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.

Let S be a ä-ring and let ,// be a set of real mea,sures o4 S . A control
measure for .,6 is a measure on S reflecting some properties of the set '// .

The properties raised. for discussion a,re the null sets and the regularity
of the measures of. .r//, Tho same'problem can be formulated in a more
general frame for sets of, measures taking their values in different Hapsdorff
topologioal commutative groups. In this case it is useless to deal with sets

of measures sipce any such set can be reptaced by one me&sure namely the
product'of the given measures (taking its values in the product topological
group). But while for real valued measures the proper'atoms are determined
by the null sets, for arbitrary topological groups t'his is not the case and
we have to add tho proper atoms to the above two properfiss flsfining
a control measure. In general the papers dealing with control measures

&ssume that the measure takes its values in a locally convex space. By
somposing it with the continuous linear forms on this space one gets a set
of real valued mea,sures which is easier to handle. If this is not the caso the
problem becomes by far more complicated. Such a sit-uation &ppears in [2],.
where it is assumed that tho values of the mcasure lie in a locally compact
commutative group. The main id.ea consists in transporting the values
of a measure from J?/-l[ to -R by using the fact that the two topological
groups are focally isomorphic. The'aim of this paper is to gurelalize the
procedure of this paper to more general groups and to replace the local
isomorphism with more general mappings (Theoirem 2.5). This result is
then applied to control measures (Theorem 3.2 and Corollary 3.!).

Throu,ghout thi,s pa,per we shaltr ilenote by ff. a ö-ring'(i,.e. 8" * O anil

for any sequence (A)*rw ön ff. wehaae (ln*A, € ffi and, AoÅAt eft)
and, by 9 a subset of ft. such that the un'i,on of any finite fomily i,n I belCIn g s

fo S. Wegonsiiler 8 oril,ereilby theinclus'i,onrelatdonand,ilenoteby /Iy-: 1l
the set of lower, d,irecteil subsets o/ S\t0l . Ior any W e A we ilenote by

$(V) the fiJter on, ft generated, by the filter baqe
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{{Ae?Il.Bc,4}lAeDIl .

If the union of any sequence in ft belongs to ffi we call S a o-r,i,ng.
Leb G be a Hausdorff topological commutative group. A G-tsalueil, rnea,sure
orn, S is a, map p of S into G such that for any disjoint sequenco (A*)n x
in S whose union belongs to ffi we have

r(:/") : \a@").
Wo say thab p, is fr-regular if for any A e S and for any O-neighbour-
hood U in G thereexists KeS suchthat K cA and.

{p(B)l .BeS, K c B c A} c p(A) + U.

We say that p is erhausti,ae if for any disjoint sequenco (A*)n,* in ff
the sequence (p(A,))*rw converges to 0 . We set

ft(p):: {AeSlVBeS, B cA+p(B):0}.
We say lhat p satisfi,es ccc if any disjoint family in Sf$l(p) is countable.
Let A(p) be the set of subsets !I of ffiylt(p) such that the intersection
of any countable family in !I belongs to !I. The maximal elements of
A(p) (for the inclusion relation) will be called atoms of p . An atom ?I
of ,n is called ,i,mproper if p($(?I)) converges to 0; otherwise we call ?I
proper. Aset-atomof p isaset.C. esrgt(p) suchthatforany .Beffi we
have A n B eft(p) or :4.1.B eUt(p)

1. Prelimifary results

Proposition 1.1. Let p beameastneon ffi anil,let U be anei,;gh-
bourhood, of 0 . If p + O then there er'tsts :4 e ffir$|(pl su,ch that

{p(B)l B€m,BcA,A'',BgYt(p)} c U.

Assume the contrary. Let / e ffi\yl(p) . We construct inductively
e sequenco (A*lorw in ffi such that wo have for any n e N :

a) An c .r{rU .u4-;
m<t

blp,,/,)#u;
c) .z4r U A* # ,l(p) .

m3r

Assume that the sequence was constructed up to n - I . By c) and by
the assumption of the proof there exists An effi possessing the required
properties. The existence of the sequence (A*),.w is a contradiction. I
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Proposition I.2. Let p, beameasureon S. anil,let U beanei,gh-
bourhooil, of O such that for any set-atom, D of p we haae p(D) e U . Then

for ony :4. e Srlt(p) there er'tsts B e Srlt(p) contai'neil i'n A anil such

that 
{pe)r ceffi,ccB)c:u.

Let .4 e Srft(p) . By Proposition t.I there exists D e Srlt(p)
contained. in .4 such that for any C e SrIå(p) contained in D we have
p(DrC) e U .If D is a set-atom of p then, by the hypothesis, p(D) e U
and'weget' 

{t"Q)l ceffi , c cD\ c u.
fn this ca,se we take B :: D .If D is not a set-atom of p then thero
exists B e S contained in D such that B enfu) and DrB t' yt(p) .

We get

{p(C)l Ceffi,CcB) c U.a
Remnrla The abovo result was proved by K. Musial ([2], Lemma l) for

measures without set-atoms.
Proposition 1.3. Let 2[ beanupper d,irecteil, subset of 8. anil

let $ be the fil,ter on 8. generateil by the filter bose

t{aezIlAcB}lAeW).
Thenfor any erhaust'i,ae rneasure p on ffi, p(S) is a Cauchy fi,tter.

Assume p(8) is not a Cauchy fiIter. Then there exists a neighbourhood
U of O such that for any A eU there exists B eQI with .4 c B and

p(.Br,4): p(B)-p@)eA.
We may construct inductively on increasing sequence (A,),.x in !I such

thab p(A**r\/,) f U for arry n e N and this contradicts the hypothesis
that p is exhaustive. I

Proposition 1.4. Let p beanerhausti,aemeasureon ft anillet
U be a nei,ghbourhooil of O . The set of atoms W of p for which

u * p$$))
i,s finite.

We may assume U closed. Let' @ be a countable set of atoms of pr

such that
a # pW$))

for any 2I e @. By ttl Proposition 1.5 there exists a disjointfamily (r421)g.o

in s such lhat Aq7 e ?I for any 2[ e @. For any A. e @ there exists

B2I . !I such t'hab Bq1 c AQI and p(.B21) t' U . Since p is exhaustive and

since (Bg)!J.o is a disjoint family in ffi it follows llnat @ is finite. n



44 ConxEr,ru CoxsteNTrNEScu

' ,Propositiön 1.5. If the onepoi,nt sets of a topol,ogical aornmutatiue
group .G are Go-sets then any erhaustiae G-aalueil, rneauure on ffi. satisJi,es ccc,

Let p be an exhaustive G-valued me&sure on ffi and let (II*)*r'y be
a sequence of 0-neighbourhoods in G whose intersection is {0} . Let
further (A,1* be a family in ffirll(p) and let. (.B,),., be a family in S
suchthat p(8,)+ 0 and B,cA, forany rel.Since p isexhaustive
tho set

:. {r,ellp(B,)#U*}
is finite. X'rom

t = lJ t,eI I p(B,)#U,\

it follows that I is countable. I
Propoqition' 1.6. Lpt'F be a measurö on ft anit let $ be the

filter on, ffi generateil by the fi,lter base

{{Beml BiA:ql A ett}.
The following ctssertions &re equiualent:

a) p ,i,s erhaustiue;
b) for arLy disjoint sequence (An)n,N in

U of 0 there enists rn e lf such that
ffi q,nd fo, qny neighbourhooil

{p(A);z4effi,AcAn) c U
for any n Zm;

c) p($) coh,aerges to 0 .

a, + b-. If b) äoes not hold there exists a strictly increasing sequence
(lc,)n* in N andforeach neN a Bneft with BncAo, and
p(8") f U . Since (8,)).* is a disjoint sequence in S p is not exhaustive.

b + c. Assume p($) does not converge to 0 . Then there exists a
neighbourhood U of 0 suchthatforany A eS thereexists Be S,such
that, B(1A: b and. p(B)# U. Wemayconstructinductivelyadisjoint
soquence (A*),.w b n such that p(A) # A for any n, e N and this
contradicts b).

c + a. Let (A*)*ru be a disjoint sequence in ffi . Let U be an
arbitrary neighbourhood of 0 and let V be a neighbourhood of 0 such
lhat V+V c U.Thereexists Aeffi suchthat

tp(B)l Beffi,BnA:A\ cV.
Since

p(u (A n A,)) :
neN neN

there exists m eN such that p@ n A,) eV for any n 2m. We get

p(4,): p(AnA,)+p(A,.,A)ey+V c U

for any n 2m. Hence ,n is exhaustive.fl
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2. Transport of measures

l

Throughout thi,s sectisru we shall, ilenote bg G , H Hausd,orff topologi,cal
commutati,ae grouI,s, bA p a continuous semi-aal,ue on G (i.e. a map of G
into Ra such that

a) p(0) : s;
b) p(r + y) < p(r) + pfu);
c) p(-*) : p(r)

forany n,U e Gl,and,by a theset {re Gl p(r) <t}.
Proposition 2.1. Let p be an erhaust,iue G-aal,ued, rnecwure on

fr. such that

lim p(p(8(?I)))

p . Then there erists a countable subset S "f ffi such

,.E we haae

{p'(A)lAen,,A cBlr c U;
b) for any A effi" wi,th / n (UB.S B) : A we haae p(p(A)) : o.
If fr. i,s a o-ring we rna,y eaen &ssurne E finite.
From the properties of p it follows that p-t(0) is a closed subgroup of

G and Glp-l(O) is a Ilausdorff topological commutative group. J,et u be
the canonical map G -> G I p-r(0) . Then u " p is an exhaustive measure
on ffi. Let A be aset-atom of u"p andlet

Wa :: {A eS | .,4r.B eslt(u"p)\.
By [] Proposition r.2b) 2[1 isanatomof u"p.Since Sl(p) cft(u.p)
it follows that Wa is an atom of p ([f], Corollary 1.4). We get

u " p(A) : lim u " p(t(We)) e u(U) .

Wemayassume uop+ 0.Let S'bethesetof Beffif$l(a.p) such
that

{p(A)l Aen, A cA} c U

and let lz be the set of subsets $" of E' such that the sets of E" &re
pairwise disjoint. By Zorn's theorem there exists a maximal element E
of a with respect to the inclusion relation. By Proposition 1.5 uo p
satisfies ccc. Hence S is countable.

Let A e S with ,4 n (UB.S B): g and, p(p(A)) + O. By the first
part of the proof and Proposition 1.2 there exists .B e E' contained in A .

Then, E U {B} e o and this contradicts the maximality of S. Hence
S fulflls b).
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Assume now that ffi is a o-ring of sets and let (B,)o.w be a disjoint
sequonce in ffi such that

E :: {Bnl n eN}.
Since (U->,B*)n y is a decreasing sequence in ffi whose intersection is
empty there exists n e N such that U 

^znB* 
e E' and we may replace .E by

{B-l m<%\ t) {:=.-}.o
Remarlc. This result was proved by K.Musiat ([2], Proposition 2) for

atomless measures defined on o-rings and satisfying ccc.

Corollary 2.2. Let Go be an ope% subgroult of G anil' let p be

aG-ualueil,rneasure on ffi suchthatfor any atom 2I of p there e*i,sts A eQI
with

{p(B)l BeW, B cA) c Go.

Then p(ffi) c Go.
Since Go is open and closed we ma,y find a p such that Go: U .

Leb A e ffi . By the proposition there exists a finite partition (A,),,t of
/. with setsof S such lhat p(A,) e Go for any t,el.Weget p(A)eGo.!

Remarlc. This result was proved by K.Musial ([2], Proposition 3)for
atomless mea,sures defined on o-rings and satisfying ccc.

Let' M be a subset of G. A map u of M tnto H is called an (D-rnap

if it possesses the following property: Let ffi' be a o-ring, let ?I be an

upper directed subset of ffi' , let $ be the filter on ffi' generated by the
filter base

{{BeWlA ca}lAeQI},
and let p be a G-valued mea,sure on S' such that p(m') c Jlf and such
that p($) converges to a point of M. Then the map

A r-> u(p(A)) : ffi'+,f/
is a measure and the image of $ through it converges to z(lim p(8)) .

It follows immediately that if !I e A and, if p is a K-regular G-valued
measure on ffi such that p(ffi) c M and. such that p($(?I)) converges
to a point of M then the map

A r-> u(p(A)) : S+ä
is a S-regular measure and the image of 8(!I) through it converges to
u(lim p($(!I))) . It is obvious that if a is an al-map of M into ä then

u(r*il = 
u(r)+u(y)

for any r, U e M wilh r + A e M. This condition together with the
continuity a,ssures that, u is an å-map, but the continuity is not necessary.
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Proposition 2.3-. Let p be a fi-regulnr G=ual,ueil, rneq,sure an
fr. su,ch that

limp(p($(?I))) S I
for ang atom 2I of p anit let u be an @-map of tJ into H . Thenthere
er'tsts a un'i,que H-ualueil, nle&sure y on ft such that

{A) : u(p(Al)

for any A ee. wi,th

{p(B)lBeffi,BcA} c U.

Ior any A eft wi,th p(A) e U anil, u(p(A)) + O we haae A #{tb) .

v 'i,s $-regular. If u(r) : 0 impli,es r : 0 then ft(p) : It(r)
Let lI be the set of A e 8. such that

{p(B)lAeS,BcA) c U.
Then the map

B +> u(p(B)): {Be Wl B cA\---> H

is a {Ke S I K cz4.}-regular measure for any AeW.Let Q bethe
set of finite disjoint subsets of 2[ . Let E' , S" e.0 such that

U Bl : U Bo.
n'.8' o"r$"

Then p(B' n B") e U for any (B' , B") e E' X E" and we get

a'.8' s,e$'a,,e$"

:
B"€8" a,e$' B,rE

Let ,4. e ffi . By Proposition 2.1 there exists S e 12 such that
, : Ua.E B . By the above considerations the element of ä

Z "@@))a.E

depends only on A . We shall denote it by t(A) . Tt, is obvious that
r'(A) : u(p(A)) for any A eQI. Let (A,),* be a countable disjoint
family in S whose union belongs to ffi and let E e O such that

U3: tJA,.
EeSi rcI

Then
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, r(u A,) : 2 "@@)) 
: 2 2"@@ n,4J)

rcI B.S Be$ rel

2Z"fu@n,4,)) : 2r(A,).
rel 3tP rcI

Ifence r isame&sure.
Let X, be an f/-valued measure on S such that

X(A) : u(p(A))

for any A eW . Let A e ffi and let E e.f) such that

A: UB.
I a.$

We get
1(A) :2t(.Bl : )'u(p(B)) : >\B) : Y1a7.

B.S a.E B.E

This proves the unicity of v .

Let A e ll(r) with p(24) e U and let E e J? such that

: 
"'f'

Then
u(P(B)):r(B) :0

for any B e E. Hence
u(P(A)) : s.

In order to show that v is S-regular let A e S and let 7 be a 0-

neighbourhood in H . Let E e O such that

A: UB,
8.8

let zr, be the cardinal of E , and.let W be a 0-neighbourhood in I/ such

that nW cV. For any BeS there exists ffre$ containedin B
such that

/C) et(B)+W
forany Ceffi with I{u cC c B.Weset

K':tY*"ttu'

Let CeS with K c C c -4. Then

4C) : ZrqoB) e ) {r{a) + W) c \a) + v .

s.S a.S

Hence r is S-regular.
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It is obvious that $k) c Iå(r) . Assume u(r) :0 implies r : 0
and let A esJt(u). Let S eJZ such that

A : Uå.
a.E

Let C effi, C cA. Thenforany BeS wehave

u(p(B nC)): u(BoC): o

and therefore p(B n C) :0. We get p(C): 0. Hence A eft(pl .J
Remarlc. This Proposition is a generalization of a theorem of Herer ([2],

Theorem 4).

Proposition 2.4. Let @ beasetof mad,mnlelementsof tI such
that: a) wehaae Ory.v2[: O foranyinfini,tesubset Y of @;b) forany
VLe@ and,fuany Ae\I thereeri,sts K e?IO I with K cA; c) for
dny U e <D the i,ntersecti,on of any countable familg in 2I belangs to !I .

Let further (A21)q5., be a familg i,n fr. such that Aq7 e 2Ir2[' tor any W. ,

2I' e @, 2I + W,let (*qy)q7,o be afami'l'y'i,n G, anil, l,et p be a SrU21.o 2[-

regular G-aal,ueil' nleusure orr, SlUq1.r2[1. There eri'sts a un'i'que G-ualueil,

rnea,sure y on ft equal, to p oz SrUQf..oDf anil equal to r21 at 421 for
any We(D. v i,s fr-regular.

Let S bealinearorderrelationon @.Forany (4,!Io) effixO
weset: 

, e@)::{rIe@laew},
aD(A,Ao) r: {Ue<D(A) l![<2Io],

v(A) :: p(-4 \ U AU,) +
Weo-(a) Qleo(A) A'e@(a,W)

by a) eD(A) .is finite and therefore u(A) is well defined. Let (3,),.r be

a countable disjoint family in ffi whose union B belongs to S. Since
the elements of @ are maximal elements of / we deduce by c) that
(<D(B,)),.t is a disjoint family whose union is @(B) . We have

\B): p(Br U A2r;)+
!Ie@(B) Q[eo@) ?I'e@(a,!I)

: Zp(4'. u ,4u) +:
rcI ![eo(a) 

-- rcI ![e@(.B,) 2['e@(8,?I)

Let t e.I.Then
B,\ U :4*:(B,r U,4U) U.U- U (B,n(/.U\ U AQI'))

S)fetD(B,) Qfeo@) '+et S)le@(B 

^l 
!J'eo(a,)uo(a,![)

1 By [1], Proposition 1.3, ffi f U21., 2[ is a ä-ring.
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q,nd therefore

p(.B, r U AW)
![e@(8,)

:p(.B,\ U Aq1)+E E p(B,n(1U\ U AW,D.
We@(B) xel Qleo(B 

^l 
Ql'eo(2,)uo(a,Ql)

Wo have for any 2I e <D(8,) , :

(,4U \ (4 \ U AW'D U (AWn B, n( U 1U,\ U AA,))
27..o(a,,V) !I.e@(8,2J) 21'.o(a,,?I)

: (.421r(Ar U Asy))V U (BrO(z4err U Ay'))
W'ed,(8,21) 

4 ier\{r} 4 
21'-o14,21; 

4

and therefore

p(zag1r(B,r.U AU(D+p@Un4n(.u -,4q1,r U AA,)I
sy'eo(a,.w) 2I'€@(8,!I) 27'eo(e,,W)

: p(AWr(Br u AA'D+.J.,u@^n(/U\ u AW,D.
2I'e@(8,2I) /i€r\t'} 

!J'€@(a,?J)

Wo get

,'(B) tp(4r U AW)
'eI g)leo(B 

rl

-Zt 2 p(B,n(,4U\ U AW'))
,eI 

^eI uI1.D(B^, Q!'eo@,luo(n,Ql) 
*

+E E (nql-p(.421r(B,r U AW,)ii,
rcI \feto(B,) 

-- 
W'ro1a,,ul)

-E E p(AWnB,n( U /U.\ U AA))
tel \fe<0(8,) 2t'e@(8,!I) 

'- 
21to1a.,U)

+, Z Z F(Bt,n(r4or\ U Aef))
rcI Qfe<o(8,)ler\{r} ?I'€@(a,!J)

:2v(8)-Z(2 E p(B,n(/U\ U AW'))
rcI rcI 7eI Qleo(Brl Ql'eo{a,yuo(a,Ql) 

*

+ , p(B,nAVn( U /U'\ U AA'))
![eo(B,) ?I'eo(B.!{) 27',o(a,,2l)

Z E p(B,n(,40r\ U Asr)).
.ler\{r}q1.616) * 

ll'e@(a,?[)
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We have for any l e-I

U "B, n (z4U \. U AW')
!{e@(a\a,) A'eo(B,W)

: ( U A.n(,a21r U AQI'))

!Jeo(a) l{'eo@,)vo(a,Ql)

U ( U B,nAUn( U /QI,\ U AqS'D,
Qlea.(B,l A'e@(B,W) !1'eo(a,,!l)

and therefore

t t p(B,n(r4U\ U AW'))
'xer\{,} s)feo(B^t 2l'ec.(8,2t)

: 2 2 p(B,n (,4U\ U AA'))
ler \leil(B^t 9)\'eo@r)uo(a,s)l) 

--

+ 2 p(B,nAAn(. U /2t'\ U AW'D.
Qfei',(B,) 2l'eo(8,2[) 27-eo(e,,2I)

We got

/B) : ,E48,)
i.s. r is a moasuro. It is obvious that the restriction of l to S\U21.o !I
is equal to p and tlrrat \Ary,) : rs; for any !I e iD . Leb .X be a G-valued

measuro on ffi possessing these two last properties of r and let .r4 e ffi .

Then
A - (,4r U AW)U U (u4n(z4gr U A2I')')

e)feo(a) ae@@) Ql'eo(,s[)
and therefore

X(A): p(/r U A2I,)+ E 1@n(,4U\ U AW'D.
llea@t Qfeo(A) vl'e@e,A)

We have for any 2I e O(Al

A2I: (-421r(,4r U AW'DU(,4n(/21r U AW'))

!I'I@V,A) W'eo(a,W)

and therefore

rs1: p(AQIr(,4.r U AW,)I+],@n(/U\ U .AW'))W'I@V,A) W'eoV,A')
and we get

]L(A): p(z4r U AW)
9[eo(a)

+ , (rql-p(,4gr(,4r U AW'D:Y(A).
Weo(a) vI'eo(Å,DI\
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This proves the uniqueness of r.
Let A eft andlet V beaO-neighbourhoodinG.Byb)thereexists

for pny WeO(A) u K1Ie$fllI contained in A. Since p is

$rUq1.o ?I -regular there exists a .K e S contained in ..4r U21.o6y K2;

such that p(B) eV for any B effirUqJ.o2[ contained in

(A U Kg)rK.
9)leo(u

We get u(B) e Z for any B e ffi contained in :4.r(K U Ug1.r1,r1 KA) .

This shows thai y is $-regular. n
Theorem 2.5. Let p, beafr.-regularG-aal,ued,nxe(Bureon m and,

let u be d,n cD-rnap of U i,nto H . Then there eri,sts a ft.-regular H-aalued,
rneas%re y otu ft suchthat: a) u(A) : u(p(A)) for any A eft. wi,th

{p(B) lBeS,BcA) c U;
b) any proper otom of y i,s a proper atom of p . If II + {0} then for ang
0-nei,ghbaurhooil T in G there eti,sts a y with the abaue progterties aril such
that: c) any atorn W of p 'i,s a proper atom of u i,f for any A e\I there
eni,sts B eW 1Di,th B c A and, p(B)#V .If m,oreoaer u(r):O i,mpl,ies
fr : 0 we nxa,y choose y such that besid,es the aboue properti,es the folluni,ng
ones holil: d) Xt(p) : It(y); e) if for any atarn ?I of p for whi,ah
U e p(}W)l the fiker p($(?I)) 'i,s conaergent then the proper atoms of p
anil y coi,ncid,e.

Let W be a 0-neighbourhood in H such that if H + {0} then
H - (W +W)+ A.By replacing 7 withasmalleronewemayassume
V - V c U. We denote by @ the set of atoms 2I of p such that for
any A eQI thero exists B e?I with B c A and p(B)f 7. By [l]
Proposition 1.3 d)any !Ie@ isamaximalelement of A. Let ,4 e ffi,

<D(a):: {![ eAl Ae?I],
and let pebe therestrictionof p to {BeSlA cz4}.Then p, is
anexhaustivemoasnreandforany ?Ie@(A) theset {Be ?Il B cA)
is an atom of po . By Proposition 1.4 rD(A) is finite. Hence for any infinite
subset V of O wehave Og1.v,2[ : 0.By [l] Proposition 1.6 thereexists

a family (A'qlq1., tn m such that /.'21 e ?Ir2[' for any QI,DI' e<D,

W +2['. By [t] Proposition 2.5for any 2I e@ andforany A eW therc
exists Ke Sn?I with K cA.

Let W e eD . By [] Proposition 2.2 p($(!I)) is a Cauchy filter. Hence
thero exists OA 

= ?I such that

p(Ar"A) e V
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for any A eW with A . ArX.By [t] Proposition r.3 c) and d)

Ss :: {e*.,A I A eQI\

is a o-ring. The restriction of p to Ss is a measure such that p(So) c V .

Wo deduce that the map

A r-> u(p(A)) : ffio -+ ä
is a measure. Let us denote by I the filter on ffie generated by the filter

{{Be$olr4 cB}l,4effio}.
By Proposition 1.3 its image through the above map is a Cauchy filter.
Ilonce there existr 1U e?I such thab A27 . A&n nA and such that

u(p(A211 -p@))eW
for any A eW with .4 c AQI.

Let (r2y)27,, be an arbitrary family in H (resp. in H\(W + W)

if E + {0}). We set

$l':: ffirUlI , $':: sru 2I.
W.a Wro

By Proposition 2.3 there exists a S'-regular ä-valued measure l. on

S' such that
)'(A1 : u(P(A))

for any -24 e ft' with

{p(B)lBeffi',BcA) cU.
By Proposition 2.4 there exists a $-regular I/-valued mea,suro z on S
equal to l. on ffi' and equal lo *qy ab Aq1 for any sil e @ .

a) Lot z4 e fr with

{p(B)lBeffi,BcA) cU.
Then ,4. e S' and therefore

v(A) : x(A) : u(p(A)) .

b) Let now 2[ be a proper atom of v . By *) lt(p) c !t(r) and.

therefore 2[ is an atom of I ([1], Corollary 1.4). Assume that p($(?I))
converges to 0. Let A be a set of 2[ such that

tp.fi)lBeW,BcA)cU.
Since z is an ar-map it follows by a) that /(8(?I)) converges to 0 an<l

this is a contradiction.
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c) Let V.e@,leb AeU with A cA27, and let Be S with
B c Ay;"A. Then A U B e ?I and A U B c A2I and. therefore

p(A*',A) e V, p@r..@ lJ B)) e V,

p(B)eV-VcU.
We get by a)

v(A21;l,A) : u(p(AVi:A))

for any- A eW. with A C A2I. Ilonce

nq1- t(A) : t(AqI) - r(A) : u(p(Aq1) - p(A)) e W ,

t(A) g W

for any A eW with A c AQI. It follows that ?I is a proper atom of z.
Assume now that u(r) :0 implies u : 0 ,

d) By a) lt(p) c Så(r). Let A esll!'). Then A eft' and therefore
A eft(X). By Proposition 2.3 A esJt(p).

e) Let lI be an atom of p not belonging to @ . Then there exists
A eW such that

{p(B)lBeQI,BcA) c V.

It follows Aeft'. X'or any BeW with B c A wa get .r4rBeffi',

{p(C) | CeS, C c.u4rB} c U,

z(,4r.B) : X(/rB) : 4(P(A"B)),

v(B) : ut*'c(B))

By the hypothesis p($(?I)) converges to an elemenb r e U . Since zr is
an @-map /(8(!I)) converges to z(z) . Since u(rl :0 implies u : O ,

?I is a proper atom of p ifand only ifit is a proper atom of z.D

3. Control measures

Throu4hout thi,s section we shall ilenote by b a al,ass of Hausilorff
topologi,cal, cammutati,ae groups (resp. Hau,sil,orff topologi,oal ord,ereil, corn-

mutatiae grm,ps) closeil, wi,th respect to the prod,uct operati,on and, contai,nfury an
H + {0\ and, by @ the class of Hausilmff topologi,cal, cornmutoti,ae groups
G such tlmt for any $-regular G-aalueil rneasure p on ft there erist an
H e 6 anil a fi-regular H-aalueil rneu,sure (resp. a posi,ti,ae fi-regular H-
aalued measure) v En ft su,ch, that ft(d : nQ') .
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As variants we may require in add-ition some of the next conditions:
a) the proper atonw of p, anil, v coi'nci'ile;
b) !t(r) : {A effi. I t(A): 0 };
c) if p i,s erhausti,ae then v 'i,s erhauståue.
By Theorem 2.5 any discrete topo-logical commutativo group belongs

to 6 . If pc satisfies ccc then a) isauthomaticallyfulfilled(ff],Proposition
r.2 c)).

Proposition 3.1. Theprod,uctof anyfamilyi'n @ belongsto 6.
Let (G,),., be a family in 6 and let p be a $-regular fI,., Q-valued

mea,sure on ffi . X'or any r, e I we denote by 'u,, tho projection
il^uG^--->G,i then %,o ltr is a $-regular measure. Hence there exist
for any t,el an H,eb and a S-regular ä,-valued. measure (resp.

a positive $-regular fl,-valued measure) z, on $t such that

It(P,) : Sl(2,)'

We denote by r the map

A r-> (u,(A)),.r : S -- 
*nrr,.

Then p is a $-regular fI,., fl,-valued measure (resp. a positive $-regular
fI,* f/,-valued measure) on S such that

Xt(P) : Ilb') '

ff variant a) holds then we may choose the measures % ( a e -[ ) such
that the proper atoms of p, and z, coincide. We deduce that the proper
atoms of p and r coincide.

If variant b) holds then

It(u,) : {A effil t,,(A) : 0)

for any l e / and therefore

!t(r) : {.u{ eS I t(A) : 0}.
If variant c) holds and if p is exhaustive then for any r e I , v, is

exhaustivo and therefore r is exhaustive. I
Remarlc. Since any subgroup of a group of 6 belongs to @ it

follows that the projective limits of groups of 6 belong to G .

T h e o r e m 3.2. Let G be a Hausil,offi topological commutati,ue groult
anil, Iet U be a T-nei,ghbourhooil 'i,n G such that for &ny a e U',,{0} there

eui,st a conti,nuous semi,-aolue po an G wi'th p"(a) S I anil &n @-nxd'p

uo of
Uo:: {reGl p"@) SI}

'tntoagroupof @ notaoni,shi,ngat a. Then Ge6.
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Wo may assume G non-discrete. Let p be a g-regular G-valued
measnre on S . Let us denoto by S the set of 0-neighbourhoods in G
and by U' the set Ur{0}. By Theorem 2.6 there exist for any
(a,V) eU'xE an Go,re@ andag-regular Go,r-valuedmeasure
1.",, on s such that: a) l,,n(A) : u"(p(A)) for any z4 e ffi with

{p(B)lBeS,BcA} c a,i
b) any proper atom of ).*,, is a proper atom of p t c) if ![ is an atom
of pr such that for any A ell there exists B eA with "B c.d and
p@) e V then ?I is a proper atom of )"",, . Wo denote by .1 the map

A (X.,n(A))<",neu,xg: S--+ fI Go,.
@,VleAtx$,

Then .l is a S-regulat fl1a,v1eutxS, Ga,v -valued meåsuro on S. Bya)we
have [t(p) c Y](i).

Let W be a proper atom of .1. Then there exists (a, V) e U' x E
such that X,,"(}QI)) does not converge to 0 . Since S|(,1) C slt()',,) ,

!I is a proper atom of X,,, (llf, Corollary f .a). By b) U is a proper atom
of p.

Let !I be a proper atom of p . Then there exists 7 e E such that for
any A e !I there exists B eW with B c A and p(B) gV. By c) AI

is a proper atom of ).,,, for any a e f)' .

Let' A e ffirll(p) and let 2l be a proper atom of p containing ,4 .

By the above considerations there exists 7 e E such that ?{ is a proper
atom of ).o,, for any & e U'. Since G is not discrete we get A#nQ).

Let 24. e SrSå(p) such that no proper atom of p contains A . By
Proposition 1.2 there exists 3 e SrSå(p) contained in A such that
p(B) e U'. Then p(B) eUos and

uu@fu(B)) * 0.

By Proposition 2.3 we get B $ft(Xo1n1,v) for any Z e E and therefore
Af nQ). Henco Xt(p): nQ).

Let ?I be a proper atom of p . Then .A is an atom of i ([l], Corollary
1.4) and by the above considerations it is even a proper atom of .1 .

Assume thafr, p is exhaustive. Let (a , V) e U' x E and let, (A*),r*
be a disjoint sequence in ffi . By Proposition 1.6 there exists za e N such
that

{p(A)lAeft,AcA*} c U,

for any n 2m. We get by a)

I*,v(A*): u*(p(A*))
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for any m 2m. Since (p(A*)),.w converges to 0 and since zro is an
@-map it follows that (1,,r(A*))*.w converges to 0. Ilence (X(A*))",w
converges to 0 and I is exhaustive.

By Proposition 3.1 frp,r1.o,*EGo,v e 6 . Henco thero exist an H e b
and a S-regular ä-valued me&sure (resp. a positive $-regular ä-valued
measure) r, on ffi such that yt(X) : ft(v).It followsthatft(p) : ft(r).

ff variant a) holds we ma,y require in addition that the proper atoms
of .1. and. y coincide. Then the proper atoms of p and l coincide.

If variant b) holds we may require

!t(r): {Aeftlr@):0}.
If variant c) holds and if p is exhaustive, then by the above con-

sid.erations .1 is exhaustive and therefore we may chooso an exhaustive
rr.I

C o r o ll ary 3.3. Let G be a Hausilorff topological aommutafi'i'ae

grmtp anil let U be a O-neighbourhooil in G such that for any o' e Ur{0}
there erist a cont'i,nuotr,s sem'i,-aalue g" om G wi'th p"(a) Sl anilan@-map
uo of

U, i: {u eG I p"@) Sl)
into R rnt aani,shi,ng at a . Then for ony R-regular erhaustiae G-aalued'

rneasure p uL ffi satisfying acc there ert'sts a posi'ti'ae fr-regular enhaust'i'ae

real rsal,ueil, rneasure v an ft such that St(p) : St(r) .

By the theorem there exist a set X and an exhaustive $-regular
Rx-valued measure ,1 on S such that lt(p) : yt(l) . Let us denote for
aray n e X by n* the corresponding projection Rx -+ R .By [3] Theorem
1 there exists a, sequence (n*)*rw in X such that

tt(,l) : 
o(l 

sll(n,oo p) .

By Proposition 1.6

&n i: sup lz" " Xl@) < oo

e.ffi

for any r e X. The measure

t
, ,: 

,z*z*oalnr," 
li

possesses the required properties. I
X'rom this corollary we may deduce the following result of K. Musia,l

([2], Theorem 8):

Corollary 3.4. Let p be a fi-regular enhaustiae rnea,sure on ffi.

sati,sfyi,ng cca ui,th uaJues i,n a locally compact commutatiae graup. Then
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there e*'i,sts a positdae fr-regular erhaust'i,ae real aolued, rned,sure y on 8
such that ft(p) : It(r) .
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