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AI\ EXTREMUM PROBTEM FOR ANATYTIC
FUI\CTIOI\S WITH AREA ITORM

EDCAR REICH1

0. Introductlon. Let ld be tho class of complex valued, bounded,
measurable functions ,(z) , z eU : {lzl < I }. Our principal objectivo
is to attempt to determine whether for a given function x(z) , x e ld ,
stri,ct i,nequali,fy holds in the obvious inequality,

ll,[ ,o) r@) d" dvl

sup
le0
t#0 IJ tr@td'rd'v

The class @ over which the sup on the left side is taken is the Banach
space of functions f holomorgthic rn .U for which

il/t r lf@l d,r d,y(0.2) : TT
If equality holds in (0.1) we Ba,y ,1, e ff* .

Because the norm for 6 involves lf(z)l to the first power tho problem
of d.etermining whether a given z belongs to ff* or ff\ff* turns out to
bo rather delicate. We succeed in determining certain useful necessary
conditions as well as certain sufficient conditions. Aside from its function
theoretic interest there exists an intimate connection of our problem with
a problem of the theory of plane quasiconformal mappings that was origi-
nally formulated by Teichmiiller [12, p. I84]: To characterizo those quasi-
conformal mappings of U onto U possessing a given boundary corre-
spondence which are "extremal" in the sense of having minimal maximal
dilatation. It is now known [2], [8] that a quasiconformal mapping of U is
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extremal for its boundary correspondence if and only if its complex dilata-
tion x(zl belongs to the class /d*. This fact allows a "geometric" attack
on our question which we howover deliberately choose to avoid in the
present pa,per precisely in order to try to enlarge the available analyti'c
techniques for the problem.

The following notation will be followed.

llL-ll: sup lH!
tt"xtt - ;;{l ll/ll '

.[ : {x: x e/{, L*lf]: 0 for all f e#),

ffr: {*r*eff, x:r#rwhere /c-const }0,v.4\.

It is clear t}:;at t7 c K* . Ooly if x e ff, can there exist a function

fretE with llrl!- : lL,Uoll / llåll. As was first shownbyStrebel [9],
however, ff*',/d7 is nonempty; it is precisely this fact that makes our
problem non trivial.

Era,mple 0.1.2 In

(0.S) A : {w : u *,i,a: 0 <u <,t,', O <u<A),
(o>f,0{A3cp)

choose pr(u) such that

It@)l ( l, limp(w): t.
{fl;3

Let

nd+7
g"(w) : 7\ -e+ r) 

e-"', w e Q .

Let w: Q(z) ynap (J conformallyonto g,anddefine x(z), f*(z), z eU,
by

(0.4) 44 # : p@#, (w : @(z)) ,

L.tfl : f I x@) f(") itr d,y ,

2 The above example is related to an example in [4].
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I ,r*) g *(,'a) d,u d,u --> I ,

(0.5) f*(z) d,zz : g*(w) dwz , ( w :
respectively. \Me obtain

llf-ll:llls*o,rld,ud,u->1, L*rf*l- I

Q(z) ) ,

and

l*@)l: lp@@)l (1, zeU.

Since llL*ll: llzll. : I we have x e ff*, but if lp(a;)l is not constant,
or rf p(w) : I but A : @, z will not belong to /{7 .

We shall say that a sequence go e 6 is an ertremal sequence for x if
llg"ll : r, n : r,2,..., antd'

L"lqÅ * llL,ll .

Since the subclass of 0 of functions with norm not exceeding a fixed
constant is a normal family we can assume (if necessary by choosing a

subsequence) that

q^@) --> 9r@) locally uniformly in U .

go will be called a limit function for x .If qo@) vanishes identically the
extremal sequence is said to d,egenerate.

Lemma 0.1. xeff:ff* i,f an'ilonlyi'f thereer'i,stsave./r suchthnt

(0.6) llr-rll- < llrll- .

Proof. (i) If (0.6) holds then lll,ll: llL*-,ll < llrll-. Hence

2t# {* .

(ii) By the Hahn-Banach theorem and the Riesz representation
theorem there exists i e ld with llilll*: ll.D,ll such that

(0.7) L,Uf :L;Ul, fe*.
Hence v: x-i e.,f . So,if llL"ll < llrll., (0.6) witlhold.

The following two lemmas deal with extremal sequences and a con-
sequence ofnon-degenera,cy; although they are equivalent to closely related
facts found elsewhere we list them explicitly for the sake of completeness.

Lemma 0.2. If petr* and, pneg,llE,ll:l,then {p"@)\ is
an ertremal se(Iuence f* p i,f and, anly i'f

(0.s) ,#ll I p@) E,@) d,r d,y - ttutt- [ [ tq,@)t a* au] : o ,

fo, eaery nnee,srtrable subset S ,f (J .
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Proof. Since we can put S : U, (0.S) implies t}::ab {g,} is extremal
sequence for p. To prove that (0.8) is necessary, consider

llpll- : 
^. I I snqitritv * ön,

u\s

whero z* : ffsq*Filrily, and ö*:llpll- - I|r4,pilrily -+ 0. Tak-
ing real parts of both sides,

llpll- < Re zn* ltutt- [ [ lE,ldrity +Reö*
u\s

: Re z,+ ltrtt-(r - I I tvÅdr*)*Roö,.
s

Rearranging terms and taking into account that

l"*l < llpl ,-llls*ld,rity,
s

wo obtain

lz*-Rez,Jz.2 t-t _ f f
,p"l 1lz"l-Rezo < llpll-J I lv,ldril,y-Razn < Reö".

s

Since {2,} is bounded, we see llrrat z* - Re z,-> 0 , and (0.8) follows.
If z has a non-degenerate extremal sequence a representalion for L*lfl

is obtained as follows.
Lemma 0.3. Suppose x eff hastheli,mi,tfuncti,an po@):lim*-g*(z),

llqoll*0. Then

(o.e) L-Lfl: nLn t f ,r@llL"ll J,J ffi,fO dr ity , I e 0 .

Proof. Again choose i e tr such that

L;lfl : L,1fl, f e 0, ll;ll* : llL,ll .

fn Lemma 0.2 choose B : { R < lzl( l}. Thus

I I s*i d,rds - u;tt-(r - I I tv,tdrau) -* o,
R<lrl<l lsldR

that is
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I f rpot *or)
l<R

ltrolt + I I lsol d"da)
R( lz[(1

I I v*il d,r d,y -+ llil'- (t

-/
R{lzr(l 

lrll- 
1r

Therefore,

L,lv*-qrf : L;[9,-go1

: I I (E*-qd i itr d,y . I I (v,-ed i d,r d's ---> t(R)

lzl<R R<lsl<l

: 0 + rr;rr-(r - ltsot,. I I w,td*rr) - I I r,i itrd,y.
\ *{lzl{t R<lz!<l

Ilence, l(-E) is independent of R; in particular, l(0) : l(l-0) ; that is,

ll;ll- lleoll : L;lvol.
This implies (0.9).

An immediate corol,lary of Lemma 0.3 is the following: Buppose x e ff* .

Then either euerg ertremal, selluence for x d,egenerates or x e ff7.
If onetakes ,4 ( oo, p-I inExample0.loneobtains xeffrwith

a degenerative extremal sequence. Another example was given in l7].

1. The Class "4". In order to exploit (0.6) it is necessary to build up a,n

arsenal of functions of class .[ to be used to "combat" the x's for the
purpose of trying to reduce the latters' norms.

Since the functions analytic in the closod disk {lzl ( l} are dense in
0 in the norm | | | | , and since these in turn can be uniformly approximated
by polynomials it is clear that

(r.r) r,e.tf * I Iu(z)z*d,ril,y 
: s, n:0,r,2,...,.

U

We may interpret (l.l) in terms of X'ourier series: Suppose

u1r P1 - )u,(r)e'fr + 2p,@)"-nd, o <r < t.
n:L n:0

A necessary anil, sufficient conil,i,ti'on for a to bel,ong to -,f i's that v e ld , and,

(1.2)

{ 
rn+r B*1r1 d,r : o, n: o,t ,2,... , .
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A function of class -,f may be chosen arbi'trarily on a cannpact subset of
U , subject only to the restriction that it is bounded there. This is a corollary
of the following result.

T h o o r e m 1.1. Let u(z) be a bou,nd'eil,, measurable, compler aalued'

functi,on, l"l<e, (0<e<l). There erists a uni,que functi,on f("),
holomorphi,c for e < lzl 5 oo , such that

(1.3) v(z) : {;,,:1,, 
,i,..,å'., 

,

belongs to .,f ; namely

I
g-4 B@) : - r-a, zP(z), P(z) : -: I I "f"otur, Q< l,l <o.

lal<s

Proof. Suppose B(z) as required exists. Then for any function f(z)
holomorphic for lzl < l, and any pr, Q.{ Qr { l,

[ [ oatxeitrd,y : I I *@Br)d,rd,y
er(lrl(l er(lsl(1

I f _ | r: nJ vBfd,z- z.i J 7Bf az

lsl-l lzl:P'

t-p? f . d": -r; J f f T'
where C ishomologousto {l"l:Qr} in {e<lzl <1}.Hence

+l u,* : I I prd,rd'v : - t I aritrd,v
C e<ltl<1 lzl<e

: - I I P;r,*,y : - I I $e1u*0,
lgl<p lsl<s

trtf
-*J Pfd,z: -nJPfd'2.

lzl:o c

In view of the arbitrariness of / it follows that

L-oz
z P@ + P(z)

has a holomorphic extension to A . But P(") is holomorphic for

e < lzl ( oo , P(oo) : 0, and, by hypothesis, f(") is holomorphic for
p < lzl ( oo . Therefore, by Liouville's theorem,
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L-o2
-;0t"1 + P(z) : o,

and so (1.4) must hold. Conversely, suppose p(z) is defined by Q.a). P(z)
is conti{ruous in the extended plane, P(oo) : 0, and therefore B@) is
bounded and holomorphic for p < lzl ( m . By reversing the reasoning
used. above we conclude that for any /(z) holomorphic for lzl < I ,

[ [ oto*u, : - I I ard,rilv.
e<lsl<l lgl(e

Thus y e-,f .

Remarlc. One sees from the proof of Theorem 1.1, or directly from
condition (f .2) that to obtain v e.,f it is sufficient to take

(1.5)

(1 .6)

where F (r) is ang function bounded in U such that

m_ !a(z), l"l{q,L'z ; t0, q

in the sense of distributions. Such functions .ä'(z) differ from P(z) by
a function bounded and holomorphic in U. The following necess&ry con-
dition for x e ff* follows.

Theorem 1.2. Sqtpose x(z) e/d*. Choose q, 0< g <-1, anil
choose F e$ suchthat

F;_

Then fo, eny conLplefr nllmber

x(z), l"l(Q,
0, a

satisfy'ing

I-az
tRe(1.7)

2De hA,Ue

(1.8) sup lr@) + tzT(z)l
e{ lal{1

the function

_\ t(l-Qz)tx(z), lrl(q,
/. I It - tzT(z), a

Proof . By (1.5),

v(

belongs to rf . Therefore
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L,_,lfl: L"lfl, f e0,
and.

llx-ull- lL"-'l{ll lL'lfll " ". i:n*lm- 
: 

':n* lril ttxtt*'

fn view of (r.7),

sup lz(z) - r@)l - ll - (1-p')tl sup lz(z)l < sup l,r@)l .

I'l<e lzl(e l:l<p

Therefore

sup lz(z) + tzF(z)l : llr-rll- > llrll-.
s<l3l<1

Note. The qualitative significance of (1.8) is to restrict the absolute
value and argument of x(z), for g < l"l < I , as related to the behavior
of x(z) for lzl <e. Choosing 1: Lln, tuå oo, we obtain the known

[2] result

(r.e) xeff*, 0(s( I * 
.jlp=rlr(r)l 

: llrll*.8

We shall require a generalization of the class .t|r bhat is obtained by
replacing U by an arbitrary simply connected region o. We set

/d(e) : {p(w): pr is complex valued, llpll. : "n:"p lp@)l < a)
Ig@) I S(*) : g is holomorphic in o ,
t

llsllo: [ | wwtd,ud,u<al

3 Refinements of (1.9) in which the measure of the set

tr, q<l"l<l,lx(") I >llrll* ö)
is estimated in terms of ö from below are also possible.

.tt'(a) : 
{uW, 

petr(a),[ [aWs@)d'uita:lforall tewp)l.

Transforming !2 onto U by a conformal mapping ze w we find that if
-

-@ + : p@ #,, f(z) itzz : s(w) d,wz ,d,z d,w

then xetr(U) if and only if petr(o), and f e0:0(U) if and
only if g e 9(a) .
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Tf aLco, then clearly g(Or))g(az). Hence, if xe tr(ar), then

(*(z), zeQ,
(l.to) x(z):\0, ze er.,er.

will belong to .,{@r). If we choose arcU: !?a then (1.10) generates

rxn element of. .,{. This remark will be used in Section 3.

In the case of a strip

X : { z: r *,iA, yr<y <Az}

a useful criterion for membership in llrQ) is as follows.
Lemma l.l. Let u(z):ho@), ArlAlUz beacomplerbounileil

measurable function of the single aariable A , U : Im z . Then

t;

a e -,f (E) + | ho(y) d'y : 0.
J

Therefore,

rf ';
I I ft"l ho(y) d,r dy : C t I hr(a) dy .

J J 'J

Since there exist / e 0(2) for which Ct+0, (e.g. for f(z) : e-'", C,:
t|i 1 *u result follows.

2. Extension inward and the class J/ö. In contrast with the situa-
tion described in Theorem l.I a firnction of class -4r cannot be prescribed

Proof. If f eg(E) then

@
,l

J lf@ + iv)ld*

and *;; exist sequences, nnt co , r;], - co, such that,

I 
v@*+ i y)l dy --> 0 , 

{ 
v@.+ i,y)t dy --> 0 .

By Cauchy's theorem there therefore exists a constant C I such that

@

f
I f@ + i, y) d,r - C, ,a.a.y.

J



438 Epcen RErcn

arbitrarily inanannulus {g <l"l< f }.Let B@) be abounded,me&sur-
able, complex valued function, g < Izl < I ,

bn: If OAznd,rity, ?L:0,r,2,....
a<lzl<1

If there exists a function a(z), lzl { q such that (f.3) belongs to .4r we
say that ertension ,i,nward, of B@) is possible. The following two theorems
give different types of growbh conditions on {b,} related to this question.

Theorem 2,L. A necessarg conili,tian on f(z), g<lzl<1., for
ertension inward, to a fwnct'ion of class .,,f i,s that

(2.1) li^ 1b,1tr" < q .

A sufficient crmd,iti,on is that

(2.2) li^ 1b,1tr' a n .

Proof. rf extensio^ ,"**i-ts possible

b, : - I I u@)z* ilrd,y, n : 0,t,2,...
lzl<p

Ilence lb,l < z q'sup,,,.n l"@)l . This gives the necessary condition (2.1).
On the other hand, It (2.2) holds, then defining

(2.s) a(reih'1 : -2rrTrL*rbne-in8, 0< r -Q, 0<rt 12n,

we obtain a continuous bounded function oc(z) such that (f.3) satisfies
(r.2).

Alternatively, we also have the following conditions.
Theorem 2.2. A necessary crynd,i,tion on 0@), p < lzl < l, for

ertension i,nwcr,rd, to a function of class l{ i,s that

a lh12
(2.4) 2" JT < oo .

n:1 P

A sufficient cond,itian, is that

* lb,.l(2.5) Z,"i ( oo.

Proof. We have already seen, above, that (2.5) is sufficient. To show
lhab Q.Q is necessary, let

f(") : ,i,ou"u .
å:0
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Then

äooru: [ [ oetr@)d,rd,y : - I I a@)r(z)d,nd,y,
å:0

e<lzl<l lzl<p

t i^aobolz = I I @@)tz d,r * I I ff@)tz d,r d,y
å:0

lzl<p lzlle

1 n, Q, llrlp*;^lt*rn unr 
.

h:g'

Choosing &n : ((fr+l) lQ'o*')4 tttu above becomes

9 
(k+t]_löel, 

I n,Qollrllr*,
3o Q'o =

which implies (2.4).
Erample 2.7. f(z) : (R -'21-t, Q ( Izl <1, where R is a fixed

number, -B>t.I{ere

u.:",('-,n!-::1..' : (n+\ R +r' 7L : 0'l'2' "''

By Theorem 2.2, i,nward, ertension of f (z) to a functi,on a(z) e .4r i,s gtossi,ble

if and,onlyi,f AA>r.
Example 2.1 shows that local smoothness properties are not enough

to guarantee an inward extension from a fixed annulus q { lzl < I . It
turns out, however, that our general objectives will not be compromised
if inward extension is formulated in terms of a g that is not a-priori fixed.
Accordingly a function B(z) defined in some neighborhood { Se < lzl < I }
of aU will be said to belong to the class -,f 6 if there exists a function
v e-|r and a number tp, Qp <tp <I, such that

a(z): B@), tu<lzl<r.
It turns out that if B@) is sufficiently smooth near OU then B(z) will

belong to lf 6. More precisely, a somewhat crude sufficient condition is the
following.

Theorem 2.3. If

> la*,1V*+n < a
w,n :0

for some -B > I , then the function

f("): ; a**z*z*, q<lzl <1,
m,r :0

belongs to ,,f 6.
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Proof. We have

t la*,m*kl Vz*+n -m-A ASmqa
n:m*k

Ifence,

w, ?4:0
åYn*n- I{

k-0, 1,2,

@s.L
fn:0

lo*,*+nl la*,m*kl R'* k-0, 1,2,

I , wo have

co I t2*+2h+2
drdy : n/&rn,m*nffi,

ln:O nx+k+I k :0,L,2)...

€

H

tm:0

m:A

M
-= pn'

Forany t, q

bk : I I B@)zh,

r{lel(1

Thus,

lbul

M
lo*,m*hl < ffi, k-0,r,2,...

If we choose t > lla then condilion (2.2) is satisfied, and an inward

extension of. B@) from { t < lzl a f } to a function of class .4r exists.

Following an important idea of K. strebel [rl] (formulated by him for
the corresponding problem for quasiconformal mappings) the introduction

of -,[7 allows the statement of a simple sufficient condition on z which

implies that xe{7.
Theorem 2.4. If xeff anil'if thereeristsa t suchthnt n-re-'fu,

llzll* < llL,ll , then llL-ll: L,lErl for some 9oe4, llEoll : l. In
ca,se 2,t € ff* , then x e ff, .

Proof. We start with a preliminary observation llll: Supptose x has

an ertremal' se{luence {Vn), E*-Vu loc.unif., llqoll < t . Then u has

a ilegenerat'i,ae ertremal sequence. If llEoll :0 there is nothing to prove'
If llEoll > 0, then, by Lemma 0.3,

L*lq,-Vol : L,lE*f - L,lEol ..'- llL,ll - llL,ll 'llEoll.

On the other hand, llE,-Eoll * I - llqoll. Hence

^ 9*-9oI" : llv- Eoll

is Strebel's degenerative extremal sequence'

Choose v e -{ such that

a
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So we have

L,lf*l-llL*ll , -liml1,*lf*ll < llzll*,

a contradiction. 'Ihus we conclude *t, ,lEoll : I for every limit function
go of x .By (0.9), L,lqol : llL)l . Tf x e ff* t this implies

xk\ : rY'A .

lp,@)l

If z had a limit function Eo, llEoll < I , then if /, is formed as above,

L-lf*l : L,-,lf,f : I I @-,) f*ilr d,y -t f l, f^o* o,
lzl{p s<!zl<1

II,r"d,rity+o(t).
p(lzi(1

3. Some examples

Erample 3.7. xr(z) : Xs@) + y(z)lt- Xs@)1, z eU, where Ir is the
characteristicfunction of the set B, BcU, meas8 > 0, and where

sup l7(z)l < r

for some annulus .4 : { p < lzl < I }. We will prove that,

(3.1) xreff* + meas([/r8) : 0 + xr(z) : I.

Suppose x, e J{*. Then llL,,ll : llrtll- : I . Let {V} lre anextremal
sequence for xr. By (1.9), meas (B n A) > 0 . By (0.8),

rim [ [ W-pltd,nd,y: s,
o-*J J

(3.2) (u\ s)nr

j'1i[ [ [ v^ad,rd,s - [ [ w,,r"ttdrdvf : o.
snl sn.4

If xtf ffr then {V"} degenerates. In this c&se (3.2) implies that
llr"o lV,l il,r d,y ---> I , and hence ![snn E,@) ilr ily ---> | , and hence

I[n q,@) ilr ily ---> I . But, by Cauchy's formula,

[ [ v,A itr d,y : n(L -p') E*(o) ,

A
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where p*(o) --.0 since {g,} degenerates. We have arrived at a contradic-
tion, and must therefore conclude that, x e ffr .Since meas S > 0 this is
possible only if x(z) : I .

If
(3'3) xr(z): X'@), S: {et.--lzl (qz},

llL,,ll can easily be calculated. Namely, we have

L,.Lft : [ [ fa d,r d,y : (p1-s?) [ f ta d,r ity, f e ea,

and therefore

lL,,lfll < (sz-a?) ll/ll .

On the other hand, lL,,(lln)l : p\-e?. Hence, for case (3.3),

(3.4) llL^ll:1rnuu*S.

Erampl,e 3.2. As a prototype of a problem where the argument of
Example 3.1 fails we consider

(3 5) x,(z) : { : l , izir: 
:: 

l:',""'.oo" tr::: : }
Using the connection with quasiconformal mapping, Strebel and the

author have shown a by studying the dilatations of appropriately chosen
mappings that

(3.6) llL""ll < t.
We will now give an analytic proof ö of (3.6) using Lemma 0.1 and the
methods of Section l.

To prove (3.6) by means of Lemma 0.1 it is sufficient to find a function
y e -,f such that

(3.7) Rea(z) > ö > 0, (z eUa), Rea(z) < -ö , (z eU-),
for withsucha z weget llxz-tzll-< I when f )0 issufficientlysmall.

(a) Let

uo@)_ 'iei$: sind tcos8, ze U

a Al outlino of the proof may be found in the oxpository notes [5].
5 Another analytic proof has recently been found by A, Harrington and M. Ortel

who kindly allowed me to see their manuscript.
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By (f.l), uoeJ.. Note that Rerro(z) 2O for z e Ua, and Rero(a) < 0
for z e U- so that (3.7) is "almost" satisfied.

(b) Let Qu denote the lcth quadrant of U , k : 1,2,3, 4 . I>et
w : <D(z) map Qz conformally onto

I nl,: iw:0<Imw<rl, v'ith @(-l) : -m, @(0) : *oo.

If we choose a bounded function h(u) , ( a : Im r,o ), such that
nl2
f

J otlda : o

0

then, by Lemma L.l, h elf@). Therefore

ur(z) : '-,\"1. ofq - e2i@(4 h@) e "r@), (a : Im@(z)) .
Q'(z)

By considering the boundary behavior of @ , @' at z - -L, z : 0,
the following is easily verified:

ry

n2i@(z) : 
= 

+ o(l) : e-zi, + o(l), as z--> 0, z eer,
z')v4)

z*l
"2i@lz): ,+o(1) :sziv +o(l) , asz-+-l ,z€Qz,z+l

"zi@(zl 
: I + o(l) , as z -> uo , uniformly on every compact subset

of theray R": {-L< ro<0,y:0}.
Choosing

h(u) : n-Zia +'i, 0

we t'herefore find, for z e Q, , u _ Im @(z) ,

[e-+t' +,[n-ziu +o(1) ) z->o)
uz@) - {t+drzia +o(1) , zi-L ,

It + i + o(1) ) z+fro,uniformlyoneverycompactsubset

I)ue to the conformality of e@k) at, z - 0 ,

a
z-->0

Thus there exists an s > 0 such that

? eQz, ir-t

of Rs.
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Next, weextend vr(z) to allof U bydefiningitas 0 in [/r,Qr. The
resulting function belongs to tf .

(c) We define tho sister functions

yn@): -t,z(-z), t,lz): -rn("), ts(z): -rr?l
Since u, e.lr it is clear from (l.l) that vo e./t , lc :1,3,4, also. The
function

4

Zr'o1o)' 
zeuo

therefore belongs to ry and displays the desired behavior (3.7) in the
angular set

-e { atgz < e, n-e I argz I n*e,
symmetric with respect to the real axis in U . Therefore, if we choose c > 0
sufficiently small, the function

a(z) : vr(z) + " trS"1, z e (J,
h:7

which also belongsto -,1., will satisfy (3.7).

Remark. The same function r(z) satisfying (3.7) evidently serves to
determine a considerably more general class of x's, obher than just zr,
which belong to /d" /d* .
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