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ON THE TOCAL BEHAYIOR OF

QUASIREGUTAR MAPPII\GS

JUKKA SARVAS

1. Introduction

Consider a non-constant quasiregular mapping f : G -'> R^ from a
domain G C R* into the za-dimensional euclid.ean space R' , n > 2 .

Let Bf be the branch set of /. For any A C R* and y e R* let
N(A ,f , A) be the cardinality of A a f-'(y). We call I{(f , A) :
sup{-l[(y ,f ,A)l g eR" ] themultiplicityof / in A.It i(r,f) d.enotes

the local topological index of f at' r e G, then

i(*,f) : min{nfff,U)l U is a neighborhood of n )

Suppose r e B, and I is an open cone with vertex at r and angle

ae(0,21 . fn [3, 4.4]it isprovedthatif n>3 and /^rBt: A,
then i(r,f) I C , where C is a constant depending only on n ' d,

and the maximal dilatation K(f) of f . In this paper we will show that if
n ) 2 and /, r and I are as above, t}nen i,(r,f) < C', where C' is
aconstantdependingonlyon h, &, N(f ,/) and' K(f). Eor n >3 we

will use this result to derive a new proof for the above cone theorem [3, 4.4]'

Our notation and terminology is the same &s in [2] and [3].

2. Termlnotogy and preliminary results

2.I. We let the notation f : G-->R" include the assumption that
G is a domain in R" and / is continuous and non-constant. If f : G --> R*
is quasiregular, we write Kr(f) , Koff) and K(f) for the inner, outer and
maximal dilatations, respectively.

Suppose fhat f : G-> Ä" is open and discrete. If r eG and r7 0,
lse let U(r,f ,r) denote the r-component of 7-r3"(f(r),r), and for
0 <r <dV@) , afG)wewrite, tr*(*,f ,r) : int{l*-yl I y e aU(r,f ,r)\
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and L*(r,f ,r) : sup{ lr-yl I y e aU@,f ,r)}. 8y12,2.91thereexists
r") 0 such that U(r,f ,r) is a normal neighborhood of r for
0 < r < r*. If U(* ,f , ro) is a normal neighborhood, it can be shown as
in [2, 4.8] that the mapping rr>l*(r,f ,r) is continuous for r e (0, ro].

If E , -F and D are subsets of R*, we let /(E , I ; D) denote the
path family joining E and X in D. We say that path family J', is
minorized by path family lr, abbreviated lr) lr, if every path in
J', has a subpath which is in J-, .

If reR*, a e,S*l and a e(0,n),welet Cone(r,eie) denotethe
openinfinite conewithvertex at, r, axis {r+tel t>0) and angle
a , i.e,

rvhere e'(y-n)
write

(2.2)

means the scalar product of these \rectors. Further we

b*(o) - 17Ln-1(S"-t n Cone (0, e ; a")) .

In [3, 5.2] it was proved that for a quasiregular mapping f : G.--> R" ,

the inverse linear dilatation H*(r,f), r eG, is bounded in G by a
constant depending only on n and K . In fact, the proof of 13,5.2] allows
a slightly stronger statement. The next lemma is a combined version of this
stronger form of 13, 5.21and a part of 12, 2.91.

2.3. L e m m a. Let f : G --+ R' be open and, d,iscrete, anil, r e G .

Then there erists r,) 0 such that for euerA r e (0,r*],

(l) U(r ,f ,r) i,s a normal, nei,ghborhood, of r ,

Q) au(r,f ,r) : u(r,f ,rn) .'f-'s*t(f(n),r) for 0 qr z-r*,
(3) i,f, i,n add,'iti,on, f is K-quasiregul,ar, then L*(* ,f ,r) < C* l*(r,f ,r) ,

where

C* _ C* (n , K) : exp \tn K'l("-l)f ,(2.4)

here c, bei,ng a constant ileltend,ing only on n .

Using (3) of the above lemma, we can restate [3,4.3] in a quantitatively
better form:

2.5. Lemm
fr eG. Let r*)
eaera r €(0,f*1 ,

a. Suppose that f
0 and C* _ C*(n ,

we lta,ae: If l* - yl

i G -> Rn is K-ryoas'iregular a,nd

K) be as 'in Lemma 2.3. Then fo,

If@) - f(a)l < ,(--S:-7r @-at* ,

where p : (i(r , f) lK r(fl)tt@*\) .
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Proof. By Lemma 2.3,

neighborhood of n and
and choose y eG with 0

as Martio in [, 6.1]. Let

(2.6) L*(r,f ,s)

Thus, cl U(*,f ,t)
cl U(r,,f , t)) : E

for every r € (0 ,

L*(*,f ,r)ll*(*,f

s : lf@-f(v)l

r*f , U(*,f ,r) is a normal

,r)
, f , r)lC* . Then we proceed

,f ,r),C B"(r ,l*(r ,f , r)). For the condenser (U(r
, wo have, by [1, 5.13 and 5.15],

[t"* ;]'-" : cap fE@n-|

l*(r ,,f , r)1t-"
L.(" J ÅJ '

It follows that s < r/*(r,f ,r)-'L*(*,f ,s)', which implies with (2.6),

lf@ - f@l < rl*(r,f ,r)-'C*'lr-ylu. The lemma is proved.

3. On multlplicity and local index

3.1. Lemma. Suppose that f : G

ffieG. Let r*) 0 anil C*_ A*(n,
mlt, 0<t<L*(r,f ,r*) and, A
(l(*,f ,r*), then

--> R* 'i,s K-quasiregular anil

, K) be a,s in Lemma 2.3. If
'ös a,, non-empty Borel set 'i,n

I{(f , A)
IVI g) (log ,n)*t '

t);A).

(3.2)

(3.3)

where r : /(5"-t (* , t l(mC*t)) , Sn-t (r ,

Proof. By 12, 3,2f,

MQ)

To derive (3.2) from this inequality, we estimate Mfff). By Lemma 2'3

andtheassumptionsof thetheorem, t < L*(r,f ,r,) t C*l'*(r,f ,r").
Hence, by the continuity of the mapping rr>l*(r,f ,r) , 0 { r < r*, we

can ehoose r e(0,r,) such t'hat I'*(r,f ,r) : f/C*. Set l'* : l*(r,l,r).
The relation tllmC*z) : l*l(mC*) < tr*lC* implies, by Lemma 2.5,

lS*'(*,tl(mC*2)) C clB*(f(r) ,r') , where r' : r (C*ll,*)p 1l*l(mC*))p
: rnL-F, and p : (i(*,f)lKlf))1t(F1). Let l" be as in (3.2). Since

L*(r,f ,r) < C'ts1*(n,f ,r) - t, fl is minorized by

r' - /(s"*'(f("), r'), s'-t(f("), r) ; B(f(r), r))
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Then

M(fr) < M(r,) : @*t(^r(#))'-" : ttt*t0trogm)t-,.

Use this upper bound of Mfff) in (3.3) and the lemma follows.
3.4. Theorem. Bupgtose that f : G--->8" is K-quasiregular and,

x eG. Then for euery bouniled, open cone / : Cone (r, e; a) n B"(r,s)
wi,th e eB*1 , ue(0,n) and, s)0,

b*(o)
'i(* , f) ,

@n_L K'(f) Koff)

where b^(u) is as in (2.2).
Proof. Let r,) 0 be as in Lemma 2.3 and choose t > 0 so that

0<t<min{s,tr*(r,f ,r,)}. Set A: /nB"(r,t). ThenLemmaS.l
yields for every m) L

(3.5) i(r , f)

where I : /(S-1(r, tl(mC*z)), S*t(r, t) ; A) . By 14, 7.71

Mg) : b*(a) llog (m c*z1tt-"

Substitute this in (3.5) and let n1, --> @ . The theorem follows because
N(f ,A) < N(f ,/).

3.6. Remark. In the plane Theorem 3.4 gives the best possible lower
bound for .l/(/ , /) . If lc and. nl, aure positive integers, we define, using
thecomplexnotation, f:C--+C by f("): z*h forall zeC,andset

/ : {rei, 1 0 <r <1, 0< E <2rrlk).
Then K(/) : l, d(0 ,f) : mlt and N(f , /) : m. On the other hand,
Theorem 3.4 yields with a : nlk ,

N(r,/) , Hhie,t): #imk : m.

3.7. Open questioz. Theorem 3.4 implies that there exists zo e I such
fhab f assumesthevalue f(zr) atleast ö,(a) (r*-rK')-ti(r,f) timesin
/ . Is this typical of all z e / (which are sufficiently close to r )? The
question could be formulated explicitly as follows: If / and ./ are as in
Theorem 3.4 with m > I such that there are points A e / arbitrarily
close to n with N(a,f , /) < m, is i(r,f) then bounded by some
constantdependingonlyon n, K, u and m?
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4. On the local structure of Bt

4.1. In this section we want to show that the cone theorem [3' 4.4]

can be derived from Theorem 3.4, too. Thus Theorem 3.4 can be considered

as a generalization of [3, 4.4]. X'irst we need the following lemma'

4.2. L e m m a. Sugtgtose that f : G'-> R" is K-gmsiregular and'

r eG. Let r*2 o a,nd, C* : C*(n,K) be as i,n Lemma 2.3. I.f
A C U(r ,f,r*) , then

N(f , A) : 
Bä 

N(f ,A n lcl B"(r,l)\B'(u ,tlO*)l) .

Proof. Choose any y eA C U(r,f ,r") . By Lemma 2.3 for
s - lf@) - f@)l , atJ(r,f ,8) : u(re,f ,rn) 

^/-18"-11/111 
,s; and

L*(r,f ,s) < C*l*(r,f ,s). Then for t : L*(r,f ,s) we have

A a|-t$(y)) C A n aU(r,,f ,8) C .4 n [cl.B'(u, f)\B'(r,tlC*)f .

The lemma follows.
4.9. Theorem [3,4.4f. Sryryosethat f : G'-->R* i,s K-quasi'regular,

n 23 and, reG. If
(4.4) Cone(r,eid,) n B"(r,t) C G\Br

with eeS*l , &€(0,n12) and, t)0, then i'(r,f) 3 C, where C

d,eltenilsonlyon n, K anil, a.
Proof. Let C* : C*(n,K) and r*) 0 be as in Lemma 2.3. Set

so : min {l*(r,f ,r*),t12}. Letr V: V(n,K) bethe constantin [3,2.3].
Then by 13, 23f / is injective in every ball B"(r I I a ,7 s) with

y: lpsina, 0<s < so.

Define balls "8, : B*(%,r+), i : 1,2,..., by setting

frt : frf so€, fr : ylr,- rl and

ilt: frt-r-ri-rQ, \: llrn-*1 , i}.l'
Then / is injective in every B, and it is easy to see that U, B, covers

the set

lp : Cone (r,ei p) n B"(u,sr\,

where 0e(0,n12) willn tan| : y\tt'. So p dependsonly on n, K
and a . We want to show that -lf(/ , AB) has an upper bound depending

only on n, K and a, which will prove the theorem by Theorem 3.4'

To estimate N(f , /p) we apply Lemma 4.2. Consider any s e (0 , sol .

It is easy to see that to cover the set

/'p - ÅB n lcl B"(tr , s)\B"(n , siC*)]
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with balls .Bn we need at most na" balls, where raz, is the smallest in-
teger greater than (s - s/C*)/(y slC*) + l r + (C* - t)ly. Hence
N(f ,lil < 2 + (C* - r)ly. Since se (0,sol is arbitrary,Lemma4.2
implies N(f ,/p) {2+(C*-\ly.Thisupper bound of N(f ,tp)
depends only on n , K and oc The theorem is proved.
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