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HAUST}ORFF DIMENSION AI\D EXCEPTIONAI,
SETS OF I,II\EAR TRAi\SFORMATIOITS

R. KAUFIIAN and P. MATTILA

l. Introilucti'on. Let m and n be positive integers with m < n and
let O*(n , m) be the set of all orthogonal projections of R" onto ,E- (see

[3, f.7.4]). A linear mapping p: R"-->R* belongs to O*(n,m) if and
only if p maps the orthogonal complement, of ker p isometrically onto
,B- . Considered as a subset of the space of all linear mappings of -E' into
-B- , rshich is denoted by Hom (R' , R*) and identified with R"* , O*(n , m)

has positive and finite m (2 n - m, - l)/2-dimensional Hausdorff measure

(see [3, 3.2.28(5)]). It, was proved first in [5] for m : T , rL : 2 and then in

[S] for general rn , n that if "E is a Borel (or, more generally, Suslin) set

in ftn with dim0:slnlt then dimp(,0) :s for tgzs{n(2n-m-3)12

almost all p e O*(n , m) , IJerc dim means Hausdorff dimension and ffr
is the f-dimensional Hausdorff measure. In [6] an example of a compact
plane set was given such that the corresponding exceptional set of projec-
tions has positive Hausdorff dimension. In this paper we shall show that
the number I + m (2 n - n'L - 3)/2 is the best possible upper bound for
the Hausdorff dimension of the exceptional set. We shall also indicate
how the result mentioned above can be generalized to a larger class of sets

of linear transformations.

2. Prel,im'inari,es. Besides what is presented in the introduction, we

shall use the following notation: The orthogonal group of R" is denoted by
O(n) . The Grassmann manifold of all m-dimensional linear subspaces of
R, is G(n , m) . For V e G(n , m) , Pv is the orthogonal projection of A"
onto V and Zr is the orthogonal complement of V .If f e Hom (-8" , R*) ,

then

ll/ll : max{ lf@)lt reS"-t},
l(h: min{lf@)l: reB"-1 

^(kerflr}
and r(/) is the rank of /.
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There exists a positive number c depending only on nx with the
following properties:

2.1. If V, W eG(n,m) and lw - Pr(w)l <d lrul for weW,fhen
llPn-Prll<cö.

2.2. If f , g e Hom (R' , R*) and r(/) : r(il, then

l(f) l" - Px., r(r)l < lf@)l for r e R* ,

l(f)llPn*t - Pn."rll < cllf - sll.

One can prove 2.1 by choosing an orthonormal base {wp ...,w*} for
W andby constructing an orthonormal base { a1, ..., u*} for 7 such that
lrn - *) < c' ö where c' depends only on m . The first inequality in
2.2 is an immediate consequence of the definition of I(f) , and the second
follows from the first and 2.1.

The metric d and Hausdorff measures on G(n , m) are defrned via
the identification used in [3, 3.2.28]. The inequalities [9, Chapter I, 12 (I7),
15 (7)l and 2.1 imply that there is a positive number å such that

b-Ld(v,w) < llP, - P*ll < bd(v,w)

for V , W e G(n , m) . Therefore, for the purposes of this paper, we could
as well identify V e G(n , m) wilh P, .

3. Proposition. Let k and, n bepositi,aeintegersand, let M
be a Borel, set ,i,n H.oror. (R" , Ru) . For r e S'-r ilenote

M" : {f eM: f(n) : 0 }.
Sugtpose that there erist real numbers c ) 0, C > 0 and, v > 0 and, thut
to each g e O(n) corresponils a mappi,ng Ar: M --> M such that the foll,ow-
i,ng cond,i,ti,CIns are satisfi,ed, for all, f e M and, g e O(n) :

(l) kerf "gq kerArf ,

(2) llf-Arfll < C ll/llllln" - 9ll, where ln* is the identitg mapping
of R*,
(3) #'(M.) S C for all, r e S"*L ,

(4) ff'{h'eM*; llh' - hll <r\ > cr' for al,l, re S -r, heM, and,

0<r<I.
If E isaBusl,i,nsetin R" and, dimB:s,then dimf(E):s for

#"+' almostall, f eM.
Since dimf(E): s, if ker/: 0 , we may assume that kerf + 0

for f e.M . X'urther, since

@

ly1\{0} : u rri, where Ni : {f eilI I I(f) > rb, llfll < j},
j:t
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it is sufficient to prove that dim/(E) : s for ff'*' almost all f etr[ for
all j . The proof of this fact is almost, identical with that of Theorem 5.6(b)
in [S]. Indeed, after fixing j we only have to verify the following analogue
of the formula (l) occurring in the proof of Lemma 5.5 in l8l:

There exists a positive number c, such that if f e N, , r e B"-t ,

ö>0 and lf@)l<ö,then llf -lrll(crd forsome heM*.
To see this, take z e1-r n ker/ such that lPn*r(r)lz : P*t(r) .

Then lr-zl <2 j ö by 2.2. Choose g eo(n) such that g(r): z and

llln, - sll : lr-zl. Then f(s@D : 0 , Arf e M, by (I), and

llf - Arfll { cr ö with c, :2i2C by (2).

4. Remarlcs. One can often apply this proposition in the following
situation: To each pair of positive integers % , fr , ffi ln , corresponds
a smooth submanifold M(n,m) of some space Hom (R",Ru) sueh that
M(n,m), is isometric with M(n-l ,m) for m 1n and. r ef,-r'.. Then
the conditions (3) and (4) are satisfied with z : dim M(n-I;m) if
tr'(M(n-I,m)) 1 a and. M(n-l ,m) is "suffi.ciently homogeneous".
Such is the case if. M(n,m) is O*(n,m) or {Pu: V eG(n,m)}.In
the first case one can define A, by Arp : pog and in the second by
ArPn: P*,s1 . Then all the assumptions are in force' ff M(n,m):
Hom (-8" , R*) , then (3) is false. However the proposition is true even in
this c&se, because all the assumptions hold with Arf : f "g for
M : {/eHom(R",R*): ll/ll <A} whenever 0<.R<oo.

The dimensions of the manifolds O*(n , m) , G(n , m) and Hom (R* , R*)
are n'L(zn - m - l)12, m(n-m) and mzr, (see 13,3.2.28(5)l), so that
the upper bounds for the dimensions of the exceptional sets &re

s + nx(2n - m - 3)12, I * rt7(n - rn - l) and s + nx(n-l), respec-
tively. We shall next show that these upper bounds may be attained. More
precisely, we shall proYe

5. Theorenr^. If m and, n areintegersanil s isareal,numberwi,th
0 <s < nx<n,thenthereeri,stsacompactset E C R" suchthat dimE: s

and,

dim{p eo*(n,m) : dimp(E) <s} : I + rn (2n - m - 3)12,

dim{7eG(n,m):dimPn@) {s}: s+nx(n-m -l) ,

dim{/e Hom (R,,R*): r(f) : 72, dim/(.E) {s} : I *m(n-l).
The following lemma is an immediate consequence of [3, 2.10.25]:

6. Lemma. If X and, y are metric spaces, y i's o-compact,
n: X-->Y isligtsch'i,tz'i,an,A+ BC y,0 

-<z( 
qand'/f'(I-t{y\) > 0

for g e B, then dim?-1(B) > dim B + v.
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Proof. We may

[3, 2.L0.25] that for
assume that Y is compact. If t
a positive nurnber c

dtr,y

Hence fft+a 1F-t(B))
dim F-l(B)

implies ,tr'(B)_0, which means that

7. Proof of Theorem 5. We begin with the case of G(n , m) and assume

first that nL : ,tL- l. Let (nfu) be a strictly and rapidly increasing sequence

of positive integers, e.g. No*, > Nf; , and let E be the set of all
(r1, ..,, u) e R* such that

-l 3 nj 1 L, llrru"/l . NI-"'' for I < j <n, kll'
(For a real number f , lllll is the distance from t to bhe nearest, integer.)
Then dim E : s. This follows from 12, Theorem fOl. The method goes

back to Jarnik [4], and a similar problem occurs in l7]. (n'or further in-
formation on number-theoretic methods, see [t] and its bibliography.)
X'or y : (1, U2,...,y*) we denote by T, the orthogonal projection from
R onto the orthogonal complement of A . We shall show that

dim{y: dim?r(E) ( s} > s,

which is equivalent with

dim{ Z eG(n,n-l): dimPr(D) ( s} å s.

Fix ö > 0 and lei Ao be the set of aIl y : (1, Uz, ...,9r,) such that
for arbitrarily large k there is an integer ä for which k < H < ltr;t-'
and llnyill 1H N;"t' for 2 <j <n. Using 14, Satz 4l or [7], one
findsthat dimr4, > s (1-ö) . Since s (l-ö) -->s as ö-> 0, itis sufficient
to show that dim f r@) <s for g eAo.

Let y eAo and let ft and H be as above. Choose integers b2,...,bn
such that lHAi-b,l<HN;"t' for 2<j<n and denote A*:
(I,bzU-l,...,b, H*,). Then ly-A*l 1 nN;"1', whence llT, - TrÅl <
O(l) N;"1' . (O(l) stands for a constant independent of ft .) Let a :
(at, ..., a,) with each aj &n integer and loil < No. We write
ar: ItH * rt, where q, and, r, are the uniquely determined integers
such that 0 ( rr { -Iy' . Then

a : (qt H ,gtbz,...,eLb*) + (rrouz - etb2,... ra* - etbr) .

The first member on the right is parallel to A* , while the second takes at
most H (3 Nh)*-r : O[) H Nl-L values, when u varies. Ifence also

-['h'@-'{v})

:0
+'r)
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Tr,(N;14) assumes at most OI) H.l[f-l values, and, by the definition
of E , Ty,(E) can be covered by that many balls of radius less than
O(r) lf"l" . Inasmuch as llT, - Tr-ll < O(l) N;"t' , the same is true
for Tr(E).x'or (zr- ö) sln < oc ( s, H lq-t (Nt'l")" I N;-a-*d1" tends to
zero as lt --> q ; hence /f"(TÅE)) : 0 . Therefore dim Tr(E) < I, as

required..
We next assume that m 4n-l and proceed by induction on n .

So assume that there exists a compact set E C Pc-l with dim "E : s

such that letting

A : {V eG(n-l ,m): dimPr(E) ( s},

we have dim z4 : I * nL (n - rL - 2). We identify .8"-1 with
{(r1,...,r,)eR'i fr*:0}.Let G bethesetof all VeG(n,nz) such
that (rr,...,fr*)eS'-l nZ implies lr*l<ll2 anddefine P:Pi--->Rn-r
by P(rr,...,r*) : (r1,...,r*-r) and F: G-->G(n-l ,m) by F(V):
P(T/) . Then -F is Lipschitzian (this can be seen with the help of 2.1) and
X-r{y} isisometricwithanopensubsetof G(m+I ,m) for VeG(n-I ,

m). Thus i€m(F-t{V})> 0 for V eG(n-L,m), and Lemma 6

implies that dim.F'-l(r4) 2 dim A + m : s * m(n - tn - l). Since
dim Pr(&) < s for V e I-L(A), we have shown that the set

At : {V eG(n,m); dimPr(E) < s}

is of dimension s * m (n - rn - l) .

To treat the case of O*(n,zz) , assume that E and A, are as above
and denote

Az: {peo*(n,m): diInp(Z) < s}.

Define I:O*(n,m)-G(n,m) letting -F(p) be the orthogonal comple-
ment of ker p . Then -F is Lipschitzian by 2.2 and. I-L{V} is isometric
wit}n O(m),whence *n1m-L)12([-{Z}) > 0, for V eG(n,za). Moreover
Az ) T-L(AL) . Using Lemma 6 we infer dir:r' A, > dim X-t(Ar) >
dim.4, * m(m-l)12 : I + nx(2n - m - 3)12. Thus dimA, :
s+rn(2n-m-3)12.

Finally we consider Hom (.8" ,.8-) and set

As : {/eHom (R" ,R*)t r(I) : m, dimf(E) < s }.
Let B be the set of alI f e Hom (R" , R*) such that l,(f) > I and

f : L " Pv for some Z e G(n , m) and some non-singular linear mapping
L: T/ -->R*.Then 7 isuniquelydeterminedby /; infact 7: (ker/)r.
We define I: B--->G(n,za) setting I(f): Y for f : L"Pv.Then f
is Lipschitzian by 2.2 and F'|{VI is isometric with an open subset of
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}Jom(R-,R*) for VeG(n,m), whence sgn'(E-r{Z}) >0. Clearly
As ) I-L(AL) . Therefore dim:4, > dim I-L(At) ) dim A, + m2 -
s -f m(n-l) and dim As : s * rn(n - l).
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