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THE HAUSI}ORFF DIMEI\SIOiT OF THE BRAI\CH
SET OF A QUÄSIREGUTAR MAPPII\G

JUKKA SARVAS

1. Introductlon

Leb G be a domain in the z-dimensional euclidean space -8" , n 2 2 .

Consider & non-constant quasiregular mapping f : G --> R" . Let Bf
denote the branch set of /.

By 16l m(B) : m(fB1) : 0 , where m is the z-dimensional Lebesgue
me&surein R". Thenalso H*(By):H'(fB):0,where Hn, &)0,is
the a-dimensional Hausdorff outer measure in R*. On the other hand, in

[3] it is shown by an example that dimr By atd. dirll., fB, the Hausdorff
dimensions of B, and fBr, can be arbitrarily close to z.

In this paper we prove the following results. Let i'(r, /) denote the
local topological index of f at r. If / is as above, then

(l.l) dimrfB, I c' I n,

where the constant c' depends only on z and the maximal dilatation
K(f) of f . If, in addition, i(f) : sup{t(r,/) | reBr} < oo, then

(1.2) dimrB, I c <n,
where the constant c depends only ort n , K(f) and, i'(f) . Ib remains an

open question whether c actually depends on i(f). If it does not, then
always dim'B, qn, too.

We shall prove (f.I) and (f.2) using a similar method to Reöetnjak's
in [9] and Martio's and Rickman's in [5].

X'or more information on dim" B, and dimrfBy see, for example, [5.].

2. Notation

We use the same notation and terminology as in [6]. Tf A C Rn , we
write cI A , inb A and. 0A for the closure, the interior and the boundary
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of A. Tf reR* and. AC R', A+A, we denote dy d,(r,A) the
distance from r to A and by d,(A) the diameter of A . If r e A" and
r)0 we wrile B"(r,r) for the open ball {yeR"l lr-al<r} and
abbreviate B"(r1 : B"(0 , r) , B' : B"Q) . We also write S-r(r , r) :
0B(r , r1 , S-L(r) : Bu-1(0 , r) and ,S"-1 : ,S'-1(l) .

We let the notation f : G-+Ä" include the assumption that GC R"
isadomainand/iscontinuous. If re G and r)0,put

l(*,f ,r) :,,Lt:,lf@) -f(y)l , L(r,f ,r) :,,:;l 
,lf@) - f(il|

whenever B'(*,r) C G. We let U(r,f ,r) denote the r-component of
f-18(f(n) , r) and write

l*(r,f ,r) : i"f { l"-Al I g e aU@,f ,r)} and

L*(r,f ,r) : suP {lr-Yl I Y e aU(r,f ,r))
whenever aU(r,f ,r) + A.If AC R, and yeR",pub N(g,f ,A)
card(,4 nf-'@)) and N(f ,A) - sup{N(A,f ,A)l AeR"). If
f : G--->-8" is quasiregular and. r eG, then there exists r*) 0 such that
if r e(0,r*) , trhen U(r,f ,r) is a normal neighborhood of n and
N(f ,U(r,f ,r)) : i(r,f); see [6; 2.9, 2.I2].

Let' e1, ..., e, denole the coordinate unit vectors of R" , Z the set of
integers and -ly' the set of positive integers.

3. On Hausdorff dimension in R"

X'or a e (0 , oo) , the or-dimensional Hausdorff outer measure of a set
A C R* is defined as

H"(A) : i'l (inf ) itr(Ar)") ,

where the infimum is taken over all countable coverings of /. by sets
wifh d(An) < r . The Hausdorff dimension of A C -R, is defined as

dimrA : inf{a} 0 lH"(A) : 0}.

Then 0 < dim" A < n. Note lhat, if A is the union of the sets r44 ,

'i : I,2,..., then dimrz4 : sup; dimrAn.
To derive an upper bound for the Hausdorff dimension of a set in R"

we consider the following density quantity. X'or any A C R" , A + A ,

and r ez4 define

Ai
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o(r,A) -
(3. 1)

Then always 0
followirg result.

1\
; ot, ,4), and

,A)

/
lim inf ( *rrp

r->o \o( lx-yl {r

6(A) - inf o(r

3.2. Theorem. If AC R" with o(A)>0, then dimrA 1c1%,
where the constant c ilegtend,s only on n and, o(A) .

To prove this theorem we need a lemma essentially due to Gehring and
Väisålä [3, Theorem I8]. We introduce a notation. If Q C "8" is a closed
cubeof side s)0 and p>2 isaninteger,welet 9(Q,D denotethe
collection of the cubes obtained by subdividing Q into p' closed congruent
cubes of side s/p .

3.3. Lemma. Supposethat Qo'i,saclosed,cube'in R",that A is
a compact subset of Qo anil, p , q and, io are integers such that p ) 2 ,

l<q<p*-l and, do>0. If for euery integer i,>i,, and, eaery

QeD(Qo,g/) theset QaA canbecouered,with q cubesof 9(Q,p),then

dim,a = 
tjry 1n." togp

Proof. Let logqllogp<d. 1n. We must prove H"(A):0.
It is sufficient to show H"(A n Q') : 0 , where Q' is any cube of
9(Qo , pd") . By the assumptions of the lemma we c&n cover A a Q' by
q cubes of 9(Q' , p) , say Q1, ..., Qq . Similarly every set A n Qr ,

I <i <I,wa cancovered by q cubes of 9(Q,p), and sowegeta coyer
of A n Q' by q2 cubes of g(Q' ,ptz) . Continuing in this way we get after
j steps a correr 6, of A n Q' by q.i cubes of 9(Q' ,pi; . Then d(q :
d(Q')lpj for every Q e6i. Ilence

e=Gi
d,(Q)-: ,'(ry)" : e-)' o'o')''

where (qp-")i-->O as J---rcn,since qp-"<l bythechoiceof a. This
implies H"(A n Q') : 0 by the definition of H". The lemma is proved.

3.4. Remark. The upper bound in the above lemma is attained by a set
.4 defined as follows. Let, Qo, p and q be as in the lemma. Put

'ily : {Qo}, "ili: U g(Q), i_ L,2,...,
Q,dt-t

where g(0 is a collection of q cubes of 9(Q,p) for every Q edt_t
Define
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Ai: U Q, i:0,Lr2,..., and A:
Qr,ili

Then A satisfies the assumptions of Lemma 3.3 with io : 0. Hence
dim, A < log qllog p. It is not difficult to see, for instance by [,
Corollary 2,p.6841, that dim, A > logqllogp.

Proof of Theorem 3.2. We ma,y assume A C 0o , where @o is a closed

cubeof side I. Forevery ieN let A, bethesetof all re-4 with

inr (^-*f _.i 0,, ,o,) . |,qy > o .

0<t<tli \0Silr-yl<r'

Then /. istheunionof thesets 1, , j : I,2,.... Let p bethesmallest
odd integer greater than I and not less than 13 nrlzlo(A) . Then p depends
only on n and o(A) .

X'ix 9 e -l/. Let i,eN suchthat p-ii <tlj. To applyLemma 3.3to
cl At we show that the assumptions of the lemma are satisfied with p
and io:ij asaboveand q:p,-l .Chooseany'i, >i, and Qe0(Qo,gi).
Then @ isacubeof side t:p-i<lb.Let Q'bethecubein 9(Q,p)
whichcontainsthecenter ro of Q.If clA,ninf'Q' : A,dA1 aQ
can be covered by p*-t cubes of 9(Q , d . Otherwise let r e A, n Q' .

Then
n-l t

d,(r,aQ1 , ,ot> B.

So ,B"(r ,tl6) C Q, and because tl6 <lb, then by the definition of the
set Ai there exists y e B"(r , tl6) such that B"(y , r) C .B\cl r4 C

-E\clr4r, where r: o(A)tlLZ. Then B"(y,r)CQ, and because
p > l2ntlzlo(A), we have r > nrlztlp. Therefore at least one of
the cubes of g(Q,p) lies n B"@, r) C r?\clA,. Hence clA, n Q can
be covered by p"-l cubes of 9(Q , D in this case, too. Lemma 3.3 implies

log (p'-I)(3.5) dirr,tA, < dim"clA, < tr : c I tL,

where c depends only on n and" o(A) .

Since A is the union of the sets Aj , i _ I,2,
dim, A < c, and the proof is completed.

3.6. Remark. The converse of Theorem 3.2. is not
I : {ter l -1 <t

... , (3.5) yields

true. fn fact, if

@

nAi
,i,:0

(L I n

Bd : t; pt%+ F Z,pnenl pu eZ, -i {pn
N-2

'i, k - l, 2,...,n1 ,

lhenA : Iv vLrBn isacompactsetwith o(A):0anddimrA:l
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3.7 Remark. Theorem 3.2 fails to hold if in the definition (3.1) of
o(r , A) we replace lim inf by lim sup . To show this define for every
ACR", A+4,

and

q(r , A) : lim;un (r.;if, .,+ d,@ , 
^))

: limsu' Y^l
v-+n 1*--;' 

freA'

r1@) - ::Iq@ 
,4).

< rt(A)
: n . In fact, A will be locally so 'thin' that for every n e A and
(0, 1) there exist arbitrarily small balls B"(r , r) such that

Then 0

dtm, A
any t €

(3.8)

To define A
ftn and i
contains the
Put .{o_ {

il,

A n B"(r,r) C B"(*,er).

we need the followirg notation. If A is a closed cube in
0 is an integer, then gtt) denotes the cube in g(8 , 3o) which
center of Q . I{ow, let Qo be a closed cube in Rn .

Qo \ and

- u {QQl ae g(Q"30') }, i- L,2,....
Q' e,fl i-L

Then define

Ai: U 8, i : L,2,...,
Q.,il.;

@

and A: nAi
i:L

Clearly ,4 has the property (3.S). On the other hand, every ./o consists

of I/, : SnMd congruent cubes of diameter ön : g-@t+^t d,(Qo), where

ii
M, : Zl' and *n : 2i, 'i : 1,2,....

j:0 j:0

Then

å (?)" (lr, öl)-' : a@r)-'nZs-t@-d)M4-dm6-nti'*it7 t *

for every ue(O,n), which implies dimuA: n by 12, Theorem 5,

p. 551.
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l. The Hausdorff dimension of B,

4.L. Lemma. [5, 3.2]. Supltose that fn: G--->R", ,i eN , are open
anil, d,'i,screte mappi,ngs, f : G -> R* ,i,s open anil, discrete or a constant map-
ping and, fi-f uni,forml,y in compact subsets of G. If rr-->r eG with
ro e Brn, then r e B, .

4.2. Lemma. If f:G--->R" is K-quasi,regular, Br+A and,

sup{i(r,f)l *eB.) S j, then o(B) > s> 0, where the constant s

d,epend,sonlyon n, K and, j.
Proof. Assume that the lemma is false for some ff e [1 , oo) and

j e 12 , oo) . Then there exists a sequence of K-quasiregular mappings

fn: Gn-->R* with

(4.3) rneBrn,i(ro,fr) < j forevery 'i,eN, and

(4.4) lim o(re , Bh) _ 0

By [6, 4.5] there exists C ] 0 such that the linear dilatation H(rn , f ,) < C
forevery ieN. Set an : o(q,Bfi)+ll}i, ieN. Then lim&t,:0
and we ma,y assume 0 < ai<112, ,i, eN. X'urthermore, using similarity
mappings we may also assume that for every ,i e tr[

(4.5)

(4.6)

(4.7)

(4.8)

fn particular,

(4.e)

nd: f@) - 0 and B"C Gn,

I{(fo,B")_ i(0,f)

L(0.f,. t)
L(0,f0,1) _ I and Wf;,r)

sup d(y , Bto)
o( ll,l< 1

(4.8) implies

B"(a,et)nBh+ g forevery yeBn.

By [7, 3.f 7] the restrictions f)8" , 'i e N , form a normal family of K-
quasiregular mappings and by 19, p. 66al we may &ssume that { fn) con-
verges uniformly in compact subsets of B* to a K-quasiregular mapping
gi B"--->R".

We will show that g : B" -+ -8, is not constant. It suffices to show that
inf{d,(fnclB"(tl2)) | i, e N } > 0. X'ix i, e N . Put la : l(0,fi , r)
and 4 : L(0,fr,ll2). Then d'(f, clB"(Ll2)) ) 4. We may &ssume
tr l lr, since otherwise (a.7) implies l, ) ld > ll0 > 0 . Let -l' be the
path family joining S"-t!lz) to 8'-1 in B*, and let I': be the path
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family joining s -'(tn) to S*-t(|,) in B(Io). Then lw(l) > M(fnl) and
by the outer dilatation inequality [6, 3.2] and by (+.6)

an_, (log 2)1-n - tuIQ) < K N(fn , B) Mffir)
< j K M(l't) : j K o,-, (log (lnltn))'-" .

By @.7) ld> tl0, and we get

d,(fn el B*(Ll2)) 2 4 2 (zuK\u@-r) C)-t > 0 .

This holds for all i, e N , and thus g i B" --> .8" is not a constant mapping.
To complete the proof choose any z e B,(Il2) . By (4.9) there

exists an eB"(z,a.r) A BroC B, for every d e N. Then lim;*- 4: z

because limn,- %:0. Ilence zeB, by Lemma 4.1. But this implies
B"(ll2) C Bs, which is impossible, since g : B" ---> R" is a nonconstant
quasiregular mapping. The lemma is proved.

Theorem 3.2 and Lemma 4.2 Logether imply:
4.10. Theorem. If f , G--->R* is K-quas,i,regular and, i(f) :

sup{ rl(r,f) I * eBr} < oo, then dim, B, < c < n, where the constant
c ilegtends anlg on n , K and, i(f) .

4.11. Remark. It is conjectured that if f : G ->-8" is K-quasiregular,
there exists a constant h > 2 depending only on n and K such that the
set {reBrli,(r,f)>k) is discrete. If this conjecture holds, then
Theorem 4.10 yields dimu B, < d < n , where d depends only on n
and K.

5. The Hausdorff dimension ol fB,

5.1. Lemma. 14,6.81. Supposethat f : G--->R" ,i,s anon-constant
quasiregular mappi,ng and, X is a compact set'i,n B, such that H"(fF1 > O .

Then

/ K,(f) \ 1i (r-r)

d'<nlttfq.nl
\zer /

5.2. Lemma. Let f : G-->R" be K-quasi,regul,ar, reG anil,
i(r, f) < m . Then there erist ccynstants c, c* e (0, l) d,epend,ing onl,y orL n,
K and, m, and, r,) 0 so that if r e(0,r,1 and, If : l,*(r,f ,r), then

(i) U(ru,f ,r) 'i,s a normal, nei,ghborhooil, of r and,

(ii) U(r ,f , c r) C B,(* , c* ry) .

Proof. By [6, 4.5] the linear dilatation H(*,f) e (0, oo) has an upper
bound H <a interms of n, K and m. Put c : (tl2)(H + f)-1 .

By [6,2.9] we can choose r*] 0 such that if 0 < r {r*, then U(x,f ,r)
is a normal neighborhood of r and
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(5.s) t(r,f ,tl) , ++P - 2cr,

where trf : F@,f ,r). Let r e(0,r"1 and l,f beasabove.Let t e (0, r)
such that L*(r,f ,cr) : 61* . Let .l be the path family joining
clU(r,f ,cr) to B"-1(r ,l,f) in B"(*,lf) . Then by the outer dilatation
inequality [6, 3.2] and (5.3)

(5.4) MQ) < Ir(/ , 8"(n ,1,:)) Koff) M (f r) < m K a,-r (log 2)'-' .

Because cltJ(u,f ,cr) is connected and d(8"-1(*,lI),clU(r,f ,cr)) :
$-DIf , then by [10, lr.9]

(5.5)

(5.7 )

]WQ)

where x,: (0, oo) - (0 , oo) is a decreasing function and x,(r) ---> o &s

r--->0. By (5.a) and (5.5) t <c* e (0,1) , where c* depends only on z,
K and m . The lemma is proved.

5.6. Lemma. Suppose f ; G--'>R" is K-quasi,regular, reB, and'

r> 0 such that U - U(r,f ,r) 'is a normnl nei'ghborhood' of r. Then

o(f(U nBy)) > s'> 0,where 8' 'i,s aconstantil,eltend,'i,ng only on n,
K and, i(r,f) .

Proof. Assume that the lemma is false. Then for some "l( > I and

m ) 2 there exists a sequence of K-quasiregular mappings hr: Go-'> R'
with zn e Gn and ö, ) 0 such that

(i) i(za , h) : m
(ii) Ur : U(zi,ha, ör) is a normal neighborhood of zn,

(iiil for every i e .l[ there is yrehnUn so lhat
lim;-. o(yo,hn(Un n Brr)) : 0 .

Put' ft: h)Ut, 'i, e N . We maY assume

o(Ur ,foByo) for every i €^/
I

-./ -1,

Because N(fo,Un) : i,(zt,f) : m, then

nx > p : lim s-uP caÄ (f;t(g,)) > r .

By passing to a subsequence, if necessary, we may assume P : card- (f ;tfuo))
for every i eN . Furthermore, i(n,f) <m if r ef;I(yo) and i e-l[.

Fix i, eI{ and consid.er the mapping fti Ut,--->R". Put r'i :
min{r*l * ef ,t(an) } > 0, where r,}0 is as in Lemma 5.2.By (5.7)

we c&n choose rn e (0, rj) such that
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(5.8)

Then U(n,fn

(5.9)

lo

neighborhood for every n e f tt(Ao) and

- U rl@,fa,ra)
x ef ;'0,i)

Put ry - F@ ,f;, 16) , n ef ;t(y). By Lemma 5.2 and the choice

(5.10) fr'&"(An,cr) C u B"(*,c*lf),
r el;-tU.i)

where constants c,c* €(0,1) depend only on n, K and n't,

T;i B"(yo,rr) >fin be the mapping z>(Ilro)@-Ar). For
n ef;t@) define the mapping gf : B" -+ B" by gi@) - Tr,ofn@ +
z e B" . S*y f ;t(yo) - {rr, ..., frp) . Set

Ah: B'(2krr, 1) , lc: r,2,...,p, and A_ 3Ah

where eL is the first coordinate unit vector of Rn . Or"a,Ur,
gr: A-->8" by gÅz)- gih(z Zker) if ze Au, I <lt<p.
gr is K-quasiregular in each Ah. Furthermore, by the definition
and (5.10)

B"(c) n goBro : To(B"('Yo, c rr) n fnBto),

g;18*@) C 3 clBn(Zker,c*)
h:t

and, in particular, (5.8) implies for y e B, and ,i, e N

(5.L2) B"(y,lli,) ngnBrn * 0 whenever B"(y,lli) C B"(c).

Now, considerthesequence g+i A-B,,i,eN. Since{ ilAol ieN)
is a normal family for every k : 1,...,p by [7, 3.f7], { hl i eN} is
also a normal family, and there is a subsequence, denoted again by {go\,
which conyerges uniformly in compact subsets of A to a mapping
g : A --> B" . By [9, p. 66a] g is K-quasiregular in every Ao .

Consider alny w eB"(c). By (5.12) we can choose

w, e B*(w , tli) a go Br, C B"(c)

for every ,i,eN, lli,<c-lwl , and for each such u)i we choose
wf eB* agrt(.n). Then by (5.11) and by passing to a subsequence, if
necessary, we may assume .f ---w* eAo. Because every wf e Br. and
gr+g uniformly in compact subsets of Ao, w* eB, by Lemma 4.1.
Thus g(w*) : lim,*. g"(wf) - limr-- ur : w.

ft
sup \td(y , foBrn)

, r,) is a normal

f ;tB"(ao , rn)

of ?",1

. Let
every
Ifr),

define
Then
of g;

(5.11)
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So w egBr. It implies B"(c)C gBr. This is a contradiction, since

m(gB) : o by 16, 2'27)' The lemma is proved.
5.f3. Theorem. If f : G-->R" is K-quas'iregul,ar,then

dim, (fB1) I o' I rL ,

where the constant c' d,epenil,s only on n and' K .

Proof . We may suppose that f : G --> R' is non-constant. Let'
ffix:Knn-I and define I: {reBrli'(*,f)>mx). Then P is

closed in G and by Lemma 5.1 it is easy to see that

dimo -F = "(#)''(n-t) - r .n .

On the other hand, by Lemma 5.2 and Lemma 5.6 the set B/-,\-d- :
{r eBrl i(r,f) lrnx } can be covered by countably many normal
neighborhoods a such that dimo (/(U n Bi)) < c" < n , where the
constant c" depends only on n , K and m*. This proYes the theorem.
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