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1. Introduction and results

t. We uso the usual notation of the Nevanlinna theory. We let J denote
the Riemann sphere. n'or any function / in the plane let n(r) :
Bupoe.c n(r , a) be the maximum number of roots of the equation f(") : a
in lzl < r, antdlet A(r) betheaveragevalueof n(r,a) as d movesover
the Riemann sphere. Hayman [2] has proved that

t

We shall consider the following problem of Hayman [3, Problem I.t6]:
Car;- e in (l) be replaced by any smaller quantity and in particular by f ?

We shall show by an example that e here cannot be replaced by I .

Theorem 1. Let h(z) : 4(z - r) l$z), g,(w) : I - (r l*),",
and,

f(z): Tzp-L(h(-z I lze-rry

7ze(h(z I 3'p))

Then f satisfi,es the conilitiott, lim in{*- n(r) | A(r)

2. Next we shall consider the following problem of Erdös (Hayman
[, Problem 1.25]): Does there exist a meromorphic function such that for
everypairofdistinctvalues o, ö wehave lim srp,*- n(r,a) ln(r,b): oo ?

We prove the following theorems.
T h e o r e m 2. There erists a nxeroryLorphi,c functton f su,ch thot for

eaerypair &, b, a+b, wehaue limsup,--n(r,a) ln(r,b): oo.
T h e o r e m 3. There eri,sts am entire functi,on f such tlmt for euerg

pair of d,isti,nat fini,te ualues a and, å, lim sup,*- n(r, a) | n(r, b) : co .
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3. Tf a eI and b eE, theöstancebetween a and ö isdefinedtobe
the length of the shorter great circle arc on .X joining a and' ä . This
distance is denoted by d(o ,b) . If E c ll, oo) , we denote the logarithmic
measure of B by mr(E) : IEdt lt. If E,: E fl Ll ,rJ, by the lower
logarithmicdensity of E we mean liminf,*- mr(E,)llogr. Haymanand
Stewart [4] have proved. the following

Theorem A. If f ismeromorphicin lzl<q and, e)0, there

eri,sts a set fr of r-ual,ues hauing posit'i,ae lower l,ogarithmic ilensity on which

n(r) < (1 + €) e A(r) .

Miles [5] has proved the following
Theorem B. Thereeti,stabsol,utecsnstants K<q and' C e (0,1)

such that if f is a,ny noncanstont meromorphi'c functi'on i,n lzl < oo , there

e*ists E c [ , co) hauing l,ouser logarithmic d,ensi,ty at least C with the

propertg that, if e ) 0 , there eri,sts ro : rg(e) such that df ot, ,.., (I'q o,re

elements of Z wi,th ö(an, a1) > e for i' + i, then

ln(r,a) lA(r) ll

forall reE, r>ro@).
We shall show by an example that the characterization of the set .E

in Theorem A and in Theorem B is the best possible irr the sense that the
exceptional set of r-values may have positive lower logarithmic density.

Theorerm 4. Let sll0 beani,nteger. Thefunction

f(") : fi (t - zexp{-(zs;"1;r-o'
n:7

satisfi,es the cond,ition n(r ,0) | A(rl+uFq) ) s | 2 in u' set B hoaing lower

logarithmi,c d,ensity at least (2 s)-n .

4. For BCZ, we denote n(r,B):soP,.an(r,w). Rickman[6]
has proved the following result.

Theorem C. Gi,aen XI 7I, thereerists K>I suchthati'f f is
meromorph't'c i,n the plane wi,th at lea'st one asymptot'i'c ual'ue a and' B i's a

compact subset of Z not contai,ning the poi'nt a , then

tti:"p n(r , B) | A(K r)

Weshallshowbyanexamplethatif M <515, trhe constant K in
(2) cannot be replaced by f .

Theorem 5. Let fo:100 and'for n>l let t*:{tn-t and,

logro : (t* I t,-r) log (6 / 5) . Ihe ent'i,refunct'ion'

f(") : fI(1 zlrn)t"
n:t

q
\a
Lj:1

(2)
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satisfi'esthecanili'ti,ctt,limsup'*-n(r,0)|A(7r|6)>
Furthermore, we shall show that the set .B in (2) cannot be replaced

bv x.
Theorem 6. Let A:100 anil tn:2tn-L for n22, anil let

log rn : tn . The entire functi'on

f(z): fi1t* zlr,)h
n:L

satisfi,es the cond,ition lim sup,*. n(r) | A(K r) oo for eaery constant
K>t.

2. Proofs

5. Proof of Thearem l. We denote tn : 3' . The function h maps the
circle lz - 16 l7l : 12 l7 onto the circle lwl : I. Therefore we see

easily that

år-(3/4)22P-r
f(z)._.>A: lr:l ,_öF

as z --+ oo outside the union of the discs

Cn: {z: lz- 16(-If r,l7l 125r*lt4}.
Let' no(r , a) be the number of roots of the equation f(") : a in Co Q

{z:lzl<r). Wedenoteby D" theunionof thediscs lwl<u,
lw-Al<e and lwl>lle. Leb e)0. ItfollowsfromRouch6's
theorem lhat no$rp,a):2r for all large values of p and all a#D".

X'rom the properties of the function g, wo see that if p is sufficiently
large, say p 2 g", then

(3) nro(3 rro, oo) < (rg | 2q 22P

and if a # D", then

(4) nzp-r(r , o) - nzp-t(r, 0) < e 22P-r

and

(5) nzp(r,a) - nroQ, a) < e22P

forevery r>0. Lot 7t )p" and rzp 3 r z-rzp+t:3rzp. Thenwehave

n(r , o) :'\'zu * n2r-r(r, o) + nzp+r(r , o) + 22,
h:l

andfor w#D"



568 Sexem Topprr,a

2p-

n(r,w) : Zzu I nzp-r(r,w) * nzp+t(r,w) + nro(r,w).
k:L

Now it follows from (4) and (5) llnat n(r , w) 3 n(r , 0) - 22P + nro(r , a) +
4e22P and we see from (3) that n(r ,w) = 

n(r ,0) (l - t / 80 + 4 e) for
w # D" . If rro-, < r < rzp , we see in the same manner as above that
n(r,w) = 

n(r, oo) (79/ 80 + 4e) for w#D". Thereforewehave A(r) <
n(r)(79/s0 + 4e + 30e2) for all large values of r and we get

lim inf,*- n(r) | A(r) > s0 i 79 . Theorem I is proved.

6. Proof of Theorem 2. Let, q1 , gz, ... be the sequence of all rational
numbers on the segment l0 , 2nl. We denoteby e,(z) a function satisfying
the condition le*(z)l < I / n . We choose a sequence f, of positive integers

such that lim,-- t,+t I tn : oo and set

f(") : "h 7,p1
n-1

where

f "(*) 
: 1 ?lrn,n

Here r*,h _ rnexp {i k I (n' t*)}, k - l, ..., tn, lö*l
arg An Qn where

-1 and argön-

n-1 tp

An: fI n(l
f :1 k:L

We assume that rn 4 co as 'n --> co

f(r) - (1 +e*(z))rnAn(rn,u z)lö"

tn

L:]

+ öo I ,p,u) .

so rapidly that

(6)

in every Cn,u: lz - rn,nl <r;'l', h 2 2, lhai there exists afinitelimit
lim*- A,: A 7 0, and fhat f(z) --> oo as z'--> @ outside the union of
the discs C,, o .

Let w + @ . ft follows from Rouch6's theorem that if n is sufficiently
large, / takes the value u exactly once in every C,,p. We choose an

increasing sequence zl, such that lim"** arg ör" : z . X'or large values of
s we have

n(rn, - I l2
nr-1

,w,f) : 1 * 
Zr,u

tn,. This implies thatand n(rn, t f 2, co,f)

lim sup, -** %(r , @) I n(, , u) _ co
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Similarly, choosing the sequence ra, such that lim"** arg d,, : 0 , we see

that lim srp"-- n(r , w) | n(r , a) : co .

Let a and å be finite, a + b, and lol > lål . For large values of z
we choose d*,h, bn,oeC*,' such thab f(a,,a):a and f(br,h):b.It
follows from (6) that

(7) rn,h - un,h : ö"w | ((l -f e*(w*,o)) A*rn)

for w - d,,,b. We denote

_ lal - la - blz | (32lal)d' : 
rA"n

We choose an increasing sequence z, such that lim"** In, : ätg o . Then

lim.** arg (rn",u - fr*,,*) : 0 and we see from (7) that la,,,nl < ,,, - d,,

< \b,",;l for all large values of s . This implies that

lim sup,*- n(r , a) | n(r , b) : co .

If the sequence n" is chosen such that lim"* - Qn" : n * argo , then we

have lb,,,al <rn, I do, I la*,,e| for all large values of s . Therefore

lim sup,*- n(r , b) | n(r , a) : co . This completes the proof of Theorem 2.

7. Proof of Theorem 3. Let Q, and e*(z) be as in the proof
of Theorem 2. We choose a sequence tn of positive integers such
that lim,-- t*ltn*_r: oo. X'oreach n wechoose ö,, I( ör{t *lln,
such that the polynomial

t,

s@): titt -zlbu)
h:1

where ån : exp {zniklt2*}, k:1,...,t,, alrd bn: önexp{2 niklt'z")
for k : til + 1,...,t7, satisfiesthecondition g(z) : (l + er*(z)) (l - ztö in

{z:nlt7 < argz < 2(t*+rl2)nltl, Ll2 < lzl < 2}.
We set

f(z) : fif-t4 and.f*(z): titt -zlr,,n)
n:l k:!

where rn,h: rnexp{2(p* + k)ni, lt7}, k : 1,...,tn, and rn,h:
r, d,exp {2(p* + k)ni, ltf;) for Ic : tn + 1,...,t7. We denote

"-t 
tl n-7

An : 
.Tr Ir( -r,,n)-r and s, : ) 4

IJerc p, is the smallest positive integer such that arg A* z'n - gn for some
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z satisfyingthecondition 2npnltT < ^rgz<2n(p* + l) 1tl.We&ssume
that r*--> @ as n--> @ sorapidly that f(z) -> oo &s z-> @ outsidethe
union of the discs C*,0: lz - r*,nl 1I lr,, and for eYery n ) 2,
r*lA,l > I and rn(ö, - f) > l. X'urthermore, we may assume that

(8) f(") lf"@) : (l + en (z)) A*z'"

in rnl2<lzlq2ro and

(e) f,(z) : (r + e,,(z)) (r - (z I ,*)"")

: t\G * eu@)) (rn,n - z) lr,.n
inC*,0, l(k3tnr%22.

Let a # a .lf z is sufficiently large, say n ) tuo, there exists exactly
one point on,h e C,,o such l}rtab f(a,,o) : a .It' follows from (8) and (9) that

f n, h Qn, h _ a, (L + tn(un, hD I lA*l ,7-t tf; exp {i q"))(10)

for %>%0, k: lr...rt*.
Let & and b be finite, a +

we see from (10) that t'here exist
that for some Q* , rn I | ,n 1 Q*

and n(Qn,b,f)
Theorem 3 is proved.

b . As in the proof of Theorem 2,

arbitrarily large values of % such
rn + llr*, wohave rL(Qn,e,f)
lim sup, .** tl(r , a,) I n(, , b) - co , and

8. Proof of Theorern 4. We denote rn

Let tL

2lrn and logll ?lrn-) < (I + IIQ
- exp {(2 s)"} and Qn: ,lr+Ll@s) .

have log 11 z I rn-tl > log r*
s)) log rn . Therefore we get

- 8?t'- t (r 2 I t) log rn

Furthermore, we have log l(l z I ,n)'" I < (3s"-r I qlogr* and

tos I h' (r z I r*)?stml 
=lm:l I

losl ; (t zlr*)(-s)m
|,m:n1t

Combining these estimates we see that lf@l < I I ro onthe circle lzl : Qn ,

if n iseven, n>8. Similarly, if n>9 is odd then lf@)l>r"
on lzl : Q,.

Let p > 5. It follows from Rouch6's theorem that n(pro , a)

n(Qrp,a) for lal>llrro, and if lal<llrro then n(Qrp,a)
n(Qzp+r , a) : n(Qzp+r, 0) . Therefore

A(ezi < n(Qzp, oo) * n(Qrp ,0) I rrp I 2 szp-r

and we see tha-t n(r2p ,0) > (r I 2l A(erp) . This implies that for all
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reB: 
fulrro,fi+uo'tt

we have n(r ,0) | Alrr+ttts't\ > I I 2. Clearly B has lower logarithmic den-

sity at least (2 s)-a . Theorem 4 is proved.

9. Proof of Theorem 5. Let n 2 4. We have lf(z)l <l lr* on

Iz - ,*l : }rnl4 and lf@)l> rn onbhe circles l" - ,*l : ll ril12 and

lzl : r,/ 12 . Then it follows from Rouch6's theorem lhatr n(r* | 12 , a) :
n(r*112,0) for lol<r*. The function logf(z), argl(ll r"/6) : 0, is

analytic in

Dn : {z:}r*f 4

and if 3r*14 < y < Llr,l12, then argf(r* + iy)t nt,l2 and

argf(r, - i,il I - nt,l2. Therefore / takes every value o satisfying
llr,llal<r* atleast t*l2limesin D*. Thedisc lzl 37rn/6 does

not contain any point of D,, and we see that

n{7r*16,a)1t,12+fttu
h:l

for 1 / r* 1 lal .--rn. Wehave M(2 r*, f) I min'p1:,n, l/(z)l and therefore

n(2rn,a) <2tn for arry d e X. Combiningtheseestimatesweget

A(7 r, I 6) < t* | 2 +"i ro * 4t, I rn.
k:l

Because n(rn ,0) ) to , wo see now bhat n(r*, 0) > (9 / 5) A(7 r, / 6) for
n 2 4. Theorem 5 is proved.

10. Proof of Theorem6. Let K>1. Let n >4 besolargethat
8*: fol$ K)) 9rn_r. we denoteby D the bounded domain bounded
by the lines -tr: Re z: sn, Lzt Rez : 3s,, Ls: Imz:8n, and

Ln: Irmz: -s*. The boundary of D is denoted by I. The function
logf(z), arg/(f):0, isregularin Re z)0, andweseethat laryf@)l>
s,t*l(2rn) on (LslJ L+)n f , V@l <fQu") on L, fl J-, and lf@l>
f(zs*) on LrO l-. Therefore log/(z) takes in D allvalues logf(2s") I
i A , lyl < s, t, | (2 r,) . This implies that

(lr) n(4 s*)

We see easily t'hat f(z) | z'--> a &s z ---> @ outside the union of the
discs C,'. lz + r,l < r,l 12 . If n is large then n(r,l 2 , a) :
- n(r,l 2 , 0) < 2 tn-, for lol 1rn. Becau$e M(rn, f) { rlir}1,1:,,, lf@)l ,
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we have n(rn , a) < n(r|, 0) < 2 to for every a e.X . Therefore

(12) A(r"12) <2tn_r*8t*lr, lBtn_r
for all large values of n . Combining (11) and (12), we see that
lim sup,*- n(r) | A(K r) : a. Theorem 6 is proved.
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