo,r,ouL,r,o - uL,o,ouo,t,o) + Prcuo,o,q + PrruL,o,,

+ 2 P ro %0,0, q ut+1., p-t, c I P tt (uL,o, 
o 
ut+t,p-t,q * uo,o,q ui+t,p_',o)

+ 2 PozuL,o,oui+r,p-t,o : c'(0) zb e" .

tr'rom this it follows by the assumption A that
7 L-h

P : >onZ (uo,i'u!,+r,p-ui,o - uL,t,our+r,p-n-j,a) + Ar,
h:0 j:o

where ao : cozb*oq + 0 and a, is a polynomial in z .
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Let us assume that we have for some s <1, p

s s-}
P : >anZ (uo,i,oul*r,p-u-i,o - ut,i,our+t,p-r,-7,q) * A,
. k:o j:0

where a,h are polynomials in z, ao : cozb+oq I 0, and

A, : Ar+t + Pro ut+1p-r-t,q * Por ulnr,p-r-r,o * PzouT+r,p-r-r,o

* P' urr \ p- r-L, q ul +r, p-r-r, o I P oz uilnr, p-,-r, o,

Now let {u}:{u}, un(l ,m): uo(l ,tn), ilr*r3,o: ur+r,i,q, (j :
0, 1,..., p-s-2), ut+ti,e : ut+r,i,q * ouo,j-p+r+t,o U : p-s-1,..,,P),
After the same steps as before we obtain for P the form

s+1 s+1-t
P : 2"n Z (uo,i,ou't+r,p-h-j,q - uL,j,ou,nr,p-r,-l,o) + As*t.

h:o j:o

Thus it follows that
p u-h

P : > anZ(uo,t,ou!+r,p-o-,0 -uL,t,our+t,p_.n-i,q) * A,
tt:g J:0

where ah ate polynomials in z, in particulat &o - cozb+'t 7 0, and
A isapolynomial in z, {u}, uo(l ,m1 , ulo(I,,m) oftheseconddegreewith
respect to {u} , uo(I, , m) , u!o{|, , m) .

We now use in (21) the functions {"}: {"}, uo(l+l ,p-l) :
uq(I+l,p-l), uu,i,o : ut,i,q * ouLj-p,q (i : 0,1,.'.,l,al; i :
p,...,m). By integrating (21) we then obtain

p p-h

2 " ^ 
2 (u 

o, i, o 
u', + t, p-o-i, q - u!0, l, o ur+ r, p-n- j, o)h:0 i:a

+ 2 aod (uo,o,qul+t,o,c - u!o,o,out+t,o,q) + Å : c(o) zb e' .

This gives

aAl
2 ao(uo,o,oul+r,o,o - u!o,o,our+t,o,q) * *1,:o : c'(0) zb e" ,

which is impossible. Thus we are left with the case l0 : Q .

10. If I : 0, then we obtain a contradiction in an entirely analogous
way to pp. r07-I08 of [5].

If. I : 1 and none of the functions ut,,,o , ul,,,c (s > l) occur in P ,

then a contradiction arises as on p. 107 in [5]. If s > I is the greatest
integer such that at least one of the functions %r,",s or u!r,,,, occurs in
P , then we obtain, as in Section 9, for P the form
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P : cozb+'c t + 2"0 2 (uo,i,qulr,,-n-j,c - uL,j,our,,-n-j,o) * A,-r,
h:o j:o

where (rh are polynomials in z , &o * 0 , and -4"-, is of the form

Ar-r : A + Pnut,o,q * Poru|p,o * Pzou?,a,q

* Prr ur,o,ou!r,o,o * Pozuir?r,o ,

where A; Pro, Po, and P2s, P\, Po, arehomogeneouspolynomials
of degree two; one and zero, respectively, with respect fo {u) , uq(O , rn) ,

u;(0,n1). We now replace in (21) {u} and uo(2,m) by {A}: {u},
uo(0,m) : uo(O,rm), d,,,,0 : ut,j,q * o%t-r,i,c (, : 1,2,i i :
0, l, ..., m) . By integrating (21), differentiating the result with respect to
o and putting o : 0 we obtain

co zb +'q (uo,o, 
o 

ui,o, o - u!n,,, 
n 

ur,o, 
o)

s-L s-1-r,
+ 2 ", 2 (uoj,quL,,-h-i,o - ulo,i,ouo,,-h-i,q)

h:o j:0

* Pro uo,o,q * PoruL,o,o I 2 Pzo%o,o,qut,o,q

* Pr,. (uo,o,ou!r,o,o * uL,o,cur,o,o)

* 2 Pozut,,ou|,,o - c'(01 zt s' .

Since co 4 0, the assumption A implies a contradiction.
If l, > | , denote g : ltl2l. If none of the functions ui,j,o, ui,i,o

(l'aI-g < i 3l; j : I,Z,..',m) occur in P we obtain a contra-
diction in a completely analogous way to p. 106 of l5l. Thus some of
these functions must occur in P . Let either ur,",q o, u!,,r,, be the one

having the greatest d and greatest y with this d . X'irst we c&n easily

deduce that then P must be of the form

l-r l-r-h
P - 2 br 2 (u1,o,oui1r-o-1,o,0 - 4,o,our+bn-j,o,q)

h:0 j:0
s-1 s-I-h

+ 2 "o 2 (%o,1,qu!,,,-h-i,o - u|,i,o u,,,-1,-7,q) * A,
h:Q j:0

where b, and ah ate polynomials in z such that bo : cozb*'c + 0 ,

ao + 0, and a polynomial A can be presented in the typical form

A : B + Pnur,o,q + Por u:r,o,q * Prou?,,,'

* Prr u,,o,qul,o,q + Pozu!,?o,o'

Wenowusein (21)thesolution {"} : t"}, il'Q-l,m) : uo(r-l,n),
ilo,r,o : ur,i,c* oilt-r,i,o (i : rr,..,1,+L; i : A,1,.,,,m). When
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we then integrate (21), differentiate the result with respect to o and put
o : 0 , we obtain an equation

tr--r

2b, (uo,o,o u:r1',"-n-r,0,q - u:o,o,o utar-u-,,0,0)
tt:O

s_l
+ 2or(uo,o,oulo,,-n,o - ui,o,ouo,,-r,,q) * Pro uo,o,q * Porut,o,o

h:0

+ 2 Pzouo,o,qur,o,q * Pn (uo,o,oul,o,o * uL,o,cu,,o,q)

* 2 PozuL,o,ou!,,0,0 : st1g') 7o .z .

Since r 2 lll-g, we have r > I,+l-r. Thus the assumption A
implies that Pzo-Pt-Poz-c'(0;:6, and it also follows from
assumption A that P has the form

l+14 s-1
P - Zouopo*Å{ren*8,

in which we have denoted

Itlq-h
Pn:

j:0

Qo : '/ 
(uo, j,qul,"-n4,0 - uL,i,ou",,-n-i,q) .

j:0
By (21)

l+l-f l+l-/ ltlq

"2 @b'u - (b+uo)bn) Pn - Z bo-rPu - ), bnut4t--n,o,qu:,-r,o,q
h:o n-lt n:-o

' s-1 s-1 s-h
+ .\(za| - 1b+ao)an)Qn - ZooZuo,,,odn,,_u_i,oh:O h:0 j:O

*zB, : (zab\B.
Now "b; - (b + vq) bo : 0. Thus it follows by the assumption A that

zq; - (b+volau : 0 (h : 0,...,s-1),

"b; - (b+yq)bu - bn_, : 0 (h : 1,...,1+1-r).

fn particular, zb', - (b+uoybt - cozbt',q : 0. If bauo: g, then we
obtain the contradiction zbi: co. If S*yq> 0, then we have

bt : ctzi -fczzdtL * ..., q+0, b *vo 2'i, > 0.

This gives

(i -b - u o) ct -:- öt, t+,oco : 0 ,
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which is again impossible. Thus the functions (19) and I are algebraically
independent over C(z) .

I l. In an entirely analogous way
prove the algebraic indepenclence

'L[t+r,f,Q, u'r+r,f,Q and eY''
This implies that the functions uu(I +

and ev' a,re algebraically independent
established the truth of Lemma 3.

It should be noted that if m : 0, then the assumption uo * 7,2, .'.
(k : 1,2, ..., n) of Lemma 3 is unnecessary. Thus we have proved at the
same time the following lemma.

L e m m a 4. Let us &ssurne that uo, pp (lc : 1,2, ...,n) satisfy tlte

cond,i,tions of Theorem I and, Iet y + 0 be a rational number. Then the functi'ons

r,L,i,o,k@), u'i,a,k(z), gTr

cr!'e algebra'ically 'i,nd,epend,ent ouer C(z) .

L2. The functions %i,j,u@) , r,,l,i,u@) $'
k : 1, 2, ..., %) and sz are E -functions and
system of differential equations:

'&i,i, h

(i :0, 1,...,1;

11,
+ ruo,i*r,k- *,ir:l,i,k: 0,

%-L,j,u: ui,--*L,k:0

j : 0, 1,...,m; k: Lr2r...rn), U' : Y

Thus Sidlovskii's [3] general theorem on the algebraic independence of the
values of .E-functions together with Lemmas 2 and 4 establishes the truth
of Theorem l. Theorem 2 follows from Sidlovskii's result and Lemma 3.
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